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I 

 

qaosis fenomenologia 

 

1 

 

sami qaosuri sistema 

 

`pirvelad iyo qaosi~    

                 hesiode, Teogonia 116. 

 

 1.1. Sesavali 

cneba qaosi gamoiyeneba iseTi sistemebis kompleqsuri qcevis aRsawerad, 

romelTac Cven vTvliT martivad da mowesrigebulad. erTi SexedviT, qaosuri qmedeba 

gamoiyureba rogorc eqscentruli da sruliad mouwesrigebeli – analogiurad iseTi 

sistemisa, romelic ganicdis gareSe, mouwesrigebeli `xmauris~ Zlier gavlenas an  

waagavs didi raodenobiT Tavisuflebis xarisxis mqone sistemis rTul qmedebas, 

rodesac TiToeuli xarisxi `akeTebs imas, rac moesurveba~. 

unda aRiniSnos, rom qmedebis iseTi tipi, romelsac bolo oci wlis 

ganmavlobaSi qaosurs uwodeben, Tavs iCens Zalian martiv sistemebSic ki, romelTac 

gaaCniaT Tavisuflebis mcire raodenobiT xarisxi da xmaurisagan TiTqmis mTlianad 

Tavisufalni arian. sinamdvileSi, aseTi sistemebi arsebiTad deterministulia – 

drois raRac momentis Sesabamisi sistemis mdgomareobis zusti codna, principSi, 

saSualebas gvaZlevs viwinaswarmetyveloT, Tu rogori iqneba misi qmedeba momavalSi. 

qaosis Secnobis problema erTi SexedviT konfliqtSi myofi cnebebis – uwesrigobisa 

da determinizmis erTmaneTTan morgebaSi mdgomareobs. 

aseTi Secnobis ZiriTadi elementia arawrfivobis cneba. Cven SegviZlia 

ganvaviTaroT arawrfivobis intuiciuri gageba, Tuki sistemis qmedebas davaxasiTebT 

zemoqmedebis da reaqciis cnebebis meSvobiT. vTqvaT, sistemas `vubiZgeT~ da 

davakvirdeT mis garkveul reaqcias aseT biZgze. Semdeg davsvaT kiTxva; ra moxdeba, 

Tu sistemas vubiZgebT orjer Zlierad? Tuki sistemis reaqcia orjer Zlieri iqneba, 
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am SemTxvevaSi sistemis qmedeba SegviZlia SevafasoT, rogorc wrfivi (Cvens mier 

gamoyenebuli qmedebis farglebSi). magram Tu reaqcia ar aris orjer Zlieri (igi 

SeiZleba iyos ufro Zlieri an susti), maSin SegviZlia vTqvaT, rom sistemis qmedeba 

aris arawrfivi. iseT akustikur sistemebSi, rogoricaa audio-Camweri, magnitofoni 

an fleieri, arawrfivoba Tavs iCens generirebuli bgeris distorsiis saxiT. Semdeg 

TavSi Cven arawrfivobis ufro mkacr ganmartebas warmovadgenT. arawrfivi qmedebis 

Semswavlel dargs arawrfivi dinamika ewodeba.  

ratom dainteresdnen qaosiT mecnierebi, inJinrebi da maTematikosebi? pasuxi 

ori nawilisagan Sedgeba: (1) qaosis Seswavla gzas uxsnis axal konceptualur da 

Teoriul saSualebebs, romlebic saSualebas gvaZleven SeviswavloT da kategoriebad 

davyoT iseTi kompleqsuri qmedebebi, romelTac CixSi SehyavdaT winamorbedi 

Teoriebi. (2) qaosuri qmedeba universaluria – igi vlindeba meqanikur 

oscilatorebSi, eleqtrul wredebSi, lazerebSi, arawrfiv optikur sistemebSi, 

qimiur reaqciebSi, nervuli sistemis ujredebSi, maRaltemperaturul siTxeebSi da 

bevr sxva sistemaSi. ufro metad mniSvnelovania is garemoeba, rom qaosuri qmedeba 

Tvisobrivi da raodenobrivi TvalsazrisiT universalur Taviseburebebs avlens. 

universaluri Tvisebebi damokidebuli araa konkretuli sistemis detalebze.  

universaloba niSnavs, rom is meTodebi, romlebsac martivi eleqtruli wredebis an 

ubralo maTematikuri modelebis kvlevisas mivmarTavT, SegviZlia gamoviyenoT 

uSualod lazerebisa da gulis pulsaciuri ujredebis qaosuri qcevis 

Sesaswavladac. 

mocemul TavSi  Cven gavecnobiT qaosis SeswavlasTan dakavSirebul ZiriTad 

problemebs sami sruliad gansxvavebuli sistemis _ naxevargamtaruli dioduri 

wredis, biologiuri populaciis zrdisa da konveqciuri xsnaris maTematikuri 

modelebis aRweris meSveobiT. Cveni midgoma mdgomareobs imaSi, rom vaCvenoT, Tu ra 

saxes miiRebs am sistemebis qmedeba misi makontrolebeli romelime parametris 

cvlilebisas. rogorc qvemoT vnaxavT, zemoTxsenebuli sami sistemis qmedeba sakmaod 

rTulia, magram es `siZneleebi~ msgavsia Tvisobrivadac da, rac ar unda saocari 

iyos, raodenobrivi TvalsazrisiTac. es debuleba faqtiurad mokle formulirebaa im 

ori sakiTxisa romlebic warmoadgenen am kursis Sinaarss: (1) arawrfivi dinamika, 

romlis meSveobiTac vaxdenT amgvari tipis sistemebis qmedebaTa aRweras da 

klasificirebas; (2) qaosis Teoria, romelic saSualebas gvaZlevs SeviswavloT 

kompleqsur movlenaTa arsi da universaluri xasiaTi. 
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mkiTxvelis sayuradRebod unda iTqvas, rom am TavSi moyvanili Sedegebi 

warmoadgens arawrfivi sistemebis qmedebis uaRresad mdidari speqtris mxolod 

mcire nawils. qaosisa da arawrfivi dinamikis Teoria gvaswavlis garemomcveli 

samyaros mravalferovnebis saTanadod Sefasebas maSinac ki, rodesac Cven  

Semofargluli varT Zalian martivi sistemebiT. mkiTxvels vurCevT, rom mogvianebiT 

gaakeTos daskvnebi qvemoT aRwerili sami SemTxvevis unikalurobis an sayovelTao 

xasiaTis Sesaxeb. ufro zustad rom vTqvaT, igi unda mogvevlinos im naturalistis 

rolSi, romelic frTxilad akvirdeba da gaiazrebs axali samyaros  

`florasa da faunas~.  

 

1.2. wrfivi da arawrfivi sistemebi. 

vidre `axal samyaroSi~ mogzaurobas SevudgebiT, sasurvelia, rom mokled 

mimovixiloT im `egzotikuri qveynebis landSafti~, romelTa `wvevasac~ Cven 

vapirebT. 

sityva qaosi Jargonis nawilia, romelic qcevis gansakuTrebiT rTuli tipis 

aRsawerad gamoiyeneba. qaosi arsebiTad  arawrfivi sistemebis qmedebis mxolod erT 

tipia. kvlevis sferos ki, gacilebiT zustad (da ufro ganzogadebulad) rom 

vTqvaT, arawrfivi dinamika _ arawrfivi sistemis dinamikuri (anu drois mixedviT) 

ganviTareba warmoadgens. magram ra aris arawrfivi sistema? aq Cven moviyvanT 

zedapirul gansazRvrebas, romlis ufro mkacri saxiT Camoyalibebasa da axsnas 

SemdgomSi movaxdenT. 

 

arawrfivia sistema, romlis Sesabamis dinamikur gantolebebs gaaCniaT arawrfivi 

saxe, anu sistemis Tvisebebis aRmweri dinamikuri sidideebi (magaliTad, mdebareoba, 

siCqare, aCqareba, wneva da a. S.) gantolebaSi warmodgenilia arawrfivi saxiT. 

 

magaliTisaTvis moviyvanoT ori SemTxveva elementaruli meqanikidan. vTqvaT,  

erTi sistema wrfivia, xolo meore ki _ arawrfivi. klasikur meqanikaSi m masis 

mqone materialuri wertilisagan Semdgari sistemis moZraoba, romelic ganicdis Fx  

Zalis zemoqmedebas da gadaaadgildeba mxolod x RerZis gaswvriv, moicema niutonis 

meore kanonis meSveobiT:  

2

2
( , )x

d x
F x t ma m

dt
                            (1.2-1)       
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ganvixiloT kargad nacnobi SemTxveva elementarul fizikidan, rodesac 

wertilovani masa ganicdis idealuri zambaris zemoqmedebas. masze moqmedi Zala 

moicema Semdegi saxiT: 

( )xF x kx                           (1.2.-2) 

aq x cvladi warmoadgens  zambaris  wanacvlebas wonasworuli mdebareobidan (sadac 

Fx=0), k ki e. w. zambaris mudmivaa, rac misi sixistis sazoms warmoadgens. (1.2-1) da 

(1.2-2) gantolebebis SekrebiT miviRebT nawilakis mdebareobis droSi cvlilebis 

gantolebas: 

2

2

d x k
x

dt m
                           (1.2-3) 

es gantoleba wrfivia x-sa da misi meore rigis warmoebulis mimarT (aCqareba). 

aqedan gamomdinare, Cven saxeze gvaqvs wrfivi sistema. Tuki masas wavanacvlebT 

wonasworuli mdebareobidan da Tavisuflebas mivaniWebT, igi daiwyebs rxevas  

wonasworuli mdebareobis mimarT sinusoidurad Semdegi wriuli sixSiriT: 

/k m                            (1.2-4) 

meore SemTxvevaSi Fx Zalas mivaniWoT ufro rTuli damokidebuleba x–is 

mimarT. magaliTad,  Tu F=bx2, maSin moZraobis gantoleba Semdeg saxes miiRebs: 

2
2

2

d x b
x

dt m
                            (1.2-5) 

da sistema am SemTxvevaSi arawrfivia, radganac materialuri wertilis  x 

mdebareoba gantolebaSi warmodgenilia kvadratuli saxiT.  

sistema wrfivia maSin da mxolod maSin, rodesac sruldeba Semdegi pirobebi: 

vTqvaT, g(x,t) da h(x,t) funqciebi warmoadgenen wrfivad damoukidebel amonaxsnebs 

mocemuli sistemisaTvis; maSin cg(x,t)+ dh(x,t) wrfivi kombinaciac aseve amonaxsnia, 

sadac c da d nebismieri ricxvebia. SevniSnoT, rom g(x,t) da h(x,t) wrfivad 

damoukidebeli funqciebia maSin da mxolod maSin, rodesac αg(x,t)+βh(x,t)=0 

damokidebuleba WeSmaritia nebismieri x–isa da t-Tvis, rodesac α=0 da β=0. 

arawrfivobis cneba aseve SegviZlia gamovxatoT gareSe zemoqmedebaze sistemis 

reaqciis meSveobiT. vTqvaT, rom h(x,t) funqcia warmoadgens sistemis reaqcias 

konkretul S(t) zemoqmedebaze. Tu  S(t) funqcias SevcvliT 2S(t)-Ti, wrfivi sistemis 

reaqcia iqneba 2h(x,t). arawrfivi sistemisaTvis ki reaqcia 2h(x,t) –ze an meti iqneba, 

an naklebi. 
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amocana 1.2-1. daumateT gareSe zemoqmedebis gamomxatveli wevri (1.2-3) 

gantolebis marjvena nawils. gamoiyeneT wina paragrafSi moyvanili argumenti da 

aCveneT,  rom (1.2-3) gantolebis meSveobiT aRwerili sistema wrfivia, Tu 

zemoqmedeba damokidebuli ar aris x –sa da mis warmoebulebze, an isini 

warmodgenili arian zemoqmedebis gamomxatvel wevrSi wrfivad. 

 

 

arawrfivobis mniSvneloba 

arawrfivi dinamika dakavebulia iseTi sistemebis SeswavliT, romelTa 

dinamikuri gantolebebi arawrfivia. ra winaaRmdegobebs awydeba arawrfivi Teoria? 

ZiriTadi idea mdgomareobs SemdegSi: Tu wrfivi sistemis aRmweri iseTi parametri, 

rogoricaa (1.2-3) gantolebaSi Semavali zambaris k mudmiva, icvleba, maSin Sedegad 

miRebuli rxevis sixSire da amplituda Seicvleba, magram procesis xasiaTi 

Tvisobrivad igive rCeba (mocemul SemTxvevaSi gvaqvs elementaruli harmoniuli 

rxeva). faqtiurad, manZilisa da drois gamomxatvel RerZebze masStabis Sesabamisad 

SecvliT k-s nebismieri mniSvnelobis Sesabamisi procesebi erTmaneTis identuri 

iqneba. rogorc qvemoT vnaxavT, rom arawrfivi sistemebisaTvis parametris mcire 

variaciam SesaZlebelia gamoiwvios swrafi da dramatuli cvlilebebi sistemis 

qmedebaSi rogorc Tvisobrivi, aseve raodenobrivi TvalsazrisiT. parametris erTi 

mniSvnelobisaTvis process perioduli xasiaTi eqneba, xolo meore, odnav 

gansxvavebuli mniSvnelobis SemTxvevaSi ki srul araperiodulobasTan  gveqneba saqme. 

(sakiTxs, Tu ratom aris  arawrfivoba arsebiTi da rogor mivyavarT mas aseT 

dramatul cvlilebebamde, momdevno TavebSi SevexebiT). unda aRiniSnos, rom TiTqmis 

yoveli realuri sistema arawrfivia garkveuli mcire doziT mainc. aqedan 

gamomdinare, im tipis procesebi, romlebsac mocemul kursSi ganvixilavT, atareben 

bevrad zogad xasiaTs, vidre wrfivi idealizacia, romelic bolo 300 wlis 

ganmavlobaSi fizikis ZiriTad princips warmoadgenda. cnobili maTematikosis, 

stanislav ulamis,  sityvebiT rom vTqvaT,  `sagnebi arawrfivi dinamikis gareSe 

igivea, rac zoologia spilos gareSe~ [Gleick, 1987). Tumca, kvlevis am sferosaTvis 

SegveZlo `zogadi dinamikis~ darqmeva, radganac mxolod wrfivi sistemebis Seswavla 

waagavs  viwro bilikiT moZraobas dinamikis vrceli `teritoriis~ farglebSi.  
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arawrfivoba da qaosi 

arawrfiv sistemebSi zogierTma swrafma da dramatulma cvlilebam SesaZloa 

biZgi misces iseT kompleqsur process, romelsac Cven qaoss vuwodebT. terminebi 

`qaosi~ da `qaosuri~ gamoiyeneba sistemis qmedebis aRsawerad, romelic araperiodul 

xasiaTs atarebs (zustad erTnairad arasodes meordeba) da erTi SexedviT 

gamoiyureba rogorc mouwesrigebeli anu `xmauriani~. mTavari sityva aq aris `erTi 

SexedviT~. amgvari erTi SexedviT qaosuri mouwesrigeblobis ukan dgas garkveuli 

kanonzomiereba, romelsac gansazRvravs sistemis aRmweri gantolebebi. faqtobrivad, 

Cvens mier gansaxilveli sistemebis umetesoba sruliad deterministulia. 

sazogadod, sistemis qmedebis gansasazRvrad Cven gvesaWiroeba Semdegi sami 

komponenti: 

1. dinamikuri gantolebebi; 

2. sistemis aRmweri parametrebis mniSvnelobebi; 

3. sawyisi pirobebi. 

sistema deterministulia, Tu dinamikuri gantolebebis, sistemis aRmweri 

parametrebis mniSvnelobebisa da sawyisi pirobebis codna (magaliTad, x  mdebareoba 

da dx/dt siCqare t=0-Tvis, (1.2-3) da (1.2-5) gantolebis SemTxvevaSi), faqtobrivad 

sistemis momavali qmedebis mTlianad gansazRvris saSualebas gvaZlevs. mniSvnelovani 

problemaa, Tu rogor mivusadagoT amgvari determinizmi erTi SexedviT 

mouwesrigebel process. 

SesaZloa, am problemisaTvis naTelis mofenaSi tradiciuli (anu `qaosamdeli~) 

mecnieris rolis Sesruleba dagvexmaros. Tuki sistemas kompleqsuri, 

mouwesrigebeli saxiT ganvixilavT, SevecadoT avxsnaT misi qmedeba, rogorc  termin 

`xmauris~, aseve `kompleqsurobaze~ damyarebuli argumentis meSveobiT. pirvel 

SemTxvevaSi, kompleqsuri qmedeba SeiZleba damokidebulebaSi imyofebodes iseT 

arakontrolirebad gareSe efeqtebTan, rogoricaa Zabvis mkveTi mateba, meqanikuri 

vibraciebi da temperaturuli fluqtuaciebi. vinaidan aseTi gare faqtorebi 

arakontrolirebadi saxiT icvleba, sistemis qmedeba gamoiyureba rogorc 

mouwesrigebeli. kompleqsurobis argumentze dayrdnobiT Cven vaTvicnobierebT, rom 

biologiaSi, qimiaSi, fizikasa da sainJinro teqnologiebSi arsebul realur 

sistemaTa umravlesoba Sedgeba milionobiTa da miliardobiT atomisa da 

molekulisagan. vinaidan Cven zustad ver vakontrolebT (an arc ki viciT) yvela am 

atomisa da molekulis  qmedebas  (saukeTeso SemTxvevaSi SegviZlia SeviswavloT 
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maTi gasaSualoebuli moZraoba), sulac araa gasakviri, rom kontrolis naklebobam 

gamoiwvios fluqtuaciebi da mouwesrigebloba sistemis qmedebaSi. ufro teqnikurad 

rom vTqvaT, rom aseT kompleqsur sistemebs Tavisuflebis mravali xarisxi gaaCniaT 

da swored am xarisxebis aqtiurobiTaa gamowveuli erTi SexedviT mouwesrigebeli 

qmedeba. (me-3 TavSi Cven ufro zustad ganvmartavT, Tu ras niSnavs Tavisuflebis 

xarisxi. amjerad SegviZlia CavTvaloT, rom esaa sistemis qmedebis aRwerisaTvis 

saWiro cvladi). umeteswilad,  rogorc xmaurs, ise komleqsurobas SeaqvT qmedebaSi 

Tav-TavianTi wvlili.  

qaosis arsebiTi mniSvneloba mdgomareobs imaSi, rom igi gvaZlevs garegnuli 

uwesrigobis alternatiul axsnas, rac damokidebulebaSi araa arc xmaurTan, arc 

kompleqsurobasTan. qaosi Tavs iCens iseT sistemebSic ki, romlebic SedarebiT 

martivi da xmaurisagan arsebiTad Tavisufali arian – aq Tavisuflebis xarisxebis 

mxolod mcire raodenoba imyofeba aqtiur mdgomareobaSi. Tu CavTvliT, rom qaosi 

nebismier eqsperimentSi garkveul rols asrulebs, maSin unda davadginoT, 

warmoadgens Tu ara xmauri umTavres faqtors da ras udris Tavisuflebis xarisxTa 

aqtiuri raodenoba. qaosis Teoria uzrunvelgvyofs saTanado meqanizmebiT amgvari 

analizis Casatareblad.  

aqamde gansakuTrebul yuradRebas vaniWebdiT sistemis qmedebas droSi. 

arawrfivi dinamikis sxva mniSvnelovani ganStoeba ganavrcobs zemoTxsenebul 

kvlevebs mniSvnelovani sivrculi masStabebis mqone sistemebis mimarT. zogierT am 

sistemaTagans, magaliTad, turbulenturi xsnarebs, didi praqtikuli mniSvneloba 

aqvs. maT umetesobas gaaCnia saocari unari sruliad spontanurad warmoqmnas rTuli 

da umeteswilad  mSvenieri struqturebi. mas Semdeg rac wignis pirvel nawilSi Cven 

ganvixlavT droSi mimdinare procesebs, SevexebiT aseve sivrcul struqturebs da 

maT kavSirs qaosTan.  

 

mniSvnelovani kiTxvebi 

zemoTmoyvanili mokle mimoxilvis safuZvelze Cven SegviZlia CamovTvaloT 

SekiTxvebi, romelTa pasuxis gacemasac `qaotikosi~ Seecdeba:  

1. romeli tipis arawrfivi sistemebi warmoaCenen qaoss? (yvela qaosuri sistema 

arawrfivia, magram nebismieri arawrfivi sistema araa qaosuri.)  

2. rogor icvleba arawrfivi sistemis qmedeba, Tuki sistemis maxasiaTebeli 

parametrebi icvleba? 
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3. rogor vadgenT, rom sistema namdvilad qaosuria da rogor aRvwerT qaoss 

raodenobrivad? 

4. ra universaluri maxasiaTeblebia napovni mravali arawrfivi sistemisaTvis? 

aris Tu ara es Tvisebebi WeSmaritad universaluri, Tu isini qaosis sxvadasxva 

tips warmoadgenen? 

5. rogor gvesmis Cven amgvari universaloba? 

6. ras gvaZlevs qaosis Seswavla mecnieruli da teqnikuri TvalsazrisiT? 

7. ra aris qaosis filosofiuri da meTodologiuri arsi? 

 

rac ufro siRrmiseulad gaverkveviT mocemul kursSi, miT ufro naTlad 

CamovayalibebT da xelaxla gaviazrebT kiTxvebsa da maTze pasuxebs gansxvavebuli 

midgomebis meSveobiT. 

 

1.3. arawrfivi eleqtruli sistema. 

 

qaosuri sistemis Cveni pirveli magaliTia ubralo eleqtruli wredi. igi 

avirCieT ori mniSvnelovani garemoebis gamo. upirveles yovlisa, qaosur qcevas 

adgili aqvs realur sistemebSi; igi ar warmoadgens adamianis mier Seqmnil 

arabunebriv, Teoriuli Tu ricxobrivi TvalsazrisiT SezRudul models. meore 

mxriv, qaoss adgili aqvs iseT metad martiv sistemebSic ki, romlebic yoveldRiur 

cxovrebaSi gvxvdebian. dioduri wredis yoveli komponenti msgavsia imisa, rac 

TiTqmis yvela radiomimRebSi, televizorsa da videoaparaturaSi gvxvdeba. mocemuli 

sqema warmoadgens sinusoidur wreds, romelic Sedgeba signalis generatoris, 

induqciuri koWisa da naxevargamtaruli diodisagan. wredis sqema mocemulia (1.1) 

naxazze. 

 

rogor funqcionirebs wredi 

mokled SevexoT wredis muSaobis prnicips. miuxedavad imisa, rom es diskusia 

ar warmoadgens qaosis TeoriasTan Cveni pirveli kontaqtis aucilebel pirobas, 

mkiTxvelTa umetesobisaTvis umjobesi iqneba, Tu mas garkveul warmodgenas SevuqmniT 

wredSi mimdinare fizikuri procesebis Sesaxeb. mkiTxveli, romelic ar aris 

dainteresebuli aseTi detalebiT, SeuZlia gamotovos es nawili da gadavides 

momdevo seqciaze – ra xdeba wredSi.  



 19

daviwyoT diodiT. igi gaxlavT eleqtruli mowyobiloba, romlis daniSnulebaa 

Tavisuflad gaataros eleqtruli deni erTi mimarTulebiT da winaaRmdegoba 

gauwios mas sapirispiro mimarTulebiT moZraobisas. denis gatarebis mimarTuleba 

naCvenebia didi samkuTxedis meSveobiT (ix. naxazi 1.2). moviyvanoT martivi analogia 

diodSi mimdinare fizikuri procesis gasagebad. warmovidginoT wyalsadeni mili 

masSi Cadgmuli Camketi sarqveliT. sarqveli SeiZleba gaixsnas marjvniv da wyali 

advilad gaedineba am mimarTulebiT, rasac gamtarobis mimarTuleba ewodeba. wylis 

sapirispiro mimarTulebiT gadaadgilebisas sarqveli Caiketeba da SeaCerebs mis 

dinebas _ gvaqvs e.w. ukudinebis mimarTuleba. (adamianis gulis sarqveli analogiuri 

gziT aregulirebs gulis seqciebs Soris sisxlis nakadis moZraobas.) 

diodur wredSi arsebuli qaosis gasagebad mniSvnelovania zemoTmoyvanili 

analogiis sami Tviseba. upirveles yovlisa, sarqveli saWiroebs drois garkveul 

periods, raTa gamtarobis mimarTulebiT awevis Semdeg Caiketos. amgvarad, vidre 

sarqveli daixureba, aucileblad adgili eqneba mcire raodenobis nakadis gaRwevas 

ukudinebis mimarTulebiT. sarqvelis (diodis) CaketvisaTvis saWiro drois 

intervals uku-aRdgenis dro ewodeba. aq warmodgenili diodis tipebisaTvis es 

sidide ramdenime mikrowamis tolia. 

 

naxazi 1.1. dioduri wredi. signalis generatori da 

cvladi denis wyaro atarebs i(t) eleqtrul dens 

mimdevrobiT CarTuli induqciuri koWisa da diodis 

gavliT. Vd(t) warmoadgens droze damokidebul 

potencialTa sxvaobas.  

 

 

 

SegviZlia davrwmundeT, rom rodesac wredSi gamavali deni icvleba uku-

aRdgenis drois rigis intervalSi, Tavs iCenen saintereso efeqtebi. garda amisa, 

Caketvis dro garkveulwilad damokidebulia gamtarobis mimarTulebiT arsebuli 

denis Zalaze. Tu gveqneba mcire simZlavris nakadi, maSin sarqveli swrafad 

Caiketeba, radganac igi ar iqneba marjvniv Zalian aweuli. Tuki nakadi SedarebiT 

mZlavria, sarqveli met xans moandomebs daxurvas da nakads saSualeba eqneba 

droebiT gaaRwios ukuwanacvlebis mimarTulebiT.  
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Cveni analogiis mesame damaxasiaTebeli Tviseba sarqvelisadmi miniWebuli  

energiaa, rodesac wylis nakadi mas maRla swevs. es potencialuri energia ubrundeba 

nakads sarqvelis Caketvisas. igi analogia diodis eleqtrul tevadobaSi 

dagrovebuli energiisa. es tevadoba gaxlavT sazomi imisa, Tu ra raodenobis 

eleqtroenergiaa (droebiT) dagrovebuli diodis eleqtrul muxtTa SreebSi. aq 

moyvanili diodisaTvis tevadoba daaxloebiT 100 pikofaradia, rac tipiuria 

radioebisa da televizorebis eleqtrosqemebSi gamoyenebuli mcire 

kondensatorebisaTvis.  

davubrundeT induqciur koWas. igi eleqtruli mowyobilobaa, romelic formiT 

daxveul mavTuls gavs da  mas masSi denis Zalis cvlilebisadmi proporciuli 

eleqtrul potencialTa sxvaobis damyarebis unari gaaCnia. proporciulobis mudmivas 

koWis induqciuroba ewodeba. amgvarad, Cven vambobT, rom koWa wredSi denis 

cvlilebas ewinaaRmdegeba. (wylis nakadis SemTxvevaSi analogiaa turbina an frTiani 

borbali, romlis brunvis meqanikuri brunviTi inercia wylis nakadis cvlilebebs 

ewinaaRmdegeba.) induqciuri koWa wredSi or funqcias asrulebs. upirveles yovlisa, 

igi iZleva sqemaSi qaosis warmosaqmnelad saWiro damatebiT `Tavisuflebis xarisxs~. 

koWisagan Tavisufal sqemaSi denis Zala da potencialTa sxvaoba imdenad mWidrod 

ukavSirdeba erTmaneTs, rom qaosi veRar daisadgurebs. garda amisa, koWa, diodis 

eleqtrul tevadobasTan kombinaciaSi, denisa da Zabvis mniSvnelobebis rxevis 

garkveul sixSires amyarebs. rodesac rxevebis periodi (romelic rxevebis sixSiris  

ukuproporciulia) 

 

 

nax. 1.2 wyalsadeni milisa da sarqvelis analogia diodisaTvis. sarqveli 

Tavisuflad moZraobs zeda SeerTebis wertilis mimarTulebiT. rodesac wyali 
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gadaadgilebas cdilobs marjvnidan marcxnisken (marjvena zeda kuTxe), milSi 

sarqveli kvlav Caiketeba da wylis gadaadgilebas sapirispiro mimarTulebiT 

SeaCerebs. rodesac diodi gamtarobis mimarTulebiTaa (marcxena mxare), eleqtrodeni 

Tavisuflad gaivlis. idealuri diodisaTvis ukumimarTulebis stabiluri deni ar 

arsebobs (diagramis marjvena mxare).  

 

daaxloebiT igivea, rac ukuaRdgenis dro.  deni da Zabva imdenad swrafad icvleba, 

rom pirdapiri mimarTulebidan ukumimarTulebaze gadasvlasTan dakavSirebuli 

arawrfivi efeqti mniSvnelovani xdeba da qaosic ukve SesaZlebelia. aq moyvanili 

sqemisaTvis induqciuroba 50 milihenris tolia. msgavsi induqciurobis mqone 

eleqtro xelsawyoebs bevr ojaxSi SexvdebiT.  

 signalis generatori droSi cvalebad Zabvas uzrunvelyofs, rac Tavis mxriv 

wredSi denis aRZvras ganapirobebs. Mmocemuli wredisTvis Cven vsargeblobT 

generatoriT, romelic droSi sinusoidurad cvalebad potencialTa sxvaobas 

gamoimuSavebs: 

                           ( ) sin 2ot V ft                               (1.3-1) 

V0-s generatoris potencialTa sxvaobis amplituda ewodeba; f signalis sixSirea, 

rac erT wamSi momxdari rxevebis raodenobis tolia. zemoTaRweril sqemaSi f 

rogorc wesi 20-70 khc-is sazRvrebSia (20,000-70,000 cikli wamSi). amgvari 

rxevebis periodi Sesabamisad 50-14 mikrowams Soris meryeobs, rac ramdenjerme 

didia diodebis ukuaRdgenis droze.  

eqsperimentebis kompiuteruli kontrolisas moxerxebulia signalis 

generatoris Zabvas wavumatoT mudmivi, e.w. wanacvlebis Zabva Vdc. es ukanaskneli 

cvlis Zabvis mTavar mniSvnelobas, romlis garSemoc signalis generatoris Zabva 

fluqtuirebs. 

 

ra xdeba wredSi: gza qaosisaken 

marTvadi arawrfivi sistemebis fenomenologiis, qaosuri qmedebisa da Sesabamisi 

terminologiis warmosadgenad, Cven wredis qmedebas sistemis erT-erTi cvalebadi 

parametris mixedviT davaxasiaTebT. am SemTxvevaSi signalis generatoris Zabvis 

amplitudas SevcvliT da am cvlad sidides kontrolis parametrs davarqmevT. 

davakvirdeT diodis boloebze arsebuli Vd(t) potencialTa sxvaobisa da diodSi 
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gamaval i(t) denis droze damokidebulebas, da amave dros generatoris Zabvis 

sinusoiduri signalis V0 amplituda  SevcvaloT.  

rodesac V0 daaxloebiT 0,5 voltis tolia (diodis maqsimalur potencialTa 

sxvaobis miaxloebiTi mniSvneloba, rodesac igi dens gamtarobis mimarTulebiT 

atarebs), saqme gvaqvs Cveulebriv diodTan. Vd-s Cveulebrivi `naxevartalRuri 

mudulirebis~ forma aqvs, romelic nax. 1.3-zea gamosaxuli. termini naxevartalRuri 

imitom gamoiyeneba, rom mocemul talRas im sinusoidaluri talRis naxevris forma 

aqvs, romelsac signalis generatori gamoimuSavebs. yuradReba miaqcieT, rom 

esTetikuri  mosazrebiT osciografi momarTulia ise, rom  Omrudi gadaixreba 

zemoT, rodesac diodSi saqme gvaqvs ukuwanacvlebasTan. aqamde diodi ise iqceoda, 

rogorc amas elementaruli eleqtrobidan velodiT: diodis signalis periodi igivea 

rac signalis generatorisa.  

rodesac V0 sidide 1 da 2 volts Soris meryeobs, saxezea pirveli siurprizi 

_ Zabvis sruliad gansazRvruli mniSvnelobisaTvis (avRniSnoT igiV1 - iT) 

ukuwanacvlebis `pulsebis~ regularuli matrica alternatiul seriebad iSleba.  

1.3 naxazze gamosaxuli qveda mrudi gviCvenebs, rom Vd –s pikebis periodi 

signalis generatoris Zabvis periodze orjer metia. amgvar qmedebas Cven `periodi-

2~-s vuwodebT. (igive terminologiis gamoyenebiT, 1.3 naxazis zeda mrudze 

gamosaxul talRis formas SegviZlia periodi-1 vuwodoT.) periodi-1-dan periodi-2-

ze gadasvlas periodis gaormagebis bifurkacia ewodeba.    

 

bifurkacia or nawilad daSlas niSnavs. es termini arawrfiv dinamikaSi sistemis 

romelime parametris myisieri cvlilebis Sedegad sistemis qmedebis cvlilebis 

dasaxasiaTeblad gamoiyeneba. am SemTxvevaSi bifurkacia warmodgenilia sistemis 

qmedebis or nawilad gayofaSi parametris im mniSvnelobis zemoT da qvemoT, 

romlisTvisac zemoTxsenebul cvlilebas aqvs adgili.  

 

ra aris periodis bifurkaciis mizezi? fizikuri axsna Semdegia: rodesac 

signalis generatoris Zabvis amplituda matulobs, gamtarobis deni agreTve izrdeba. 

rodesac amplituda umniSvneloa, diods ukuwanacvlebis denis mTlianad 

SeCerebisaTvis sakmarisi dro aqvs. wylis nakadis analogia amgvaria: Tu sarqveli 

srulyofilad iketeba, wnevis vardna sarqvelis gavliT (rac SesabamisobaSia diodis 
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eleqtrul potencialTa sxvaobasTan), ukumimarTulebiT yvelaze didi iqneba da am 

mimarTulebiT deni aRar gaivlis. 

 

 

nax. 1.3. diodze modebuli Zabva, rogorc drois funqcia. zeda mrudi: periodi-1. 

Zabvis pulsebs igive periodi aqvs, rac signalis generatoris Zabvas. qveda mrudi:  

periodi-2. signalis periodi amjerad signalis generatoris Zabvis periods orjer 

aRemateba. generatoris sixSire daaxloebiT 40 khc-a. TiToeuli danayofi ordinatTa 

RerZze 0,2 voltis tolia. 

 

rodesac diodis Zabvas gamtarobis mimarTulebis polaroba aqvs, deni myisierad 

gaivlis am mimarTulebiT da nakadis sidide maqsimalur mniSvnelobas miiRebs, aswevs   

ra sarqvels zeda mdebareobaSi. rodesac polaroba Sebrundeba ukuwanacvlebis 

mimarTulebiT, maSin sarqveli ver moaswrebs daxurvas, Tu igi sakmarisad maRlaa 

aweuli da adgili eqneba garkveul gadinebas ukuwanacvlebis uku-aRdgenis drois 

umetesi nawilis ganmavlobaSi. Sedegad wnevis vardna (eleqtrul potencialTa 

sxvaoba) ukuwanacvlebis mimarTulebiT ufro mcirea, vidre es iqneboda sarqvelis 

mTlianad Caketvis SemTxvevaSi. rodesac polaroba gamtarobis mimarTulebas 

ubrundeba, sanam pirdapiri mimarTulebiT gadaadgilebas daiwyebs, nakadi 

ukumimarTulebiT Cerdeba. aqedan gamomdinare, gamtarobis mimarTulebiT nakadi ufro 

mcire iqneba da sarqvelic adrindeliviT didad aRar gaixsneba. am dros, rodesac 

diodis potencialTa sxvaoba kvlav  ukumimarTulebiT Seicvleba, sarqveli mTlianad 

Caketvas aswrebs da cikli meordeba. dabal amplitudebze sarqveli yovelTvis 



 24 

srulyofilad iketeba. amgvarad, denis nakadi gamtarobis mimarTulebiT erTidaigive 

iqneba. 

rodesac V0 miiRebs V1–ze met mniSvnelobas, mrudis pikebidan zogi ufro 

maRali xdeba, danarCeni ki dadabldeba. rodesac V0 aRwevs V2 mniSvnelobas, 

mimdevroba kvlav icvleba. nax. 1.4. gviCvenebs periodis gaormagebis bifurkaciis sxva 

SemTxvevas. amjerad oTxi gansxvavebuli zomis pikisagan Semdgari signalebi gvaqvs, 

romelTac generatoris Zabvaze oTxjer didi periodi aqvT. aseT SemTxvevas 

`periodi-4 mimdevrobas~ vuwodebT. 

 

 

 

nax. 1.4. diodze modebuli Zabva, rogorc drois funqcia. zeda mrudi: periodi-4. 

qveda mrudi: periodi-8. yuradReba miaqcieT, rom periodi-4-is ori `piki~ imdenad 

pataraa, rom maTi danaxva naxazis masStabSi SeuZlebelia. qmedeba periodi-8 umciresi 

pikebis gamoa aRsaniSnavi. 

 

1.4. naxazze moyvanili diodis modebuli Zabvis zogierTi pikis danaxva Znelia. 

problema imaSi mdgomareobs, rom yovelTvis rodesac gvaqvs gamtarobis mimarTuleba,  

diodis Zabva 0,5 voltis midamoebSia. aqedan gamomdinare, misi `dinamiuri diapazoni~ 

am mimarTulebiT sruliad SezRudulia. miuxedavad amisa, dens ufro farTo 

dinamikuri diapazoni gaaCnia da nax. 1.5. gviCvenebs, rom rogorc diodze modebul 

Zabvas, aseve masSi gamaval dens erTi da igive periodi aqvs.  

V0-is Semdgomi zrdisas Cven periodis gaormagebis Semdgomi bifurkaciebis 

mowmeni vxdebiT, romlebic V0-is umciresi zrdis SemTxvevaSic ki periodi-8-is, 
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periodi-16-is da a.S. gamomwvev mizezad (nax. 1.4.-ze gamosaxuli qveda mrudi) 

gvevlinebian. saboloo jamSi, Cven mivaRwevT  Zabvis garkveul V∞ mniSvnelobas, 

romlis miRma pikebis ganlageba mudmivad cvalebadia. swored esaa qaosi! 1.6 naxazze 

moyvanilia Vd mrudebis ori grZeli mimdevroba. maTi formebi sruliad 

araperiodulia.  

rogor mivxvdeT, rom Cvens winaSe qaosia da ara sqemaSi arsebuli `xmauris~ 

efeqti? qaosis xmaurisagan gansxvavebisaTvis araerTi Teoriuli da eqsperimentuli 

saSualeba arsebobs. erT-erT maTgans, romelic eqsperimentuli gamoyenebisaTvis 

umartivesia, axlomdebare traeqtoriebis divergencia ewodeba. dioduri wredisaTvis 

traeqtoria raime cvalebadi parametris, magaliTad diodis boloebze arsebul 

potencialTa sxvaobis droze damokidebulebaa. amgvari divergenciuli efeqti 

diodur wredSi advili dasakvirvebelia: wredis qaosur qmedebasTan SeTavsebisaTvis 

oscilografs imgvarad movmarTavT, rom igi mruds pikis umaRles Vd wertilSi 

iwyebdes. Semdeg oscilografs droSi ise vmarTavT, rom gamoCndes 10-15 piki.  

  

 

 

nax. 1.5. zeda mrudi: diodze  modebuli Zabva drois iseTi funqciaa, romelic 

uCvenebs periodi-4-is Sesabamis qmedebas. qveda mrudi: signali proporciulia wredSi 

gamavali denisa igive pirobebSi. suraTze oTxi sxvadasxva tipis pikis zomebs Soris 

gansxvaveba aSkaraa. qveda mrudze TiToeuli vertikaluri danayofi daaxloebiT 0,1 

mA denis Zalas Seesabameba.  
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1.6. naxazze Cans, rom TiToeuli mrudi daaxloebiT erTnairad iwyeba (marcxena 

mxare), magram ramdenime ciklis Semdeg pikebis simaRleebi TiTqmis mTel sigrZeze 

gansxvavebulia.  

oscilografis CamrTveli meqanizmi mrudebis Caweras iwyebs maSin, rodesac 

gasazomi signali moxvdeba sakontrolo mniSvnelobis irgvliv arsebul mcire 

diapazonSi. vinaidan sistema deterministulia, maSin signalis erTsa da imave 

mniSvnelobisaTvis  sxvadasxva gazomvisas miRebuli mrudebi erTnairi unda iyos. 

magram radgan sakontrolo signali meryeobs Zabvis garkveul mcire diapazonSi,  Cven 

erTmaneTisagan mcired gansxvavebuli traeqtoriebis mowmeni vxdebiT. qaosis 

damaxasiaTebeli niSani aseTi traeqtoriebis divergenciaa, rogorc amas 

oscilografis ekranze pikebis simaRleebis SemTxvevaSi aqvs adgili. es garemoeba 

namdvil qaoss ganasxvavebs `ubralo~ xmaurisagan, romlisTvisac traeqtoriebi 

metnaklebad erTnairad iqneboda gamosaxuli nebismier SemTxvevaSi.  

rodesac V0 qaosur diapazonSi gadadis, Cven vxvdebiT qaosSi CarTul 

sxvadasxva periodul intervalebs. 2 da 3 volts Soris myofiV0-Tvis (zusti 

mniSvneloba damokidebulia diodsa da wredSi arsebul pirobebze) saxezea 

stabiluri periodi-5 tipis qmedebis diapazoni.  periodi-3-is stabiluri qmedebis 

are ki, nax. 1.7-idan gamomdinare, 3 da 4 volts Soris mdebareobs. Tu V0 kvlav 

agrZelebs zrdas, Cven SevniSnavT periodi-6-is,  periodi-12-isa da a.S. Sesabamis 

gaormagebuli periodis mqone mwkrivebs, romlebic kulminacias qaosis Sesabamis 

sxvadasxva intervalSi aRweven. 
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nax. 1.6. zeda mrudi: diodze modebuli Zabva, rogorc drois funqcia. qaosuri 

mwkrivebi, romlebSic `pikebis~ amplitudebi ar aris perioduli. 

 

bifurkaciuli diagrama 

amgvari saxis kompleqsur qmedebaSi auracxeli informacia iyris Tavs. am 

informaciis ganzogadebis ramdenime meTodi arsebobs.  

am mxriv yvelaze mniSvnelovania e.w. bifurkaciuli diagrama. mis asagebad 

CavweroT, magaliTad, Vd(t) an i(t) sidideTa pikebis simaRle, rogorc makontrolebeli 

cvladi parametris funqcia. kompiuteruli gamoTvlebis dros xdeba i(t) signalis 

mniSvnelobaTa SerCeva drois iseTi intervalebis mixedviT, romebic erTmaneTisagan 

generatoris rxevaTa periodis toli SualedebiT arian daSorebuli.  SerCeuli 

mniSvnelobebi avRniSnoT I1, I2 da a.S. simboloebiT. Semdeg avagebT am mniSvnelobebis 

makontrolebeli parametris sidideze damokidebulebis funqcias. bifurkaciuli 

diagramebis ori nimuSi naCvenebia 1.8. da 1.9. naxazebze, sadac i(t)sididis SerCeuli 

mniSvnelobebi warnoadgenen gamtarobis Zabvis funqcias, xolo V0 Zabva da f sixSire 

fiqsirebuli sidideebia. kompiuteris mexsierebaSi vinaxavT 50 mimdevrobiT SerCeul 

mniSvnelobas da Semdeg maT grafikze davitanT, rogorc Vdc-s funqcias. (Tu V0-s 

makontrolebel parametrad gamoviyenebdiT, bifurkaciuli diagramebi msgavsi 

iqneboda, magram ara identuri.) 

am diagramebze Cven vxedavT periodi-1 tipis qmedebas, sadac mocemul Vdc-s  i(t) 

funqciis mxolod erTi mniSvneloba Seesabameba; aseve saxezea period-2, sadac 

SesabamisobaSi ori mniSvnelobaa da a.S. (vinaidan kompiuteruli grafikis garCevadoba 

SezRudulia, periodis gaormagebis amsaxveli zogierTi maRali rigis wevri kargad 

ar Cans.) rodesac sistemis qmedeba qaosuria, SerCeuli mniSvnelobebi SesaZloa 

ganawilebuli iyos  mTel dakvirvebul diapazonze. 

qaosis Sesabamis diapazonSi SesaZlebelia ramdenime perioduli intervalis 

povna. rogorc wesi, periodi-3 –is intervali yvelaze didia. yuradReba miaqcieT, 

rom igi sakmaod cicabod iwyeba. bifurkaciul diagramaze marjvnidan marcxniv 

gadaadgilebisas saxezea mkveTri gadasvla periodi-3-is tipis qmedebidan qaosur 

qmedebaze. gaxsovdeT, rom perioduli qmedebidan qaosSi gadasvla yovelTvis ar 

saWiroebs periodis gaormagebas. 
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nax. 1.7. qveda mrudi: diodze modebuli Zabva, rogorc drois funqcia. zeda mrudi: 

diodis Zabva periodi-3 tipis qmedebisaTvis. 

 

SevajamoT Sedegebi. arawrfivi qmedebis umTavresi maxasiaTeblebia:  

 

1. mkveTri cvlilebebi sistemis Tvisobriv qmedebaSi, rodesac parametrebis 

mcire cvlilebis SemTxvevaSic ki. magaliTad periodi-1 mkveTrad gadadis 

period-2-Si. 

2. kargad gansazRvruli da asaxvadi gadasvla Cveulebrivi da perioduli 

qmedebidan araperiodul da qaosur qmedebaze. sistemis qmedebis droze 

damokidebulebas  SesaZloa mcire ram hqondes saerTo sistemaze moqmedi 

`Zalebis~ droze damokidebulebasTan.  

3. qaosi `xmauriani~ qmedebisgan SegviZlia ganvasxvavoT axlomdebare 

traeqtoriebis divergenciaze dakvirvebiT.  

 

aseTi qmedebis zogierT raodenobriv maxasiaTebels me-2 TavSi ganvixilavT. 
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nax. 1.8. bifurkaciuli diagrama dioduri wredisTvis. eleqtruli wredis SerCeuli 

mniSvnelobebi grafikze gamosaxulia, rogorc wanacvlebis Zabvis kontrolis 

parametris funqcia. periodi-2-is danaxva SeiZleba marcxniv moSorebiT. farTo, 

gadRabnili diapazonebi qaosuri qmedebis Sesabamisi areebia. periodi-3-is gaoreba 

periodi-6-Si da saboloo jamSi ki _ qaosSi daikvirveba diagramis Suagulis 

maxloblad. marjvena kideSi qmedeba periodi-1-s ubrundeba.  

 

1.4. biologiuri populaciis zrdis maTematikuri modeli 

 

qaoturi sistemis meore magaliTia Zalian martivi maTematikuri modeli, 

romelic biologiuri populaciebis zrdis dasaxasiaTeblad xSirad gamoiyeneba. am 

modelis maTematikas qaosis Teoriis ganviTarebaSi istoriuli mniSvneloba aqvs. 

1970-iani wlebis Suaxans biologma r.m. meim gamoaqveyna Zalian mniSvnelovani (da 

friad cnobili) statia (MAY76), romelSic aRwerila am da zogierTi sxva martivi 

modelebis kompleqsuri qmedebis gadauWreli sakiTxebi. mogvianebiT miCel 

feigenbaumma (FEI78) am modelze dayrdnobiT ricxobrivi gamoTvlebis Sedegad 

zogierTi raodenobrivi universaluri Tviseba aRmoaCina, romlebic qaosis Sesaxeb 

Tanamedrove moZRvrebis simbolod iqca. maTematikuri simartivis gamo, es modeli 

qaosTan dakavSirebuli axali ideebisaTvis kvlavac sasargeblo `laboratoriaa~. 

modelis ageba Semdegi gziT aris SesaZlebeli. modiT ganvixiloT Tevzis 

satyuara buzis saxeoba, romlis warmomadgenlebi erTsa da imave sezonSi ibadebian 
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da kvdebian. Cven gvinda vicodeT 1 wlis Semdeg satyuaraTa raodenoba. maTi 

raodenoba N1-iT aRvniSnoT, is satyuarebis N0 sawyis raodenobasTan aris kavSirSi. 

umartives SemTxvevaSi Cven SegviZlia CavTvaloT, rom 

 

 

 

nax. 1.9. bifurkaciuli diagrama signalis generatoris mcire amplitudis 

SemTxvevaSi.  

                               1 0N AN                                (1.4-1) 

sadac A  aris raRac ricxvi, romelic damokidebulia garemo pirobebze (sakvebis 

maragi, wyali, zogadi klimaturi pirobebi da sxv.). Tu A>1, maSin satyuarebis 

raodenoba matulobs, xolo Tu A<1 _ Semcirdeba. Tu A ucvleli iqneba momdevno 

TaobebisaTvis, maSin pirvel SemTxvevaSi adgili eqneba populaciis  malTusiseul 

afeTqebas, xolo meore SemTxvevaSi igi mcirdeba da gaqrobisken aris midrekili.  

Cven viciT, rom Tu populaciis zrdis tempi Zalian maRalia, maSin mas ar 

eqneba sakmarisi sakvebi maragi da mtaceblebsac naklebi dro dasWirdebaT mwerebis 

dasaWerad. aqedan gamomdinare, populaciis zrda SezRuduli iqneba. Cven SevZlebT 

amgvari SemzRudavi faqtoris gaTvaliswinebas, Tu kidev erT wevrs SemovitanT 

modelSi, romelic mxedvelobaSi misaRebi ar iqneba N -is mcire sidideebis 

SemTxvevaSi, magram did mniSvnelobas SeiZens N-is zrdisas. Tu CavTvliT, rom es 

wevri proporciuli N2-isa, Sedegad miviRebT  

                             2
1 0 0N AN BN                              (1.4-2) 
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Tu B<<A, maSin meore wevri (1.4-2) gantolebis umniSvnelo iqneba manam, vidre  N 

sakmarisad ar gaizrdeba. niSani `minusi~ imis mauwyebelia, rom es wevri populaciis 

Semcirebisaken miiswrafvis. gamoviyenoT xelaxla (1.4-2), raTa gavarkvioT, Tu rogor 

Seicvleba N momdevno wlebSi.  

                             

2
2 1 1

2
3 2 2

N AN BN

N AN BN

 

 


                            (1.4-3) 

analizisaTvis xelsayrelia (1.4-2) gantolebis mcire modificireba. 

Tavdapirvelad SevniSnoT, rom (1.4-2)-is Tanaxmad, arsebobs populaciis maqsimaluri 

zRvruli raodenoba. imisaTvis, rom ZalaSi iyos piroba Nn+1>0, N ar unda 

aRematebodes Semdeg mniSvnelobas 

max /N A B                               (1.4-4) 

amgvarad, Semogvaqvs axali cvladi  

max/n nx N N  

romelic populaciis raodenobas warmogvidgens rogorc misi zRvruli raodenobis 

wils. (Cveni modelis miznebisaTvis x sidide 0-sa da 1-s Soris unda mdebareobdes.) 

am gamosaxulebis (1.4-2)–Si CasmiT miviRebT: 

 

1 (1 ) ( )n n n Ax Ax x f x                            (1.4-5) 

 

sadac xn populaciis  raodenoba n weliwadSi (Cven winamdebare gantolebas ormag 

CarCoSi vsvamT, radgan igi qaosis Teoriis ganviTarebaSi umniSvnelovanes rols 

asrulebs). 

 

amocana 1.4-1. gamoiyeneT x-is ganmarteba da SeamowmeT, rom gantoleba (1.4-5) 

gamomdinareobs (1.4-2) –dan. 

 

fA funqcias `iteraciuli funqcia~ ewodeba, radgan momdevno wlebSi 

populaciis raodenobas (1.4-5) maTematikuri operaciis iteraciis (ganmeorebis) 

Sedegad vRebulobT. misi grafiki moyvanilia (1.10) naxazze A parametris sxvadasxva 

mniSvnelobisaTvis.  
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Cven gvainteresebs, Tu ras gveubneba es modeli populaciis raodenobis Sesaxeb 

didi xnis (mravali sezonis) Semdeg da ra damokidebulebaSia es mniSvneloba A–sTan. 

`wrfivi~ intuicia gvkarnaxobs, rom x sididem gansazRvruli mniSvneloba unda 

miiRos, radgan A parametris mier warmodgenil garemos mudmivi saxe eqneba. garda 

amisa, mosalodnelia rom A–s TandaTanobiT cvlilebis gamoTvlebis ki aseTia: 

viwyebT raRac x0 mniSvnelobiT, Semdeg viTvliT x1-s, x2-s da a.S.  

1 0 2 1 3 2( ), ( ), ( ),...A A Ax f x x f x x f x    

romelsac iteraciul mimdevrobas vuwodebT, xolo funqcia fA(x) –s _zogjer asaxvis 

iteraciul funqcias, vinaidan igi 0x1 monakveTidan aRebul x-is erT mniSvnelobas 

(vTqvaT, x0-s) asaxavs  mis sxva, magaliTad, x1 [0;1] mniSvnelobaSi, Tu sruldeba 

piroba 0A4. istoriuli mizezebis gamo, (1.4-5)-iT gansazRvrul funqcias 

lojistikuri asaxvis fuqcia ewodeba. 

 

nax. 1.10. fA(x)  funqciis grafiki  A 

parametris sxvadasxva mniSvnelobis 

SemTxvevaSi. diagonaluri wrfe y=x grafikia.  

 

 

 

 

 

 

 

amgvari iteraciuli procesebis Sedegad miRebuli x mniSvnelobebis mimdevrobas 

traeqtoria an orbita ewodeba da planetisa an  Tanamgzavris mdebareobebs waagavs, 

romlebic drois mimdevrobiTi intervalebiT arian aRebuli. cxadia, rom 

traeqtoriis pirveli ramdenime wertili x –is sawyis mniSvnelobazea damokidebuli. 

naklebad naTelia sakiTxi imis Sesaxeb, aris Tu ara A-s mocemuli mniSvnelobis 

Sesabamisi traeqtoriis savaraudo `qmedeba~ erTnairi yoveli sawyisi wertilisaTvis 

0-sa da 1-s Soris. 

unda aRiniSnos, rom zogierTi sawyisi wertili sxvebisagan gansxvavdeba. 

magaliTad, Tu Cven aviRebT x0=0-s, maSin aRmoCndeba, rom fA(x0) =0 da traeqtoria 
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yoveli momdevno iteraciisaTvis nulis toli darCeba. x-is iseT mniSvnelobas, 

vuwodoT mas x*, romlisTvisac 

* *( )
A AAx f x                                 (1.4-6) 

gasagebi mizezis gamo uwodeben iteraciuli asaxvis uZrav wertils. indeqsi A 

niSnavs, rom x* damokidebulia A-s mniSvnelobaze. (1.4-5) asaxvas, sazogadod, ori 

fiqsirebuli wertili gaaCnia  

 

* 0Ax                                    (1.4-7) 

* 1
1Ax

A
                                  (1.4-8) 

A<1-sTvis 

Ax =0 erTaderTi uZravi wertilia x-is mniSvnelobaTa iseT areSi, 

romelic sainteresoa Cveni biologiuri modelisaTvis. A>1-sTvis orive uZravi 

wertili swored zemoTxsenebul monakveTSi xvdeba. 

 

 

 

 

nax. 1.11. (1.4-5) iteraciis grafikuli interpretacia x0=0,7-sa da A=0-Tvis. 
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fiqsirebuli wertilebis mniSvneloba 

 

martivi geometriuli konstruqcia saSualebas gvaZlevs davrwmundeT Tu 

ratomaa fiqsirebuli wertilebi mniSvnelovani. (1.10) naxazze moyvanilia y= fA(x)  

mrudi A –s sxvadasxva mniSvnelobebisTvis, aseve naCvenebia diagonaluri wrfe y=x. 

yvelgan, sadac diagonaluri wrfe fA(x)  mruds gadakveTs, mas Semdeg, asaxvis 

funqcias fiqsirebuli wertili eqneba, vinaidan x =fA(x), iq. (1.10). naxazidan naTlad 

Cans, rom A<1-sTvis 0-sa da 1-s Soris mxolod erTi fiqsirebuli wertilia x = 0. 

A>1-Tvis 0-sa da 1-s Soris gvaqvs ori fiqsirebuli wertili.  

1.11 naxazis mixedviT, Cven SegviZlia davinaxoT, Tu rogor miiswrafvis 0-sgan  

gansxvavebul raRac mniSvnelobaze dawyebuli x-is traeqtoria, Tu A<1. procedura 

aseTia: x0-is sawyisi mniSvnelobidan fA mrudis mimarTulebiT vertikaluri wrfe 

gavavloT. gadakveTis wertili gansazRvravs x1  mniSvnelobas _ aqedan vavlebT x 

RerZis paralelur monakveTs y=x diagonalis gadakveTamde. gadakveTis wertili x 

koordinati gvaZlevs swored x1 mniSvnelobas. gadakveTis wertilidan gavavloT 

meore vertikaluri wrfe, romlis kveTa fA mrudTan gansazRvravs x2 mniSvnlobas 

zemoTaRwerili proceduris gamoyenebiT. Tu Cven gavagrZelebT am process, 

grafikulad SevasrulebT formula (1.4-5)-iT gansazRvrul iteraciul process. nax. 

1.11 gviCvenebs iteraciul mimdevrobas, romelic iwyeba x=0,7 –dan  A= 0,6 -Tvis. 

vinaidan yvela traeqtoria (A<1 pirobiTa da 0-sa da 1-s Soris sawyisi 

mniSvnelobebiT gansazRvruli) miiswrafvis saboloo x=0 mniSvnelobisaken, romelsac 

orbitebis mizidulobis wertils uwodeben. intervals 0-<x-< 1 mizidulobis are 

ewodeba, vinaidan, rodesac am intervalSi dawyebuli traeqtoriebi miiswrafvian x=0-

ken, iteraciaTa ricxvi izrdeba. Cveni biologiuri modelidan gamomdinare, vaskvniT, 

rom Tu A<1, n sezonebis ricxvis zrdasTan erTad, populacia nadgurdeba (x0). 

 

 

savarjiSo 1.4.-2. aageT ramdenime aseTi konstruqcia x-is 0-sa da 1-s Soris myofi 

sawyisi mniSvnelobebisaTvis. aCveneT, rom yvela aseTi traeqtoria miiswrafvis x=0 –

ken, Tu A<1. ra moxdeba, rodesac x0=0 an x0=1? 
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zogadad, mizidulobis wertili warmoadgens wertilebTa iseT geometriul adgils, 

romelSic Tavs iyrian traeqtoriebi, rodesac iteraciis rigi usasrulobisken 

miiswrafvis. SedarebiT rTuli sistemebis SemTxvevaSi, sistemas parametris mocemul 

mniSvnelobisaTvis erTze meti mizidulobis wertili SeiZleba gaaCndes. mocemuli 

mizidulobis wertilisaTvis mizidulobis are moicavs iseTi {x0} sawyisi 

wertilebis simravles, romelTagan gamosuli traeqtoriebi miiswarfvian 

mizidulobis wertilisaken, rodesac iteraciis rigi n  .   

 

 

ufro rTuli saxis qmedeba 

 

ra xdeba, rodesac A parametri 1-ze metia? (1.12) naxazze naCvenebia fA(x) 

grafiki, rodesac A =1,5 da diagonaluri wrfea y=x. Tu geometriuli traeqtoriis 

agebis meTods gamoviyenebT, davinaxavT, rom x = 0,10 wertiliT dawyebuli 

traeqtoria amjerad aRwevs 

Ax =1-1/A fiqsirebul wertils, Tu A=1,5. faqtobrivad, 

0<x<1 intervalSi dawyebuli nebismieri traeqtoria erTsa da imave mizidulobis 

wertilisaken miiswrafvis.  

amjerad ukve gasagebi xdeba Cveni modelis arsi: 0-sa da 1-s Soris mdebare x0-

is  nebismieri usasrulo raodenobisas, populaciis nawili uaxlovdeba mizidulobis 

fiqsirebul wertils 

Ax  =1-1/A. >1 –Tvis x* =0 `ganzidvis fiqsirebuli wertilis~ 

mniSvnelobaa, vinaidan x =0 wertilis siaxloves dawyebuli traeqtoriebi Sordebian 

am mniSvnelobas.  

 

amocana 1.4.-3. (a) ra xdeba x0=0 da x0=1 SemTxvevaSi? (b) gamoTvaleT ricxobrivad 

x=0,25 –dan da x=0,75-dan dawyebuli traeqtoriebis mimdevroba A=1,5–Tvis.  (c) 

ramdeni rigis iteraciaa saWiro, raTa traeqtoriebi 0,001 sizustiT miuaxlovdnen  

x=0,3333 saboloo mniSvnelobas? (d) axseniT rogorc grafikuli, aseve ricxobrivi 

TvalsazrisiT, ratom emTxveva erTmaneTs ori traeqtoria pirveli iteraciis 

Semdeg? 

 

am martiv modelSi siurprizebsac vxvdebiT. pirveli maTgani saxezea rodesac 

A  odnav aRemateba 3-s. (1.1) cxrilSi moyvanilia traeqtoriaTa mniSvnelobebi 
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x=0,25-iT dawyebuli orbitisTvis, A =3,1-is SemTxvevaSi. Cven vxedavT, rom 

traeqtoria ar stabilizirdeba mizidulobis konkretuli mniSvnelobis mimarT. am 

SemTxvevaSi traeqtoriis mniSvnelobebi x=0,558 da x=0,764 sidides Soris meryeobs. 

 

 

 

 

nax.1.12 iteraciuli sqemis grafikuli 

warmodgena, rodesac x0=0,10, A= 1,5. 

yuradReba miaqcieT, rom traeqtoria 

fiqsirebul wertils Sordeba x=0-ze da  

fiqsirebuli wertilisken x=1/3 – Tvis 

miizideba.  

 

 

biologiuri TvalsazrisiT, populaciis wili maRalia erTi wlis ganmavlobaSi, 

momdevno wels klebulobs, Semdeg kvlav imatebs da a.S. rodesac populaciis wili 

igive mniSvnelobas ubrundeba yovel or weliwadSi, am movlenas vuwodoT periodi-2 

tipis  qmedeba dioduri wredis analogiurad da vambobT, rom A= 3 –ze periodis 

gaormagebis bifurkacias aqvs adgili. A<3-sTvis gvaqvs mxolod erTi mizidulobis 

wertili x =1-1/A. rodesac A> 3, saxezea mizidulobis ori wertili, da maTi 

mniSvnelobebic A-sTan erTad icvleba. (me-5 TavSi Cven ufro detalurad ganvixilavT 

amgvari asaxvebis maTematikur Teorias da vnaxavT, Tu rogor xdeba A –s im 

mniSvnelobebis gamoTvla, romlisTvisac bifurkacias aqvs adgili). nax. (1.13) 

gviCvenebs, Tu rogor xdeba mizidulobis ori wertilis mqone traeqtoriis 

grafikulad ageba. 
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cxrili 1.1. 

traeqtoriaTa mniSvnelobebi* A= 3,1 da x0=0,250 -Tvis. 

    n nn x n x  

    0    0.250    11      0.561 

    1    0.581    12      0.764 

    2    0.755    13      0.559 

    3    0.574    14      0.764 

    4    0.758    15      0.559 

    5    0.569    16    B 0.764 

    6    0.760    17      0.559 

    7    0.565    18      0.764 

    8    0.762    19      0.558 

    9    0.562    20      0.764 

    10   0.763    21      0.558 

*x-is mniSvnelobebi damrgvalebulia meaTasedebis sizustiT. 

 

 

amocana 1.4-4. ricxviTi da grafikuli TvalsazrisiT SeamowmeT, rom mizidulobis 

ori wertilis SemTxvevaSi mizidulobis areali warmoadgens 0-sa 1-s Soris myofi 

sawyisi x0 wertilebis simravles. arsebobs Tu ara gamonaklisi wertilebi 0-sa 1-s 

Soris, romlebidanac gamomavali traeqtoriebi ar ikribebian mizidulobis 

wertilebSi? 

 

diodes wredisTvis miRebul Sedegebze dayrdnobiT SegviZlia 

viwinaswarmetyveloT procesis Semdgomi ganviTareba. A= 3,44948-Tvis ormagi 

periodis kidev erT bifurkacias eqneba adgili. rodesac A>3,44948, gveqneba 

mizidulobis oTxi wertili, romelTa ricxviTi mniSvnelobebia 0,852, 0,433, 0,847 

da 0,447 A= 3,4-Tvis. Cven gvinda yuradReba gavamaxviloT am mniSvnelobebis 

sayuradRebo Tvisebaze. isini Semdegi wesiT miiRebian: udidesi, umciresi, udidesis 

momdevno, umciresis momdevno, Semdeg vubrundebiT udidess da a.S.  
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Tu 1.5 naxazze moyvanili diodis wredis periodi-4 qmedebis mixedviT 

vimsjelebT, SeniSnavT, rom zustad igive wesTan gvaqvs saqme. orive sistemisaTvis 

ara mxolod ormagi periodebis mimdevrobaa erTi da igive, aramed TviT maTi 

struqturac. lojistikuri asaxvis SemTxvevaSi A-s Semdgomi zrdiT gadavdivarT 

periodi-8-Si, periodi-16-Si da a.S., rasac adgili eqneba A-s umciresi nazrdis 

SemTxvevaSic ki. rodesac A metia 3,5699...-ze, traeqtoriaTa mniSvnelobebi aRar 

gameordeba da miviRebT qaosur qmedebas.  

 amieridan SegviZlia ganvazogadoT Cveni modelis Sesabamisi qmedeba 

bifurkaciuli diagramis agebis meSveobiT; A-s mocemuli mniSvnelobisTvis 

gamoviTvliT raime sawyisi wertilidan gamomaval traeqtorias da Semdeg avagebT mis 

Sesabamis mizidulobis wertilebs, rogorc A parametris funqcias. praqtikaSi 20-

50 iteraciis Semdeg traeqtoria `sakmarisad axlosaa~ mizidulobis saboloo 

wertilTan. naxazi (1.14) miRebulia A-s mniSvnelobebisa da  0-sa da 1-s Soris 

myofi sawyisi wertilis SerCevis meSveobiT. traeqtoriis mizidulobis wertilTan 

dasaaxloveblad asaxvis funqciis asjer iteracia xorcieldeba da Semdeg x-is 

Semdegi 100 mniSvnelobisTvis grafiki igeba.    

 

 

 

 

 

 

 

 

 

 

 

nax. 1.13. grafikulad gviCvenebs iteraciul sqemas periodi-2 tipis qmedebisaTvis. 

A=3,1 da x0=0,1. mizidulobis ori wertili mdebareobs muqi marTkuTedis marcxena 

zeda da marjvniv qveda wveroebSi.  
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nax. 1.14. bifurkaciuli diagrama lojistikuri asaxvis funqciisTvis. A<1-sTvis x=0 

aris mizidulobis wertili, xolo 1<A<3-sTvis  igi aris fiqsirebuli wertili 

x=1-1/A.  A=3 wertilze iwyeba periodi-2. 8-ze maRali rigis periodebi gadafarulia 

mrudis SezRuduli garCevadobis gamo. qaoss adgili aqvs im diapazonebSi, sadac 

wertilebi mouwesrigeblad aris ganlagebuli. aq A –s perioduli intervalebi 

vertikaluri naTeli  zolebiTaa  gamosaxuli. 

 

mkiTxvelma SeiZleba SeniSnos Tvisobrivi msgavseba zemoTmoyvanil da dioduri 

wredis Sesabamis (1.8) da (1.9) bifurkaciul diagramebs Soris. orive SemTxvevaSi 

saxezea qaosSi gardamavali ormagi periodebi da perioduli zolebiT daserili 

farTo qaosuri areebi. miuxedavad amisa, arsebobs gansxvavebebi. magaliTad 

bifurkaciuli diagrama diodis wredisTvis `ubrundeba~ periodi-1 tipis qmedebas Vdc 

parametris didi mniSvnelobebisaTvis. bifurkaciuli diagrama `iyineba~ A=4-Tvis. 

gansxvavebaTa mizezebs me-5 TavSi SeviswavliT.  

 

 

kiTxva: ra mosdis lojistikuri asaxvis traeqtoriebs, rodesac A>4? 
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 `qaosuri~ qmedeba lojistikuri asaxvisTvis WeSmaritad qaosia, Tu igi 

iteraciis proceduriT gamowveuli iluziaa? qaosis eqsperimentuli kvlevisaTvis 

Cven SegviZlia davakvirdeT erTimeoresTan axlo sawyisis mqone traeqtoriebs da 

davakvirdeT maT divergencias. magaliTad, 1.2 cxrilSi moyvanilia orbitebi sami 

traeqtoriisTvis. TiToeuli maTganisTvis A=3,99. erTi traeqtoria iwyeba x=0,400 

wertilidan, meore  x=0,401 wertilidan da mesame x=0,4005 wertilidan. SegviZlia 

davinaxoT, rom sul raRac aTi iteraciis Semdeg, pirveli ori traeqtoria 

erTmaneTs 0,6-iT scildeba, rac xs-is saSualo miaxloebiTi mniSvnelobaa. aqedan 

gamomdinare, A=3,99-sTvis lojistikuri asaxva axlomdebare traeqtoriebis 

divergenciis maCvenebelia. SevamciroT sawyisi sxvaoba 0.001-dan 0.0005-mde. 

dasWirdebaT traeqtoriebs orjer `manZilis gavla~ igive divergenciis misaRwevad? 

cxr.1.2 gvauwyebs, rom SekiTxvis pasuxia – ara. faqtobrivad, Cven `katastrofas~ 

mxolod erTiT meti iteraciiTac ki Tavidan vicilebT.  

 miuxedavad imisa, rom populaciis dinamikis amgvari martivi modeli naTlad 

ar asaxavs Tu ra emarTeba realur biologiur populaciebs, magram arsebiTia is 

faqti, rom Zalian martivi maTematikuri sqema, romelic warmoebulebs, integralebsa, 

Tu warmosaxviT funqciebs mocavs, gviCvenebs uaRresad kompleqsur qmedebas rodesac 

A parametri icvleba. am ukanasknelis fiqsirebuli mniSvnelobis SemTxvevaSic ki, 

populaciis wili wlidan wlamde SeiZleba stiqiurad Seicvalos. biologebisaTvis 

es niSnavs, rom cvlilebebi populaciaSi ar saWiroebs garemos cvlilebebs. 

zogierTi Sexedulebis mixedviT, cvlilebebi populaciis dinamikaSi gardauvalia. 

lojistikuri asaxvis modelis Sedegebma SeiZleba gavlena moaxdinos biologis mier 

gamotanil daskvnebze, romlebic biologiur populaciebSi momxdar cvlilebebs 

exeba. qaosis TeoriisTvis gacilebiT mniSvnelovani qaosuri qmedebis gamomwvevi 

iseTi universaluri maxasiaTeblebia, rogoricaa magaliTad periodis gaormageba. 

amgvari qmedeba erTi da igivea rogorc diodur wredSi, ise lojistikuri asaxvis 

modelSi (da rogorc vnaxavTT, aseve mraval arawrfiv sistemaSi). 
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cxrili 1.2. 

traeqtoriebi lojistikuri asaxvisaTvis, rodesac A=3,99. 

    n n nn x x x  

    0   0.4000   0.4010      0.4005 

    1   0.9576   0.9584      0.9580 

    2   0.1620    0.1591      0.1605 

    3   0.5417    0.5338           0.5377 

    4   0.9906   0.9929     0.9918 

    5   0.0373    0.0280      0.0324 

    6   0.1432    0.1085      0.1250 

    7   0.4894   0.3860      0.4365 

    8   0.9971    0.9456     0.9814 

    9   0.0117    0.2052      0.0727 

    10  0.0462   0.6507      0.2691 

    11   0.1758    0.9069     0.7847 

    12  0.5781    0.3368      0.6740 

    13   0.9731    0.8912      0.8767 

    14  0.1043    0.3870      0.4314 

    15   0.3727    0.9465     0.9787 

sidideebi cxrilSi damrgvalebulia meaTiaTasedi sizustiT. 

gamoTvlebi Catarebulia rva cifris sizustiT. 

 

1.5 konveqciuri siTxeebis lorencis modeli 

 

arawrfivi sistemis mesame magaliTi konveqciuri xsnaris Zlier gamartivebuli 

modelia. es modeli 1963 wels MIT meteorologma edvard lorencma  danerga. igi 

dainteresebuli iyo atmosferoSi konveqciis modelirebiT. lorenci imis 

demonstrirebas  cdilobda, rom gantolebaTa umartives sistemasac ki SeiZleba 

gaaCndes iseTi amonaxsnebi, rodesac qmedeba arsebiTad araprognozirebadia. lorencma 

kvlevis Sedegebi respeqtabelur, magram arc maincdamainc gaxmaurebul atmosferuli 

mecnierebebis JurnalSi gamoaqveyna, sadac isini maTematikosebisa Tu sxva 

mecnierebisaTvis 70-iani wlebis dasawyisamde SeumCneveli darCa. amJamad, rodesac 
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qaoss gacilebiT didi yuradReba eTmoba, lorencis modelis gantolebebis 

Semswavleli mcire qvedargi ganviTarda ( magaliTad [Sparrow, 1982]). 

 lorencis modelis gantolebebis detaluri amoxsna mocemulia C danarTSi. 

martivi fizikuri terminebiT rom vimsjeloT, lorencis modeli Seiswavlis 

siTxisagan Semdgar sistemas (vTqvaT atmosferos), romelic Sreebad aris dayofili 

da qvemodan Tbeba (magaliTad, rogorc mze aTbobs dedamiwis zedapirs) da zemodan 

civdeba. sailustraciod moyvanilia (1.15) naxazi. xsnaris qveda nawilSi 

SenarCunebulia Tw temperatura (e. w. `Tbili~ temperatura), romelic zemo nawilis 

Tc temperaturas aRemateba (`civi~ temperatura). davuSvaT, Tw-Tc temperaturaTa 

sxvaoba fiqsirebuli sididea. (amgvari sistema 1900 wels eqsperimentulad benardma 

Seiswavla. lord reilim 1916 wels zogierTi Zireuli Tvisebis Teoriuli arsi 

gadmosca. aqedan gamomdinare, mocemul konfiguracias amJamad reili-benardis ujreds 

uwodeben.)  

 Tu δT= Tw-Tc temperaturaTa sxvaoba ar aris Zalian didi, siTxe 

stacionarulia. siTbo gadaecema qvemodan zemoT Tbogamtarobis meSveobiT. naklebad 

blanti Tbili xsnaris gafarToebisadmi tendencia gawonasworebulia Tbodanakargebis 

meSveobiT. siTxis siblantiT gamowveuli mileva xels uSlis mas gafarTovdes imaze 

mcire droSi, rac saWiroa garemosTan siTburi wonasworobis dasamyareblad. aseT 

pirobebSi temperatura iklebs wrfivad Tw –dan Tc –Si, rogorc amas (1.15) naxazi 

gviCvenebs. Tu temperaturaTa sxvaoba sakmarisad gaizrdeba, amomgdebi Zalebi 

TandaTanobiT gaZlierdeba raTa daZlios siblante da warmoiSoba mdgradi 

cirkulirebadi denebi.      

 

 

 

nax. 1.15. marcxniv: reili-benardis ujredis sqematuri diagrama. ujredi SeuzRudavad 

farTovdeba rogorc marjvena, aseve marcxena mimarTulebiT da wignis gverdisadmi 

SigniT da gareT. marjvniv: temperatura rogorc simaRlis funqcia e.w. gamtar 

(arakonveqciur) mdgomareobaSi. 
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aseT mdgomareobaSi siTbos qvemodan zemoT gadatana xdeba konveqciis meSveobiT 

rodesac adgili aqvs siTxis realur moZraobas. martivad rom vTqvaT, rodesac 

xsnaris Tbili masa miaRwevs Sris zeda nawils, igi kargavs siTbos da Semdeg eSveba 

qvemoT, sadac misi temperatura kvlav matulobs. saboloo Sedegia droSi 

stabiluri cirkulacia, romelic sqematurad naCvenebia (1.16) naxazze. 

temperaturis Semdgomi zrdisas δT sxvaoba, cirkulaciuri denebi da Sedegad 

miRebuli temperaturaTa sxvaobebi iwyebs droSi cvlas. kidev erTi tipiuri 

arawrfivi Tviseba mdgomareobs SemdegSi: miuxedavad  xsnaris droSi stabilurobisa 

(daSveba temperaturaTa fiqsirebuli sxvaobis Sesaxeb), sistemaSi `spontanurad~ 

viTardeba droze damokidebuli qmedeba. es arasodes xdeba wrfivi sistemis 

SemTxvevaSi. Tu wrfivi sistema ganicdis mudmivi `Zalebis~ zemoqmedebas, misi 

reaqciac droSi mudmivi iqneba (sawyisi gadaxris milevis Semdeg). (mkacrad rom 

vTqvaT, bolo mtkiceba WeSmaritia mxolod maSin, rodesac sistemaSi adgili aqvs 

disipacias anu `xaxuns~. sxvagvarad sawyisi gadaxra wonasworobidan arasodes qreba.) 

Tu Zalebi droSi garkveuli saxiT icvleba, maSin wrfivi sistemis reaqcia igive 

droSi cvlilebaze iqneba dafuZnebuli. 

 

abstraqtuli terminebiT rom vimsjeloT, arawrfiv sistemas SeuZlia daarRvios 

garemosa da gantolebebis drois mimarT invariantuloba. drois mimarT 

invariantuloba niSnavs, rom gantolebebi da garemo t-sa da t+τ –Tvis erTi da 

igivea. Tumca, rodesac sistemis qmedeba droze damokidebuli xdeba, drois mimarT 

simetria iSleba. wrfivi sistemisTvis invariantuloba mxolod im SemTxvevaSi 

irRveva, rodesac sistemaze gare Zalebi arRveven masSi arsebul invariantulobas. 

arawrfiv sistemas invariantulobis mospoba spontanurad SeuZlia. me-11 TavSi Cven 

SevxvdebiT invariantulobis msgavs rRvevas romelsac Tan axlavs sivrculi 

struqturebis warmoqmna. faqtobrivad, reili-benardis ujredSi cirkulaciis 

nakadebi sivrciTi invariantulobis rRvevis martivi magaliTia. 

 

lorencis gantolebebi 

lorencis modeli xsnarebisTvis navier-stoqsis fundamentaluri gantolebebis 

gamartivebas efuZneba. rogorc es C danarTSi Cans, xsnaris gadaadgileba da 

saboloo temperaturuli sxvaobebi SeiZleba pirobiTad sami cvladiT X(t), Y(t) da 
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Z(t)  aRiweros. Cven swrafadve SegviZlia SevniSnoT, rom isini sivrciTi cvladebi 

ar arian. maTi sruli aRwera mocemulia C danarTSi. Cven SemTxvevaSi ki sakmarisia 

vicodeT, rom X dakavSirebulia e.w. siTxis nakadis funqciasTan. kerZod, Tu 

gamovTvliT nakadis funqciis warmoebulebs sivrciTi koordinatebis mimarT, 

miivRebT nakadis siCqaris komponentebs. lorencis modelSi nakadis funqciis 

sivrciTi damokidebuleba SerCeulia empiriulad, raTa SesabamisobaSi iqnes moyvanili 

konveqciuri elementis martivi maxasiaTeblebi. aqedan gamomdinare, lorencis modeli 

ar SeiZleba gamoyenebuli iqnes ufro rTuli struqturis mqone siTxeebis mimarT. 

 

 

 

nax. 1.16. cirkulirebadi konveqciuri elementis ganivkveTi reili-benardis ujredSi. 

 

Y da Z cvladebi temperaturis gadaxris droze damokidebulebasTan aris 

kavSirSi, rac Sorsaa  temperaturis wrfiv klebasTan qvemodan zemoT, rasac adgili 

aqvs mdgradi mdgomareobebis diskretuli mimdevrobis SemTxvevaSi. mocemul 

simaRleze Y proporciulia siTxis aRmaval da daRmaval nawilebs  Soris arsebul 

temperaturaTa sxvaobasTan mocemul simaRleze, maSin rodesac Z proporciul 

damokidebulebaSia temperaturis wrfivi mdgomareobidan gadaxrasTan. 

am cvladebis gamoyenebiT Cven SevZlebT lorencis modelis gantolebebis 

gamoyvanas sami wyvili diferencialuri gantolebis saxiT: 

( )X p Y X   

    Y XZ rX Y                            (1.5-1) 

Z XY bZ   

aq X aRniSnavs drois mimarT warmoebuls 

dX
X

dt
                               (1.5-2) 
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p, r da b regulirebadi parametrebia. p e.w. prandtlis ricxvia, romelic 

ganisazRvreba rogorc siTxis kinetikuri siblantis fardoba siTburi difuziis 

koeficientTan. uxeSad rom vTqvaT, prandtlis ricxvi adarebs mocemuli siblantis 

mqone xsnaris mcire `elementis~ mier siblantiT (xaxuniT) gamowveul energiis 

kargvis siCqares TbogamtarobiT gamowveul energiis kargvis siCqaresTan. r 

koeficienti proporciulia reilis ricxvisa, romelic Sris qveda da zeda nawilebs 

Soris arsebul temperaturaTa sxvaobis uganzomilebo sididea. temperaturuli 

sxvaobis zrdis SemTxvevaSi reilis ricxvic izrdeba. b parametri dakavSirebulia 

siTxis Sris h vertikaluri simaRlis konveqciuri elementis horizontalur 

zomasTan. aRsaniSnavia, rom b=8/3 dros iwyeba konveqcia reilis ricxvis umciresi 

mniSvnelobisaTvis,  anu temperaturaTa sxvaobis umciresi δT sxvaobis SemTxvevaSi.  

 

 

 

nax. 1.17. (a), (b)-sa da (c)-Si X, Y da Z  grafikulad warmodgenilia, rogorc drois 

funqciebi lorencis iseTi modelisaTvis, rodesac r=0,5, p=10 da b=8/3. (d) 

SemTxvevaSi mrudi proeqciaa mdgomareobebis sivrcis ZX sibrtyeze. TiToeul 

SemTxvevaSi mrudi saTaves iRebs  X=0, Y=1 da Z=0 sawyis wertilSi. 

 

am mniSvnelobas Cveulebriv irCeven lorencis modelis SeswavlisTvis, xolo p 

aRebulia konkretuli siTxis mixedviT. lorenci (LOR63) iyenebda sidides p=10 
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(rac daaxloebiT civ wyals Seesabameba), romelsac zalcmani (SAL62) iyenebda 

manamde arsebuli reili-benardis konveqciuri TeoriisaTvis. Cven vuSvebT, rom 

reilis ricxvs makontrolebeli cvladi parametris funqcia aqvs.  

miuxedavad imisa, rom lorencis modeli agebulia diferencialuri 

gantolebebis umartives sistemaze, igi Zalzed rTul qmedebas aRwers. gantolebebi 

TiTqos imdenad martivia, rom mkiTxvels SeiZleba moeCvenos, rom Tu X, Y da Z  

drois funqciaa, gantolebebi iolad amoixsneba. faqtobrivad, rogorc SemdegSi 

vnaxavT, amonaxsnebis analizuri saxiT miReba,  romelic mogvcemda X, Y da Z –s 

drois nebismier momentSi, SeuZlebelia. amgvarad, saWiroa gantolebebis ricxobrivad 

amoxsna kompiuteris meSveobiT. amgvari integrebis ramdenime magaliTs kidev 

moviyvanT, xolo Sedegebis analitikuri safuZvlebis Sesaxeb momavalSi visaubrebT.  

 

lorencis gantolebebis amonaxsnebis Tvisebebi 

 

modelis mixedviT, r-is mcire sidideebis anu temperaturaTa mciredi δT 

sxvaobisas, gvaqvs mdgradi mdgomareoba uZravi, arakonveqciuri mdgomareobis saxiT. 

X, Y da Z  cvalebadebisaTvis aseT mdgomareobas Seesabameba X=0, Y=0 da Z=0. r 1-

Tvis myardeba mdgradi konveqcia. arsebobs ori saxis SesaZlo konveqciuri 

mdgomareoba: pirveli maTgani Seesabameba saaTis isris mimarTulebiT moZraobas, meore 

ki _ saaTis isris saprispiro mimarTulebiT. rogorc SemdgomSi vixilavT, zogierTi 

sawyisi piroba pirvel mdgomareobas iwvevs, sxvebi ki meores ganapirobeben. lord 

reilim SeniSna, rom Tu p>b+1, maSin amgvari mdgradi konveqcia r-is sakmarisad 

maRali mniSvnelobebis pirobebSi arastabilur xasiaTs iZens da iwvevs sistemis 

ufro qmedebas. r-is zrdisas qmedebas gaaCnia qaosuri qmedebis regionebi, romlebic 

Sereulia periodulobisa da `gardamavlobis~ intervalebTan, romelTa monacvleoba 

qaosur da periodul qmedebebs Soris xdeba ciklurad da erTi SexedviT atarebs 

mouwesrigebel xasiaTs. 

zogierTi amgvari qmedebis aRsawerad gamoviyenoT lorencis modeli ise, rom 

davakvirdeT sistemis qmedebas r<1 mniSvnelobebisaTvis. reilis analizis mixedviT,  

sistema SeiZleba mdgrad arakonveqciur mdgomareobaSi aRmoCndes, rodesac X=0, Y=0 

da Z=0. nax. 1.17. gviCvenebs lorencis gantolebebis ricxobrivi integrebis Sedegebs 

X=0, Y=0 da Z=0 sawyisi pirobebiT. Tavdapirvelad viRebT sistemas mciredi 
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cirkulaciiTa da temperaturuli gadaxrebiT. droTa ganmavlobaSi xdeba  sistemis 

relaqsaciamdgrad X=0, Y=0 da Z=0 pirobis Sesabamis diskretul mdgomareobaSi.  

TvalsaCinoebisaTvis gamoviyenoT ori damatebiTi grafikuli warmodgena aseTi 

saxis qmedebaze dasakvirveblad. pirveli grafiki X, Y da Z cvladebs drois 

funqciis saxiT warmogvidgens, sxva diagramebi ki asaxaven sistemis evolucias XYZ 

sivrceSi. mas Semdeg, rac X, Y da Z  cvladebi gansazRvraven sistemis mdgomareobas 

lorencis modelisTvis, vuwodoT am sivrces mdgomareobaTa sivrce. lorencis 

modelisTvis SemTxvevaSi es sivrce samganzomilebiania. mas SemdgomSi 

organzomilebiani gegmilebis saxiT ganvixilavT, magaliTad, XY an ZX sibrtyeebze. 

garkveuli drois Semdeg mdgomareobebis sivrceSi mdebare wertili raRac 

marSrutiT gadaadgilebas daiwyebs, rasac Cven traeqtorias vuwodebT. naxazi 1.17 

(d) gviCvenebs traeqtoriis ZX sibrtyeze proeqcias mdgomareobebis sivrceSi. 1.17 

naxazidan vxvdebiT, rom traeqtoria `relaqsacias ganicdis~ X=0, Y=0 da Z=0 

pirobebSi, rac  1.15 naxazze warmodgenili arakonveqciuri mdgomareobaa.  

 

amocana 1.5-1. isargebleT X, Y da Z droze damokidebulebis grafikebiT, raTa 

gansazRvroT, Tu rogor cirkulirebs traeqtoriis wertili 1.17 naxazze 

gamosaxuli maryuJis irgvliv. 

 

amocana 1.5-2. SeamowmeT, rom lorencis modelis gantolebebs mTlianobaSi sami 

fiqsirebuli wertili aqvs: erTi X=0, Y=0 da Z=0-Si, danarCenebi ki X= 

Y=±  1rb -Si, rodesac Z= r-1 (cxadia, ukanasknel or fiqsirebul wertils 

mxolod maSin aqvs azri, rodesac r>1). 

 

 

nax. 1.18. mdgomareobebis sivrcis gegmilebi YZ 

sibrtyeze traeqtoriebisTvis lorencis modelis  

pirobebSi, rodesac r=2. erT-erTi mizidulobis 

wertili saaTis isris moZraobis mimarTulebiT 

gadaadgilebas Seesabameba, xolo meore xsnaris  

saaTis isris sawinaaRmdego mimarTulebiT 

gadaadgilebas garkveuli sivrciTi mdebareobisas.  
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 miaqcieT yuradReba, rom X=0, Y=0 da Z=0 wertilSi yoveli droiT 

warmoebuli lorencis gantolebaSi 0-is tolia. Cven am wertils  mdgomareobebis 

sivrcis fiqsirebul wertils vuwodebT. momavalSi davrwmundebiT, rom aseTi 

wertilebi arawrfivi sistemebis dinamikaSi gadamwyvet rols asruleben.  

 

pirveli rigis (1.5-1) gantolebiT gansazRvruli sistemisaTvis wertils, romelSic 

sivrciTi cvladebis drois mimarT warmoebulebi 0-is tolia, mocemuli sistemis 

fiqsirebuli wertili ewodeba (rasac Cven diferencialuri gantolebebis 

sistemebisTvis fiqsirebul wertilebs vuwodebT, sxvadasxva avtorebi maT aseve 

wonasworul, kritikul an singularul wertilebs uwodeben.) Tu sistemis saTave 

erT-erT fiqsirebul wertilSia, igi samudamod am wertilSi darCeba. vinaidan 

sivrciTi cvladebis droiT warmoebulebi fiqsirebul wertilSi 0-is tolia, aseTi 

cvladebi drois ganmavlobaSi veRar Seicvleba.  

 

1-ze naklebi r-is yvela mniSvnelobisaTvis, nebismieri traeqtoria sabolood 

fiqsirebuli wertilis maxloblad, XYZ mdgomareobebis sivrcis koordinatTa 

saTavesTan sruldeba, sawyisi pirobebis miuxedavad. lojistikuri asaxvis eniT 

SegviZlia vTqvaT, rom rodesac r<1, koordinatTa saTavesTan mTeli XYZ sivrce 

mizidulobis area.   

rodesac r>1, sami fiqsirebuli wertili gvaqvs. pirveli maTgani, romelic 

koordinatTa saTavis siaxloves imyofeba, warmoadgens ganzidvis wertils, vinaidan  

axlomdebare traeqtoriebi mas Sordebian. danarCeni ori fiqsirebuli wertili ki 

mizidulobis wertilebia, Tuki r ar aris Zalian didi. zogierTi sawyisi 

pirobisaTvis gvaqvs iseTi traeqtoriebi, romlebic miiswrafvian  erTi fiqsirebul 

wertilisaken; sxva sawyisi pirobebis SemTxvevaSi ki _ meorisaken. (me-4 TavSi Cven 

ricxobrivad gacilebiT dawvrilebiT ganvixilavT, Tu ra gansxvavebaa am fiqsirebul 

wertilebs Soris.) r 1-Tvis, mdgomareobebis sivrceSi danarCeni ori fiqsirebuli 

wertili iqceva mizidulobis wertilebad. amgvarad, Cven vambobT, rom r=1 aris 

bifurkaciis wertili lorencis modelisTvis. 1.18. naxazze gamosaxulia 

gansxvavebuli sawyisi wertilebidan dawyebuli traeqtoriebis qmedeba.  
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aseTi saxis qmedeba ganvixiloT ufro Rrmad fizikuri TvalsazrisiT. Tu r 1, 

(gaixseneT, rom es niSnavs temperaturaTa sxvaobis zrdas xsnaris Sris qveda da 

zeda nawilebs Soris), koordinatTa saTaveSi myofi fiqsirebuli wertili 

gadaiqceva ganzidvis fiqsirebul wertilad. es niSnavs, rom e.w. gamtarobis 

mdgomareoba (rodesac siTxeSi ar arsebobs konveqcia) aramdgradi gaxda.  

 

 

 

nax. 1.19. lorencis gantolebis amoxsnebi r=25-Tvis. aq sawyisi wertilia X=0, 

Y=_5, Z=15. mdgomareobebis sivrcis diagramaze (marjvena qveda paneli) koordinatTa 

saTavidan moSorebiT myofi ori fiqsirebuli wertili  Z=24, X=8 da Y=8 –Tvis 

aRniSnulia varskvlavebiT. 

 

 X=0, Y=0, Z=0 pirobebidan umciresi gadaxra mdgomareobaTa sivrcis traeqtorias 

koordinatTa saTavidan waanacvlebs. Tu r 1, danarCeni ori fiqsirebuli wertilis 

traeqtoriebi miizidebian  X=Y=±  1rb -ken. es ori fiqsirebuli wertili mdgrad 

(droisgan damoukidebel) konveqcias Seesabameba erT SemTxvevaSi saaTis isris, meore 

ki _ sapirispiro mimarTulebiT. zogierTi sawyisi warmoSobs traeqtoriebs, 

romlebic erTi fiqsirebuli wertilisken miiswrafvian; sxva sawyisi pirobebi 

traeqtoriebs sxva fiqsirebuli wertilisken mimarTavs. 1.18. naxazis marcxena 

mxareze naCvenebia mdgomareobebis sivrcis proeqcia YZ sibrtyeSi im 

traeqtoriisaTvis, romlis saTavea X=0, Y=_1 da Z=0. 1.18. naxazis marjvena mxare 
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gviCvenebs sxava sawyisi mniSvnelobebis: X=0, Y=+1, Z=0 Sesabamis traeqtorias. 

gansakuTrebiT aRsaniSnavia, rom sistema relaqsacias ganicdis Y -isa da Z –is 

aranulovani mniSvnelobebis Sesabamis mdgomareobaSi anu rodesac adgili aqvs siTxis 

cirkulacias.  

nebismieri dinamikuri sistemis mimarT sainteresoa Semdegi kiTxvis dasma: XYZ 

sivrcidan aRebuli  sawyisi pirobebis romeli aridan iwyebian iseTi traeqtoriebi, 

romlebic gadian mocemul fiqsirebul wertilze? sxvanairad rom vTqvaT, mizidvis 

fiqsirebuli wertilebisTvis romelia mizidvis areebi? rogor icvleba es areebi 

sistemis maxasiaTebeli parametrebis cvlilebis Sedegad? momavalSi Cven vnaxavT, rom 

es regionebi geometriuli TvalsazrisiT sakmaod rTulia. faqtobrivad, maTi 

daxasiaTebisaTvis Cven dagvWirdeba fraqtalebis SedarebiT axali geometriuli cneba. 

 

 

nax. 1.20. lorencis gantolebis amonaxsnebi, rodesac r=160. sawyisi gardamavali 

mdgomareobebis Semdeg, rac daaxloebiT t=3 drois ganmavlobaSi grZeldeba, 

amonaxsnebi periodulia (magram ara sinusoiduri). XYZ mdgomareobaTa sivrcis 

(qvemoT marjvniv) gadaadgilebis gardamavali traeqtoriis dakbiluli forma 

ubralod grafikuli damaxinjebis Sedegia. gamoTvlebi sinamdvileSi bevrad ufro 

mcire droiTi nabijiTaa Catarebuli.  

 

gavagrZeloT xsnaris Sreebs Soris arsebuli temperaturaTa sxvaobis zrda. 

gansakuTrebuli araferi xdeba, sanam r ar miaRwevs 13,93-s. aq Cven vxedavT, rom 
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ganzidvis areebi koordinatTa saTavisgan daSorebuli fiqsirebuli wertilebis 

irgvliv yalibdeba. mizidvis areebi kvlavac mcirea da maTSi dawyebuli 

traeqtoriebi miizidebian zemoTxsenebuli ori wertilisaken. am areebis gareT 

dawyebuli traeqtoriebi fiqsirebuli wertilebis midamoebidan ganizidebian. Tu 1.19. 

naxazze naCveneb X(t), Y(t) da Z(t) grafikebs gamovikvlevT, vnaxavT, rom axali 

pirobebi SesabamisobaSia siTxis nakadSi droze damokidebul cvlilebebTan da 

temperaturaTa sxvaobasTan. Sesabamisi mdgomareobaTa sivrcis diagrama 1.19. naxazzea 

naCvenebi.  

es dakvirvebiTi faqti garkveul asaxvasac hpovebs. ganvixiloT sistema, 

romlisTvisac garedan kontrolirebadi `Zala~ (vTqvaT, temperaturuli sxvaoba) 

droze ar aris damokidebuli. sistemaSi viTardeba  drois mimarT aratrivialuri 

damokidebuleba. rogorc zemoT aRvniSneT, arawrfiv sistemas SeuZlia daarRvios 

misi aRmweri fundamentaluri gantolebebis drois mimarT invariantuloba da mis 

irgvliv myofi garemo. (periodi-2, periodi-4, da a.S. lojistikuri asaxvis modelSi 

populaciis variaciebi drois mimarT invariantulobis spontanuri darRvevis 

magaliTebia).  

am areSi r-is mniSvnelobebi droSi sakmaod rTuli saxiT icvleba. 

gadavinacvloT sxva areSi r=160 mniSvnelobis siaxloves. qmedeba ar aris ubralod 

harmoniuli (anu ar aris sinusoiduri), magram igi periodulia. 

 

 

nax. 1.21. Z(t) mrudi lorencis gantolebebisaTvis, rodesac r=150. sawyisi 

gardamavali stadiis Semdeg qmedebis, periodi orjer 1.20. naxazze moyvanilTan  

SedarebiT orjer metia. daakvirdiT umaRlesi pikebis monacvleobiT simaRleebs am 

naxazze.  
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Cven SevZlebT sistemis qmedebis fizikuri bunebis gagebas X da Y grafikebis 

meSveobiT, Tu am sidideebs ganvixilavT rogorc drois funqciebs. Cven vxedavT, rom 

X simetriulad meryeobs X =0 mniSvnelobis garSemo. es niSnavs, rom siTxis 

konveqcia jer saaTis isris, xolo Semdeg ki sawinaaRmdego mimarTulebiT 

mimdinareobs. es mdgomareoba meordeba da ar icvleba. Y cvladiT warmodgenili 

temperaturuli sxvaoba zeda da qveda nakads Soris agreTve simetriulad meryeobs 

0-is garSemo. Z cvladi aranulovani mniSvnelobis garSemo meryeobs (daaxloebiT 

160 nax. 1.20. – ze moyvanili magaliTis mixedviT).  

 

amocana 1.5-3. detalurad aCveneT, rom lorencis gantolebebi ar icvleba drois 

wanacvlebasTan erTad, anu Tu t-s SevcvliT t+τ -iT, gantolebebi igive saxes 

inarCuneben. amgvarad, Cven vambobT, rom lorencis gantolebebs axasiaTebs simetria 

droSi wanacvlebis mimarT.  

 

rodesac reilis ricxvi daaxloebiT r=150 –mde mcirdeba, vxedavT, rom Z –is 

perioduli qmedeba mkveTrad icvleba. nax. 1.21. gviCvenebs, rom amjerad periodi-2-is 

tipis qmedebasTan gvaqvs saqme. (Tu SeiZleba gaiTvaliswineT sirTule: 1.20-gan 

gansxvavvebiT fundamenturi periodi aseve umniSvnelod icvleba. fundamenturi 

periodis gansazRvrisaTvis lorencis models ar gaaCnia raime gareSe perioduli 

Zala, rogorc es diodis wredis SemTxvevaSi iyo.) periodi-2-is tipis qmedebas 

yvelaze advilad CavwvdebiT, Tu 1.21. naxazze moyvanil udides aRmaval `pikebs~ an 

daRmaval `Rrmulebs~ davakvirdebiT. Cven vxedavT, rom adgili aqvs periodis 

gaormagebis bifurkacias. 

r ~146-Tvis Z(t) isev bifurkacias ganicdis, oRond amjerad gaoTxmagebuli 

periodiT sawyisTan SedarebiT. [msgavs, magram ara aseT dramatul cvlilebebs 

adgili  aqvs Y(t) da X(t) SemTxvevaSi.] 
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nax. 1.22. lorencis modelis Sesabamisi ori traeqtoria gviCvenebs axlomdebare 

traeqtoriebis divergencias, rodesac r=143. zeda naxazze traeqtoria iwyeba sawyis 

pirobebSi X=20, Y=0 da Z=193. qveda naxazze ki  axlomdebare traeqtoria iwyeba 

X=20, Y=0, Z=166 wertilSi. mxolod ramdenime rxevaa saWiro imisaTvis, rom 

traeqtoriebi erTmaneTisagan sruliad gansxvavebuli aRmoCndes.  

 

rodesac r 144-ze qvemoT Camodis, yvela cvladis qmedeba sruliad aperiodulia. Cven 

aqamde qaosisaken mimavali kidev erTi periodis gaormagebis SemTxvevasTan gvqonda 

saqme (Cven ar agvigia r-is mniSvnelobebis am diapazonisaTvis bifurkaciis sruli 

diagrama, radgan gamoTvlebi did dros moiTxovs.)  

lorencis modelis SemTxvevaSi parametr r –is SemcirebasTan erTad periodis 

gaormageba progresirebs. aqamde ganxilul orive magaliTSi gaormageba parametris 

zrdasTan erTad iCenda Tavs. es gansxvaveba sinamdvileSi umniSvneloa, rogorc amas 

me-2 TavSi vnaxavT. aqve unda iTqvas, rom Cven xazi unda gavusvaT im garemoebas, rom 

lorencis modeli gviCvenebs kompleqsuri qmedebis farTo diapazons. Cven amgvari 

qmedebebis mxolod Zalian SezRuduli nawili ganvixileT, romelic guldasmiT 

SeirCa raTa Segvedarebina Cvens mier warmodgenili ori magaliTis Tvisobrivi mxare.  
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traeqtoriebis divergencia lorencis modelSi 

amjerad mivubrundeT arsebiT sakiTxs _ asaxavs Tu ara lorencis modelis 

Sesabamisi gantolebebi qaosur qmedebas r-is mniSvnelobaTa zogierT diapazonSi da 

davsvaT SekiTxva: ganicdian Tu ara axlomdebare traeqtoriebi r sidideebis aseT 

zRvrebSi divergencias? nax. 1.22. gviCvenebs mcired gansxvavebuli sawyisi pirobebis 

mqone or traeqtorias, rodesac r=143. Cven vxedavT, rom sul ramdenime rxevis 

Semdeg traeqtoriebi sruliad gansxvavebulia. miuxedavad imisa, rom es Sedegi 

axlomdebare traeqtoriebis saerTo SeuTavseblobaze warmodgenas ver qmnis, igi 

gveubneba, rom lorencis modeli aRwers qaosur qmedebas, rodesac r=143. 

 

1.6 traeqtoriebis determinizmi, araprognozirebadoba da divergencia 

 

ra aris mniSvnelovani axlomdebare traeqtoriebis divergenciaSi? Cven 

ganvacxadeT, rom amgvari Tviseba aris damaxasiaTebeli niSani qmedebis iseTi tipisa, 

romelsac qaosurs vuwodebT da es Tviseba saSualebas gvaZlevs ganvasxvavoT 

qaosisaTvis damaxasiaTebeli aperioduli qmedeba gareSe xmaurisgan. Teoriul 

detalebs momdevno TavebSi ganvixilavT, amjerad ki amgvar qmedebas Tvisobrivad 

gamovikvlevT.  

axlomdebare traeqtoriebis divergenciis mniSvneloba aseTia: Tu lorencis 

Sesabamisi msgavsi sistema axlomdebare traeqtoriebis divergencias parametrTa 

garkveul diapazonSi aRwers, maSin am sistemis qmedeba arsebiTad araprognozirebadi 

xdeba. sistema kvlav deterministulia im TvalsazrisiT, rom Tu Cven zustad viciT 

traeqtoriis sawyisi pirobebi, maSin sistemisTvis am traeqtoriis momavali qmedebis 

prognozireba dinamikuri gantolebebis integrirebiT SesaZlebelia. Tu Cven sawyis 

pirobebSi umcires cvlilebebs SevitanT, traeqtoria myisve mkveTrad gansxvavebul 

iersaxes miiRebs. Tu gaviTvaliswinebT, rom sawyisi pirobebis SerCevisas garkveuli 

uzustobebi yovelTvis iCens Tavs nebismier realur eqsperimentSi, qaosuri 

sistemisTvis realuri momavali qmedeba araprognozirebadia. am SeniSvnis ukeTesad 

gaazrebisaTvis vityodiT, rom qaoturi sistemis momavali ganusazRvrelia maSinac ki, 

rodesac sistema deterministulia.   

amgvari araprognozirebadobis mizezi is aris, rom Cven ar SegviZlia mocemuli 

fizikuri sistemis amsaxveli arawrfiv gantolebaTa Caketili sistemis amonaxsnebis 

povna. aseTi amonaxsni ki magaliTad aris `formula~ X(t)=X0 tanh π (at2) an 
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mimdevrobis saxiT Cawerili amonaxsni, wevrebis SesaZlo usazRvro raodenobiT, 

X(t)=a1 (t)+a2(t)+a3(t).... Tu gantolebaTa Caketili sistemis amonaxsnis povna 

SesaZlebelia, Cven martivad SevZlebT sistemis momavali qmedebis prognozirebas am 

amonaxsnSi drois momavali t mniSvnelobis CasmiT. mcired gansxvavebuli sawyisi 

pirobebis SemTxvevaSi Cven vipoviT axal  amonaxns. imis gaTvaliswinebiT, rom 

amonaxsni uwyveti saxiTaa damokidebuli parametrebsa da sawyis pirobebze, maTma 

mcireodenma cvlilebam X(t)-s aseve mcire cvlileba SeiZleba gamoiwvios. amgvarad, 

X(t)-s didi cvlileba, rasac adgili aqvs qaosur sistemaSi sawyis pirobebis mcired 

Secvlisas, SeuZlebelia warmodgenili iqnas gantolebaTa Caketili sistemis 

amonaxsnis saxiT. qaosuri sistemis momavali qmedebis gasagebad, formulebis 

integrireba safexurebrivad unda vawarmooT. (zogadad, Cveni `eqsperimenti~ 

TviTdinebiT unda mivuSvaT momavlis dasanaxad). axlomdebare traeqtoriebis 

divergencia niSnavs, rom sawyisi pirobebis gansazRvrisas daSvebuli nebismieri mcire 

cdomileba gantolebaTa integrirebis gaizrdeba. amgvarad, sawyisi pirobebis mcire 

cvlileba sistemis xangrZliv, aSkarad gansxvavebul qmedebas iwvevs da Cven 

praqtikulad ver SevZlebT xangrZlivi qmedebis detalur prognozirebas.  

araprognozirebadobis problema arawrfiv sistemebSi ufro rTuli SeiZleba 

aRmoCndes, vidre warmogvidgenia. magaliTad, maSinac ki, rodesac traeqtoriis 

detaluri qmedebis prognozireba ar SegviZlia, SeiZleba vifiqroT, rom traeqtoria 

mdgomareobebis sivrceSi mizidvis romelime aris farglebSi darCeba. samwuxarod, 

bevr arawrfiv sistemas parametrebis mocemuli mniSvnelobebisaTvisac ki  

mizidulobis mravali wertili gaaCnia. mdgomareobaTa sivrcis sxvadasxva 

wertilebSi dawyebuli traeqtoriebi mizidulobis sxvadasxva wertilSi sruldeba. 

TiToeul maTgans sakuTari mizidulobis are gaaCnia. zogjer am areebs SedarebiT 

martivi geometriuli struqtura aqvT da Cven advilad SevZlebT imis gansazRvras, 

Tu romeli sawyisi piroba mizidulobis romeli wertilisaken moZraobas gamoiwvevs. 

sxva SemTxvevebSi ki areebi imdenad Caxveulia (e.w. CaxlarTuli areali), rom 

sawyisi pirobebis umcires cvlilebasac ki SeuZlia gamoiwvios traeqtoriis 

gansxvavebul mizidulobis wertilebze daboloeba. am SemTxvevaSi Cven vkargavT  

mcire SesaZleblobasac ki imis prognozirebisa, Tu romel wertilze dasruldeba 

traeqtoria (SOO93a) (LAW94)(LAI99).  

axlomdebare traeqtoriebis divergenciis efeqti arawrfivi sistemebis 

qmedebaze peplis efeqtis eleganturi metaforiiT gamoixateba. igi Tavdapirvelad 
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1972 wlis dekemberSi vaSingtonSi gamarTul amerikis mecnierebis ganviTarebis 

asociaciis Sexvedraze, lorencis1 moxsenebis saTaurSi gvxvdeba: `prognozis imisa, 

gamoiwvevs Tu ara peplis frTebis moZraoba braziliaSi tornados texasSi.~ 

lorencis azriT, Tu atmosfero qaosur qmedebas axlomdebare traeqtoriebis 

divergenciisas an sawyis pirobebze damokidebulebisas avlens, maSin umciresi 

efeqtic ki, rogoricaa peplis (an sxva frinvelis) frTebis moZraoba, xangrZliv 

atmosferul prognozs sruliad usargeblos gaxdis.  

 konfliqti determinizmsa da mis (arsobriv) mowinaaRmdeges, nebismierobas, 

Soris didi xnis filosofiuri problemaa. niutonis meqanika deterministuli, 

saaTis meqanizmis analogiurad awyobili samyaros suraTs warmogvidgens, sadac 

momavali srulad gansazRvrulia samyaros Semadgeneli sxeulebisaTvis moZraobis 

kanonebisa da sawyisi pirobebis SerCeviT. aseTi Sexedulebis mixedviT, yoveli Cveni 

qmedeba mTlianad gansazRvrulia da Tavisufali arCevani ar arsebobs. niutonis 

determinizmi didma frangma maTematikosma _ pier simon laplasma (1749-1827) 

safuZvlianad ganixila da wignis `albaTobis Teoria~ SesavalSi [Laplase 1812] 

dawera: 

warmovidginoT tvini, romelmac drois mocemul momentSi bunebis yvela 

moqmedi Zala da samyaros Semadgeneli yoveli sxeulis mdebareoba icis; 

davuSvaT, rom momavalSi am tvins mTeli informaciis maTematikuri 

analizis unari eqneba. maSin SeiZleba iseTi Sedegis miReba, rom 

samyaros udidesi sxeulebisa Tu umsubuqesi atomebis moZraoba erTi da 

igive formuliT gamoixateboda. am tvinisTvis gaurkveveli araferi 

iqneba. warsuli da momavali mis TvalSi awmyo gaxdeba. 

 

laplasis Sexedulebis Tanaxmad, izolirebuli sistemis sawyisi mdgomareoba 

`mizezia~, romlidanac sistemis momdevno qmedeba gamomdinareobs. magaliTad, 

diferencialuri gantolebebiT gamosaxuli fizikuri kanonebi SemTxvevasa da am 

SemTxveviT gamowveul efeqtebs Soris amyarebs kavSirs. fizikuri kanonebiT 

warsulsa da momavals Soris deterministuli kavSiria. ar arsebobs alternativa an 

                                                 
1 madlobas vuxdiT prof. lorencs am metaforis istoriuli warmomavlobis Sesaxeb mowodebuli 

informaciisTvis. 
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Tavisufali arCevani2. arsebobs istoriuli Sexedulebac, rom Tavad niutonis 

meqanikis Semqmnelma niutonma ukan daixia deterministul suraTisagan, rac TiTqosda 

gamomdinareobda misi aRmoCenebidan. niutons surda samyaros evoluciaSi RmerTis 

aqtiuri monawileobisTvis `adgilis datoveba~.  

 arawrfivi da qaosuri sistemebi laplasis tvinis Seqmnas SeuZlebels xdis. am 

tvinisTvis damaxasiaTebeli sawyisi pirobebis umciresma uzustobamac ki (rac 

samyaroSi uamravia) SeiZleba qaosuri sistemis momavali qmedebis prognozireba 

SeuZlebeli gaxados. amgvarad, RmerTmac ki unda dauSvas am qaosuri sistemebis 

arseboba, raTa davinaxoT, Tu momavalSi ra moxdeba. qaosuri sistemebisaTvis 

prognozirebis `mokle gza~ ar arsebobs.  

Cven agreTve unda SevniSnoT, rom 21-e saukuneSi kvanturi meqanikis 

ganviTarebam, misTvis damaxasiaTebeli albaTobebiTa da ganusazRvrelobis 

damokidebulebebiT, laplasis sqemas yovelmxriv gamouTxara Ziri. qaossa da kvantur 

meqanikas Soris kavSirs me-12 TavSi ganvixilavT.  

 

1.7 daskvnebi 

 

am TavSi qaosuri qmedebis gamomxatveli sami martivi sistemis qmedeba 

ganvixileT. esenia realuri eqsperimentuli sistema, martivi algebrul-iteraciuli 

modeli da diferencialuri gantolebebis (SedarebiT) martivi sistema. vimedovnebT, 

rom am martivi sistemebis qmedebis kompleqsurobam mkiTxvelze saTanado 

STabeWdileba moaxdina. miuxedavad imisa, rom TiToeuli sistema sakmaod 

gansxvavebulia, maT qmedebebSi mniSvnelovani msgavsebebic SeiniSneba rodesac 

sistemebis maxasiaTebeli parametrebi icvleba. es arawrfivi sistemebi uCveneben 

uecar da dramatul cvlilebebs (bifurkaciebs) parametrebis umciresi cvlilebebis 

pirobebSic ki. gansazRvrul pirobebSi maTi qmedeba mouwesrigebeli xdeba. amgvari 

qaosuri qmedeba xmauriani qmedebisagan axlomdebare traeqtoriebis divergenciis 

daxmarebiT SegviZlia ganvasxvavoT. arsebiTia, rom Cven ar gvWirdeba  gareSe xmauri 

an kompleqsuroba rTuli da mouwesrigeblobasTan axlos myofi qmedebis misaRebad. 

Cven vnaxeT, rom periodis gaormagebis movlena, romelsac qaosisaken mivyavarT, Tavs 

                                                 
2 mizez-Sedegobriobisa da determinizmis filosofiuri problemebis ganxilvisTvis 

ixileT Philip Frank, Philosophy of Science (Prentice-Hall, Englewood Cliffs, NJ, 1957).  
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iCens sul mcire sami gansxvavebuli tipis sistemaSi (qaosSi gadasvlis sxva 

meTodebic arsebobs). am faqtis wyalobiT vakeTebT daskvnas, rom SeiZleba 

arsebobdes qaosTan miaxlovebuli mdgomareobis an TviT qaosisaTvis damaxasiaTebeli 

universaluri niSan-Tvisebebi. Semdeg TavSi Cven ganvixilavT qaosis zogierT 

universalur raodenobriv maxasiaTebels.  

 

1.8 damatebiTi literatura 

samecniero-popularuli 
James Gleick, Chaos, Making a New Science (Viking, New York, 1987)-amJamad 

TiTqmis `kultad~ qceuli wigni. miuxedavad weris Jurnalisturi da gadametebuli 

manerisa, wignSi aris qaosis mecnieruli arsis gadmocemis mcdeloba. moicavs 

sasargeblo biografiul cnobebs qaosis mecnierul doneze SeswavlaSi wvlilis 

mqone mravali mniSvnelovani pirovnebis Sesaxeb. 
John Briggs and F. David Peat, Turbulent Mirror (Harper & Row, New York, 1989). 

araprofesionalTaTvis gamiznul am wignSi uxvad SexvdebiT ganmartebis gareSe 

mocemul teqnikur terminologias. zojger ixilavT Zalze saintereso 

Taviseburebebsac. magaliTad, Tavebis ukunumeracias wignis Sua nawilidan bolomde. 
Ian Stewart, Does God Play Dice? The Mathematics of Chaos (Blackwell, New York, 

1989). gankuTvnilia samecniero donis mqone mkiTxvelisaTvis. masSi gamokveTilia 

qaosisadmi maTematikuri midgoma, Tumca garkveuli yuradReba eTmoba eqsperimentsac.  
Peter Smith, Explaining Chaos (Cambridge University Press, Cambridge, 1998). qaosis 

Teoriisa da fraqtalTa araCveulebrivi filosofiuri xedva. detalurad ganixilavs 

qaosis arssa da imas, Tu risi axsna SeiZleba qaosiT. 
 

statiaTa  krebulebi 
Hao Bai-Lin, Chaos (World Scientific, Singapore, Vol I. 1984, Vol II, 1989). 

mniSvnelovani Teoriuli da eqsperimentuli statiebis farTo krebuli. moicavs 

redaqtoriseul mokle Sesavals qaosis Sesaxeb.  
Pedrag Cvitanovic, Universality in Chaos, 2nd ed. (Adam Hilger, Bristol, 1989). 

redaqtori gvTavazobs sakuTar Sexedulebas qaosis universalurobis Sesaxeb. 
E. Ott, T. Sauer, and J. A. Yorke, Coping with Chaos (Wiley, New York, 1994). 

statiaTa nakrebi gvTavazobs qaosuri sistemebis eqsperimentuli analizs.  
Robert C. Hilborn and Nicholas B. Tufillaro, Chaos and Nonlinear Dynamics (American 

Association of Physics Teachers, College Park, MD, 1999). moicavs amomwurav 

bibliografias da 22 statias, romelic specialurad SerCeulia Sesavali 

kursisaTvis. 
 

Sesavali kursebi mecnierebisa da inJinrebisaTvis  
 

qemoTmoyvanili literatura gankuTvnilia maTematikuri unarebis metnaklebad 

mqone mkiTxvelTaTvis.  
Larry S. Liebovitch, Fractals and Chaos Simplified for the Life Sciences (Oxford 

University Press, New York, 1998). mokle Sesavali kursi, romelSic moyvanilia 

biologiasa da medicinaSi qaosis gamoyenebis SemTxvevebi.  
David Peak and Michael Frame, Chaos Under Control: The Art and Science of 

Complexity (W. H. Freeman, New York, 1994). kolejis pirvelkurselTaTvis gankuTvnili 

saintereso wigni.  
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Daniel Kaplan and Leon Glass, Understanding Nonlinear Dynamics, (Springer-Verlag, 
New York, Berlin, Heidelberg, 1995) - biologiuri da samedicino orientaciis mqone 

kursi.  
Garnett P. Williams, Chaos Theory Tamed (National Academy Press, Washington, DC, 

1997). saintereso Sesavali kursi, romelic garkveuli sawyisi donis qonas moiTxovs. 

mocemulia furies analizis, driTi mwkrivebis analizisa da sxvaTa maTematikuri 

aparatis detaluri axsna.  
Gregory Baker and Jerry Gollub, Chaotic Dynamics, An Introduction, 2nd ed. 

(Cambridge University Press, New York, 1996). qaosis sakmaod mokle (255gv.) Sesavali 

kursi. aqcenti gadatanilia gareSe Zalis mier marTul milevad zambarasa da 

personaluri kompiuteris gamoyeneba. avtorTa azriT, wigni gamiznulia fizikisa da 

maTematikis, rogorc ZiriTadi sagnis, Semswavleli meore da mesame kurseli 

bakalavrebisaTvis. wigni moicavs mxolod ramdenime Temas da ar gvTavazobs 

amomwurav Sesavals arawrfivi sistemebis dinamikaSi. miuxedavad amisa, kursi iolad 

gasageb enaze aris dawerili da warmodgenas gviqmnis ZiriTad koncefiebze.  
Francis C. Moon, Chaotic and Fractal Dynamics, An Introduction for Applied Scientists 

and Engineers (Wiley, New York, 1992). moiTxovs gamoyenebiTi samecniero 

terminologiis garkveul doneze codnas. gvixsnis, rogor gvexmareba qaosis ideebi 

mniSvnelovani sainJinro cnebebis gagebaSi. kursi moicavs saSualebebs, romelic 

gvexmareba qaosuri sistemebis dinamikis demonstrirebaSi.    
P. Berge, Y. Pomeau, and C. Vidal, Order within Chaos (Wiley, New York, 1986). 

garkveulwilad moZvelebuli Sesavali kursi fizikaSi (franguli originali 1984 

wels gamoica), romelic gankuTvnilia pirvelkurselebisaTvis. gansakuTrebiT 

saintereso msjelobaa kvaziperiodulobisa da wyvetis Sesaxeb. 
J. M. T. Thompson and H. B. Stewart, Nonlinear Dynamics and Chaos (Wiley, New 

York, 1986). ori wigni erTSi! rogor Cans, TiToeulma avtorma wignis naxevari 

dawera, radgan wignis meore naxevarSi vxvdebiT garkveul gameorebebsa da weris 

stilis moulodnel cvlilebas. teqstSi terminebis gamoyenebis mimarT erTgvari 

uyuradRebobaa. moicavs arawrfivi sistemebis dinamikis `klasikur~ problemebs; bevri 

araferia naTqvami iseT Tanamedrove meTodebze, rogoricaa droiTi mwkrivebis 

analizi, ganzogadebuli ganzomilebebi da sxv.  
Steven H. Strogatz, Nonlinear Dynamics and Chaos: With Applications in Physics, 

Biology, Chemistry and Engineering (Addison-Wesley, Reading, MA, 1994). araCveulebrivi 

Sesavali kursi bakalavrebisaTvis gamoyenebiT maTematikaSi. 
H. G. Schuster, Deterministic Chaos, An Introduction, 3rd revised ed. (Wiley, New York, 

1995). sakmaod kompaqturi (319 gv.) fizikis Sesavali kursi bakalavrebisaTvis. 

mravlismomcveli mimoxilva da mravali mniSvnelovani Sedegis damtkicebis mokle 

monaxazis mcdeloba.     
E. Atlee Jackson, Perspectives of Nonlinear Dynamics, Vol. 1 and Vol. 2 (Cambridge 

University Press, New York, 1989, 1991). Zalze saintereso wigni. maTematikuri 

daSvebebis saintereso xedva. TandaTan rTuldeba Sedegebi, xazgasmulia analitikuri 

meTodebi (SeSfoTebaTa meTodebi, gasaSualebis meTodebi da a. S.).  
N. Tufillaro, T. Abbott, and J. Reilly, An Experimental Approach to Nonlinear Dynamics 

and Chaos (Addison-Wesley, Reading, MA, 1992). wigni gankuTvnilia bakalavrebisa da 

magistrebisaTvis, ganxilulia arawrfivi sistemebis dinamika ramdenime eqsperimentul 

sistemaze dayrdnobiTa da kompiuteruli modelebis gamoyenebiT. gansakuTrebiT 

aRsaniSnavia eqsperimentuli monacemebis Rrma analizi.  
E. Ott, Chaos in Dynamical Systems (Cambridge University Press, Cambridge, 1993). 

qaosis saintereso Sesavali bakalavriatisaTvis. 
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 T. Kapitaniak and S. R. Bishop, The Illustrated Dictionary of Nonlinear Dynamics and 
Chaos (Wiley, Chicester and New York, 1999). wigni moicavs arawrfivi sistemebis 

dinamikis terminebis ganmartebaTa vrcel krebuls, romelic xSirad 

ilustrirebulia. gankuTvnilia bakalavriatis bolo kursisa da magistrantebisaTvis.   
 
maTematikuri safuZvlis mqone mkiTxvelisaTvis 

R. L. Devaney, Chaos, Fractals, and Dynamics, Computer Experiments in Mathematics 
(Addison-Wesley, Reading, MA, 1990). saintereso Sesavali kursi maTematikaSi saSualo 

skolisa da kolejis warCinebuli moswavleebisaTvis.  
R. L. Devaney, A First Course in Chaotic Dynamical Systems (Addison-Wesley, 

Reading, MA, 1992). saintereso Sesavali kursi im mkiTxvelebisaTvis, romelTac 

maTematikis erTwliani kursi mainc aqvT gavlili.   
Brian Davies, Exploring Chaos: Theory and Experiment (Perseus Books, Reading, MA, 

1999). Sesavali kusi dinamikuri sistemebis Sesaxeb. gamokvleulia iteraciul 

asaxvaTa funqciebi da zogierT martivi diferencialuri gantolebebi. moicavs 

savarjiSoebs Chaos for Java programis gamoyenebiT. (ix. programebis CamonaTvali me-2 

Tavis bolos.)     
R. L. Devaney, An Introduction to Chaotic Dynamical Systems (Benjamin-Cummings, 

Menlo Park, CA, 1986). mocemulia saxaliso savarjiSoebi iteraciuli asaxvebis 

gamoyenebiT. igi calsaxad maTematikuri wignia, Tumca detalebisadmi naklebi 

yuradRebiT da sakmaod saintereso aramaTematikosebisTvisac.  
Kathleen Alligood, Timothy Sauer and James A. Yorke, Chaos, An Introduction to 

Dynamic Systems (Springer-Verlag, New York, 1997). moicavs kompiuterul eqsperimentebs 

bakalavrebisaTvis, romelTac Seswavlili aqvT gamoTvliTi maTematika da 

diferencirebuli gantolebebi. 
D. Gulick, Encounters with Chaos (McGraw-Hill, New York, 1992. gadmocemulia 

maTematikis saintereso Sesavali, erT da organzomilebiani iteraciuli funqciebis 

Sesaxeb arsebuli TeoremebiTa da amocanebiT. moicavs fraqtalebsa da 

diferencirebul gantolebaTa sistemebs.  
R. H. Abraham and C. D. Shaw, Dynamics: The Geometry of Behavior (Addison-Wesley, 

Reading, MA, 1992). F. D. Abraham, R. H. Abraham, and C. D. Shaw, Dynamical Systems: A 
Visual Introduction (Science Frontier Express, 1996). ilustrirebuli kursi qaosis 

Sesaxeb. es wignebi gansakuTrebiT sasargebloa, Tu gavlili gaqvT qaosis Sesavali 

kursi. avtorebi Tavs arideben zust gansazRvrebebs (maTi mizania dinamikuri 

sistemebis vizualuri gacnoba.) 
J. Hale and H. Kocak, Dynamics and Bifurcations (Springer-Verlag, New York, 1991). 

wignSi mocemulia dinamikuri sistemebisa da bifurkaciebis Sesavali kursi 

mravalricxovani magaliTebiT. advilad gasagebia bakalavriatis bolos safexuris 

studentebisaTvis.  
J. Guckenheimer and P. Holmes, Nonlinear Oscillations, Dynamical Systems, and 

Bifurcations of Vector Fields, 3rd ed. (Springer-Verlag, New York, 1990). klasikaa dargSi. 

Tu seriozulad gsurT qaosis Seswavla, sabolood am wignamde mixvalT.  
 
sxva kursebi, statiaTa krebulebi da sxv.  

A. V. Holden (ed.), Chaos (Princeton University Press, Princeton, NJ, 1986). sferos 
aqtiuri mkvlevarebis mier dawerili 15 eses krebuli. mravali sasargeblo ideiTa 

da perspeqtiviT, Tumca wignis gacnobamde ZiriTad sakiTxebs unda icnobdeT.  
L. Glass and M. C. Mackey, From Clocks to Chaos, The Rhythms of Life (Princeton 

University Press, Princeton, NJ, 1988). kargad dawerili wigni, romelic gviCvenebs, 

rogor SeiZleba gamoviyenoT arawrfivi sistemebis dinamikisa da qaosis ideebi 
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fiziologiaSi ritmuli efeqtebis analizisaTvis. fiziologiur msjelobaTa didi 

nawili gasagebia araspecialistebisTvisac. maTematikuri TvalsazrisiT qaosis Sesaxeb 

daweril sxva wignebTan SedarebiT naklebad rTulia.    
Harvey Gould and Jan Tobochnik, An Introduction to Computer Simulation Methods, 

Applications to Physical Systems, Part I (Addison-Wesley, Reading, Mass., 1987). 
araCvelebrivi wigni kompiuterul meTodeis Sesaxeb. me-7 Tavi mkiTxvels 

lojistikuri asaxvis ricxviTi kvlevis meTodebs acnobs.  
D. Ruelle, Chaotic Evolution and Strange Attractors (Cambridge University Press, New 

York, 1989). avtori arawrfivi sistemebis dinamikis erT-erTi specialistia. am mcire 

moculobis wignSi (96 gv.) is vrcel eses (maTematikasTan erTad) warmogvidgens im 

sakiTxebze, romelsac Tavad miiCnevs mniSvnelovnad qaosuri sistemebis statistikur 

analizSi. 
 
zogierTi Sesavali statia 

R. May, "Simple Mathematical Models with Very Complicated Dynamics," Nature 261, 
459-467 (1976).  

J. P. Crutchfield, J. D. Farmer, N. H. Packard, and R. S. Shaw, "Chaos," Scientific 
American 255 (6), 46-57 (December, 1986). qaosisa da mecnierebaze misi gavlenis kargi 

mimoxilva. R. V. Jensen, "Classical Chaos," American Scientist 75, 168-81 (1987). qaosis 
Tanamderove aqtualuri sakiTxebis kargad dawerili, detaluri ganxilva, sadac 

aqcenti maTematikasa da Teoriaze keTdeba.  
D. R. Hofstadter, "Metamagical Themas," Scientific American 245, (5) 22-43 (1981). 

iteraciuli asaxvebis -is maTematikis samecniero-popularuli mimoxilva.  
N. B. Abraham, J. P. Gollub, and H. L. Swinney, 'Testing Nonlinear Dynamics," Physica 

D 11, 252-64 (1984). 1983 wlis konferenciis masalebi, romelic qaosis Teoriisa da 

praqtikis Sesaxeb mosazrebebs gviziarebs. samwuxarod, garkveulwilad moZvelebulia.  
R. Van Buskirk and C. Jeffries, "Observation of Chaotic Dynamics of Coupled Nonlinear 

Oscillators," Phys. Rev. A 31, 3332-57 (1985). detaluri aRwera imisa, rogor SeiZleba 

SeviswavloT qaosi martivi naxevargamtari diodebis gamoyenebiT. mocemulia mravali 

naxazi da diagrama. 
J.-P. Eckmann, "Roads to Turbulence in Dissipative Dynamical Systems," Rev. Mod. 

Phys. 53, 643-54 (1981). moZvelebuli, Tumca sasargeblo ese.  
E. Ott, "Strange Attractors and Chaotic Motions of Dynamical Systems," Rev. Mod. Phys. 

53, 655-72 (1981). es kvleva imave naSromSi gvxvdeba, sadacaa ekermanis citirebuli 

statia. moZvelebuli, Tumca sasargeblo naSromi.  
M. F. Doherty and J. M Ottino, "Chaos in Deterministic Systems: Strange Attractors, 

Turbulence, and Applications in Chemical Engineering," Chemical Engineering Science 43, 139-
83 (1988). qaosis Sesaxeb farTo speqtris kvleva disipaciur da konservaciul 

sistemebSi, mimarTuli sainJinro gamoyenebisaTvis. savaraudod, dawerilia 

magistraturis pirveli kurisasTvis.     
Max Dresden, "Chaos: A New Scientific Paradigm—or Science by Public Relations," 

The Physics Teacher 30, 10-14 and 74-80 (1992). [Reprinted in Hilborn and Tufillaro, 1999]. 
qaosis fundamenturi sakiTxebis saintereso Sesavali.  

niutoniseul meqanikaSi predictability –is sakiTxi ganxilulia J. Lighthill, 'The 
Recently Recognized Failure of Predictability in Newtonian Dynamics," Proc. Roy. Soc. Lond. A 
407, 35-50 (1986). 

P. Holmes, "Poincare, Celestial Mechanics, Dynamical-Systems Theory and 'Chaos'," 
Physics Reports 193, 137-63 (1990). es farTospeqtriani ese gvacnobs arawrfivi 

sistemebis dinamikis istoriul ganviTarebas zomieri sirTulis maTematikur doneze.  
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D.  Ruelle, "Where can one hope to profitably apply the ideas of chaos," Physics Today 
47 (7), 24-30 (1994). 

Robert C. Hilborn and Nicholas B. Tufillaro, "Resource letter: ND-1: Nonlinear 
Dynamics," Am. J. Phys. 82 (9), 822-834 (1997). vrceli bibliografia komentarebiT.  
 
lorencis modeli 

E.  N. Lorenz, "Deterministic Nonperiodic Flow," J. Atmos. Sci. 20, 130-41 (1963). 
(Reprinted in [Cvitanovic, 1984]). 

B. Saltzman, "Finite Amplitude Free Convection as an Initial Value Problem-I,"7. Atmos. 
Sci. 19, 329^1 (1962). 

C.  T. Sparrow, The Lorenz Equations: Bifurcations, Chaos, and Strange Attractors 
(Springer-Verlag, New York, Heidelberg, Berlin, 1982). 
 
prognozireba da mizidulobis areebi 

J. C. Sommerer and E. Ott, "A physical system with qualitatively uncertain dynamics," 
Nature 365,136-140 (1993). 

Y.-C. Lai and R. L. Winslow, "Riddled Parameter Space in Spatiotemporal Chaotic 
Dynamical Systems," Phys. Rev. Lett. 72, 1640-43 (1994). 

Y.-C. Lai and C. Grebogi, "Riddling of Chaotic Sets in Periodic Windows," Phys. Rev. 
Lett. 83, 2926-29 (1999). 
 
moTxrobebi da piesebi 

qaosma da arawrfivi sistemebis dinamikam gadamwyveti roli iTamaSa Semdegi 

nawarmoebebis SeqmnaSi:  
Michael Crichton, Jurassic Park (Ballentine Books, New York, 1990).  
Kate Wilhelm, Death Qualified, A Mystery of Chaos (Fawcett Crest, New York, 1991). 
Tom Stoppard, Arcadia (Faber and Faber, London and Boston, 1993). 

 
veb-gverdebi 

arawrfivi sistemebis mecnieruli kvlevis yvela ZiriTad centrs gaaCnia veb-

gverdebi. maT Sorisaa: 
Chaos at the University of Maryland (http://www-chaos.umd.edu). kerZod, ki ix. 

"Chaos Database," romelsac aqvs monacemTa vrceli bibliografiuli baza.  
The Institute of Nonlinear Science at the University of California at San Diego 

(http://inls.ucsd.edu). 
The Center for Nonlinear Dynamics at University of Texas at Austin 

(http://chaos.ph.utexas.edu). 
The Center for Nonlinear Science at Los Alamos National Lab (http://cnls.lanl.gov). 

kerZod, ix.  CNLS Nonlinear Science e-print archive (http://cnls.lanl.gov/pbb.announce.html), 
and the Nonlinear Dynamics Archive (http://cnls.lanl.gov/nbt/intro.html). 

G. Chen, "Control and synchronization of chaotic systems (a bibliography)" is available 
by anonymous ftp from (uhoop.egr.uh.edu/pub/TeX/chaos.tex). 

"Nonlinear Dynamics Bibliography" maintained by the University of Mainz 
(http:/www.uni-mainz.de/FB/Physik/Chaos/chaosbib.html). 

The Applied Chaos Laboratory at the Georgia Institute of Technology 
(http://www.physics.gatech.edu/chaos/). 
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2  

qaosis universaluroba 

 

isev daisadgura qaosma, otelo, III, iii  

 

2.1 Sesavali 

 

winasityvaobasa da wina TavSi ukve aRvniSneT, rom arawrfivi sistemebi bevr 

universalur raodenobriv maxasiaTebels avlenen, rodesac isini qaoss uaxlovdebian 

an qaosurad moqmedeben. pirvel TavSi visaubreT bevri arawrfivi sistemisaTvis 

zogad Tvisobriv niSnebze. am TavSi ki zogierTi raodenobrivi universaluri 

Tvisebebis Sesaxeb mokle Sesavals gavakeTebT. faqtobrivad, wignis darCenili nawili 

maT arsSi Cawvdomas eZRvneba. 

universaluri maxasiaTeblebis rolis gadaWarbebulad warmodgena Znelia. Tu 

yoveli arawrfivi sistema `Tavisi gziT midis~, maSin dinamikuri sistemebis 

Semswavleli dargi gamoyenebiTi mecnierebis erT mcire ganStoebamde daiyvaneba.  igi 

praqtikuli TvalsazrisiT mniSvnelovani iqneba, magram axal fundamentur principebs 

ver Seamzadebs. yvelaze sakvirveli is aris, rom arawrfivi sistemebis qmedebaSi 

zogadi Tvisebebis uricxvi raodenobaa aRmoCenili. isini moicaven bifurkaciaTa  

mimdevrobebs, romlebic regularul, periodul qmedebas qaosurTan akavSireben. am 

TavSi Cven aseTi bifurkaciebis zogierT absoluturad moulodnel raodenobriv 

mxares gamovikvlevT. es niSanTvisebebi erTi SexedviT didad aris damokidebuli 

sakvlevi sistemis fizikur, qimiur da biologiur detalebze. amgvari universaloba 

arawrfiv dinamikas disciplinaTSoris  dargad aqcevs. mocemul TavSi mivmarTavT 

ufro aRmwerlobiT midgomas, vidre deduqciurs, raTa warmodgena Segveqmnas ama Tu 

im sakiTxze da detaluri maTematikuri mtkicebebis simZime Tavidan aviciloT. 

maTematikur detalebs, romlebic dagvexmarebian universaluri maxasiaTeblebis 

gaazrebaSi, momdevno TavebSi gamoviyenebT. 
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2.2 feigenbaumis ricxvebi 

pirvel TavSi vnaxeT, rom samma sruliad gansxvavebulma sistemam periodis 

gaormagebis gziT miaRwia qaoss, sul mcire maTi makontrolebeli parametrebis 

garkveuli diapazonebisTvis mainc. ra Tqma unda, periodis gaormagebis garda 

sistemis periodulidan qaotur qmedebaSi gadasvlis sxva gzebic arsebobs. 

swavlobda ra periodis gaormagebas lojistikuri asaxvisaTvis, Teoretikosma 

fizikosma mitCel feigenbaumma (FEI78) pirvelma miakvlia universalur raodenobriv 

maxasiaTeblebs, romelTa Semswavleli Teoria periodis gaormagebis tipis 

qmedebisaTvis gacilebiT ufro ganviTarda, vidre qaosSi gadasvlis sxva 

saSualebebisaTvis (romelTa Sesaxeb bolo TavebSi gveqneba saubari).  

 

nax. 2.1. bifurkaciuli diagramis (2.2-1) 

gantolebiT mocemuli lojistikuri asaxvis 

funqciisTvis. ubani, romelic Seesabameba qaosSi 

gadasvlas periodis gaormagebis gziT, 

moyvanilia diagramis marjvena gadRabnili 

zolebis saxiT. 

 

  

 

nax. 2.2. gaorebis diagramis nawili 

sinusuri asaxvisTvis (gantoleba (2.2-2). 

 

 

 

 

feigenbaumis pirveli aRmoCena, romelic 

qaosis safuZvlad dadebuli erTgvari 

universalobaa, miRebuli iqna dakvirvebuli faqtidan, rom iteraciuli 

asaxvebisaTvis gamoyenebul ramdenime gansxvavebul funqcias hqonda erTidaigive 

krebadoba bifurkaciul diagramze rogorc ki martivi, perioduli qmedebidan 

xdeboda qaosurSi gadasvla periodTa gaormagebis mimdevrobebis gziT. feigenbaumis 
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aRmoCenis sailustraciod 2.1. naxazze gamosaxulia bifurkaciuli diagramis nawili 

lojistikuri asaxvisTvis. 

1 (1 )n n nx Ax x                               (2.2-1) 

2.2. naxazze gamoyenebulia trigonometriuli sinusis funqciaze damyarebuli asaxva.  

 

1 sin( )n nx B x                              (2.2-2) 

 

 

orive SemTxvevaSi saxezea qaosSi gadasvla  periodis gaormagebis gziT. 

feigenbaumi gaxldaT pirveli, vinc daaskvna, rom ori mimdevrobis `krebadobis 

siCqare~ orive asaxvaSi erTi da igive iyo.  

 maTematikur fizikaSi garkveuli nebismieri adamiani, waawydeba ra 2.1 da 2.2 

naxazebze moyvanili krebadobis msgavs SemTxvevas,  eZebs krebadobis  geometriul 

koeficients. Tu krebadoba geometriulia, maSin parametris im mniSvnelobebis 

nazrdebisaTvis,  romlisTvisac periodTa mimdevrobiT gaormagebas aqvs adgili, es 

koeficienti erTi da igive unda iyos.  

 gamoTvlebi tardeba Semdegnairad: Tu, A1 parametris mniSvnelobaa, rodesac 

periodi-1 warmoSobs periodi-2-s (ix. nax. 2.3), xolo A2 mniSvnelobaa, rodesac 

periodi-2 period-4-Si gadaizrdeba da a.S. maSin An parametris mniSvnelobaa, rodesac 

periodi-2n `ibadeba~. Semdeg vpoulobT koeficients 

1

1

n n
n

n n

A A

A A
 







                           (2.2-3) 

feigenbaumma daadgina, rom es sidide TiTqmis erTi da igivea n-is yoveli 

mniSvnelobisTvis da rac ufro mniSvnelovani da gasakviria, n-is didi 

mniSvnelobebisTvis xarisxi uaxlovdeba ricxvs, romelic erTi da igivea asaxvis 

orive funqciisTvis!  δ –s am mniSvnelobas `feigenbaumis delta~ ewodeba.  

 

lim 4.66920161...nn
 


                     (2.2-4) 

 

 

ricxvi 4.669...  SegviZlia davayenoT fizikis iseTi universaluri ricxvebis gverdiT, 

rogoricaa 1/137 (eleqtromagnituri Zalebis fardoba atombirTvul ZalebTan).  
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gadauWreli problema: daukavSireT feigenbaumis δ ricxvi 4.669..., raime sxva 

fundamentalur ricxvebs, magaliTad π,e (2.718...)-s, oqros kveTis koeficienti ( 5 -

1)/2 da a.S.  

 

 

 ra Tqma unda, ori (daaxloebiT) identuri koeficienti am ricxvebis 

universalobis mtkicebuleba ar aris. mogvianebiT feigenbaumma daadgina, rom 

nebismier iteraciuli asaxvis funqcias, romelsac paraboluri saxe aqvs misi 

maqsimumis siaxloves, gaaCnia erTidaigive krebadobis koeficienti, rodesac 

bifurkaciis n xarisxi usasrulobisken miiswrafvis. 

 faqtobrivad, δ-s universalobis asaxsnelad feigenbaumis Teoria koeficientTa 

gamosaTvlelad parametrebis mniSvnelobebis odnav gansxvavebul formulirebas 

iyenebs. parametris im mniSvnelobaze metad, romelzedac bifurkacias aqvs adgili, 

gamoiyeneba is mniSvneloba, romlebisTvisac asaxvis funqciis maqsimumis Sesabamisi 

xmax abscisa garkveuli periodulobis SemTxvevaSi `orbitis~ nawilia. (2.2-1 

lojistikuri asaxvisTvis xmax=0.5.) am orbitebs superciklebi ewodeba da 

dasaxelebis mizezs me-5 TavSi ganvixilavT. As
n, A-s iseTi mniSvnelobaa, 

romlisTvisac xmax periodi-2
n Sesabamisi orbitis nawils warmoadgens.  

 

 



 67

nax. 2.3. gaorebis diagramis nawili lojistikuri asaxvisTvis. As aRniSnavs 

parametris im mniSvnelobebs, rodesac ormagi periodis gaorebebi mimdinareobs. ds 

aRniSnavs bifurkaciuli struqturebis fardobiT zomebs ganStoebis wertilebSi.  

 

geometriuli TvalsazrisiT mizanSewonilia, rom orTave ganmarteba erTidaigive 

koeficients iZleodes zRvarSi maRali rigis bifurkaciebisaTvis. ricxviTi 

gamoTvlebis TvalsazrisiT supercikluri formulireba ufro advilad 

ganxorcielebadia eqsperimentulad ki (ix. Semdegi Tavi), SeiZleba ganisazRvros 

mxolod bifurkaciis wertilTa mniSvnelobebi, vinaidan sazogadod (ekvivalenturi) 

asaxvis funqcia da misi maqsimaluri mniSvneloba cnobili ar arian. 

 

 

savarjiSo 2.2-1. 2.1 cxrilSi moyvanilia An mniSvnelobebi 2.2 lojistikuri 

asaxvisaTvis. aseve CamoTvlilia superciklis As
n mniSvnelobebi da parametris is 

mniSvnelobebi, romlisTvisac xmax traeqtoriis nawilia periodi-2n-Tvis (garkveuli 

mizezebis gamo, romlebzec visaubrebT me-5 TavSi superciklis sidideebi maRali 

sizustiT ufro advilad dasadgenia). Bs
ns superciklis parametris mniSvnelobebia 

sinusoiduri asaxvisTvis (gant. 2.2-2). gamoTvaleT δn parametris mocemuli 

mniSvnelobebisTvis da SeadareT miRebuli Sedegebi gant. (2.2-4)-iT miRebul 

mniSvnelobas. (am Tavis bolos moyvanil kompiuterul savarjiSoSi, aRvwerT, Tu 

rogor xdeba maRali sizustiT am ricxvebis gamoTvla. aSkaraa, rom maTi gamoTvlis 

gareSe bifurkaciuli diagrama maRali sizustiT ver aigeba.) 
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SeniSvna: δ ganisazRvreba imgvarad, rom igi ar aris damokidebuli im parametris 

sazom erTeulze (anu Cven SegviZlia parametris yoveli mniSvneloba gavamravloT 

erTsa da imave mamravlze da SevinarCunoT δ–s igive mniSvneloba). is agreTve 

damoukidebelia parametris sazomi skalis nul-punqtis wanacvlebisagan (anu Cven 

SegviZlia parametris mniSvnelobebi gavzardoT an SevamciroT erTi da imave ricxviT 

da SevinarCunoT δ–s igive mniSvneloba).  

 

2.3. krebadobis koeficienti realuri sistemebisTvis 

 

pirvel TavSi moyvanilma realurma eqsperimentma (diodis wredi) gviCvena 

qaosSi gadacvla periodis gaormagebis gziT. movlenebi igive scenariT viTardeba 

konveqciur siTxeSi, modulirebul lazerebSi, akustikur talRebSi, qimiur 

reaqciebSi, meqanikur vibratorebsa da uamrav sxva sistemaSi. Cndeba SekiTxva: 

SeuZlia feigenbaumis δ–s aRweros, Tu ra xdeba eqsperimentulad? erTi sirTule 

Tavidanve naTelia _ feigenbaumis mtkicebas Tanaxmad, mniSvnelobaTa mimdevroba δn  

4.669... n–is mxolod didi mniSvnelobebisaTvis. rodesac n izrdeba, mimdevrobiTi 

bifurkaciebi erTmaneTs uaxlovdeba da realur eqsperimentSi Zalian Znelia maTi 

adgilmdebareobebis maRali sizustiT gansazRvra. mxolod zogierT eqsperimentSi, 

rogoricaa diodis wredi, ganirCeva calsaxad periodi-16 da periodi-32. amgvarad, 

mkvlevars bifurkaciis  parametris mniSvnelobebis maRali sizustiT gazomva 

mxolod dabali rigis bifurkaciebisaTvis SeuZlia, xolo Teoria zust prognozs 

mxolod maRali rigis bifurkaciebisaTvis gvaZlevs. (unda aRiniSnos, rom qaosis 

Teoriis istoriul ganviTarebaSi ufro SemTxveviTobaa is faqti, rom lojistikuri 

da sinusoiduri funqciebis asaxvebs gaaCniaT koeficientebi, romlebic Zalian 

swrafad ikribebian 4.669-ken. feigenbaums universaluri ricxvisken krebadoba sul 

ramdenime δn mniSvnelobis gamoTvlis Sedegad SeeZlo `daenaxa~. asaxvis sxva 

funqciebi, romelTagan zogierTs me-5 TavSi ganvixilavT, maincdamainc `kargad ar 

iqcevian~ krebadobis TvalsazrisiT.) 
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zemoTaRniSnulidan gamomdinare, eqsperimentulad miRebul mniSvnelobebs 

(dabali rigis gaorebebisTvis) feigenbaumis δ mniSvnelobas vadarebT. 2.2 cxrilSi 

moyvanilia mudmivi denis Zabvis is mniSvnelobebi, romelTaTvisac diodis wredSi 

mimdevrobiT bifurkaciebs aqvT adgili (am eqsperimentis makontrolebel parametrad, 

signalis Zabvis amplitudasTan SedarebiT mudmivi wanacvlebis  Zabvis gamoyeneba 

ufro xelsayrelia. bevri sxva arawrfivi sistemis msgavsad, diodis wreds qmedebis 

farTo diapazoni gaaCnia. 2.2 cxrilSi moyvanili monacemebis misaRebad wredSi iseTi 

pirobebi SevarCieT, romlebsac mivyavarT bifurkaciuli diagramisken, msgavsia 

lojistikuri asaxvis). 

 2.2 cxrilSi mocemuli mniSvnelobebis gamoyenebiT vpoulobT, rom 30 khc 

mniSvnelobisaTvis δ=3,57(10), xolo 85khc-ze δ=4,7(1). frCxilebSi Casmuli cifrebi 

gamoxatavs wina niSnadi cifris cdomilebas. magaliTad, 4.66(2) aRniSnavs 4.66±0.02. 

 

SeniSvnebi: 

1. koeficientebebis gamoTvlisas mniSvnelovania (da faqtobrivad gadamwyvetia) 

eqsperimentis cdomilebebis gaTvaliswineba. advili sanaxavia, rom ufro 

maRali rigis bifurkaciebisaTvis parametris cvlilebis matebasTan erTad, 

cdomilebebi kidev ufro matulobs da saboloo cdomileba sakmaod maRali 

iqneba.  

2. δn-is eqsperimentulad gansazRvruli mniSvnelobebi erTimeoresTan axlosaa, 

magram xSirad isini sizustis farglebSic ki ar emTxvevian feigenbaumis 

ricxvs 4.669.  
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bolo mtkiceba badebs garkveul imedgacruebas. yvelaferTan erTad, mecnieruli 

Teoriis WeSmaritebis erT-erTi kriteriumi mis mier ama Tu im movlenis 

raodenobrivi prognozirebis unaria. Tumca Cven unda gvaxsovdes, rom periodis 

gaormagebis eqsperimentebi da feigenbaumis Teoria periodis gaormagebis mimdevrobis 

ori ukiduresi SemTxvevaa. am faqtis moSveliebiT SegviZlia davuSvaT, rom cifrebi 

metnaklebad SesabamisobaSia realobasTan. 2.3. cxrilSi naCvenebia eqsperimentulad 

gansazRvruli δ-s zogierTi mniSvneloba sxvadasxva fizikuri sistemisTvis. TiToeul 

SemTxvevaSi gazomil mniSvnelobebs Soris gansxvaveba ar aReamateba  feigenbaumis 

ricxvis 20%-s. 

 

universalobis axsnis zogierTi zedapiruli gaazreba 

 

Cven pirvel rigSi unda vifiqroT Teoriisa da eqsperimentis `SeTanxmebaze~. 

erTi SexedviT sulac araa cxadi, Tu ra aqvs saerTo naxevargamtarul diods, 

konveqciur siTxesa da modulirebul lazers lojistikur asaxvasTan. raoden 

saocaric ar unda iyos, eqsperimentul Sedegebsa da martiv maTematikur iteraciul 

asaxvas Soris arsebobs garkveuli raodenobrivi kavSiri. 

tradiciul fizikis mixedviT, rodesac sxvadasxva sistemis qmedebaSi 

daikvirveba zogierTi saerTo raodenobrivi da Tvisobrivi niSan-Tvisebebi (rogoricaa 

yvelasTvis kargad cnobili Tavisufali vardnis aCqareba), mosalodnelia Sesabamisi 

zogadi fizikuri safuZvlis arseboba. Tumca amgvari axsna zemoTxsenebuli 

universalobis gasaazreblad ar gamogvadgeba. momdevno TavebSi vnaxavT, rom 

universaloba aixsneba rogorc Sedegi am sistemaTa dinamikis aRmwer mdgomareobaTa 

abstraqtuli sivrceebis saerTo geometriisa.  
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2.4. δ-s gamoyeneba prognozirebisaTvis 

 

Δ-s eqsperimentul mniSvnelobebsa da maTematikuri modelis daxmarebiT 

feigenbaumis mier maTematikuri modelis meSveobiT napovn mniSvnelobas Soris  

ricxobriv Tanxvedras  safuZvlad garkveuli mizezi udevs, romelsac me-5 TavSi 

ganvixilavT. iseTi universaluri ricxvis arseboba, rogoric aris δ, arawrfivi 

sistemis momavali qmedebis raodenobrivi prognozirebis saSualebas gvaZlevs, maSinac 

ki, rodesac Cven ver vaxerxebT am sistemis aRmweri gantolebebis amoxsnas. 

gacilebiT mniSvnelovani ki is aris, rom zemoTTqmuli WeSmaritebaa maSinac ki, 

rodesac sistemis aRmweri  fundamentaluri gantolebebi araa cnobili (rac xSiri 

SemTxvevaa). magaliTad, Tu vamCnevT, rom garkveuli sistema A1 parametris 

mniSvnelobisaTvis periodi-1-dan periodi-2-Si, xolo A2-ze periodi-2-dan periodi-4-

Si gadasvlisas ganicdis periodis gaormagebis bifurkacias, maSin δ-s meSveobiT 

SegviZlia viwinaswarmetyveloT, rom moxdeba sistemis periodi-4-dan periodi-8-Si 

gadasvla garkveuli A3-Tvis, romelic ganisazRvreba Semdegnairad: 

 

2 1
3 2

A A
A A




                              (2.4-1) 

 

rogorc mogvianebiT vnaxavT, periodis gaormagebis pirveli ori dakvirvebuli 

SemTxveva ar gvaZlevs mesamis moxdenis garantias, magram Tu mas mainc eqneba adgili, 

gantoleba (2.4-1)-dan SevityobT parametris im mniSvnelobas, romlis maxlobladac 

am gadasvlas unda velodeT. 

δ–s gamoyeneba SegviZlia  agreTve parametris im mniSvnelobis gansazRvrisTvis, 

romlis SemTxvevaSic gaormagebuli periodis mqone mimdevroba erTiandeba da 

wertili, sadac qaosi iwyeba. amisaTvis SevadgenT 2.4-1-is analogiuri gantoleba A4-

Tvis A3-isa  da A2–is meSveobiT  

3 2
4 3

A A
A A




                        (2.4-2) 

 

axla CavsvaT (gant. 2.4-1) (gant. 2.4-2)-Si da A4-Tvis gveqneba: 
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4 2 1 22

1 1
( )A A A A

 
     
 

                (2.4-3) 

 

Tu am proceduras gavagrZelebT A5-is, A6-isaTvis  da a.S. maSin mimdevrobaSi 

miviRebT (1/δ)-is ufro da ufro maRali rigis wevrebs geometriuli progresiis 

saxiT. es mimdevroba zRvarSi mogvcems: 

 

2 1 2

1
( )

1
A A A A


     

                  (2.4-4) 

 

mas Semdeg, rac SeviswavleT periodis gaormagebis  pirveli ori SemTxveva, 

ukve SegviZlia parametris im mniSvnelobis prognozireba, romlisTvisac Tavs iCens 

qaosi. Cven ar veliT, rom  prognozi zusti iqneba, radgan igi A2-isa  da A1–is 

eqsperimentulad gansazRvruli mniSvnelobebis mixedviTaa miRebuli da, rac ufro 

mniSvnelovania,  yvela bifurkacia δ –s erTi da imave mniSvnelobis meSveobiT 

aRiwereba. miuxedavad amisa, prognozs mivyavarT im aresTan, sadac qaosi iwyeba.  

amgvari eqstrapolaciis meSveobiT SegviZlia gavakeToT prognozi, Tu 

parametris romeli mniSvnelobisaTvis iwyeba qaosi lojistikuri asaxvisa da diodis 

wredisaTvis. 2.1 cxrilSi moyvanil Sedegebze dayrdnobiT vpoulobT, rom 

lojistikuri asaxvisTvis qaosis dawyeba SesaZlebelia A=3.572 mniSvnelobisaTvis, 

Tu viyenebT A-s  bifurkaciul mniSvnelobebs, xolo A=3.563, Tu  A-s superciklur 

mniSvnelobebTan gvaqvs saqme. realuri mniSvneloba ki aris A =3.569...  

dioduri wredisTvis   2.2 cxrilSi moyvanili Zabvis mniSvnelobebis gamoyeneba 

2.4.4 gantolebaSi qaoss 2.24(1) voltze winaswarmetyvelebs, xolo eqsperimenti 

qaosis dawyebas 30khc-is pirobebSi -2.26(1) voltze gvauwyebs. 85khc-is pirobebSi 

navaraudevi sidide 0.299(9) voltia, xolo eqsperimentiT miRebuli sidide ki 

0.286(8) volti. Cven vxedavT, rom Sedegebi erTmaneTs ar emTxveva, magram, imis 

gaTvaliswinebiT, rom am sistemebis dinamikisaTvis detaluri gamoTvlebi ar 

Cagvitarebia, mainc saocrad kargi Tanxmobaa.  
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amocana 2.4-1. (a) daamtkiceT, rom (2.4-4) gamomdinareobs (2.4-3)-dan. 

(b)daamtkiceT, rom:  

   
2

2 1 1
n

nA A A A

   


                          . 

SeniSneT, rom gantolebis marjvena mxare ar aris damokidebuli n-ze. am Sedegs 

ara erTxel gamoviyenebT momdevno TavebSi. 

 

2.5 feigenbaumis masStabis skala 

 

martivi asaxvis iseTi funqciebis ricxobrivi kvlevis Sedegad, rogoricaa 

lojistikuri asaxva, eigenbaumma daadgina, rom yoveli momdevno periodis gaorebis 

bifurkacia wina bifurkaciis odnav mcire aslia, oRond meti ganStoebebiT. aqedan 

gamomdinare, ormagi periodis mqone mimdevrobaSi unda arsebobdes klasifikaciis  

universaluri skala. nax. 2.3 ilustracia `zomis~ faqtorisa, rasac feigenbaumis α 

(alfa) mniSvneloba ewodeba.   

 

  
1

lim 2.5029...n

n
n

d

d





                       (2.5-1) 

 

sadac dn periodi-2
n-is bifurkaciuli struqturis `zomaa~ zustad period-2n+1-ze 

gadasvlis win. zemoTmoyvanil fardobaSi aseve Sedian bifurkaciul struqturaTa  

Sesabamisi nawilebis ds sidideebi im pirobiT, rom periodi-4-is segmentebidan 

yvelaze didi zoma Sedarebulia periodi-8-Si Semavali udidesi segmentis zomasTan. 

feigenbaumi aseve varaudobda, rom 2.3 naxazze gamosaxuli periodi-4-is  didi 

`kamertonis~ d2 zoma α –jer meti unda yofiliyo  mcire kamertonis 
'
2d  zomaze. 

 

feigenbaumi α –s praqtikuli gansazRvrisTvis dn –is odnav gansxvavebul 

formulirebas iyenebs. iseve rogorc δ –s gansazRvrebisas, ds sidide warmoadgens 

manZils bifurkaciul  diagramaze, rodesac xmax wertili aris traeqtoriis nawili. 

manZilis aseT SerCevas me-5 Tavsa da F danarTSi gamoviyenebT. intuicia gvkarnaxobs, 

rom maRali rigis bifurkaciebis  SemTxvevaSi orive formulireba erTsa da imave 

ricxobriv Sedegs mogvcems.  
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eqsperimentuli monacemebis aRwerisTvis  sididis gamoyenebisas unda 

gaviTvaliswinoT igive garemoeba, rac gvqonda krebadobis δ koeficientis 

SemTxvevaSi: Teoria, romelsac ricxv 2.5029...-mde mivyavarT, emyareba mxolod maRali 

rigis bifurkaciaTa zRvars, maSin roca eqsperimentSi xeli migviwvdeba mxolod  

dabali rigis bifurkaciebze. miuxedavad amisa, im mcireoden SemTxvevebSi, rodesac α 

eqperimentulad aris gansazRvruli, gazomil da (2.5-1) gantolebiT miRebul 

mniSvnelobebs Soris damakmayofilebeli (magram ara absoluturi) Tanxmobaa. 

apriorulad mcire safuZveli gagvaCnia imis samtkiceblad, rom lojistikikur 

asaxvis masStabis skala dakavSirebulia eqsperimentuli masStabis skalasTan.  

 

savarjiSo 2.5-1. 2.3 naxazisaTvis gamoiyeneT saxazavi manZilebis gasazomad da  

feigenbaumis α sididis gamoTvlisTvis. SeafaseT gazomvaTa cdomilebebi. 

 

savarjiSo 2.5-2. lojistikuri asaxvis SemTxvevaSi,  α sididis gansazRvrisaTvis 

gamoiyeneT ricxobrivad miRebuli mniSvnelobebi. SesafaseT cdomilebi, romlebic 

gamowveulia kompiuteruli gamoTvlebis sizustis sasrulobiT.  

 

did gakvirvebas iwvevs is faqti, rom feigenbaumis δ ricxvi axlosaa `zust~ 

zomasTan. es niSnavs, rom δ Tu iqneboda erTi rigiT didi (vTqvaT 40 an 50), maSin 

periodTa gaormageba parametris mniSvnelobebis funqciis saxiT ise swrafad iCens 

Tavs, rom maTze dakvirveba eqsperimentulad Zalze gaWirdeboda. magaliTad, Tu δ 

daaxloebiT 50-is tolia, A3 - A2 sxvaoba aRmoCndeba A2 – A1 sxvaobis daaxloebiT 2% 

(1/50) da zomieri sizustis SemTxvevaSic ki misi SemCneva problemas ar warmoadgens. 

[martivia eqsperimentuli gazomvebis daaxloebiT 10%-is sizustiT gamoyvana; 1% ar 

aris Zalian rTuli; 0.1% moiTxovs did yuradRebas da Zalisxmevas.] Semdegi A4 – A3 

sxvaoba iqneba A2 – A1 sxvaobis mxolod 0.0004 da masze dakvirveba ukve urTulesi 

saqmea.  

meore mxriv, Tu δ Zalian mcire sidide iqneba, maSin ormagi periodis mqone 

mimdevroba parametris iseTi funqcia iqneba, rom Zalze gaWirdeba imis garkveva, Tu 

parametris ra diapazonisaTvis iqneba SesaZlebeli Tvalis gadevneba. (gaxsovdeT, rom 
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δ unda iyos 1-ze meti, raTa mimdevrobis zRvari gaaCndes. amitom, `Zalian mcire~ 1-

Tan siaxloves niSnavs.) es SemTxveva winasTan SedarebiT nakleb SezRudvebs 

saWiroebs, ramac SeiZleba gvafiqrebinos, rom ufro advili iqneba, Tu yuradRebas 

maRali rigis bifurkaciebze gavamaxvilebT. magram parametrTa im farTo 

diapazonisaTvis, romlis SemTxvevaSic periodis gaormageba daikvirveba, maRali rigis 

bifurkaciebs saerTod ver SevamCnevT  an mimdevrobis nawilad ver aRviqvamT.    

 

savarjiSo 2.5-3. igive argumentze dayrdnobiT daamtkiceT, rom feigenbaumis α 

agreTve `zusti zomaa~.  

 

SekiTxva: arsebobs Tu ara kavSiri δ da α sidideebs Soris? pasuxi mocemulia me-5 

Tavsa da F danarTSi. 

 

2.6 TviTmsgavseba 

 

feigenbaumis ori ricxvi ormagi periodis mqone mimdevrobaze mniSvnelovan 

informacias gvawvdis. Cvens mier ganxiluli bifurkaciuli diagramis esa Tu is 

nawili warmoadgens sxva nawilis mcire asls. kerZod, aRsaniSnavia, rom 2.3 

diagramis qveda nawili A3 – sa da A2–s Soris msgavsi iqneba  A2 – sa da A1–s Soris 

arsebuli diapazonisa, Tu A3 – sa da A2–s Soris mdebare abcisTa RerZs δ-jer, xolo 

igive diapazonis  ordinatTa RerZs α -jer `gavwelavT~.  

(diagramis zeda nawili iTxovs α2-iT `gawelvas~.) [kvlav SegaxsenebT, rom 

amgvari dublikacia gvaqvs mxolod maRali rigis bifurkaciebis SemTxvevaSi. Tumca, 

Sedegi ZalaSi rCeba dabali rigis bifurkaciebisTvisac.] 

geometriul struqturas, romelic zemoTmoyvanil Tvisebas amJRavnebs,  

avtomodeluri ewodeba. rogorc me-5 TavSi vnaxavT, avtomodeluroba gadamwyvet 

rols asrulebs universalobis TeoriaSi. Mmomdevno TavebSi am cnebas arawrfivi 

dinamikis sxva aspeqtebSic SevxvdebiT. Avtomodelur obieqtebs fraqtalebi ewodeba, 

radgan maTi geometriuli ganzomileba xSirad wiladuria da ara mTeli.  

ratom aris avtomodeluroba ase mniSvnelovani? Tu geometriuli struqtura 

avtomodeluria, maSin mas ar gaaCnia damaxasiaTebeli masStaburi skala anu Tu Cven 

vakvirdebiT am struqturis raime Semadgenel nawils garkveuli gadidebiT, igi 
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gadidebis romelime sxva koeficientis Sesabamisi nawilis msgavsi iqneba. Semadgenel 

nawilebze dakvirvebiT Cven ver vaxerxebT imis gansazRvras, Tu ra masStabis mqone  

skalasTan gvaqvs saqme. Ees arsebiTi Tviseba mianiSnebs, rom geometriuli 

struqturis bevri Tviseba ar unda iyos damokidebuli misi aRmweri modelis 

detalebze (es faqti am wignSi kidev araerTxel Segvxvdeba).  

Avtomodelurobis STambeWdavi suraTi naCvenebia 2.4 da 2.5. naxazebze. 2.4 

naxazi gviCvenebs lojistikikuri asaxvis Sesabamisi gaorebis diagramis gadidebul 

nawils periodi-5 ubanze. Nax. 2.5 ki nax. 2.4-is CarCoSi mdebare ubnis farTo xediT 

warmodgenili versiaa. igi gviCvenebs ormagi periodis mqone mimdevrobis gadasvlas 

qaosSi da am qaosuri diapazonis farglebSi kidev erT periodi-5-is ubans vxedavT. 

A-s odnav meti mniSvnelobisas periodi-3-is ubani daikvirveba, romlisTvisac 

periodis gaormagebas ufro didi qaosi mohyveba. Bbifurkaciul diagramaze 

gamosaxuli bevri Tviseba TvalnaTliv meordeba gacilebiT mcire skalaze. rogorc 

me-5 TavSi vnaxavT, amgvari avtomodeluroba uaRresad safuZvliani raodenobrivi 

mtkicebebis miRebis saSualebas gvaZlevs im sistemis qmedebis Taobaze, romlebic 

amgvar bifurkaciul diagramebs iZlevian.  

 

2.7 sxva universaluri maxasiaTeblebi 

 

feigenbaumis ricxvebs ar SeuZliaT amowuron arawrfiv sistemebSi dakvirvebul  

universalurobaTa sruli diapazoni. momdevno TavebSi Cven ganvixilavT 

universalobis sxva saxeebs, romlebic ukavSirdebian qaosuri sistemebis 

energetikul speqtrebs, xmauris gavlenas am sistemebze da `qaosurobis~ gazomvis 

sxvadasxva meTodebs. rTuli araa imis varaudi, rom rac ufro siRrmiseulad 

SeviswavliT arawrfiv sistemebs, miT met universalur Tvisebebs aRmovaCenT.  

windaxedulma mkiTxvelma SeiZleba ikiTxos: ZalaSia amgvari raodenobrivi 

maxasiaTeblebi nebismieri arawrfivi sistemisaTvis? am SekiTxvis pasuxia – ara. 

miuxedavad amisa, unda arsebobdnen arawrfivi sistemaTa garkveuli klasebi, 

romelTaTvisac feigenbaumis ricxvebi (da maTi sxvadasxva saxis 

ganzogadebebi)sakmaod karg raodenobriv suraTs iZlevian.  
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nax. 2.4. lojistikuri asaxvis Sesabamisi bifurkaciuli diagramis gadidebuli xedi 

periodi-5-is siaxloves. CarCoSi mdebare aris gadidebuli xedi ki  naCvenebia 2.5. 

naxazze. 

 

sruli meTodologia imis gansasazRvrad, Tu romel `universalobis klass~ 

Seesabameba esa Tu is arawrfivi sistema (rogorc Teoriuli modelebi, aseve 

eqsperimentuli sistemebi), Sorsaa srulyofilebisgan. miuxedavad amisa, rom aseTi 

tipis klasebi arsebobs (jer-jerobiT dadgenilia mcire raodenobiT). magaliTad, 

arawrfivi sistemebi, romelTa dinamika e.w. `erTganzomilebian dinamikamde~ daiyvaneba, 

xSirad gadadian qaosSi periodis gaormagebis gziT da feigenbaumis ricxvebic 

swored amgvar sistemebs miesadageba.     

 

2.8 qaosis modelebi da universaloba 

 

amJamad, rodesac qaosis bunebis Sesaxeb garkveuli warmodgena mainc gvaqvs, 

SegviZlia wamovWraT zogierTi fundamenturi kiTxva samecniero meTodologiaSi misi 

adgilis Sesaxeb. anu vsvamT kiTxvas: ras gvaZlevs qaosi? 

pasuxis misaRebad arsebiTia vicodeT mecnierebaSi modelebis gamoyenebis 

problema. am mxriv gamocdileba pirvel TavSi ukve miviReT, sadac biologiuri 

populaciis zrdisa da konveqtoruli xsnaris modelis (lorencis modeli) Sesaxeb 

vsaubrobdiT. ras niSnavs termini modeli? upirveles yovlisa, unda aRiniSnos, rom 



 78 

`realuri~ sistemebis umravlesobis aRwera uSualod fundamenturi kanonebiT metad 

rTulia. aqedan gamomdinare, msjelobisTvis viyenebT fizikis mikroskopul kanonebs, 

rogoricaa Sredingeris gantoleba kvantur meqanikaSi, maqsvelis gantolebebi 

eleqtromagnitur TeoriaSi da a.S.  

 

 

nax. 2.5. 2.4 naxazis CarCoSi aris gadidebuli xedi. bifurkaciuli diagramis 

avtomodeluroba vlindeba periodi-5-is saxiT, romelic qaosur zolSi miTiTebulia 

isriT.  

 

magaliTad, pirvel TavSi aRwerili dioduri da konveqciuri siTxeebis 

sistemebi trilionobiT atomisagan Sedgeba da fundamentaluri mikroskopuli 

kanonebis gamoyeneba praqtikuli TvalsazrisiT aramizanSewonilia. samagierod, Cveni 

Tvalsazrisis mixedviT umniSvnelovanes  Tvisebebs veZebT (magaliTad, deni da Zabva 

diodis wredSi; temperatura da xsnaris nakadis siCqare xsnaris eqsperimentSi) da 

Semdeg SerCeuli maxasiaTeblebis qmedebis mixedviT Teoriul modelebs vagebT 

(maTematikuri aRwera). muSaobis procesSi vimedovnebT, rom modelis  mier 

ignorirebuli Tvisebebi arsebiTi kvlevis Sedegebze arsebiT gavlenas ar axdens. 

magaliTad, lorencis modelSi xsnaris Seferilobas gansakuTrebul yuradRebas ar 

vaqcevT. Cveni varaudiT, xsnaris buneba SeiZleba ganisazRvros am xsnaris simkvriviT, 

TbogamtarobiTa da siblantiT, feri ki mniSvnelovani ar aris. Tu modeli iZleva 

prognozis saSualebas (Cveulebriv raodenobrivi TvalsazrisiT), maSin gveufleba 

SegrZneba, rom Cveni modeli iZleva movlenis zust aRweras. savaraudod, 

alternatiuli modelebi, romlebic yuradRebas sxva Tvisebebze amaxvileben an 
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SerCeuli Tvisebebis qmedebis aRweras gansxvavebuli xerxebiT cdiloben, ar 

daeqvemdebarebian erTsa da imave prognozs. amitom Cven viyenebT warmatebuli 

(raodenobrivi) prognozis kriteriums, raTa SevarCioT mizanSewonili modeli. 

garda amisa, modeli amyarebs kavSirs sistemis sawyis pirobebsa (`mizezi~ an 

`mizezebi~) da momaval qmedebas (`efeqtebi~) Soris da `xsnis,~ ratom iqceva esa Tu 

is sistema amgvarad. 

aseTma zogadma proceduram TiTqos kargad unda imuSavos fizikaSi da xSirad 

qimiaSiac, sadac SesaZlebelia sistemebis sakmaod martivi saxiT warmodgena. magram 

biologiaSi sakmaod Znelia imis Tqma, SeuZlia Tu ara modelirebis martiv 

proceduras Cveni survilisamebr moqmedeba. sirTule imaSi mdgomareobs, rom 

garkveuli biologiuri saxeobebis warmomadgenelTa bunebrivi mravalferovneba da 

saxeobebs Soris gansxvaveba sruli programis gamoyenebas problematurs xdis. 

(sirTuleebis miuxedavad biologebi da socialuri mkvlevrebi maTematikur 

modelirebas aqtiurad iyeneben.) aqedan gamomdinare, Cven SemovifarglebiT fizikur 

movlenebze msjelobiT, sadac modelireba warmodgenilia, rogorc vargisi 

mecnieruli procedura. 

 martiv fizikur movlenebSic ki qaosis universaloba dilemas qmnis. 

magaliTad, gansxvavebuli modelebi wesiT qaosisken mimaval erTsa da imave periodis 

gaormagebis gzas unda prognozirebdes (momdevno TavebSi moyvanili magaliTebi am 

dilemis araerT SemTxvevas aRwers.) TiToeul models ormagi periodebis mqone erTi 

da igive mimdevroba gaaCnia da amasTan yoveli maTganisTvis feigenbaumis δ da α erTi 

da igive sididisaa. amrigad, Tu Cven qaosis gamomwvev bifurkaciebze dakvirvebiT 

SemovifarglebiT, vnaxavT, rom qaosze dakvirvebiTa da aseve δ da α-s raodenobriv 

mniSvnelobebis meSveobiT ver davadgenT, Tu romeli modelia swori. ra Tqma unda, 

Tu vakvirdebiT periodebis gaormagebebs da mocemuli modeli amas ar 

winaswarmetyvelebs, maSin Cven SegviZlia misi uaryofa. zogadad, mocemuli 

sistemisTvis araerTi gansxvavebuli modeli SeiZleba arsebobdes da yoveli maTgani 

qaosSi gadasvlis erTsa da imave gzas prognozirebdes.  

arsebobs ori saorientacio meTodi. saueTeso modelis asarCevad saWiroa 

yuradReba gavamaxviloT mis mier prognozirebis faqiz detalebze. magaliTad, 

bifurkaciebisaTvis saukeTesod misadagebul Zabvis zust mniSvnelobebs da i(t) 

mrudebis zust formebs pirvel TavSi dioduri wredis ganxilvisas SevxvdiT. Tu am 

meTods mivmarTavT, maSin modeli imdenad specifiuri gaxdeba, rom igi gamousadegari 
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xdeba sxva diodebisTvis gansxvavebul wredebSi, amitom es kriteriumi metismetad 

mkacria1.  

meore meTodi ki diodebisaTvis `warmatebuli~ modelebis saerTo Tvisebebis 

SerCevasa da maTze dayrdnobiT diodis qmedebis axsnaSi mdgomareobs. Tu ase 

moviqceviT, bevr mecniers `SevaSfoTebT~. aq Cven aRmovaCenT, rom zemoTxsenebuli 

zogadi Tvisebebi ar warmoadgenen fizikur Tvisebebs. amis dasadastureblad mogvyavs 

magaliTi, rodesac saxezea Cveulebrivi fizikuri Tvisebis arseboba. martivi 

harmoniuli (sinusoiduri) rxeva bevr fizikur sistemaSi SeiniSneba. rodesac 

vcdilobT amgvari rxevebis sayovelTao xasiaTis gaazrebas, vxvdebiT, rom 

`wonasworobdan~ mcire gadaxrebis SemTxvevaSi saxezea saerTo suraTi: sistemaze 

moqmedi Zala wonasworuli mdebareobidan wanacvlebis proporciulia da mimarTulia 

imgvarad, rom sistema kvlav wonasworul mdgomareobaSi daabrunos.  

Zalis amgvari kanoni yovelTvis iwvevs martiv harmoniul rxevas. am SemTxvevaSi 

Cven Cveulebrivi parametrebisTvis martiv harmoniul moZraobas fizikurad 

ganvmartavT. qaosis SemTxvevaSi saerTo fizikuri axsna ar arsebobs. imis Sesaxeb, Tu 

ra saerTo Tvisebebi aqvT abstraqtuli mdgomareobebis sivrceSi sistemaTa aRmwer 

modelebs, detaleurad me-3 da me-4 TavSi vimsjelebT. amitom, diodis qmedebis 

axsnisaTvis anu misi qaosSi gadasvlis SeswavlisTvis unda gavigoT Tu ra xdeba 

mdgomareobebis sivrceSi makontrolebeli parametrebis cvlilebisas.  

 aseT situaciaSi xSirad ismeba SekiTxvebi: Tu `ras gvaswavlis qaosi?~ da 

`ratom vitkiebT Tavs qaosiT?~. am kiTxvebis miRma arsebobs crurwmena, rom Cven 

sistemebis qmedebas mxolod maTi fundamenturi, mikroskopuli struqturis codnis 

gaRrmavebis mizniT SeviswavliT. rogorc adre vTqviT, qaosuri an qaosSi 

gardamavali qmedebebis Sesaswavlad amgvari midgoma ar gamogvadgeba. maSin ratom 

SeviswavliT qaoss? am SekiTxvaze pasuxis gasacemad unda ugulvebelvyoT is 

Rirebulebebi, romelTac me-20 saukunis fizikosTa umravlesoba iziarebda. am 

adamianebma mikroskopuli samyaros guldasmiT Seswavlisken gvibiZges, romelic 

safuZvlad udevs dakvirvebul movlenebs. Cven ar uarvyofT, rom es iyo saocrad 

warmatebuli nabiji rogorc materiis fundamenturi struqturis codnis  

 

1. aRmoaCines, rom detalur prognozirebasa da zogad axsnas Soris garkveuli 

balansi arsebobda. nensi kartraiTis naSromi saxelwodebiT How the Laws of Physics lie 

(Oxford University Press, Oxford and New York, 1983). 
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gaRrmavebis, aseve fundamenturi ideebis sazogadoebriv praqtikaSi danergvis 

TvalsazrisiT. mikroskopul samyaroSi `gadavardnil~ mecnierebs ar unda daaviwydeT, 

rom movlenis sirTule laboratoriuli eqsperimentebis CarCoebs scildeba. zogjer 

vfiqrobT, rom es kompleqsuroba fundamenturi mikroskopuli kanonebidan 

gamomdinareobs da gamoxatulia am kanonebiT. magram fundamenturi kanonebi 

kompleqsurobaze  saubrisa da misi gaazrebis saSualebas ar iZleva. magaliTad, Tu 

Cven gaviazrebT da avxsniT qaosis universalobas, dagvWirdeba konkretuli 

sistemebisTvis gakeTebuli specifikuri fundamenturi kanonebis meSveobiT gakeTebul 

prognozebze maRla dadgoma. Cven unda mivuaxlovdeT am kompleqsurobas `axsnis 

sxvadasxva doneze~. 

nacvlad imisa, rom qaoturi qmedeba mikroskopuli samyaros Secnobis 

saSualebad gamoviyenoT, amgvari sirTule Cveni garemomcveli samyaros umTavres 

nawilad unda gaviazroT, xolo mecnierebam Zalisxmeva ar daiSuros misi 

SecnobisTvis. arawrfivi dinamika da qaosis Teoria pirveli nabijebia dinamikuri 

sirTulis Secnobisaken  mimaval gzaze.    

 

2.9 kompiuteri da qaosi 

 

gvebadeba kiTxva, Tu ratom ar aRmoaCines qaosi bevrad adre? rogorc momdevno 

TavebSi vnaxavT, qaosisa da arawrfivi dinamikis TiTqmis mTeli Teoriis gageba 

maTematikis zomieri codnis pirobebSic ki SeiZleba. qaosur movlenaTa umravlesoba 

Tavs iCens im fizikur sistemebSi, romelTa Zireuli meqanizmis gaazreba sul cota 

erTi saukunis `asakis~ fizikis meSveobiT aris SesaZlebeli. maSin ratom ifeTqa 

qaosis moZRvrebam ase uecrad me-20 s-is 70-80-ian wlebSi? 

qaosis istoriis epizoduri gacnobis Sedegadac ki cxadia, rom puankarem 

zedapirulad mainc icoda arawrfivi dinamikisa da qaosis umniSvnelovanesi ideebis 

Sesaxeb. puankarem da danarCenma mecnierulma samyarom ver SeZles im gzis povna, 

romelic maT qaosis Secnomade da misi Sedegebis gamokvlevamde miiyvanda. swrafad 

moqmedi kompiuteri da gansakuTrebiT kompiuteruli grafika umniSvnelovanesi 

iaraRia, romelsac udidesi progresi Seaqvs qaosisa da arawrfivi dinamikis 

kvlevaSi. pirveli Tavis mixedviT Tu vimsjelebT, arawrfivi gantolebebis ricxviTi 

integrebis Casatareblad kompiuteri gvesaWiroeba. kompiuteruli grafika arawrfivi 
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sistemebis qmedebis vizualizaciis saSualebas iZleva da Cvens intuicias 

amonaxsnebis povnisa da sistemis makontrolebeli  parametrebis cvlilebebze  

amonaxsnebis reaqciis dadgenisaken mimarTavs. ra Tqma unda, Cven sxva Teoriuli 

koncefciebic gvesaWiroeba, raTa ganzogadeba gavukeToT Cvens mier danaxuls da 

arawrfivi sistemebis rTuli qmedebis labirinTSi gza gavikvlioT. SeiZleba isic 

vivaraudoT, rom puankares makintoSis an IBM-is personaluri kompiuteri rom 

hqonoda, maSin arawrfivi dinamikis sfero bevrad win iqneboda wasuli, vidre   

dResdReobiT aris.  

kidev erTi mniSvnelovani sakiTxi ricxviTi gamoTvlebia. Tu gamoTvlebSi 

damrgvalebis Sedegad miRebuli cdomilebebisa da qaosuri qmedebisTvis axlomdebare 

traeqtoriebis SeuTavseblobis kombinirebul gavlenas gaviTvaliswinebT, maSin 

rogor vendoT traeqtoriebis ricxviTi gamoTvlebis sizustes? (aqve unda 

aRiniSnos, rom igive sirTule iCens Tavs eqsperimentul gazomvebSic, sadac `xmauri~ 

damrgvalebis Sedegad miRebuli cdomilebebis rols asrulebs.) Tu sistemis qmedeba 

qaosuria, maSin mcire ricxviTi cdomilebebic ki droSi eqsponencialurad izrdeba. 

savaraudod, Cvens mier qaosuri sistemebisTvis miRebuli yoveli Sedegi ricxviTi 

gamoTvlebis proceduris artefaqts warmoadgens. cdomilebebis ararsebobis 

SemTxvevaSic ki sistemis maxasiaTeblebis ricxviTi mniSvnelobebi arsebiTadaa 

damokidebuli gamoTvlebisaTvis saWiro procedurebze. Tu es simarTlea, maSin 

ramdenad safuZvliania Cvens mier miRebuli Sedegebi? 

am SekiTxvebze pasuxis amomwuravad gacema rTulia, rodesac arsebobs 

traeqtoriebis detalebis damokidebuleba gamoTvlebis dros  damrgvalebiT miRebul 

Secdomebze. magram gamoTvlili traeqtoria sistemis romelime sxva traeqtoriasTan 

Zalian axlos iqneba anu Cvens mier miRebuli traeqtoria SesaZloa ar iyos is, 

romlis gamoTvlasac vapirebdiT, magram igi sistemis sxva SesaZlo traeqtoriebidan 

erT-erTTan Zalian axlos iqneba. teqnikuri eniT rom vTqvaT, gamoTvlili 

traeqtoria sistemis romeliRac SesaZlo traeqtorias gadafaravs (gadafarvis 

Tviseba qaoturi sistemebisTvis Semowmebulia GHY90-sa da SGY97 –Si).    

rogorc momdevno TavebSi vnaxavT, Cven yvelaze metad traeqtoriis saSualo 

maxasiaTeblebi dagvWirdeba. xSirad saSualo mniSvnelobebi ar aris damokidebuli 

gamosakvlev traeqtoriaze. aqedan gamomdinare, rac ufro didxans gavadevnebT Tvals  

sistemis romelime SesaZlo traeqtorias, miT ufro davrwmundebiT, rom Cvens mier 

miRebuli Sedegebi sistemis qmedebas SesaniSnavad gamoxatavs. aqve unda aRiniSnos, 
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rom rig SemTxvevebSi dawyvilebuli qaosuri sistemebic gvxvdeba (me-11 Tavi), 

romelTa mimarT gadafarvis Teoriam SesaZloa ver imuSavos (LAG99).  

iseTi SemTxvevebic arsebobs, rodesac gadafarvac ki problematuri xdeba. es 

sakiTxi DGS94-Sia ganxiluli. amasTan, bevr rTul sistemaSi (Tavisuflebis mravali 

xarisxis mqone sistemebi) iqmneba mdgomareoba, rodesac kompiuterebis 

deterministuli modelirebis meSveobiTac ki ar moxerxdeba racionaluri Sedegebis 

miReba (LAG99).  
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2.11 kompiuteruli savarjiSoebi  

 

rogorc 2.9 paragrafSi mokled aRvniSneT, rom kompiuteri da kompiuteruli 

grafika gadamwyvet rols asrulebs qaosis Teoriisa da arawrfivi dinamikis 

ganviTarebaSi. Tu gsurT am ideebis praqtikaSi danergva an fundamenturi  

koncefciebis saTaveebTan misvla, Tqven gWirdebaT kompiuteri, raTa dinamikaSi 

mimdinare cvlilebebi gamoikvlioT, feigenbaumis ricxvebi daadginoT da parametrebi 

gansazRvroT, rac qaosuri qmedebis Sesaxeb raodenobrivi prognozebis gakeTebis 

saSualebas mogvcems. 

mkiTxvelTa umetesobas ar surs drois dakargva detalur kompiuterul 

programirebaze. sabednierod amJamad sxvadasxva kompiuteruli programebis 

gamoyenebis SesaZlebloba arsebobs, romlebic arawrfiv dinamikaSi sakmaod rTuli 

gamoTvlebis saSualebas programirebis aucileblobis gareSe gvaZlevs.  

TqvenSi kompiuteris gamoyenebis survilis aRZvrisTvis, rac arawrfiv 

sistemebSi intuiciis ganviTarebaSi dagexmarebaT, kompiuteruli amocanebis sam 

variants gTavazobT. pirveli maTgani Zalian martiv kompiuterul programebs 

saWiroebs lojistikuri asaxvis funqciisTvis. maTi CamonaTvali E danarTSia 

moyvanili. es programebi sakmaod martivia, maTi aTviseba advilad xdeba, xolo 

gamoyeneba ki nebismier personalur kompiuterSi SeiZleba. am programebis 

CamonaTvali iteraciuli algoriTmebis SesaniSnavi nimuSia, romlebic xSirad 

gvxvdebian arawrfivi dinamikis kvlevisas. savarjiSoebis meore kategoria 

komerciuli TvalsazrisiT miRebul programaTa paketebs iyenebs. mocemuli 

savarjiSoebi zemoTxsenebuli ori paketis safuZvelze SevarCieT, radgan maTi SeZena 

SedarebiT iafad aris SesaZlebeli. Cven sxva paketebsac aRvwerT, radgan maTi 

gamoyeneba Zalian sasargebloa. savarjiSoTa mesame tipi ki gamocdili 

programistisTvisaa gankuTvnili. es savarjiSoebi Tqvengan individualuri 

programebis Seqmnas iTxovs,  ris Sesaxebac saWiro informacia da rCevebi mocemulia 

[Devaney, 1990]–Si, [Baker & Gollub, 1996]-sa da [Gould & Tobochnik, 1996] –Si. 

Cven arawrfivi dinamikisaTvis zogierTi kompiuteruli programebis paketebis 

CamonaTvali mogawodeT (fasebi am saxelmZRvanelos Seqmnis periodisaa da SeiZleba 

droTa ganmavlobaSi Seicvalos). TiToeuli programa Tqveni kompiuterisgan 

garkveul grafikul SesaZleblobebs iTxovs (magaliTad VGA an SVGA).  
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1.  Chaos Demonstrations 3, J. C. Sprott and G. Rowlands (Physics Academic Software, 
Box 8202, North Carolina State University, Raleigh, NC 27695-8202), $90. IBM da sxva 

personaluri kompiuterebisaTvis. programaTa nakrebi, romelic moicavs 

mravalferovan iteraciul asaxvebs, diferencialuri gantolebebiT aRweril 

sistemebs, mandelbros simravles da fraqtalebs. SesaZlebelia misi gamoyeneba 

sademonstracio reJimSi. aseve SegiZliaT moargoT zogierTi parametri. aqvs 

ramdenime samganzomilebiani animacia. CarTulia "3-ganzomilebiani saTvaleebi". 
informacia Physics Academic Software-is Sesaxeb SegiZliaT ixiloT veb-gverdze 
http://www.aip.org/pas/catalog.html. 

2.      Chaotic Dynamics Workbench, R. W. Rollins (Physics Academic Software, Box 
8202, North Carolina State University, Raleigh, NC 27695-8202, 1990), $90. IBM–isa da sxva 

personaluri kompiuterebisaTvis. fokusirebulia im sistemebze, romlebic 

aRiwerebian Cveulebrivi diferencialuri gantolebebiT. SegiZliaT mdgomareobaTa 

sivrcis diagramebisa da fuankares kveTebis ageba, liapunovis eqsponentebis 

gamoTvla,. parametrebisa da sawyisi pirobebis Secla SesaZlebelia survilisamebr. 

Tqven saSualeba gaqvT moqnilad SesarCioT intergraciis meTodi, integraciis 

safexuris zomebi da is, rac grafikze unda gamoisaxos.. 
3.   Chaotic Mapper, J. B. Harold. (Physics Academic Software, Box 8202, North 

Carolina State University, Raleigh, NC 27695-8202, 1993), $60. IBM–isa da sxva Sesabamisi 

kompiuterebisaTvis. moicavs erT da organzomilebian iteraciul asaxvebs, 
diferencialuri gantolebebiT aRweril sistemebs, mandelbros simravles da da 

qaosuri TamaSis asaxvas. xdeba mdgomareobaTa sivrcis traeqtoriebis, puankares 

kveTebisa da liapunovis eqsponentebis gamoTvla.   

4.   Phaser, H. Kocak. programaTa nakrebi romelic erTvis avtoris wigns 
Differential and Difference Equations through Computer Experiments, 2nd ed. (Springer-Verlag, 
New York, Berlin, Heidelberg, Tokyo, 1989). disketebis Rirebulebaa 39 aSS dolari. 

IBM-isa da Sesabamisi personaluri kompiuterebisaTvis. moicavs didi raodenobiT 

itearciul asaxvebs da diferencialur gantolebaTa sistemebs.  ufro rTuli 

programa gacilebiT moqnili grafikiT.. 
5.   Helena Nusse and James A. Yorke, Dynamics: Numerical Explorations, 2nd ed. 

(Springer, New York, 1998). Tanmxlebi programa saSualebas mogcemT aagoT 

bifurkaciuli diagramebi, mizidulobis areebi, da a. S.  
6.   Strange Attractors, Creating Patterns in Chaos, Julien C. Sprott (M&T Books, New 

York, 1993). wigni, romelsac axlavs kompiuteruli programa sxvadasxvagvari ucnauri 

mimzidvelis kompiuteruli gamosaxulebis Sesaqmnelad. 
7.    Chaos, a Program Collection for the PC, H. J. Korsch and H.-J. Jodl (Springer-

Verlag, New York, Berlin, Heidelberg, Tokyo, 1994). moicavs kompiuterul programebsac.  
8. Chaos for Java, Brian Davies. programis ufasod CamotvirTva SesaZlebelia 

Australian National University (http:/sunsite.anu.edu.au/education/chaos). SesaZlebelia 

bifurkaciuliis diagramebis Seqmna, grafikuli iteraciebis procedurebis Catareba.   
maTematikuri programebis enebi, rogoricaa MAPLE da MATHEMATICA 

SesaZlo sasargeblo iyos arawrfivi sistemebis Sesaswavlad. magaliTad, ix.  
R. H. Enns and G. C. McGuire, Nonlinear Physics with Maple for Scientists and 

Engineers (Birkhauser, Boston, 1997) and Nonlinear Physics with Maple for Scientists and 
Engineers: A Laboratory Manual (Birkhauser, Boston, 1997). 

 
sxvadasxva kompiuterul komerciul paketebTan dakavSirebiT vvaraudobT, rom 

mkiTxveli iyenebs yoveli paketis Sesaval masalas da ecnoba paketis moxmarebas.   
mxedvelobaSi gvaqvs konkretulad Chaos Demonstrations–i da Chaotic Dynamics 
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Workbench–i, radgan maTi gamoyeneba sxva programul nakrebebze sasargeblod da 

SedarebiT martivad miviCnieT.  
 

amocanebi 

 

CE2-1. grafikuli iteraciis meTodi. isargebleT seqciiT Chaos demonstartions’ 

Logistic Map x(n+1) vs x(n) [ V (view) Rilaki] an E danarTSi moyvanili Graphit 

programiT da grafikulad ganaxorcieleT iteraciis meTodi lojistikuri 

asaxvisTvis. programaTa paketi Chaos for Java aseve metad sasargebloa. (a) daiwyeT 

parametris A=2.9 mniSvnelobiT. (A igivea, rac L Chaos demonstartions-Si.) yuradReba 

miaqcieT, rom x-is yoveli sawyisi mniSvneloba 0-sa da 1-s Soris gvaZlevs 

mimdevrobebs romlebic ikribebian x=1-1/A fiqsirebul wertilSi (b). yuradReba 

miaqcieT, rom A=3.0 SemTxvevaSi fiqsirebul wertilebisaken krebadoba Zalian nela 

mimdinareobs. (c) yuradReba miaqcieT, rom A=3.2-is SemTxvevaSi Tavs iCens periodi-2-

is tipis qmedeba. (d) gaarkvieT periodi-4-sa da periodi-8-is bifurkaciis 

mniSvnelobebi. (e) SearCieT parametris sxva mniSvnelobebi qaosur traeqtoriebze 

dakvirvebisaTvis.  

 

CE2-2. bifurkaciuli diagramebi. isargebleT E danarTSi moyvanili Bifur 

programis Chaos demonstartions’ Logistic Map seqciiT, an Chaos for Java-Ti da aageT 

bifurkaciuli diagramebi lojistikuri asaxvisaTvis, rodesac A parametri icvleba 

2.9-dan 4.0-mde. (a)moaxdineT ormagi periodebis bifurkaciebis, qaosuri areebisa da 

perioduli diapazonebis identifikacia. SeamcireT A parametris cvalebadobis 

diapazoni, raTa gazrdili xedi ixiloT bufurkaciuli diagramis sxvadasxva 

nawilebi. (Bifur – Si SegiZliaT x mniSvnelobebis zRvrebis Semcireba vertikaluri 

mimarTulebiT gadidebisaTvis).    

 

CE2-3. axlomdebare traeqtoriebis divergencia. Chaos demonstartions’ Views (V) 

programebidan erTerTi agebs lojistikuri  asaxvisTvis gamoTvlis ori mcired 

gansxvavebuli sawyisi pirobis mqone traeqtoriis mniSvnelobebs Soris sxvaobas. 

isargebleT am programiT, raTa darwmundeT, rom sxvaobebi 0-ken miiswrafvis, 

rodesac traeqtoriebi periodulia, magram izrdeba, rodesac traeqtoriebi qaosuria 

(parametri  A > 3.5699...).  
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CE2-4. lorencis modeli. lorencis modelis gamosakvlevad isargebleT Chaos 

demonstartions’ Lorentz Attractor seqciiT. programa aagebs X-Y mdgomareobaTa sivrcis 

gegmils gant. (1.5-1)-Si moyvanili p, r da b parametrebis garkveuli mniSvnelobebis 

Sesabamisi traeqtoriebisaTvis. (Chaos demonstartions’ isini aRniSnulia a, d da b 

simboloebiT). (a) daakvirdiT, rom a =10, b =8/3 da d=20 mniSvnelobebze 

taeqtoriebi ikribebian romelime araRerZul fiqsirebul wertilSi. (b) SeamowmeT, 

rom araRerZuli fiqsirebuli wertilebi TanxmobaSia 1.5-2 amocanaSi moyvanil 

koordinatTa mniSvnelobebTan. (c) gamoikvlieT traeqtoriebi,  rogorc d parametris 

funqcia. (d) daakvirdiT traeqtoriebis qcevas X-Y sibrtyis saTavis maxloblad. 

axseniT maTi qmedeba X=Y=Z=0 fiqsirebul (arastabilur) wertilis mimarT. (e) 

gamoikvlieT parametrebis mniSvnelobebaTa sxva kombinaciebi. SeecadeT perioduli 

orbitebis aRmoCenas. 

 

CE2-5. lorencis modeli da periodis gaormageba. (a) gamoiyeneT Chaotic 

Dinamics Werkbench, raTa gamoikvlioT lorencis modelis Sesabamisi traeqtoriebi, 

rogorc droisa da  mdgomareobaTa  sivrcis funqciebi. X-Z proeqcias, roca r>24, 

cnobil `peplis mizidulobis wertilTan~ mivyavarT. (b) rodesac  r<24, daakvirdiT 

qaosSi gardamaval qmedebebs, romlebic Tavs iCenen traeqtoriebis mier koordinatTa 

sibrtyis miRma romelime wertilSi Tavmoyramde. (c) ipoveT ormagi periodis mqone 

mimdevroba, romelic Tavs iCens r=160 mniSvnelobis siaxloves (ix. pirveli Tavi).   

 

CE2-6. SeniSvna: gamoiyeneT Chaotic Dinamics Werkbench, raTa cvaloT 

integraciis bijis sidide lorencis modelis Sesabamisi gantolebebis 

integrirebisas. uCveneT, rom Tu bijis zoma Zalian izrdeba, maSin parametrTa 

garkveuli mniSvnelobebisaTvis traeqtoriebis perioduli an qaosuri xasiaTi 

aucileblad Seicvleba. aq azri imaSi mdgomareobs, rom ricxviTi integraciisas 

sasurvelia bijis mcire  variacia, raTa miRebuli Sedegebi integraciis bijis 

artefaqi ar gaxdes.  

 

CE2-7. feigenbaumis ricxvebi. SeadgineT kompiuteruli programa, romelic 

parametris supercikluri mniSvnelobebis povnis saSualebas mogcemT. (anu iseTi 

mniSvnelobebisa, romelTaTvisac asaxvis funqciis iteraciis asimptoturi 

traeqtoria Seicavs x=0.5 mniSvnelobas). ipoveT es sidideebi periodi-2, periodi-4, 



 88 

periodi-8 da periodi-16-Tvis. gamoiyeneT Tqveni programa feigenbaumis δ da α 

sidideebis gamoTvlisaTvis. (miniSnebebi: SeqmeniT programa, romelic ipovis A-s iseT 

mniSvnelobebs, romelTaTvisac f(n)(0.5)=0.5. gamoiyeneT δ-s cnobili mniSvneloba imis 

dasadgenad, Tu rogoria es mniSvnelobebi didi n-ebisaTvis. kiTxva: Tqvens mier 

gamoyenebuli programuli sizustis pirobebSi _ n-is ra mniSvnelobiT 

Semoifargleba Tqveni programirebis unari? 
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II 

arawrfivi dinamikisa da qaosis Teoriis sawyisebi 

3 

dinamika mdgomareobaTa sivrceSi: erTi da ori 

ganzomilebebis SemTxvevebi 

 

did gabrwyinebas win uZRvis qaosi. ai Cingi, moqmedeba me-3 

3.1 Sesavali 

 

am TavSi kompleqsuri qmedebis ufro detaluri aRwerisaTvis saWiro 

Teoriuli safuZvlebis Seqmnas SevudgebiT, romelTa Sesaxeb pirvel or TavSi 

visaubreT. formalizms Cven martivad da mSvidad, gansakuTrebuli Tvisebebis 

gamorCevis fonze ganvaviTarebT da maqsimalurad vecdebiT, rom Tavi ar SegawyinoT 

zedmeti maTematikuri terminebiT, vidre safuZvlebis gaazebis myar, konceptualur 

niadags ar SevqmniT.  

realuri suraTis Seqmnis mTavari Teoriuli iaraRi sistemis qmedebis 

mdgomareobaTa sivrcis anu fazuri sivrcis daxasiaTebaa. daxasiaTebis amgvari tipi 

jer kidev me-19 saukuneSi frangma maTematikosma henri puankarem gamoiyena, xolo 

amerikeli fizikosis j. uilard gibsis moRvaweobis periodidan farTod dainerga 

statistikur meqanikaSi wrfiv da araqaosur sistemebTan dakavSirebiT [Gibbs, 1902]. 

ra Tqma unda, gansakuTrebul interess arawrfivi sistemebis mimarT mdgomareobaTa 

sivrcis gamoyeneba iwvevs; wrfivi sistemebis qmedeba SegviZlia ganvixiloT, rogorc 

kerZo SemTxveva. 

mdgomareobebis sivrceSi fiqsirebuli wertilebis sakiTxi (romelTac aseve 

wonasworobis, stacionaruli, kritikuli an singularuli  wertilebi) arawrfivi 

sistemebis dinamikis Seswavlisisas arsebiT rols asrulebs. am Tavis didi nawili 

fiqsirebuli wertilebis katalogizacias daeTmoba. amasTan erTad Cven zRvrul 

ciklsac gavecnobiT. igi aRwers periodul qmedebas, romelic ori an meti 

ganzomilebis mqone mdgomareobaTa sivrceebSi SeiZleba moxdes. fiqsirebuli 

wertilebisa da zRvruli ciklebis SemTxvevaSi arsebiT rols asruleben 
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stabilurobisa da arastabilurobis cnebebi, romelTa meSveobiT gveqmneba 

warmodgena, Tu rogor iqcevian traeqtoriebi fiqsirebuli wertilebis midamoebSi an 

zRvruli ciklis SemTxvevaSi. Cven vnaxavT, Tu rogor xdeba stabilurobisa da 

arastabilurobis gansazRvra maTematikuri TvalsazrisiT; aseve gavecnobiT 

bifurkaciaTa Toriis sawyisebs imis aRsawerad,    Tu rogor icvleba fiqsirebuli 

wertilebis da zRvruli ciklebis  stabiluroba da rogor warmoiSobian an qrebian 

isini sistemis makontrolebeli parametrebis cvlilebasTan erTad.  

es Tavi did dros wagvarTmevs, magram Cveni kursis darCenili nawilis 

fundamenti swored aq yalibdeba. gansakuTrebul yuradRebas gavamaxvilebT imaze, Tu 

rogor zRudavs mdgomareobebis sivrcis ganzomileba deterministuli sistemebisTvis 

damaxasiaTebel qmedebas. Teoriuli TvalsazrisiT gaZlierebulni, qaoturi qmedebis 

SeswavlisTvis mzad ukve me-4 TavSi viqnebiT.  

G, I da J danatebebSi sam mniSvnelovan sakiTxs ganvixilavT: milevadi 

oscilatori, van der polis oscilatori da lazeruli relaqsaciis rxevebis 

modeli. es magaliTebi am Tavis ZiriTad ideebs SesaniSnavad gamoxataven, magram 

pirveli wakiTxvisas isini SegviZlia gamovtovoT. 

      

3.2 mdgomareobaTa sivrce 

 

pirvel TavSi gakvriT SevexeT dinamikuri sistemis qmedebis mdgomareobaTa 

sivrcis cnebas. axla ki gvsurs am sakiTxis ganxilva ufro detalurad. daviwyoT 

umartivesi magaliTiT: ganvixiloT idealur zambaraSi x RerZis gaswvriv 

wertilovani masis rxeviTi gadaadgileba (hukis kanoni). sistemisTvis niutonis 

meore kanonis ZaliT (F m a
 

 ): 

 

2

2x

d x
F m kx

dt
                            (3.2-1) 

 

sadac k sixistis mudmivaa, m ki materialuri wertilis masa. am sistemis 

gadaadgileba ganisazRvreba drois nebismier momentSi x RerZze misi mdebareobis 

dafiqsirebiTa da siCqaris meSveobiT.  
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dx
x

dt
                                 (3.2-2) 

 

rogorc wesi, mocemuli momentisaTvis aviRebT, rom 0t  , xolo  0x t   da 

  0/ 0dx dt t x   am sistemis `sawyisi pirobebia~. amrigad, sistemis moZraoba moicema 

Semdegi saxiT 

 

  0
0 cos sin

x
x t x t t 


 


                   (3.2-3) 

 

sadac klm  aris rxevis (kuTxuri) sixSire. gant. (3.2-3)-is droiT gawarmoebis 

Sedegad vRebulobT gantolebas siCqarisTvis 

 

  0 0sin cosx t x t x t                      (gant. 3.2-4) 

 

amocana 3.2-1. gaawarmoeT gant. (3.2-4) drois mimarT, raTa ipovoT aCqareba da 

aCveneT, rom igi TanxmobaSia gant. (3.2-1)-Tan. 

 

roca x(t)-sa da x (t)-s codna am sistemis qmedebas srulad axasiaTebs, vambobT, rom 

sistemas `Tavisuflebis ori xarisxi~ gaaCnia. drois nebismier momentSi sistemis 

mdgomareobis gansazRvra, Tuki siCqares davitanT ordinatTa RerZze, mdebareobas ki 

– abcisTa RerZze. Sedegad miRebuli mrudi iqneba mocemuli sistemis Sesabamisi 

mdgomareobaTa sivrce. am SemTxvevaSi, rogorc 3.1  naxazidan vxedavT, mdgomareobaTa 

sivrce organzomilebiania. 

gvaxsovdes, rom mdgomareobebis sivrcis ganzomileba da sistemis sivrculi 

ganzomileba sxvadasxva cnebebia. mdgomareobaTa sivrcis ganzomileba ganisazRvreba im 

cvladi sidideebis raodenobiT, romlebic am sistemis dinamikur mdgomareobas 

aRweren. Cveni oscilatori moZraobs erT ganzomilebaSi, magram mdgomareobebis 

sivrce organzomilebiania. 
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nax. 3.1 zambaraze modebuli masis fazuri sqema. 

elifsebi sistemis mdgomareobaTa sivrcis 

traeqtoriebia. elifsi da sruli meqanikuri 

energia traeqtoriasTanaa kavSirSi. 

 

 

 

momavalSi Cven sami sivrculi ganzomilebis mqone sistemebs  ganvixilavT, magram maT 

Sesabamis mdgomareobebaTa sivrceebs ganzomilebaTa usasrulo raodenoba gaaCnia.  

 

ori SeniSvna terminologiis Taobaze: 

1. dinamikuri sistemebisa da qaosis literaturaSi terminebi fazuri sivrce da 

mdgomareobebis sivrce xSirad erTimeoris Semcvlelad gvevlineba. termini 

fazuri sivrce aRebulia Joze uilard gibsis statistikuri meqanikidan. es 

cneba dinamikur sistemebsa da qaosSi ufro farTod gamoiyeneba, vidre amas 

puankare da gibsi akeTebdnen. ase rom, umjobesia (da asec viqceviT) termini 

mdgomareobebis sivrce gamoviyenoT.  

2. agreTve gaurkvevlobaa Seqmnili termin Tavisuflebis xarisxis garSemo. 

klasikur meqanikaSi wertilovani masis Tavisuflebis xarisxi emyareba 

cvladTa iseT wyvils, rogoricaa x koordinati da impulsis Sesabamisi px 

komponenti. am SemTxvevaSi zambaraze modebul elementarul masas 

Tavisuflebis mxolod erTi xarisxi gaaCnia. dinamikuri sistemebis TeoriaSi 

Tavisuflebis xarisxebis raodenoba sistemis dinamikuri mdgomareobis 

aRwerisaTvis saWiro damoukidebeli cvladi sidideebis (an damoukidebeli 

sawyisi pirobebis) raodenobiT ganisazRvreba. Cven gamoviyenebT Tavisuflebis 

xarisxis bolodroindel gansazRvrebas (gamonaklisia mxolod me-8 Tavi). 

`Tavisuflebis xarisxis~ Tavdapirveli arsis mixedviT, fazur sivrces 

yovelTvis unda gaaCndes ganzomilebebis luwi (2, 4, 6,...) raodenoba, magram 

dinamikuri sistemebisa da qaosis TeoriaSi sasurvelia kentganzomilebiani 

mdgomareobebis sivrceebis gamoyeneba. pirvel TavSi moyvanili lorencis 

modeli amis TvalsaCino magaliTia.  
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droTa ganmavlobaSi mdgomareobaTa sivrcis sawyisi wertili mihyveba traeqtorias, 

romelic zambaraze modebuli masis SemTxvevaSi elifss warmoadgens. (elifsi 

SeiZleba wrewirad gardaiqmnas mdgomareobaTa sivrcis ordinataze 0x l  sididis 

dataniT, magram es ubralod geometriuli gamartivebaa.) vinaidan moZraoba 

periodulia, amitom traeqtoria Caketilia. amgvar periodul traeqtorias cikli 

ewodeba. gansxvavebuli sawyisi wertili (romelic am  elifsze ar mdebareobs) 

iqneba sxva traeqtoriis nawili. sxvadasxva wertilebSi saTaveebis mqone amgvari 

traeqtoriebis erToblioba sistemis Sesabamis fazur gamosaxulebas qmnis. 3.1 

naxazze naCvenebia zambaraze modebuli masisagan Semdgari sistemis fazuri 

gamosaxuleba.  

 

savarjiSo 3.2-2. gamosaxeT mdgomareobaTa sivrcis traeqtoriebi (3.2-3) da (3.2-4) 

gantolebebis gamoyenebiT. daakvirdiT, rom 0x  , rodesac x  aRwevs raime 

eqstremalur mniSvnelobas. traeqtoriebze isrebiT mianiSneT, Tu mdgomareobaTa 

romel sivrceSi kveTs wertili elifss. aCveneT, rom mocemuli traeqtoriisTvis 

TiToeuli elifsi meqanikuri energiis (kinetikuri+potenciuri) 2 21 1

2 2
m kx   

meSveobiT SeiZleba gamoisaxos.   

  

mdgomareobaTa sivrce da kanonebi, romlebic gansazRvraven sxvadasxva 

saTaveebis mqone traeqtoriebis saxes, warmoadgenen dinamikuri sistemis safuZvlebs. 

amgvari sistemebis aRmwer maTematikur Teorias dinamikur sistemaTa Teoria ewodeba. 

am Teorias xangrZlivi istoria aqvs. is araa damokidebuli qaosis SedarebiT 

Tanamedrove Teoriaze, xolo gansakuTrebuli wvlili mis ganviTarebaSi rus 

maTematikosebs miuZRviT (magaliTad ix. [Arnold, 1983]). dinamikuri sistemebis 

Semswavleli maTematikosebis mier Catarebuli uaRresad safuZvlian da 

yovlismomcvel Sromebze dayrdnobiT, qaosis mkvlevarma mecnierebma da 

maTematikosebma ukanasknel wlebSi SedarebiT swraf progress miaRwies.  
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3.3 pirveli rigis diferencialuri gantolebebiT aRwerili sistemebi   

 

upirveles yovlisa Cveni Teoriuli kvleva sistemebis specialuri (magram 

sakmaod farTo) klasiT Semoifargleba, romlebisTvisac mdgomareobaTa sivrcis 

aRmweri cvladebis droze damokidebuleba SesaZlebelia gamoisaxos pirveli rigis 

diferencialuri gantolebebis sistemis meSveobiT. kerZod, ganvixiloT Tavisuflebis 

sami xarisxis mqone sistema. sistemis mdgomareobis aRwerisTvis gvesaWiroeba sami 

sivrciTi cvladi, magaliTad, u, v da w. sistemis dinamika sami pirveli rigis 

diferencialuri gantolebebis sistemis saxiT SeiZleba gamovsaxoT anu gantolebebi 

Seicaven  u, v da w cvladebis mxolod pirveli rigis warmoebulebs drois mimarT. 

 

 
 
 

, ,

, ,

, ,

f u v w

v g u v w

w h u v w

 










                         (3.3-1) 

 

f, g da h funqciebi damokidebulia u, v da w cvladebze (magram ara maT drois 

mimarT warmoebulebze) da aseve erT an met makontrolebel parametrze, romlebic 

cxadi saxiT ar arian mocemuli. zogadad u, v da w gvxvdebian samive f, g da h 

funqciis SemTxvevaSi da Cven vacxadebT, rom `dawyvilebul diferencialur 

gantolebaTa~ sistemasTan gvaqvs saqme. dro f, g da h funqciebSi ar Cans. aseT 

SemTxvevaSi sistemas avtonomiuri ewodeba. pirvel TavSi moyvanili lorencis 

modelis gantolebebi swored aseTia. 

 

sistemis droSi qmedeba mdgomareobebis  samganzomilebian uvw sivrceSi u(t) , v(t) da 

w(t) koordinatebis mqone wertilis moZraobis mixedviT SeiZleba gamoisaxos.   

 unda aRiniSnos, rom zambaraze moqmedi masis zemoTganxiluli modeli ar iyo 

amgvari magaliTi. (3.2-1) gantolebaSi figurirebs meore rigis warmoebuli drois 

mimarT  da ara pirveli rigisa. Tumca, SesaZlebelia (3.2-1) gantolebis standartul 

saxemde miyvana axali υ cvladis Semdegnairi Semotanis gziT:  

 

2

2

d x

dt
                            (3.3-2) 
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(3.3-2) da (3.2-1) gantolebebis gamoyenebiT SevZlebT zambarisagan Semdgari 

sistemisTvis dinamikuri gantolebebis miRebas Semdegnairad:  

 

k
x

m
                            (3.3-3) 

 

x                              (3.3-4) 

 

 

amocana 3.3-1. (3.3-2) gantolebis analogiurad,  SemoiyvaneT axali cvladebi da 

Semdegi diferencialuri gantolebebi (3.3-1) sistemis meSveobiT mocemul 

standartul formamde miiyvaneT: 

 

 

 

 

2

2

3
2

3

2

2
sin

d x
a kx x

dr

d x
b bx

dt

d x
c kx b t

dt





  



 



                     

 

miniSneba (c) –gantolebisaTvis: ixile momdevno paragrafi. 

 

Cven SegviZlia sagrZnoblad gavafarTovoT im sistemaTa klasi, romlisTvisac (3.3-1) 

gantolebebi Semdegi gziT gamoiyeneba. davuSvaT, rom dayvanis Cveulebrivi 

proceduris Semdeg (3.3-1) gantolebis marjvena nawilSi funqciebi droiT cvlads 

kvlav Seicavs. (am SemTxvevaSi vambobT, rom sistema araavtonomiuria). aseT 

SemTxvevas umeteswilad maSin aqvs adgili, rodesac sistema droze damokidebuli 

gareSe `Zalis~ zemoqmedebas ganicdis. Tavisuflebis ori xarisxis mqone 

sistemisaTvis standartuli gantolebebi Semdegi saxisaa 

 

 , ,u f u v t                          (3.3-5) 

 

 , ,v g u v t                           (3.3-6) 
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Cven SegviZlia es gantolebebi gardavqmnaT gantolebaTa avtonomiur sistemad axali 

w cvladis SemoyvaniT, romlis warmoebuli  moicema Semdegi saxiT 

 

1
dt

w
dt

                            (3.3-7) 

 

maSin dinamikuri gantolebebi  sistemisTvis miiReben Semdeg saxes  

 

 
 

, ,

, ,

1

u f u v w

v g u v w

w












                       (3.3-8) 

 

Cven mdgomareobebis sivrcis ganzomilebebis raodenoba 1-iT gavzardeT, raTa 

dro mdgomareoebaTa sivrcis aRmwer erT-erTi cvladad gveqcia. am meTodis 

upiratesoba imaSi mdgomareobs, rom is araavtonomiuri sistemebis (romlebic droze 

damokidebulebas avlenen) avtonomiuri sistemebis msgavsi xerxebiT kvlevis 

saSualebas gvaZlevs. mdgomareobebis sivrcis kvleva Tundac erTiT meti 

ganzomilebis SemTxvevaSi sakmaod rTulia. 

ratom viyenebT amgvar standartul formas (pirveli rigis diferencialur 

gantolebebs) dinamikuri gantolebebis mimarT? mTavari mizezi is aris, rom amgvari 

forma sistemis fiqsirebuli wertilebis advilad gagebis saSualebas gvaZlevs, 

xolo (rogorc ukve aRvniSneT) fiqsirebuli wertilebi sistemaTa dinamikaSi 

gadamwyvet rols asruleben. gavixsenoT, rom fiqsirebuli wertilebi mdgomareobaTa 

sivrcis is wertilebia, romelTaTvisac mdgomareobis aRmweri yoveli cvladis 

drois mimarT  warmoebuli 0-is tolia. amgvarad, gantolebaTa standartuli formis 

meSveobiT fiqsirebuli wertilebis gansazRvra moiTxovs, rom: 

 

 
 
 

, , 0

, , 0

, , 0

f u v w

g u v w

h u v w







                       (gant. 3.3-9) 
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amgvarad, Cven vpoulobT fiqsirebul wertilebs sami wyvili algebruli gantolebis 

amoxsnis gziT. 

 

kiTxva: ra xdeba araavtonomiuri sistemis SemTxvevaSi? Tu dinamikuri gantolebebis 

Sedgenis zemoT moyvanil meTods mivmarTavT, cxadia, verasodes mivakvlevT 

fiqsirebul wertilebs, radgan droiTi cvladis warmoebuli arasodes ar aris 0-is 

toli (drois cvladi mudmivad cvalebadia!). aqedan gamomdinare, aseTi 

sistemebisTvis gansakuTrebul xerxebs unda mivmarToT (ixileT paragrafi 3.16). 

 

 mniSvnelovani kiTxva: SesaZlebelia Tu ara, rom nebismieri sistemisTvis 

dinamikuri gantolebebi (3.3-1) formaze daviyvanoT? am SekiTxvis pasuxia  diax, Tu 

saqme gveqneba Tavisuflebis usasrulo raodenobis xarisxTan. magaliTad sistemebi, 

romlebic kerZowarmoebuliani diferencialuri gantolebebiT, integralur-

diferencialuri  an droSi wanacvlebuli gantolebebiT (sadac sistemis mdgomareoba 

mocemul t droSi damokidebulia aramarto imaze, Tu ra xdeba am momentSi, aramed 

imazec, Tu ra xdeboda warsulSi) aRiwereba, SegviZlia daviyvanoT pirveli rigis 

Cveulebriv diferencialur gantolebaTa sistemamde, sadac gveqneba dawyvilebul 

gantolebaTa usasrulo raodenoba. am SemTxvevaSi mdgomareobaTa sivrces 

ganzomilebebis usasrulo raodenoba gaaCnia, rac rTuli warmosadgenia da metic, 

daujerebelia. momdevno TavebSi Cven am tipis sistemebs dawvrilebiT ganvixilavT. 

sabednierod, eqsperimenti gviCvenebs, rom Tavisuflebis usasrulo raodenobis 

xarisxebidan mxolod ramdenimea `aqtiuri~ da sistemis modelis Seqmna gantolebebis 

sasruli raodenobiTac SeiZleba. (faqtobrivad ase Seiqmna lorencis modelis 

gantolebebi.) amjerad dawyvilebuli gantolebebis gansazRvruli raodenobiT 

SemovifarglebiT. 

  

3.4 araTanakveTadobis Teorema 

 

traeqtoriebis tipebisa da fiqsirebuli wertilebis gamokvlevamde, romlebic 

mdgomareobebis sivrceSi SeiZleba mdebareobdnen, vayalibebT fundamentur da 

mniSvnelovan Teoremas: 
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araTanakveTadobis Teorema: mdgomareobaTa ori gansxvavebuli sivrcis Sesabamisi 

traeqtoriebi erTmaneTs ar kveTen (drois sasrul monakveTSi). aseve SeuZlebelia, 

rom calkeulma traeqtoriam sakuTari Tavi momavalSi gadakveTos. 

 

 

gansxvavebul traeqtoriebSi vgulisxmobT, rom nebismieri traeqtoria ar SeiZleba 

saTaves iRebdes sxva traeqtoriis romelime wertilSi. Sesavali SeniSvna drois 

gansazRvruli periodis Sesaxeb gamoricxavs im SemTxvevebs, rodesac gansxvavebuli 

traeqtoriebi uaxlovdeba erTsa da imave wertils, Tu t   (gamonaklis 

SemTxvevaSi  vambobT, rom wertils traeqtoriebi asimptoturad uaxlovdeba.)  

 am Teoremis mTavari fizikuri arsi determinizmis mtkicebaSi mdgomareobs. 

aqamde ukve aRvniSneT, rom dinamikuri sistemis mdgomareoba ganisazRvreba misi 

mdebareobiT mdgomareobaTa sivrceSi. amasTan erTad, Tu sistema 3.3-1 tipis 

gantolebebiTaa gamosaxuli, maSin mdgomareobis aRmweri cvladebis drois mimarT 

warmoebulebi agreTve mdgomareobaTa sivrceSi mdebareobiT ganisazRvreba. aqedan 

gamomdinare, sistemis momavali mdgomareoba damokidebulia imaze, Tu sad mdebareobs 

igi amJamad mdgomareobaTa sivrceSi. amgvarad, mdgomareobaTa sivrceSi ori TanamkveTi 

traeqtoria ver iarsebebs. or traeqtorias rom erTmaneTi raime wertilSi 

gadaekveTa, maSin maT mdgomareobis aRmweri cvladebisa da drois mimarT 

warmoebulebis erTi da igive mniSvnelobebi  aRmoaCndebodaT, magram isini 

sxvadasxvanairad ganviTardebodnen. es ki SeuZlebelia, Tu maTi qmedeba drois 

mixedviT gamoisaxeba 3.3-1-is tipis gantolebebiT. rogorc vxedavT, araTanakveTadobis  

Teorema mdgomareobebis sivrceSi traeqtoriebis qmedebas zRudavs.  

 maTematikuri TvalsazrisiT, araTanakveTadobis Teorema diferencialuri 

gantolebebis amoxsnis Teoremebis calsaxobazea damyarebuli. magaliTad, Tu  (3.3-1) 

gantolebis marjvena nawilSi f, g da h funqciebi maTi argumentebis uwyveti 

funqciebia, maSin mdgomareobaTa sivrceSi mocemul wertilSi gaivlis  gantolebaTa 

mxolod erTaderTi amonaxsni [ufro specifikuri maTematikuri moTxovnaa, rom es 

funqciebi iyos uwyveti da erTxel mainc diferencirebadi. es aris e.w. lifSicis 

piroba (magaliTad ixileT [Hassani, 1991], gv. 570-571). 
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nax. 3.2. A1 da A2 mizidulobis wertilebisa da mizidvis arealebis eskizi 

mdgomareobaTa sivrceSi.  daStrixuli arealis SigniT dawyebuli traeqtoriebi 

sabolood mTavrdeba daStrixuli mimzidvelis regionSi. sxva areSi sawyisis mqone 

traeqtoriebi ikribebian mizidulobis sxva wertilSi. am ori arealis miRma mdebare 

sawyisi wertilebisTvis traeqtoriebi SesaZloa mizidulobis mesame wertilisaken 

(ar aris naCvenebi) miemarTebodnen. mizidvis sazRvari qmnis e.w. separatrisas. 

 

Cven gavecnobiT or SemTxvevas, rodesac erTi SexedviT Teorema irRveva. 

pirveli Tavs iCens zemoTxsenebul asimptotur `gadakveTebTan~ dakavSirebiT. meore 

ki traeqtoriebis organzomilebian sibrtyeze dagegmilebisas vlindeba. magaliTad 

1.19 naxazze naCvenebia lorencis modelis Sesabamisi traeqtoriis gegmili YZ 

sibrtyeze. aq vxedavT, rom traeqtoria araerTxel kveTs sakuTar Tavs. Tumca, 

amgvari gadakveTa Tavs iCens mxolod organzomilebian sivrceSi proeqciisas. 

mdgomareobaTa srul, samganzomilebian sivrceSi traeqtoriebi ar ikveTeba. 

    

3.5 disipaciuri sistemebi da mimzidvelebi 

 

mdgomareobaTa sivrcisa da misi traeqtoriebis ganxilvisas, amjerad 

disipaciuri sistemebis SeswavliT SemovifarglebiT. (sistemebs, romlebisTvis 

disipacia ar aris mniSvnelovani, me-8 TavSi ganvixilavT.) rogorc pirvel TavSi 

aRvniSneT, disipaciuri sistemis damaxasiaTebeli Tviseba mdgomareobs imaSi, rom misi 
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qmedeba xangrZlivi periodis manmavlobaSi ar aris damokidebuli am sistemis 

`sawyis~ mdgomareobaze. am SeniSvnas detalurad 3.9 paragrafSi ganvixilavT (magram 

gaixseneT, rom sistemisaTvis erTze meti `saboloo mdgomareoba” SeiZleba 

arsebobdes). amgvarad, Cven sazogadod ugulvebelvyofT sxvadasxva sawyisi pirobebiT 

gamowveul gardamaval mdgomareobebs disipaciuri sistemebisTvis da mTel 

yuradRebas davuTmobT aseTi sistemis qmedebas xangrZlivi periodis ganmavlobaSi.  

disipaciuri sistemis droSi cvlilebasTan erTad mdgomareobaTa sivrcis 

traeqtoria miemarTeba garkveuli saboloo wertilisaken, mrudisaken, arisaken da 

a.S. am saboloo wertils, mruds (an sxva geometriul figuras) sistemis mimzidvels 

vuwodebT. disipaciuri sistemebisTvis mimzidvelis maxasiaTeblebi sistemis 

dinamikur maxasiaTeblebs gansazRvravs xangrZlivi periodis ganmavlobaSi, magram Cven 

isic gvainteresebs, Tu rogor uaxlovdebian traeqtoriebi mas. 

 ganmsazRvreli sawyisi pirobebis simravles, romelTa mier gansazRvruli 

traeqtoriebi mocemul mimzidvels uaxlovdeba, mizidulobis are ewodeba. Tu 

parametris mniSvnelobebis mocemuli simravlis mqone sistemisTvis arsebobs erTze 

meti mimzidveli, maSin iarsebebs raime sawyisi pirobebi, romlebic ganlagebulni 

arian mizidvis or (an met) areals Soris sazRvarze (ixileT nax. 3.2). mizidulobis 

gansxvavebuli areebis gancalkevebis Semdeg aseTi sawyisi pirobebi e.w. separatrisas 

qmnis.  

 mizidulobis areebis geometriuli maxasiaTeblebi xSirad sakmaod rTulia. 

zogierT SemTxvevaSi sazRvrebi Zalian iregularulia (e.w. aris fraqtaluri 

sazRvrebi (GMO83, MGO85)). sxva SemTxvevebSi mizidvis areebi sakmaod 

CaxlarTulia  - e.w mizidulobis gisosiseburi are  (SOO93a): erTi aris Sesabamisi 

wertili axlosaa mizidulobis sxva aris romelime wertilTan. rogorc pirvel 

TavSi aRvniSneT, aseTi rTuli struqturebis arseboba niSnavs, rom prognozirebis 

SesaZlebloba sakmaod sariskoa.  

 momdevno paragrafebSi aRvwerT traeqtoriebisa da mimzidvelebis iseT tipebs, 

romlebic sxvadasxva ganzomilebebis mqone mdgomareobaTa sivrceSi aRiZvrebian. 

mdgomareobaTa sivrcis ganzomileba mniSvnelovania, radgan ganzomileba da 

araTanakveTadobis Teorema erTobliobaSi sagrZnoblad zRudavs warmoqmnil 

traeqtoriaTa saxeobebs. faqtobrivad vxedavT, rom qaosuri traeqtoriis 

arsebobisTvis mdgomareobebis sivrcis sami ganzomileba mainc gvesaWiroeba, Tumca 
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saTanado maTematikuri da konceptualuri safuZvlebis SeqmnisaTvis jerjerobiT 

mxolod erTi da ori ganzomilebebiT daviwyebT.  

  

3.6 mdgomareobaTa erTganzomilebiani sivrce 

 

erTganzomilebian sistemas mxolod erTi sivrciTi cvladi gaaCnia, romelsac 

X-iT aRvniSnavT. dinamikuri TvalsazrisiT, aseTi sistema sakmaod uinteresoa; Tumca, 

traeqtoriebisa da mdgomareobaTa sivrcis gacnobis TvalsazrisiT igi sakmaod 

sasargebloa. mdgomareobaTa erTganzomilebiani sivrcisTvis dinamikuri gantoleba 

Semdegi saxisaa  

   

 X f x                             (3.6-1) 

 

mdgomareobebis sivrce aq wrfea, kerZod, koordinatTa X RerZi.  

Tavdapirvelad ganvixiloT fiqsirebuli wertilebi anu X sidideebi, 

romlebisTvisac X =0. ratom aris es wertilebi mniSvnelovani? Tu traeqtoria 

miemarTeba fiqsirebuli wertilisken, maSin is iqve sruldeba. amgvarad, fiqsirebuli 

wertilebi abscisTa X RerZs ramdenime `izolirebul~ ared hyofen - or 

fiqsirebul wertils Soris mdebare intervalSi, garkveul X sawyisi mniSvnelobis 

mqone traeqtoria verasodes gascdeba am intervals. 

 

 

amocana 3.6-1. gamoiyeneT bolo ganmartebis mtkicebulebis detalebi wina 

paragrafisaTvis.  

 

gamovikvlioT Tu ra emarTebaT traeqtoriebs fiqsirebuli wertilis 

siaxloves. mdgomareobaTa erTganzomilebiani sivrcisTvis arsebobs fiqsirebuli 

wertilebis sami tipi.  

1. kvanZebi (Rrmulebi): fiqsirebuli wertilebi, romlebic axlomdebare 

traeqtoriebs miizidaven. 

2. ganmzidvelebi (wyaroebi): fiqsirebuli wertilebi, romlebic axlomdebare 

traeqtoriebs ganizidaven. 
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3. `unagiris~ wertilebi: fiqsirebuli wertilebi, romlebic axlomdebare 

traeqtoriebs erT mxares miizidaven, meore mxares ki ganizidaven. (termin 

`unagiris~ wertilis warmoSobis mizezs maSin vigebT, rodesac 

organzomilebian SemTxvevas ganvixilavT).  

kvanZi stabiluri fiqsirebuli wertilia, radgan mis siaxloves sawyisis mqone 

traeqtoriebi miskenvea mimarTuli da es SemTxveva mizidulobis Zalis zemoqmedebis 

qveS myofi myari wonasworobis wertilis mimarTulebiT mgorav burTs waagavs. 

ganmzidveli arastabiluri fiqsirebuli wertilis magaliTia. analogiaa gorakis 

wveridan dagorebul burTi. gorakis wveri wonasworobis wertilia, magram 

mdgomareoba arastabiluria _ odnavi zemoqmedebac ki burTs  gorakis wveridan 

agorebs. `unagiris~  wertili ki traeqtoriebs erTi mimarTulebiT miizidavs, meore 

mxares ki ganizidavs.  

 rogor ganvsazRvroT Tu romeli tipis fiqsirebul wertilTan gvaqvs saqme? 

amisTvis X0 aris sakvlevi fiqsirebuli wertili.  ganmartebis Tanaxmad gveqneba 

 

  0
o

ox x
X f X


                         (3.6-2) 

 

axla ganvixiloT traeqtoria, romelmac 0X -is marjvniv myof 0X X x   

wertils moaRwia (ix. nax. 3.3) da davuSvaT, rom x mcirea da dadebiTi. Tu f(X0+x) 

dadebiTia, maSin X -ic dadebiTi iqneba da amgvarad traeqtoriis wertili 0X -s 

dacildeba (dadebiTi X mniSvnelobebis mimarTulebiT). meores mxriv, Tu dadebiTi 

x–sTvis  f(X0+x) uaryofiTia, maSin X uaryofiTia da traeqtoria marcxnisken, X0 

fiqsirebuli wertilis mimarTulebiT gadaadgildeba. Tu traeqtorias X RerZis 

gaswvriv, X0-idan marcxniv daviwyebT, maSin saWiroa rom  f(X0-x) sidide X0-is 

mimarTulebiT gadaadgilebis SemTxvevaSi dadebiTi, xolo misgan dacilebisaTvis 

uaryofiTi iyos. orive SemTxveva 3.3 naxazzea naCvenebi. rodesac traeqtoriebi X0-is 

orive mxares X0-s scildebian, fiqsirebuli wertili ganmzidvelia. rodesac 

traeqtoriebi X0-is orive mxareze X0-is mimarTulebiT gadaadgildeba, fiqsirebuli 

wertili kvanZia. 

 Cven SegviZlia orive SemTxveva davajamoT da aRvniSnoT, rom f(X)-is 

warmoebuli X–iT uaryofiTia X0-Si kvanZisaTvis, xolo dadebiTia ganmzidveli 
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fiqsirebuli wertilisTvis. fiqsirebul wertilSi warmoebulis mniSvnelobas am 

wertilis maxasiaTebeli mniSvneloba ewodeba, romelsac λ-Ti aRvniSnavT.  

 

 

 

 

nax. 3.3. marcxniv moyvanilia f(X) mrudi X0 kvanZis midamoSi, marjvniv ki –misi saxe  

X0 ganmzidvelis midamoSi. 

 

 
oX X

df X

dX




                             (3.6-3) 

 

saboloo Sedegebi moyvanilia 3.1. cxrilSi. aq umniSvnelovanesi sakiTxia, rom Cven 

fiqsirebuli wertilis xasiaTs da Sesabamisad mis midamoSi myof traeqtoriebis 

qmedebas fiqsirebul wertilze f(X) funqciis warmoebulis gamoTvlis gziT 

vsazRvravT.  

ra xdeba, rodesac maxasiaTebeli mniSvneloba 0-is tolia? fiqsirebuli 

wertili SeiZleba iyos rogorc kvanZi, aseve ganmzidveli da `unagiris” wertili. 

Cven gvainteresebs f –is rogorc meore rigis, aseve pirveli rigis warmoebuli X-is 

mimarT. `unagiris~ wertilis SemTxvevaSi meore rigis warmoebuls X0-is orive 

mxareze erTi da igive niSani aqvs (ix. nax. 3.4). da erT mxares traeqtoria miizideba 

fiqsirebuli wertilis mimarTulebiT, xolo meore mxares ki dascildeba mas.  

 nulis toli maxasiaTebeli mniSvnelobis mqone kvanZis da ganmzidveli 

fiqsirebuli wertilebisTvis cvlilebebi meore rigis warmoebulSi vlindeba maSin, 

rodesac X gadakveTs X0–s. amgvari `brtyeli~ kvanZebi da ganmzidvelebi 

traeqtoriebs miizidavs da ganizidavs ufro nela, vidre aranulovani maxasiaTebeli 

mniSvnelobebis SemTxvevaSi. pirveli tipis `unagiris~ wertilisTvis traeqtoriebi 

miizideba marcxena mxridan, xolo ganizideba marjvena mxares. xolo meore tipis 

`unagiris~  wertilebisTvis mizidva da ganzidva SebrunebiTaa.  
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 momavalSi Cven ar ganvixilavT `brtyeli~ fiqsirebuli wertilebis am tips, 

radgan isini SedarebiT iSviaTad gvxvdebian. iSviaTobis mizezi is aris, rom maTi 

piroba rogorc f(X) funqciis, aseve pirveli rigis warmoebulis 0-is tolobaa. Tu 

mxolod erTi makontrolebeli parametris regulireba gviwevs, maSin `naklebad 

savaraudoa~, rom parametris mniSvnelobebis garkveul diapazonSi erTdroulad 

orive piroba davakmayofiloT. ufro martivad rom vTqvaT, Cven saqme gvaqvs 

fiqsirebuli wertilis struqturul stabilurobasTan.  

 

 

 

 

 

 

nax. 3.4. fiqsirebuli wertilebis oTxi SesaZlo tipi erTi ganzomilebis 

SemTxvevaSi, rodesac  λ=0. es fiqsirebuli wertilebi struqturulad 

arastabiluria.  
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Tu fiqsirebuli wertili funqciis saxis mciredi cvlilebisas tips inarCunebs, 

(magaliTad, rodesac makontrolebeli parametris dazusteba xdeba) maSin vambobT, 

rom fiqsirebuli wertili struqturulad stabiluria. Tu amgvari cvlilebebis 

Sedegad fiqsirebuli wertilis maxasiaTebeli icvleba an saerTod qreba, maSin 

vambobT, rom wertili struqturulad arastabiluria. magaliTad,  3.3. naxazze 

naCvenebi kvanZebi da ganmzidveli wertilebi struqturulad stabiluria, radgan 

f(X) mrudis zemoT an qvemoT mciredi wanacvlebiT fiqsirebuli wertilis tipi ar 

icvleba. xolo 3.4 naxazze naCvenebi fiqsirebuli wertilebi struqturulad 

arastabiluria -  funqciis mcire cvlileba sayrdeni wertilis srulad gaqrobas an 

kvanZi - ganmzidveli wyvilad gardaqmnas iwvevs (ix. nax. 3.5).  

imis detalurad garkveva, Tu ra igulisxmeba  f(X) funqciis mcire cvlilebaSi 

da romeli struqturaa stabiluri an arastabiluri, Zalian Sors wagviyvans (ix. 

[Guckenheimer & Holmes, 1990]). arawrfiv dinamikaSi Catarebuli kvlevebis 

umravlesoba mimarTulia struqturulad stabiluri mdgomareobebis sivrculi 

nimuSebisken, radgan nebismier eqsperimentSi mxolod im maxasiaTeblebze dakvirveba 

SegviZlia, romlebic parametris mniSvnelobebis raRac garkveul diapazonisaTvis 

arseboben.  

 

 

nax. 3.5. mdgomareobaTa erTganzomilebian sivrceSi mdebare “unagiris” wertili. (b) 

X0 wertili struqturulad arastabiluria.  f(X) mrudis mcire cvlileba, 

magaliTad misi aweva an daweva vertikaluri RerZis gaswvriv, waanacvlebs rogorc 

(a) `unagiris~ wertils, aseve gardaqmnis mas (c) kvanZad da ganmzidvelad.  

 

eqsperimentis dros Cven verasodes vsazRvravT makontrolebel parametrebs 

absoluturad zustad da `xmauri~ yovelTvis Sedis maT mniSvnelobaSi. miuxedavad 
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amisa, struqturulad arastabiluri SemTxvevebi mainc mniSvnelovania da isini 

xSirad sistemis or gansxvavebul tips Soris zRvars avleben (rogorc amas qvemoT 

vnaxavT). am sakiTxs kvlav davubrundebiT Tavis bolos bifurkaciebis ganxilvisas. 

 

3.7 gawrfiveba teiloris mwkrivis saxiT fiqsirebuli wertilis midamoSi 

 

fiqsirebuli wertilebis buneba Zalzed mokled SegviZlia SevajamoT, Tuki X0 

fiqsirebuli wertilis midamoSi f(X) funqcias warmovadgenT teiloris mwkrivis 

meSveobiT: 

 

     

 

 

2
2

2

3
3

3

1

2

1
...

6

o o

o

o

df
f X f X X X

dX

d f
X X

dX

d f
X X

dX

   

 

  

                     (3.7-1) 

 

sadac yoveli warmoebulis mniSvneloba mocemulia X=X0 wertilisaTvis. dinamikuri 

sistemis Sesabamisi fiqsirebuli wertilisaTvis (3.7-1) gantolebis marjvena nawilSi 

mdebare pirveli Sesakrebi nulis tolia. teiloris mwkrivi (3.6-1) gantolebasTan 

erTad fiqsirebuli wertilis midamoSi sistemis qmedebis prognozisTvis sakmarisia. 

 

faqtobrivad Cven SemoviyvaneT axali cvladi 0x X X  , romelic gansazRvravs 

traeqtoriis daSorebas fiqsirebuli wertilidan. Tu ugulvebelyofT pirvelze 

maRali rigis yvela warmoebuls, maSin x daakmayofilebs Semdeg gantolebas: 

 

ox

df
x x

dX
                                      (3.7-2) 

 

romlis amonaxsnic iqneba 

 

   0 tx t x e                                   (3.7-3) 

 

sadac 
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 
ox

df X

dX
                                    (3.7-4) 

 

anu λ warmoadgens fiqsirebuli wertilis Sesabamis maxasiaTebel mniSvnelobas. 

yuradReba miaqcieT, rom traeqtoria fiqsirebul wertils (kvanZi) 

eqsponencialurad uaxlovdeba, rodesac λ<0 da scildeba mas (ganmzidveli) 

eqsponencialurad, rodesac λ>0. λ–s fiqsirebuli wertilis midamos liapunovis 

eqsponentas uwodeben. aucileblad unda aRiniSnos, rom es Sedegebi samarTliania 

mxolod fiqsirebuli wertilis midamoSi, sadac teiloris mwkrivis mxolod 

pirveli rigis warmoebuli Sesakrebi f(X) funqciis sakmaod karg miaxloebas iZleva.  

 

gansazRvreba: fiqsirebuli wertilis midamoSi mdebare erTganzomilebiani 

mdgomareobaTa sivrcis Sesabamisi liapunovis eqsponenta am wertilis λ 

maxasiaTebeli mniSvnelobaa. 

 
ox

df X

dX
                                  .       

  

 

 

3.8 traeqtoriebi erTganzomilebian mdgomareobaTa sivrceSi 

 

ra saxis traeqtoriebi SeiZleba arsebobdes erTganzomilebian mdgomareobaTa 

sivrceSi?  

nax. 3.6. erTganzomilebian mdgomareobaTa sivrceSi 

or kvanZs (X0 da X1) Soris unda mdebareobdes  

ganmzidveli R wertili.   

 

 

 

Tavdapirvelad unda aRvniSnoT, rom Cveni amgvari analizis meSveobiT sakmaod 

iolad vigebT, Tu ra xdeba fiqsirebuli wertilebis siaxloves an ras unda 
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vuwodoT sistemis adgilobrivi qmedeba. rogorc aRvniSneT, amgvari qmedeba 

ganisazRvreba fiqsirebul wertilSi droze damokidebuli funqciis warmoebulebis 

mixedviT. traeqtoriebis ufro farTomasStabiani suraTis misaRebad (e.w. globaluri 

an fazis globaluri suraTi) unda gaviTvaliswinoT fiqsirebuli wertilebis 

sxvadasxva tipebs Soris kavSiri. erTganzomilebiani sivrcis SemTxvevaSi fiqsirebul 

wertilebs Soris SesaZlebeli kavSiri didadaa SezRuduli   f funqciis uwyvetobis 

gamo. Tu davuSvebT, rom igi, rogorc X cvladis funqcia,  mkveTri naxtomebis 

gareSe, gluvi saxiT icvleba, (maSasadame, anu `siCqare~ gluvi saxiT unda 

icvlebodes), maSin erTmaneTis miyolebiT ganlagebuli  fiqsirebuli wertilebi ver 

iqnebian erTdroulad rogorc kvanZebi, ise ganmzidvelebi. aseve ver iqneba erTi 

pirveli tipis, xolo meore ki meore tipis `unagiris~ wertili. f funqciis 

uwyvetobis daSvebis safuZvelze, fiqsirebuli wertilebs mxolod gansazRvruli 

Tvisebebi eqnebaT. am Sedegs advilad SevamowmebT, Tu f(X)-s grafikulad gamovsaxavT, 

xolo Semdeg fiqsirebul wertilebs sxvadasxva saxiT davakavSirebT uwyvet 

mrudTan.  

 magaliTad ganvixiloT nax. 3.6, sadac kvanZebi X0-ze da X1–Sia ganlagebuli. 

imisaTvis, rom f(X)-ma gaiaros kvanZebSi wertilebze da maT Soris intervalSi 

imavdroulad iyos uwyveti, man unda gadakveTos R ganmzidveli wertili.  

 

 

amocana 3.8-1. SeamowmeT Semdegi mtkicebulebebi mdgomareobebis erTganzomilebiani 

sivrcisTvis: (a) or ganmzidvels Soris unda mdebareobdes kvanZi. (b) pirveli da 

meore tipis `unagiris~ wertilebs Soris unda mdebareobdes rogorc ganmzidveli, 

ise kvanZi. (c) pirveli tipis `unagiris~  wertilis siaxloves SeiZleba 

mdebareobdes amave tipis sxva wertili. (d) meore tipis `unagiris~  wertilis 

siaxloves SeiZleba imyofebodes amave tipis sxva wertili. 

 

Cven SegviZlia samomavlod erTi SezRudva SemoviRoT: Tu mocemuli 

sistemisTvis traeqtoriebi SemosazRvrulia, (anu traeqtoriebi mudam mdgomareobaTa 

sivrcis raime gansazRvrul areSi mdebareobs), maSin X RerZis gaswvriv `yvelaze 

kidura~ fiqsirebuli wertilebi marcxena mxares iqnebian kvanZebi an  pirveli tipis 

`unagiris~  wertilebi, xolo marjveniv _ meore tipis `unagiris~  wertilebi. Tu 
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sistemas gaaCnia `unagiris~  wertili, maSin traeqtoriebi SemosazRvrulobis 

SemTxvevaSi, mdebare “unagiris”  wertils X RerZis gaswvriv ganmzidvel mxares 

unda mosdevdes kvanZi.  

 mocemuli paragrafis arsi mdgomareobs imaSi, rom Tu mocemulia konkretuli 

sistemis Sesabamisi fiqsirebuli wertilebis maxasiaTeblebi, maSin globaluri 

fazuri gamosaxuleba da mdgomareobaTa sivrceSi traeqtoriebis xasiaTi SegviZlia 

erTmaneTs davukavSiroT. erTganzomilebiani sistemis SemTxveva sakmaod martivia, 

rodesac fiqsirebuli wertilebis maxasiaTeblebi mocemuli gvaqvs. Cven 

traeqtoriebs mivcemT veqtorul saxes, sadac isrebi `Sedian~ kvanZebSi da 

`unagiris~ wertilebSi mizidulobis mxridan, xolo `gamodian~ ganmzidvelebidan da 

`unagiris~ wertilis ganmzidveli mxridan. am suraTze dayrdnobiT, ukve SegviZlia 

Tvisobrivad aRvweroT, Tu rogor moZraoben traeqtoriebi mdgomareobebis sivrceSi. 

 

 

amocana 3.8-2. SesaZlebelia Tu ara mdgomareobaTa erTganzomilebiani sivrcis mqone 

sistemisTvis iseTi traeqtoriebis arseboba, romelTac axasiaTebT rxeviTi 

(ganmeorebadi) moZraoba? 

 

 

 

 

amocana 3.8-3. lojistikuri diferencialuri gantoleba. Semdeg gantolebas gaaCnia 

`Zalismieri~ wevri, romelic pirvel TavSi warmodgenili lojistikuri asaxvis 

funqciis identuria 

 1X AX X   

(a) ipoveT fiqsirebuli wertilebi mocemuli diferencialuri       

gantolebebisTvis. 

(b) gansazRvreT TiToeuli fiqsirebuli wertilis maxasiaTebeli mniSvneloba. 
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                                     . 

amocana 3.8-4. (a) daamtkiceT, rom 3.8-3 amocanaSi moyvanili diferencialuri 

gantolebis amonaxsnia 

   1
o

At
o o

X
X t

X X e
 

 

sadac X0 aris X-is sawyisi (t=0) mniSvneloba. (b) aRwereT X(t) amonaxsni, rogorc 

drois funqcia X0 –is sxvadasxva mniSvnelobisTvis da amonaxsnebis Tvisebebi 

fiqsirebuli wertilebis Tvisebebs daukavSireT. ratom aris lojistikuri 

diferencialuri gantolebis amoxsna SedarebiT advili, rodesac pirvel TavSi 

moyvanili lojistikuri asaxvis Sesabamisi gantolebisTvis traeqtoriebis saxe 

Zalian rTulia? 

 

3.9 gansxvavebuli TvalsazrisiT ganxiluli disipacia  

 

aqamde vambobdiT, rom pirvel rigSi disipaciuri sistemebiT varT 

dainteresebuli. rogor gavigoT garkveuli f(X) funqciis saxiT warmodgenili 

sistema disipaciuri Tu ara? Tu Cven realuri fizikuri sistemis modelirebas 

vaxdenT, disipacia dakavSirebulia xaxunTan (zogadad), siblantesTan da a.S. aqedan 

gamomdinare, fizikuri TvalsazrisiT SegviZlia davadginoT, Tu ra SemTxvevaSia 

disipacia mniSvnelovani. miuxedavad amisa, kargi iqneba, Tu gveqneba disipaciuri 

sistemebis Secnobis maTematikuri saSualebebi dinamikuri gantolebebis saxiT. am 

iaraRiT Cven SevZlebT davadginoT, asaxavs Tu ara Cveni maTematikuri modeli 

disipacias.  

disipacia Sefasebis mniSvnelovani konceptualuri saSualebaa sawyisi pirobebis 

`erToblioba~. erTganzomilebian SemTxvevaSi, sawyisi pirobebis raodenoba moicavs X 

RerZis (SedarebiT) mcire monakveTs (Cven ar ganvixilavT fiqsirebuli wertilebis 

monakveTebs, romelTa gamoricxvis aSkara safuZveli gagvaCnia) davuSvaT, mocemuli 

monakveTi XA-dan XB-mdea (Tan XB>XA). ix. nax. 3.7. XB - XA monakveTis sigrZea. Cven 

gvinda gavigoT, Tu ra mosdis droTa ganmavlobaSi mocemuli monakveTis sigrZes da 

mdgomareobaTa sivrcis gavliT am monakveTSi moxvedrili traeqtoriis wertilebs. 

Tu f(XB)<f(XA), droTa ganmavlobaSi monakveTis sigrZe Semcirdeba.  
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nax. 3.7. `sawyisi pirobebis erTobloba~ X RerZze muqi xaziTaa aRniSnuli. 

 

 

     B A B A B A

d
X X X X f X f X

dt
                     (3.9-1) 

 

Tu monakveTi sakmaod moklea, maSin f(XB)-s f(XA) -sTan dakavSirebisTvis viyenebT 

teiloris mwkrivad gaSlis meTods: 

 

( ) ( ) ( ) ...
A

B A B A
X

df
f X f X X X

dX
                    (3.9-2) 

 

Tu aviRebT, rom L= XB - XA da  (3.9-2) Si mxolod pirveli rigis warmoebuls 

SevinarCunebT, maSin (3.9-1) gantoleba Semdeg saxes miiRebs  

 

1 1 ( )
[ ( ) ( )]B A

dL df X
f X f X

L dt L dX
                    (3.9-3) 

 

(3.9-3) gantolebidan vaskvniT, rom sawyisi pirobebis Sesabamisi monakveTis sigrZe 

klebulobs, Tu f(XB)<f(XA) an df/dX uaryofiTi sididea. es piroba dakmayofildeba, 

Tu traeqtoriebi kvanZs uaxlovdeba, vinaidan am wertilSi an, uwyvetobis 

SemTxvevaSi, mis midamoSi f –is warmoebuli uaryofiTi sididea (Cven gamovricxavT 

struqturulad arastabilur fiqsirebul wertilebs.) 

winamdebare analizi exeboda calkeuli fiqsirebuli wertilis midamoSi 

mimdinare movlenebs. meti TvalsaCinoebisTvis SegviZlia romelime traeqtoriis 

warsuli qmedebis Sesaxeb davinteresdeT. movlenebi SeiZleba ise ganviTardes, rom 

ganmzidvelis midamodan gasvlisas sawyisi pirobebis Sesabamisi monakveTi 

Tavdapirvelad gafarTovdes, xolo kvanZTan miaxloebisas kvlav Semcirdes. 

traeqtoriis wertilebis saSualo simravle SemosazRvruli disipaciuri sistemis 

SemTxvevaSi unda Semcirdes.  
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 safuZvliani maTematikuri aparatis mqone mkiTxvelebi mixvdebian, rom bolo 

gantoleba `divergenciis Teoremis~ naklebad saintereso versiaa. 3.13 paragrafSi am 

Teoremas ufro dawvrilebiT organzomilebianis SemTxvevisTvis ganvavrcobT.  

 

 

3.10 mdgomareobaTa organzomilebiani sivrce 

 

amjerad Cven mdgomareobaTa organzomilebiani sivrcis da organzomilebiani 

sistemebis kvlevaze gadavdivarT da vnaxavT, rom meti ganzomileba meti 

Tavisuflebis xarisxs niSnavs da rogorc qmedebis mravalferovneba, ise 

geometriuli SezRudvebi fiqsirebuli wertilebisaTvis matulobs. garda amisa, 

qmedebis am axali tipebis aRwerisTvis, atraqtoris axal saxeobas _ zRvrul cikls 

warmogidgenT.  

 Cveni msjeloba mdgomareobaTa organzomilebiani sivrcis Sesaxeb 

erTganzomilebiani sistemebis analogiuria. davuSvaT, sistemis dinamikis amsaxveli 

gantolebebi SeiZleba pirveli rigis diferencialuri gantolebebis sistemebiT 

gamovsaxoT mdgomareobis aRmweri X1-iTa da X2–iT cvladebisTvis (zogjer 

damoukidebeli cvladebis saxiT x-sa da y-s gamoviyenebT, magram gansakuTrebiT 

gvinda aRvniSnoT, rom mdgomareobaTa sivrcis cvladebi sazogadod ar warmoadgenen  

sivrciTi koordinatebis gamomsaxvel cvladebs). dinamikur gantolebebs eqneba 

Semdegi saxe: 

 

1 1 1 2

2 2 1 2

( , )

( , )

X f X X

X f X X






                         (3.10-1) 

 

 sistemis qmedeba SegviZlia ganvsazRvroT mdgomareobaTa  X1 - X2 sivrceSi 

traeqtoriebze dakvirvebis meSveobiT. iseve rogorc erTganzomilebiani sistemis 

SemTxvevaSi, (3.10-1) gantolebis fiqsirebuli wertilebi sistemis dinamikaSi aqac 

umTavres rols asrulebs. fiqsirebuli wertilebi, ra Tqma unda, is (X10, X20) 

wertilebia, romlebic akmayofileben Semdeg pirobebs: 

 

1 1 2

2 1 2

( , ) 0

( , ) 0

f X X

f X X




 

 

                        (3.10-2) 
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fiqsirebuli wertilisa da mis midamoSi mdebare traeqtoriebis qmedeba am 

fiqsirebul wertilSi f1 da f2 funqciebis warmoebulebis meSveobiT. Tumca, imis gamo 

rom f1 da f2 funqciebi sazogadod damokidebulia X1-sa da X2-ze,  saWiroa 

ganvixiloT oTxi kerZo warmoebuli:  

 

 1 1 2 2

1 2 1 2

, , ,
f f f f

X X X X

   
   

                        (3.10-3) 

 

am dros ibadeba kiTxva, Tu ra damokidebulebaSia fiqsirebuli wertilis 

maxasiaTeblebi am oTx kerZo warmoebulTan. 

 

kerZo SemTxveva 

or ganzomilebaSi fiqsirebuli wertilis maxasiaTeblebis zogadi problemis 

gamokvlevamde, ganvixiloT martivi SemTxveva, rodesac oTxi warmoebulidan mxolod 

ori ar udris 0-s. davuSvaT, (X10, X20) fiqsirebul wertilze warmoebulebs 

Semdegi mniSvnelobebi gaaCniaT: 

 

1 1
1

1 2

2 2
2

1 2

0

0

f f

X X

f f

X X





 
 

 
 

 
 

                      (3.10-4) 

 

am kerZo SemTxvevaSi, is rac  xdeba X1-is mimarTulebiT fiqsirebuli  wertilis 

midamoSi, damokidebulia mxolod λ1-ze (analogiurad, X2-is SemTxvevaSi -  λ2-ze). X1 

da X2 RerZebi λ1 da λ2 maxasiaTebeli mniSvnelobebis Sesabamisi maxasiaTebeli 

mimarTulebebia (gaxsovdeT, rom X1 da X2 –is gaswvriv moZraobis amgvari 

damoukidebloba ZalaSia mxolod am gansakuTrebul SemTxvevaSi da mxolod 

mocemuli fiqsirebuli wertilis midamoSi)  

 

nax. 3.8. organzomilebiani sistemis oTxive tipis 

fiqsirebuli wertilis midamoSi mdebare 
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traeqtoriebis nimuSebi maxasiaTebelTa namdvili mniSvnelobebis SemTxvevaSi.  

 

fiqsirebuli wertilebis tipebi organzomilebian sistemaSi 

 

erTganzomilebiani qmedebis SesaZlo nimuSebis ganzogadebis Sedegad SegviZlia 

organzomilebian sivrceSi mdebare fiqsirebuli wertilebis tipebTan gacnoba. male 

davrwmundebiT, rom or ganzomilebaSi qmedebis sxva SesaZlo saxeebic arsebobs. 

umartives SemTxvevaSi, rodesac λ1 da λ2 namdvili ricxvebia da arc erTi ar aris 

nulis toli (rodesac maxasiaTebeli mniSvneloba 0-is tolia, maSin gacilebiT 

rTuli analizis Catareba gvixdeba.), (3.6-3) gantolebaTa gamoyenebiT vadgenT, rom 

arsebobs oTxi tipis fiqsirebuli wertili. maTi nusxa 3.2 cxrilSia moyvanili. 3.8 

naxazze gamosaxulia traeqtoriebis qceva fiqsirebuli wertilebis siaxloves.  

axla unda gavarkvioT, Tu ratom hqvia `unagiris~ wertils aseTi saxeli. mis 

siaxloves traeqtoriebis qmedeba mizidulobis Zalis moqmedebis Sedegad zedapirze 

burTis dagorebis identuria (3.9 naxazi). am suraTze x RerZis gaswvriv mgoravi 

burTi `unagiris~  wertilis mier `miizideba~ (0,0)-sken. y RerZis gaswvriv mgoravi 

burTi Sordeba mocemul wertils (`ganizideba~).  

 SemoviyvanoT g(x,y) funqcia Semdegi saxiT:  

1

2

( , )
( , )

( , )
( , )

g x y
f x y

x
g X Y

f x y
y


 




 


                           (3.10-5) 

 

f1 da f2 `Zalis funqciebi~ warmoadgenen g(x,y) `potencialuri funqciis~ minus 

niSniT aRebul gradientebs. maSin sistemis Sesabamis fiqsirebul wertilebSi g 

funqcias eqstremumi (lokaluri maqsimumi an minimumi) gaaCnia. rogorc 3.9 naxazzea 

naCvenebi, g funqcias `unagiris~  wertilze x RerZis gaswvriv moZraobisas minimumi, 

xolo y RerZis gaswvriv moZraobisas ki maqsimumi aqvs. meqanikuri sistemisTvis 

g(x,y) warmoadgens am sistemis potencialuri energiis gamomsaxvel funqcias. 
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terminologiis Sesaxeb 

 

`unagiris~  wertilebi da traeqtoriebi, romlebic pirdapir sayrdeni 

wertilisken miemarTebian an misgan gamodian, mniSvnelovan rols asruleben 

mdgomareobaTa sivrceSi arsebuli yoveli SesaZlo traeqtoriis qmedebis 

ganzogadebaSi. aseTi rolis gamo am traeqtoriebis mimarT  SemoiRes specialuri 

terminologia.  

 wertilebis erTobliobas, romlebic adgenen rodesac t∞ `unagiris~ 

wertilisaken miswrafebul an misgan gamomaval traeqtoriebs, zogjer `unagiris~ 

wertilTan dakavSirebul invariantul mravalsaxeobas uwodeben. ufro konkretulad 

rom vTqvaT, `unagiris~  wertilisken mimarTuli traeqtoriebi qmnian e.w. mdgrad 

mravalsaxeobas  (radgan am traeqtoriebis gaswvriv maxasiaTebeli sidide λ<0), 

xolo sayrdeni wertilidan gamomavali traeqtoriebi e.w. aramdgrad mravalsaxeobas  

qmnian. sxva avtorebi (magaliTad [Abraham and Shaw, 1984] da [Thomson and Stewart, 

1986]) imave mravalsaxeobebs Sida da gare simravleebs uwodeben.  

 

 

nax. 3.9. `unagirisebri~ zedapiri organzomilebian mdgomareobaTa sivrcis SemTxvevaSi 

`unagiris~ wertili mdebareobs (x,y)=(0,0)-ze. 



 116 

 

`unagiris~  wertilebis mniSvneloba 

 

fiqsirebuli wertilebisa da maTi Sesabamisi Sida da gare simravleebis 

mniSvnelobis gasagebad ganvixiloT mxolod erTi fiqsirebuli wertilis mqone 

sistema. Tu fiqsirebuli wertili `unagirisaa~ da misi maxasiaTebeli mniSvnelobebi 

ar aris 0-is toli, maSin am wertilis  Sida da gare simravleebi mdgomareobebis 

sivrces oTx `kvadrantad~ hyofen. traeqtoria, romelic ar aris Sida an gare 

simravle, 3.8 naxazis mixedviT SemosazRvrulia im kvadrantiT, sadac igi saTaves 

iRebs. am TvalsazrisiT Sida da gare simravleebi axdenen mdgomareobaTa sivrcis 

organizebas _ isini am sivrcis Sesabamisi separatrisebis nawilebia. 

 `unagiris~ wertilis aseTi tipis (romlisTvisac arc erTi maxasiaTebeli 

mniSvneloba 0-is toli ar aris) midamoSi, garda Sida da gare simravleebisa, myofi 

traeqtoriebi hiperbolis nawilebis msgavsia. amitom, `unagiris~  wertilis am tips 

hiperboluri wertili ewodeba. faqtobrivad, termini hiperboluri yoveli 

fiqsirebuli wertilis mimarT gamoiyeneba, romlis  maxasiaTebeli mniSvnelobebi 0-

is toli ar aris. (zogadad, maxasiaTebeli mniSvnelobebis namdvili nawilebi 0-s 

arasodes utoldeba.)am TvalsazrisiT, wina paragrafSi ganxiluli erTganzomilebiani 

sayrdeni wertilebi, romelTac struqturulad arastabilurs vuwodebdiT, 

arahiperboluria, radgan Sesabamisi maxasiaTeblis mniSvneloba 0-is tolia.  

  

3.11 mdgomareobebis organzomilebiani sivrce: zogadi SemTxveva 

 

yvelaze zogad SemTxvevaSi (3.10-3) gantolebis oTxi warmoebulidan 0-is 

toli arc erTi ar aris. rogor davaxasiaToT fiqsirebuli wertili am dros? am 

SemTxvevaSi arsebobs fiqsirebul wertilTan dakavSirebuli ori maxasiaTebeli 

mniSvneloba, magram maTTan dakavSirebuli maxasiaTebeli mimarTulebebi sazogadod 

aRar warmoadgenen  mimarTulebs X1-isa da X2-isaken. 

 am SemTxvevis sailustraciod aRvweroT qimiuri reaqciebis garkveuli jgufis 

modelirebisTvis gamoyenebuli gantolebebi [Nicolis and Prigogine, 1989]. mas 

briuselatoris modeli ewodeba, radgan misi Semqmnelebi briuselSi moRvaweobdnen. 

es gantolebebia 
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2

2

( 1)X A B X X Y

Y BX X Y

   

 




                     (3.11-1) 

 

aq A da B dadebiTi ricxvebi warmoadgenen makontrolebel parametrebs xolo, X da 

Y qimiur reaqciaSi Semavali zogierTi Sualeduri produqtis koncentraciebis 

proporciuli cvladebia. SeiZleba am koncentraciebis monitoringi droze 

damokidebuli funqciebis meSveobiT xdeba (Sesabamisi eleqtrodebiT an optikuri 

STanTqmis raime sazomiT, romlebic mocemuli qimiuri koncentraciebis mimarT  

mgrZnobiarobas iCenen). 

 Tavdapirvelad gantolebaTa mocemuli sistemisTvis movZebnoT fiqsirebuli 

wertilebi. drois mimarT warmoebulebis nulTan gatolebiT vpoulobT, rom 

fiqsirebuli wertilebi Seesabameba X-isa da Y-is iseT mniSvnelobebs, romlebic 

akmayofileben Semdeg pirobebs; 

 

2( 1) 0A B X X Y                          (3.11-2) 

 

 

2 0BX X Y                             (3.11-3) 

 

arsebobs erTi wertili (X, Y) wertili, romelic am gantolebebs akmayofilebs. 

am fiqsirebuli wertilis koordinatebia X0=A, Y0=B/A. 

ras udris am fiqsirebuli wertilis maxasiaTebeli? maxasiaTebeli sidideebis 

gansazRvris meTodis mosaZenad davubrundeT mdgomareobaTa  zogad organzomilebian 

sivrces da fiqsirebuli (X10, X20) wertilis midamoSi (3.10-1) warmovadginoT 

teiloris mwkrivebad: 

 

1 1
1 1 1, 2 1 1 2 2

1 2

( ) ( ) ( ) ...
f f

X f X X X X X X
X X

 
     

  
          (3.11-4a) 

 

2 2
2 2 1, 2 1 1 2 2

1 2

( ) ( ) ( ) ...
f f

X f X X X X X X
X X

 
     

  
          (3.11-4b) 
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(3.11-4) gantolebebSi vafasebT warmoebulebs fiqsirebul (X10, X20) wertilSi. 

mravalwertili Cvens mier ugulvebelyofili erTze maRali rigis warmoebulebis 

aRmniSvnelia (daimaxsovreT, rom teiloris mwkrivebad warmodgenisas viyenebT kerZo 

warmoebulebs, radgan funqciebi damokidebulia rogorc X1–ze, aseve X2–ze.) 

fiqsirebuli wertilidan moSorebiT sasurvelia am wertilidan gadaxris 

aRmniSvneli axali x1X1-X10 da x2X2-X20 cvladebis Semoyvana. 

 

1 1x X     da   2 2x X                      (3.11-5) 

 

maRali rigis warmoebulebis Sesabamis wevrTa ugulvebelyofis Sedegad (3.11-4) 

miiRebs Semdeg saxes:  

 

1 1
1 1 2

1 2

2 2
2 1 2

1 2

f f
x x x

x x

f f
x x x

x x

 
 
 
 

 
 




                      (3.11-6) 

 

SeniSneT, rom (3.11-6) mudmivi koeficientebis mqone pirveli rigis wrfivi 

diferencialuri gantolebaa axali mdgomareobis x1 da x2 cvladebisTvis (maTi 

koeficientebi droze ar aris damokidebuli). arsebobs am gantolebebis amoxsnis 

araerTi standartuli meTodi. gamoviyenoT is meTodi, romelic sasurvel 

Sedegebamde maqsimalurad swrafad migviyvans. 

 simartivis  mizniT SemovitanoT Semdegi aRniSvna 

 

 i
ij

j

f
f

x





                           (3.11-7) 

 

sadac i da j 1-is an 2-is tolia. Tavdapirvelad, (3.11-6) gantolebebidan pirveli 

gantolebis drois mimarT diferencirebis meSveobiT miviRebT diferencialur 

gantolebas mxolod x1-Tvis, Semdeg ki meore gantolebis gamoyenebiT 2x -s 

gamovricxavT: 
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1 11 1 12 2

11 1 12 21 1 22 2( )

x f x f x

f x f f x f x

 
  

  


                 (3.11-8) 

 

axla x2-is gamoricxvisTvis kvlav gamoviyenebT (3.11-6)-is pirvel gantolebas 

 

1 11 22 1 12 21 11 22 1( ) ( )x f f x f f f f x                  (3.11-9) 

 

davuSvaT, rom (3.11-9) gantolebis amonaxseni SeiZleba CavweroT Semdegi saxiT  

 

1( ) tx t Ce                         (3.11-10) 

 

sadac λ saZiebeli mudmivaa,  C ki iseTi droisgan damoukidebeli mudmivaa, romelic 

sawyisi pirobebis mixedviT ganisazRvreba. Tu λ dadebiTi (da moqmedi) sididea, maSin 

traeqtorias fiqsirebuli wertili ganizidavs anu, fiqsirebuli wertili 

arastabiluria. Tu λ uaryofiTi (da namdvili) sididea, maSin traeqtoria 

fiqsirebul wertils uaxlovdeba, anu, fiqsirebuli wertili stabiluria. 

momavalSi vnaxavT, rom λ kompleqsuri ricxvic SeiZleba iyos.  

 davubrundeT amoxsnis process. Tu (3.11-10) gantolebas (3.11-9)–Si CavsvamT, 

maSin miviRebT 

 

2
11 22 11 22 12 21( ) ( ) 0f f f f f f                  (3.11-11) 

 

romelsac λ –s maxasiaTebeli gantoleba ewodeba. misi mniSvneloba damokidebulia 

mxolod gaangariSebuli funqciebis drois mimarT warmoebulebze fiqsirebul 

wertilSi. (3.11-11) gantoleba λ–s mimarT kvadratuli gantolebaa da mas ori 

amonaxsni gaaCnia: 

2
11 22 11 22 11 22 12 21( ) 4( )

2

f f f f f f f f


    
           (3.11-12) 

 

cxadia, rom maxasiaTebeli mniSvnelobebi namdvili ricxvebi iqneba, Tu (3.11-12) 

gantolebis fesvis qveS myofi gamosaxuleba dadebiTia. uaryofiTi damoukidebeli 

cvladis SemTxvevaSi ki, maxasiaTebeli mniSvnelobebi kompleqsuri ricxvebi iqneba.   
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 (3.11-9) gantolebis amonaxsni yvelaze zogadi saxiT ase SeiZleba Caiweros 

 

( ) ( )
1( ) t tx t Ce De                        (3.11-13) 

 

sadac C da D mudmivebia, romelTa gamoTvla sawyis pirobebze (x1(t=0) da x2(t=0)) 

dayrdnobiT aris SesaZlebeli.  

zogadi gadawyvetilebebis miRebamde aRvniSnoT, rom mdgomareobebis sivrcisTvis 

koordinatebis SerCevisas, didi Tavisufleba gvaqvs miniWebuli. vinaidan 

Tavdapirvelad koordinatebad viyenebdiT  x1-sa da x2-s, Tumca aseve SegveZlo x1–isa 

da 1x -is gamoyeneba, vinaidan (3.11-6) gantolebidan Cans, rom Cven viciT x1–isa da 1x -

is mniSvneloba da Semdeg vgebulobT x2-is mniSvnelobas.. aseve SegveZlo x2 da 1x  an 

cvladebis sxva wyvilebis gamoyenebac. traeqtoriebis zogad geometriul saxeze 

mdgomareobaTa sivrcis koordinatebis SerCeva gavlenas ar axdens.  

 

 

amocana 3.11-1. aCveneT, rom f12=0 da f21=0 SemTxvevaSi (3.11-12) gantoleba daiyvaneba 

(3.10-4) -ze. 

 

amocana 3.11-2. gamoiyeneT (3.11-13) gantoleba da x1=0, x2=0 sawyisi pirobebis 

safuZvelze gamoTvaleT C da D mudmivebi. miniSneba: moaxdineT (3.11-13) gantolebis 

diferencireba da C-sa da D-Tvis meore pirobis misaRebad gamoiyeneT (3.11-9) 

gantoleba. es amocana Tanamedrove algebris Rrma codnas moiTxovs da saboloo 

Sedegebi ar gamoirCeva gansakuTrebiT martivi formiT.  

 

amocana 3.11-3. aCveneT, rom x2 akmayofilebs (3.11-9)-is saxis diferencialur 

gantolebebs. SeajameT miRebuli Sedegebi (3.11-6) gantolebiT warmodgenili sistemis 

dinamikis srulyofilad gansazRvrisTvis.  
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3.12 dinamika da kompleqsuri maxasiaTebeli mniSvnelobebi 

 

rogoria sistemis dinamika, rodesac maxasiaTebeli mniSvnelobebi ara namdvili, 

aramed kompleqsuri ricxvebia? es mdgomareoba maSin iqmneba, rodesac (3.11-12) 

gantolebis fesqveSa gamosaxuleba uaryofiTia. es SemTxveva aRwers iseT qmedebas, 

rodesac traeqtoriebi spiralis formas Rebulobs, rogorc 3.10 naxazze Cans, an 

fiqsirebuli wertilisaken miemarTeba, an Sordeba mas.  

Tu (3.11-12) gantolebis fesqveSa gamosaxuleba uaryofiTi sididea, maSin 

maxasiaTebeli mniSvnelobebi Semdegnairad SegviZlia gamovsaxoT: 

 

R i                             (3.12-1) 

 

sadac 

 

                           11 22

2
11 22 11 22 12 21

1

1
( )

2
1

( ) 4( )
2

i

R f f

f f f f f f

 



    

            (3.12-2) 

                      

 

kompleqsuri ricxvebis standartuli maTematikuri enis gamoyenebiT SegviZlia 

ganvacxadoT, rom R  am kompleqsuri ricxvebis `realuri nawilia~, xolo Ω ki 

`warmosaxviTi~. ori ricxvi λ- da λ+ maxasiaTebelTa kompleqsurad SeuRlebul 

wyvils qmnis. traeqtoriis formis garkvevis mizniT, es maxasiaTebeli mniSvnelobebi 

x1(t)-sTvis Caweril gantolebaSi unda CavsvaT: 
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nax. 3.10. spiraluri kvanZi (marcxniv) da spiraluri ganmzidveli (marjvniv) maSin 

gvaqvs, rodesac fiqsirebuli wertilisTvis maxasiaTebeli mniSvnelobebi 

kompleqsuri ricxvebia. 

 

( ) ( )
1( ) t t

Rt i t i t

x t Ce De

e Ce De

  

  

 

   
                     (3.12-3) 

 

ganvixiloT kerZo  SemTxveva, rodesac x1(0)=0 da C=-D. viyenebT eileris cnobil 

formulas 

  

cos sinie i                           (3.12-4) 

 

miviRebT: 

 

1( ) sin( )Rtx t Fe t                        (3.12-5) 

 

sadac  F x2(0)-ze damokidebuli mudmivaa. amis Sedegad vpoulobT, rom  x1 drois 

mixedviT ganicdis rxevebs Ω kuTxuri sixSiriT, rodesac rxevis amplituda 

eqsponencialurad matulobs an klebulobs (R>0 an R<0). x2–ic analogiurad 

icvleba. mdgomareobaTa sivrcis Sesabamisi qmedeba (gansxvavebul sawyis pirobebze 

dayrdnobiT) 3.10 naxazzea naCvenebi. ufro zogadi sawyisi pirobebis SemTxvevaSi 

mdgomareobaTa sivrcis qmedeba ar icvleba _ gvaqvs rxevebi eqsponencialurad mzardi 

an klebadi amplitudiT.  

 



 123

amocana 3.12-1. aCveneT, rom (3.12-5) gantolebaSi F mudmiva moicema Semdegi saxiT:       

12 2 (0) /F f x   

 

amocana 3.12-2. algebraSi sakmarisi gamocdilebis mqone mkiTxvelisTvis: x1(0)–isa da 

x2(0)–is meSveobiT miiReT (3.12-3) gantolebis mTavari amonaxsni da aCveneT, rom 

qmedeba wina paragrafis boloSi aRwerilis msgavsia. 

 

 

nax. 3.11. mdgomareobaTa sivrceSi X1 da X2 

cvladebis sawyisi pirobebis marTkuTxedi  

3.10 naxazis marcxena mxares mdebare 

fiqsirebuli wertilisTvis vambobT, rom 

traeqtoriebi spiralurad Caexveva fiqsirebuli 

wertilis mimarTulebiT da saxezea spiraluri kvanZi (zogjer fokusad wodebuli). 

3.10 naxazis marjvena mxares ki spiraluri ganmzidvelia (zogjer arastabilur 

fokusad wodebuli)  gamosaxuli. kerZo SemTxvevaSi, rodesac R=0, traeqtoria 

fiqsirebuli wertilis garSemo Caketil konturs qmnis, romelsac cikli ewodeba. 

Tu am ciklis midamoSi mdebare traeqtoriebi droTa ganmavlobaSi misken 

miiswrafvian, maSin am cikls zRvruli cikli ewodeba. ciklis stabilurobis Tu 

arastabilurobis gasarkvevad detaluri analizia saWiro, romelic 3.16 paragrafSia 

moyvanili.  

mniSvnelovania imis gaazreba, rom 3.10 naxazze naCveneb spiralur da ciklur 

qmedebebs SesaZlebelia adgili hqondeT mdgomareobaTa mxolod or (an met) 

ganzomilebian sivrceSi. araTanakveTadobis Teoremis ZaliT, isini erTganzomilebian 

sivrceSi Tavs ar iCenen (gaixseneT 3.8-2 amocana).  

 

3. 13 disipacia da divergenciis Teorema 

 

Cven ukve viciT, Tu rogor unda gamovikvlioT disipacia mdgomareobaTa 

organzomilebian sivrceSi. mraval ganzomilebaze gadasvla am mxriv sirTules ar 

qmnis. organzomilebian SemTxvevaSi viwyebT X1 da X2 cvladebis sawyisi pirobebis 
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krebuliT, romelic mocemulia (X1C, X2C) da (X1B, X2B) koordinatebis mier 

SemosazRvrul garkveul (mcire) areSi ( 3.11 naxazi).   

 

Semdeg gamovTvliT am aris cvlilebis siCqares:   

1 1 2 2( )( )C B C BA X X X X                     (3.13-1) 

 

1 1 2 1 2 2 1 2

1 1 2 2 1 2 2 2

( ){ ( , ) ( , )}

{ ( , ) ( , )}( )

C B B C B B

C B B B C B

dA
X X f X X f X X

dt
f X X f X X X X

  

  
           (3.13-2) 

 

sadac gamoyenebuli gvaqvs dinamikuri gantolebebi.  

1 1 1 2

2 2 1 2

( , )

( , )

X f X X

X f X X






                          (3.13-3) 

 

viyenebT teiloris mwkrivad warmodgenis meTods: 

1 2

1 1 2 1 1 2

1
1 1

1 ,

( , ) ( , )

( ) ...
B B

C B B B

C B

X X

f X X f X X

f
X X

X




  


            (3.13-4) 

 

msgavsi gamosaxuleba gveqneba  f2-sTvisac. rodesac teiloris mwkrivebs CavsvamT (3.13-

2) gantolebaSi,  A-ze gayofis Sedegad viRebT 

1 2

1 2

1 f fdA

A dt X X

 
 
 

                       (3.13-5) 

 

Sedegad, kidev erTxel vrwmundebiT, rom sawyisi pirobebis Semcveli aris fardobiTi 

zrda an Semcireba dinamikuri funqciebis kerZo warmoebulebiT ganisazRvreba. Tu 

(3.13-5) gantolebis marjvena mxare uaryofiTi niSnisaa, maSin sawyisi fazuri 

sivrcis are nulamde mcirdeba. am SemTxvevaSi vambobT, rom sistema disipaciuria. 

yoveli traeqtoria qreba im mimzidvelis mimarTulebiT, romlis geometriuli 

ganzomileba mdgomareobaTa sawyis sivrcisaze naklebia. mdgomareobaTa 

organzomilebiani sivrcisTvis mimzidveli SeiZleba iyos wertili (kvanZi) an mrudi 

(zRvruli cikli). cxadia, rom  mdgomareobaTa N-ganzomilebian sivrceSi aRebuli V 

moculobisaTvis sawyisi pirobebi mdgomareobaTa sivrceSi moicema Semdegi saxiT:  
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1

1
( )

N
i

i i

fdV
div f

V dt x


 

                       (3.13-6) 

 

romlis marjvena mxareSi mocemuli igiveoba gansazRvravs fi funqciaTa simravlis 

Sesabamis divergencias. Tu div(f) < 0, maSin mdgomareobaTa sivrcisTvis sawyisi 

pirobebis Semcveli moculobis Tavdapirveli zomebi im geometriul areSi qreba, 

romlis ganzomilebac mdgomareobaTa sawyis sivrcisaze naklebia da am sivrces erTi 

mimzidveli mainc gaaCnia.  

amocana 3.13-1. gansazRvreT pirvel TavSi warmodgenili lorencis modelis 

gantolebebisTvis div(f), rodesac parametris mniSvnelobebia r=0.5, p=10 da b=8/3. 

aris Tu ara lorencis sistema disipaciuri mdgomareobaTa sivrceSi? 

 

 

3.14 maxasiaTebeli mniSvnelobebis iakobiani 

 

amjerad fiqsirebuli wertilisaTvis maxasiaTebeli gantolebis miRebis ufro 

moxerxebul da zogad meTods warmogidgenT, romelic droze damokidebuli 

funqciebis iakobianis gamoyenebas emyareba. Tu davakvirdebiT procesis mimdinareobas, 

ufro gagviadvildeba am meTodis SeTviseba da nebismieri ganzomilebis mqone 

mdgomareobaTa sivrceSi fiqsirebuli wertilebis maxasiaTebel mniSvnelobebs 

gamovTvliT. sistemis Sesabamisi iakobiani warmoadgens warmoebulebis Semdeg 

kvadratul matricas: 

11 12

21 22

f f
J

f f

 
  
 

                           (3.14-1) 

 

sadac warmoebulebi mocemulia fiqsirebuli wertilisaTvis. gamovricxoT λ 

TiToeuli diagonaluri elementidan da gavutoloT matricis Sesabamisi 

determinanti nuls: 

11 12

21 22

0
f f

f f








                      (3.14-2) 
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determinantis gaSlili saxiT warmodgenis Sedegad miviRebT (3.11-11) maxasiaTebel 

gantolebas. iakobianis meTodi Zalzed advilad vrceldeba d- ganzomilebaze, Tu  fn 

dinamikuri funqciebis warmoebulebs dd rigis matricas SevadgenT. Sesabamisi 

determinantidan gamogvyavs d-rigis gantoleba maxasiaTebeli mniSvnelobebisaTvis.  

 vidre mocemuli fiqsirebuli wertilis maxasiaTebeli mniSvnelobebis Sesaxeb 

umniSvnelovanes mtkicebulebebs warmovadgenT,  SevexoT wrfivi algebris zogierT 

cnebas. (3.14-1) iakobianis matricis kvali warmoadgens mTavari diagonalis elementTa 

jams. (3.14-1) gantolebisTvis gveqneba 

 11 22TrJ f f                              (3.14-3) 

 

Tu (3.11-12) gantolebaSi mocemul maxasiaTebel mniSvnelobebs davakvirdebiT, 

SevamCnevT, rom diagonaluri elementebis jami tolia maxasiaTebel mniSvnelobaTa 

jamisa.  

11 22f f TrJ                          (3.14-4) 

 

magram (3.13-5) gantolebidan gamomdinare, es gaxlavT warmoebulebis kombinacia, 

romlis saSualebiT vamowmebT, sistemis Sesabamisi traeqtoriebi mimzidvelis 

mimarTulebiT qreba Tu ara. wina paragrafidan gamomdinare, Trj=2R. amgvarad 

fiqsirebuli wertilis kvanZia Tu ganmzidveli, amas TrJ –sididis niSani 

gansazRvravs. 

 wrfivi algebra aseve gvaswavlis, Tu rogor unda vipivoT maxasiaTebeli 

mniSvnelobTan dakavSirebuli mimarTulebebi. “unagiris” wertilisTvis es iqneba Sida 

da gare simravleebis mimarTulebebi am wertilis midamoSi. mTavari is gaxlavT, rom 

koordinatTa sistemis SecvliT (axali koordinatebi sawyisi koordinatebis wrfivi 

kombinaciaa) iakobians e.w. diagonalur saxeze daviyvanT, romelSic mxolod mTavari 

diagonalis elementebi iqneba aranulovani. am SemTxvevaSi matricas gaaCnia Semdegi 

forma (mdgomareobaTa organzomilebiani sivrcisaTvis): 
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cxrili 3.3 

fiqsirebuli wertilebi mdgomareobaTa organzomilebiani sivrcisaTvis 

                             Trj < 0                  Trj > 0 

     Δ > (1/4)( Trj)2        spiraluri kvanZi     spiraluri ganmzidveli 

   0 < Δ <(1/4)( Trj)2                   kvanZi                   gamzidveli 

    Δ < 0             `unagiris~ wertili        `unagiris~ wertili             

 

1

2

0

0




 
 
 

                                (3.14-5) 

 

wrfiv algebraSi am proceduras `matricis sakuTrivi maxasiaTebeli 

mniSvnelobebisa da sakuTrivi maxasiaTebeli veqtorebis moZebna~ ewodeba. Cveni 

miznebidan gamomdinare, sakuTrivi maxasiaTebeli mniSvnelobebi fiqsirebuli 

wertilis maxasiaTebeli mniSvnelobebia, xolo sakuTrivi maxasiaTebeli veqtorebi ki 

Sesabamisad maxasiaTebel mimarTulebas gvaZlevs. sakuTrivi maxasiaTebeli veqtorebi 

Cveni miznebisaTvis umeteswilad ar gvWirdeba. 

 amjerad Semogvaqvs kidev erTi simbolo: 

 

11 22 21 12f f f f                            (3.14-6) 

 

Δ –s ewodeba matricis determinanti. fiqsirebuli wertilis buneba ganisazRvreba 

TrJ–iTa da Δ–iT, rogorc 3.3 cxrilSia mocemuli.  

amocana 3.14-1. gamoiyeneT gantoleba (3.14-3), (3.14-6) da (3.11-12) da SeamowmeT 3.3 

cxrilis monacemebi. 

 

fiqsirebuli wertilis analizis reziume mdgomareobaTa organzomilebiani 

sivrcisaTvis  

1. CawereT dinamikuri gantolebebi (3.10-1) gantolebis pirveli rigis drois 

mimarT warmoebulis meSveobiT 

1 1 1 2

2 2 1 2

( , )

( , )

X f X X

X f X X






                         (3.10-1) 
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2. gansazRvreT sistemis evoluciis fiqsirebuli wertilebi im wertilebis 

meSveobiT, romlebic akmayofileben Semdeg pirobas 

 

1 1 2

2 1 2

( , ) 0

( , ) 0

f X X

f X X




 

 

3. iakobianis Sesadgenad fiqsirebul wertilebSi gamoTvaleT droze 

damokidebuli funqciebis kerZo warmoebulebi; 

 

11 12

21 22

f f
J

f f

 
  
 

                         (3.14-1) 

 

4. fiqsirebul wertilSi gansazRvreT iakobianis kvali da determinanti. 

isargebleT 3.3 cxriliT da daadgineT fiqsirebuli wertilis tipi.   

5. gamoiyeneT (3.11-12) gantoleba, ipoveT maxasiaTebeli mniSvnelobebis ricxviTi 

sidideebi da daadgineT mdgomareobaTa sivrcis traeqtoriebis qceva 

fiqsirebul wertilTan.   

 

 

magaliTi: briuselatoris modeli 

 

Cveni meTodikis sailustraciod (3.11-1) gantolebaSi mocemul briuselatoris 

models davubrundeT. gantolebebis mocemuli simravlisTvis iakobians eqneba Semdegi 

saxe: 

2

2

( 1)B A
J

B A

 
    

                          (3.14-7) 

 

zemoT aRwerili iakobianis determinantis meSveobiT vpoulobT maxasiaTebel 

mniSvnelobebs  
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2

2 2 2

1
( 1)

2
1

( ( 1)) 4
2

B A

A B A

     

   
                   (3.14-8) 

 

am modelisaTvis  A=1, xolo B ki makontrolebeli parametria. modiT, am tradicias 

nu davarRvevT. rodesac B<2, orive maxasiaTebel mniSvnelobas uaryofiTi niSnis 

mqone namdvili nawilebi gaaCnia da fiqsirebuli wertili spiraluri kvanZia. 

Sedegad vRebulobT, rom qimiuri koncentraciebi droTa ganmavlobaSi X0=A=1, Y0= B 

fiqsirebuli wertilisaken miiswrafvis. isini am dros irxevian Ω=|B(B-4)|1/2 

sixSiriT. rodesac 2<B<4, fiqsirebuli wertili spiralur ganmzidvelad gadaiqceva. 

Cveni analizi ver gveubneba, Tu ra emarTeba traeqtoriebs, rodesac isini 

fiqsirebuli wertilis mimarT ganSladi spiralis formas iReben. momdevno 

paragrafSi vnaxavT, rom pirvel paragrafSi 1.1 naxazze moyvanili SemTxvevis 

analogiurad isini zRvruli ciklisken miiswrafvian.  

 

amocana 3.14-2. daaxasiaTeT briuselatoris modelis Sesabamisi fiqsirebuli 

wertili, rodesac B >4. 

 

3.15 zRvruli ciklebi 

or an metganzomilebian mdgomareobaTa sivrceebSi SesaZlebelia adgili hqondes 

ciklur anu periodul qmedebas. qmedebis es umniSvnelovanesi tipi mdgomareobaTa 

sivrceSi warmodgenilia Caketili maryuJisebri traeqtoriebis meSveobiT. aseT 

konturze qmedebis amsaxveli wertili gamudmebiT asrulebs periodul moZraobebs. 

Tu cikli izolirebulia anu axlomdebare traeqtoriebi mas uaxlovdebian an 

Sordebian, maSin maryuJs zRvruli cikli ewodeba. wina paragrafSi moyvanili 

msjelobis Tanaxmad, mdgomareobaTa sivrceSi zRvruli ciklis dinamika mdgomareobs 

sistemis rxevebSi anu ganmeorebad moZraobebSi. rxeviT qmedebebs udidesi mniSvneloba 

aqvT bevr praqtikul sakiTxSi, radiomauwyeblobiT dawyebuli, novatoruli ideebiT 

damTavrebuli.  

 qvemoT moyvanili analizi pasuxobs or kiTxvas: (1) rodis aqvT adgili 

zRvrul ciklebs? da (2) rodisaa zRvruli ciklebi stabiluri da arastabiluri? 
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pirvel kiTxvaze pasuxobs puankare-bendiqsonis Teorema mdgomareobaTa      

organzomilebiani sivrcisTvis: 

1. davuSvaT, drois didi intervalis ganmavlobaSi wertilis moZraoba 

SemosazRvrulia sasruli zomis mqone romelime ariT mdgomareobaTa 

organzomilebian sivrceSi anu sistema ar miiswrafvis usasrulobisaken. 

2. davuSvaT, es are (aRvniSnoT R-iT) iseTia, rom R-is SigniT dawyebuli 

nebismieri traeqtoria samudamod R-is SigniT darCeba. [R-s am sistemis 

`mudmivi simravle~ ewodeba.]  

3. ganvixiloT R-Si dawyebuli romelime konkretuli traeqtoria. puankare-

bendiqsonis Teoremis Tanaxmad, arsebobs  mxolod ori SesaZlo varianti am 

traeqtoriisaTvis: 

a. traeqtoria miiswrafvis sistemis fiqsirebul wertilisaken, rodesac t∞. 

b. traeqtoria miiswrafvis zRvruli ciklisaken, rodesac t∞. 

puankare-bendiqsonis Teoremis damtkiceba mocemuli kursis farglebs scildeba. 

dainteresebul mkiTxvels vurCevT gaecnos [Hirsch and Smale, 1974]. miRebuli 

Sedegebi sruliad samarTliani aRmoCndeba, Tu araTanakveTadobis Teoremas da 

mdgomareobaTa sivrceSi, sadac traeqtoriebi mdebareobs, zRvruli regionis 

arsebobis daSvebas gaviTvaliswinebT. mkiTxvels vurCevT, rom grafikulad aagos 

mdgomareobaTa organzomilebian sivrceSi mdebare zogierTi traeqtoria, raTa 

darwmundes, rom zemoTmoyvanili ori principis ZaliT arsebobs mxolod ori 

SesaZlebloba _ fiqsirebul wertilebi da zRvruli ciklebi.  

unda aRiniSnos, rom puankare-bendiqsonis Teorema mxolod ori ganzomilebis 

SemTxvevaSia samarTliani, radgan Caketili konturi sivrces mxolod am SemTxvevaSi 

hyofs mrudis `Sida~ da `gare~ areebad. amgvarad, zRvruli ciklis farglebSi 

dawyebuli traeqtoria gareT verasodes gava da garedan dawyebuli traeqtoriac 

zRvruli ciklis SigniT verasodes SeaRwevs. es SemTxveva TvalsaCino magaliTia imis 

saCveneblad, Tu ramdenad mniSvnelovania topologiuri argumentebi dinamikuri 

sistemebis Seswavlisas. puankare-bendiqsonis Teoremidan mniSvnelovan Sedegs 

vRebulobT: SemosazRvruli sistemisaTvis ar gveqneba qaosuri traeqtoriebi 

mdgomareobaTa organzomilebian sivrceSi. diferencialuri gantolebebiT aRwerili 

sistemebisTvis mdgomareobaTa sivrcis sul cota sami ganzomileba mainc 

gvesaWiroeba, raTa adgili hqondes qaoss.  
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 bruselatoris modeli gviCvenebs tipiur SemTxvevas, rodesac viTardeba  

zRvruli cikli. invariantuli R are moicavs ganmzidvel fiqsirebul wertils. am 

wertilis midamoSi dawyebuli traeqtoriebi ganizidebian  da (Tu R–Si mimzidveli 

kvanZi ar arsebobs) gezs zRvruli ciklis mimarTulebiT iReben (mtkicdeba, rom es 

ukanaskneli moicavs gamzidvel wertils).  

unda aRiniSnos, rom Tu sistemis aRmweri diferencialuri gantoleba 

zemoTmoyvanil SemTxvevasTan SedarebiT rTulia, maSin zRvrulma ciklebma da 

qaosurma qmedebam SesaZloa erTganzomilebiani sistemis SemTxvevaSic ki iCinos Tavi. 

magaliTad, ganvixiloT e.w.  diferencialuri gantoleba droSi wancvlebuli 

argumentiT:  

( )
( ) ( )

du t
f t g t T

dt
                         (3.15-1) 

 

miaqcieT yuradReba, rom am gantolebis marjvena mxareSi myofi meore Sesakrebi 

drois warsuli t-T momentisaTvis gansazRvrul g funqciazea damokidebuli. Tu 3.3 

paragrafSi mocemuli meTodis gamoyenebas da 3.15-1 gantolebis pirveli rigis 

avtonomiuri diferencialur gantolebebis simravlemde dayvanas SevecdebiT, vnaxavT, 

rom gvesaWiroeba maTi usasrulo raodenoba! mdgomareobaTa sivrcis TvalsazrisiT, 

(3.15-1) gantolebis mier aRwerili sistema, ra Tqma unda, ar aris 

erTganzomilebiani. aseTi sistemisaTvis zRvruli ciklisa da qaosuri qmedebis 

arseboba sulac ar niSnavs araTanakveTadobis an puankare-bendiqsonis Teoremebis 

darRvevas.  

 dabolos SevniSnoT, rom topologiaSi zogierTi mundamenturi Teorema 

erTmaneTTan akavSirebs kvanZebisa da `unagiris~  wertilTa raodenobebs ( rogorc 

mdgomareobaTa sivrcis ganzomilebis funqcias) da topologias (magaliTad, gaaCnia 

Tu ara mdgomareobaTa sivrces `xvrelebi~). mdgomareobaTa organzomilebiani 

sivrceebisTvis mniSvnelovania puankares indeqsis Teorema [ixileT Kaplan and Glass, 

1995]. zemoTmoyvanili kvlevis ufro meti ganzomilebis mqone sivrceebze 

ganvrcobisaTvis ixileT GLA75.  
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3.16 puankares kveTebi da zRvruli ciklebis stabiluroba 

 

ori (an meti) ganzomilebis mqone mdgomareobaTa sivrceSi, SesaZloa 

gamovlindes qmedebis axali tipi, kerZod moZraoba zRvruli ciklis gaswvriv. 

ibadeba kiTxva: aris, Tu ara aseTi moZraoba stabiluri? anu Tu sistemas odnav 

vubiZgebT zRvruli ciklidan, daubrundeba igi am cikls (asimptotikurad mainc) Tu 

saerTod daSordeba mas? rogorc qvemoT davrwmundebiT, realur sistemebSi orive 

SemTxveva SeiZleba moxdes.  

 erTi SexedviT, amjeradac igive kvleva unda CavataroT, rogorc es gavakeTeT 

kvanZebisa da ganmzidveli wertilebis SemTxvevaSi. magram puankarem aCvena, rom 

sakmarisia gamoviyenoT algebruli da konceptualuri TvalsazrisiT gacilebiT 

martivi meTodi. es meTodi zRvruli ciklis e.w. puankares kveTas eyrdnoba. 

puankares kveTa dakavSirebulia pirvel TavSi diodis wredis qmedebisaTvis 

gamoyenebul stroboskopul gamosaxulebebTan. 

 mdgomareobaTa organzomilebiani sivrcisTvis puankares monakveTi aseTia: am 

sivrceSi vavlebT monakveTs, romelic kveTs zRvrul cikls, rogorc es 3.12(a) 

naxazzea naCvenebi. mocemuli monakveTis saxiT SegviZlia gamoviyenoT X1 da X2 

RerZebic. zRvruli ciklisa da monakveTis gadakveTis wertili avRniSnoT P 

simboloTi.  
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nax. 3.12 (a) puankares monakveTi zRvrul cikls kveTs  P wertilSi. (b) puankares 

kveTis wertilebis oTxi SesaZlo SemTxveva, rodesac traeqtoriebi mdebareoben 

zRvruli ciklis siaxloves.      

 

 Tu mdgomareobaTa sivrceSi traeqtorias zRvruli ciklis siaxloves (magram 

ara zRvrul ciklze) mdebare wertilidan daviwyebT, maSin traeqtoria puankares 

monakveTs P-sagan gansxvavebul wertilSi gadakveTs. pirveli gadakveTis wertili P1-

iT aRvniSnoT. momavalSi traeqtoria puankares monakveTs kvlav P2, P3 da a.S. 

wertilebSi gadakveTs. Tu droTa ganmavlobaSi zRvruli ciklis siaxloves 

ganlagebuli nebismieri sawyisi wertilisTvis wertilebis mimdevroba P-ken 

miiswrafvis, maSin vityviT, rom adgili aqvs mimzidveli zRvruli ciklis anu 

stabiluri zRvruli ciklis SemTxvevas, e.i. zRvruli cikli sistemisTvis 

atraqtoria. Tu gadakveTis wertilebis mimdevroba (zRvruli ciklis midamoSi 

dawyebuli nebismieri traeqtoriisTvis) Sordeba P-s, maSin saqme gvaqvs ganmzidveli 

zRvruli ciklis anu arastabiluri zRvruli ciklis  SemTxvevasTan. arsebobs kidev 

erTi varianti, rodesac wertilebi erTi mxridan miizideba, xolo meoridan ki 

ganizideba. am SemTxvevaSi vityviT, rom adgili aqvs `unagirisebr~ cikls (`unagiris~ 

wertilis analogiurad). ganxiluli SemTxvevebi grafikulad naCvenebia 3.12 (b) 

naxazze.  

 rogor aRvweroT es maxasiaTeblebi raodenobrivad? amisTvis Cven viyenebT e.w. 

puankares asaxvis funqcias (an mokled, puankares asaxvas). mocemuli P1 wertilis 

mixedviT (sadac traeqtoria puankares monakveTs gadakveTs) da sistemis aRmweri 

gantolebebis integrebis meSveobiT gadakveTis Semdgomi P2 wertilis gansazRvra 

SegviZlia. amgvarad, unda arsebobdes P1–is P2–Tan damakavSirebeli raime saxis F 

maTematikuri funqcia P2=F(P1). (ra Tqma unda, F funqciis povna gantolebebis 

sawyisi simravlis amoxsnis eqvivalenturia, rac praqtikaSi SeiZleba rTuli, an 

sulac SeuZlebeli iyos.) sazogadod, SegviZlia davweroT 

 

1 ( )n nP F P                            (3.16-1)  

 

F funqcia aramarto sistemis aRmwer sawyis gantolebebzea damokidebuli, aramed 

puankares monakveTis SerCevazec.   
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amocana 3.16-1. martivi harmoniuli rxevis SemTxvevaSi, mdgomareobebis sivrceSi 

mdebareobis  amsaxveli  x(t) koordinati da oscilatoris υ(t) siCqare moicema 

Semdegnairad: 

( ) cos( )

( ) sin( )
o

o

x t t

t x t

 
  


 

 

Tu sawyisi pirobebia x(t=0)=x0  da  υ(t=0)=0. puankares monakveTisTvis SevarCioT 

dadebiTi x RerZi da vipovoT Sesabamisi puankares asaxvis funqcia. Semdeg 

gavimeoroT igive procedura puankares monakveTisTvis dadebiT x RerZis mimarT θ 

kuTxiT.  

 

zRvruli ciklis analizisaTvis, SeviswavloT F funqciisa da misi warmoebulebis 

Tvisebebi. unda aRiniSnos ori mniSvnelovani sakiTxi: 

 

1. puankares monakveTs sawyisi organzomilebiani problema erT 

ganzomilebianobamde dahyavs. 

2. puankares asaxvis funqcia amyarebs ufro metad iteraciul (drois sasruli 

bijiT), vidre diferencialur (usasrulod mcire biji) kavSirs. 

 

bolo SeniSvna arsebiTia, radganac Pn–is meSveobiT F funqcia gvaZlevs Pn+1-s. 

am wertilebs Soris arsebuli drois intervali miaxloebiT warmoadgens zRvruli 

ciklis erTxel SemowerisTvis saWiro dros. meores mxriv, erTganzomilebiani 

diferencialuri gantoleba x = f(x) gviCvenebs, Tu rogor icvleba x drois 

usasrulod mcire SualedSi. F funqcias zogjer iteraciuli asaxvis funqcias 

uwodeben (an mokled iteraciuli asaxva). (arawrfiv dinamikaSi iteraciuli asaxvebi 

mniSvnelovania, amitom me-5 Tavs maTi Tvisebebis Seswavlas davuTmobT.)  

P wertili zRvrul ciklSi akmayofilebs pirobas P=F(P). nebismier P* 

wertils, romelic daakmayofilebs  P*=F(P*) pirobas, asaxvis funqciis 

fiqsirebuli wertili ewodeba. Tu traeqtoria puankares monakveTs zustad P* 

wertilSi kveTs, igi P*-s yovel ciklis Semdeg daubrundeba. iseve rogorc 

diferencialuri gantolebebisa da fiqsirebuli wertilebis SemTxvevaSi,  SegviZlia 

davsvaT kiTxva, Tu ra mosdis P*-sTan axlos mdebare P1-s anu rogor icvleba 
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manZili P1–sa da P*–s Soris sistemis evoluciasTan erTad. formalurad vixilavT 

Semdeg damokidebulebas: 

 

* *
2 1( ) ( )P P F P F P                          (3.16-2) 

 

da P* wertilis midamoSi viyenebT teiloris mwkrivad warmodgenis meTods. gveqneba: 

 

*

* * * *
2 1( ) ( ) ... ( )

P

dF
P P F P P P F P

dP
                  (3.16-3) 

 

 

Tu Cven gamoviyenebT aRniSvnas di=(Pi – P*), vnaxavT, rom 

 

 

*
2 1

P

dF
d d

dP
                           (3.16-4) 

 

axla ganvsazRvroT M maxasiaTebeli koeficienti puankares asaxvisTvis  

*P

dF
M

dP
                             (3.16-5) 

M -s flogues koeficienti an liapunovis koeficienti ewodeba.  

 

2 1d Md                              (3.16-6) 

zogadi SemTxvevisaTvis miviRebT: 

 

 1 1
n

nd M d                             (3.16-7) 

 

Tu M<1, maSin d2 < d1, d3 < d2 da a.S.: gadakveTis wertilebi P fiqsirebul 

wertils uaxlovdeba. am SemTxvevaSi gvaqvs mimzidveli zRvruli cikli. Tu M>1, 

maSin iteraciaTa rigis zrdasTan erTad manZilebic izrdeba da zRvruli cikli ukve 

ganmzidvelia. `unagirisebri~ ciklebisTvis M = 1, magram asaxvis funqciis 

warmoebuli ciklis erT mxares 1-s aRemateba, xolo meore mxares ki 1-ze naklebia. 
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mdgomareobaTa erTganzomilebiani sivrceebis Sesabamisi `uangiris~ wertilebis 

analogiidan mosalodnelia, rom mdgomareobaTa organzomilebiani sivrceebis 

`unagirisebri~ ciklebi iSviaTobaa. 3.4 cxrilSi Tavmoyrilia yvela SesaZlo 

SemTxveva. 

 

amocana 3.16-2. mdgomareobaTa organzomilebiani sivrceebisTvis M ver iqneba 

uaryofiTi. aCveneT, rom es aris SemTxveva, rodesac unda veridoT araTanakveTadobis 

Teoremis darRvevas. miniSneba: Tu M uaryofiTia, maSin kveTis wertilebi unda 

gvxvdebodes  P*-s xan erT, xan meore mxares iteraciaTa yoveli momdevno 

rigisaTvis.  

 

 

ganvsazRvroT ciklTan dakavSirebuli maxasiaTebeli eqsponenta Semdegi gantolebis 

meSveobiT:  

M e                             (3.16-8) 

anu 

( )In M                             (3.16-9) 

 

 

cxrili 3.4 

SesaZlo zRvruli ciklebi da maTi maxasiaTebeli koeficientebi mdgomareobaTa 

organzomilebiani sivrcisTvis. 

     maxasiaTebeli koeficienti                mimzidveli cikli                       

           M < 1                                                         ganmzidveli cikli                   

                      M > 1M                                                     `unagirisebri~  cikli 

            M = 1                       (iSviaTad gvxdeba or ganzomilebaSi) 

                                       

maxasiaTebeli eqsponenti asrulebs liapunovis eqsponentis rols, magram 

drois erTeuli isea SerCeuli, rom igi warmoadgens puankares erTi kveTidan 

meoreSi gadasvlisaTvis saWiro intervals.  

 amrigad, puankares kveTis meTodi zRvruli ciklebis SesaZlo nimuSebis 

daxasiaTebisa da am ciklebSi momxdari cvlilebebis tipebis gaazrebis saSualebas 
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gvaZlevs. Tumca umetes SemTxvevaSi Cven ver vaxerxebT asaxvis F funqciis calsaxad 

povnas. amitom imis prognozi, Tu ra tipisaa mocemuli sistemis Sesabamisi zRvruli 

cikli, sakmaod rTulia.  

 danarT I-Si ganxilulia zemoTmoyvanili cnebebi  e.w. van der polis 

oscilatoris tipis sistemisaTvis. J danarTSi moyvanilia lazeruli dinamikis 

zogierTi martivi modelia, romelTaTvisac am cnebebis gamoyeneba mniSvnelovan 

Sedegebs iZleva.  

 

3.17 bifurkaciaTa Teoria 

 

fiqsirebul wertilTan dakavSirebuli maxasiaTebeli mniSvnelobebi 

damokidebulia am sistemis aRwerisaTvis gamoyenebul sxvadasxva parametrze. 

parametrebis cvlilebasTan erTad, magaliTad, rodesac wredSi Zabvas an reaqtorSi 

qimiuri nivTierebebis koncentraciebs varegulirebT, maxasiaTebeli mniSvnelobebis 

buneba da aqedan gamomdinare, fiqsirebuli wertilis maxasiaTebelic SeiZleba 

Seicvalos. kerZod, kvanZi SeiZleba ganmzidvel an `unagiris~ wertilad iqces. 

parametrebis cvlilebebiT gamowveuli fiqsirebuli wertilebis maxasiaTeblebis 

cvlilebebis (da mdgomareobaTa  sivrcis mimzidvelebis sxva tipebis) Sesaxeb 

moZRvrebas bifurkaciaTa Teoria ewodeba. (gaixseneT, rom cneba bifurkacia sistemis 

nebismieri mkveTri cvlilebis aRwerisTvis gamoiyeneba. rodesac parametris 

mniSvnelobebis cvlilebasTan erTad fiqsirebuli wertilis maxasiaTebelic icvleba, 

am wertilis midamoSi myofi traeqtoriebis qmedebac Seicvleba. amitom cneba 

“bifurkacia” am SemTxvevaSi savsebiT misaRebia). sxvadasxva SesaZlo tipis 

bifurkaciaTa gamovlena da Seswavla arawrfivi dinamikis mniSvnelovani aspeqtia. 

miuxedavad amisa, bifurkaciaTa Tanamedrove Teorias gaaCnia SezRuduli 

SesaZleblobebi bifurkaciis SesaZlo tipis prognozisa da sistemisTvis parametris 

im mniSvnelobebis dadgenis TvalsazrisiT, romlisTvisac bifurkacis aqvs adgili. am 

sakiTxebze msjeloba maTi gaazrebisken gadadgmuli nabijia. mocemul paragrafSi 

warmogidgenT mdgomareobaTa erT da organzomilebian sivrceebTan dakavSirebiT 

gamoyenebul bifurkaciaTa Teoriis mokle Sesavals. amasTan, Cven mxolod im 

bifurkaciebs SevexebiT, romlebic Tavs iCenen sistemis mxolod erTi 

makontrolebeli parametris cvlilebis SemTxvevaSi. bifurkaciebi ufro 

dawvrilebiT B danarTSia ganxiluli. unda aRiniSnos, rom bifurkaciaTa 
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elementaruli Teoria Seexeba mxolod romelime konkretuli atraqtoris 

stabilurobis cvlilebas (anu, rogorc me-4 TavSi vnaxavT, mizidulobis konkretul 

ares).  

 

 

nax3.13. maxasiaTebeli mniSvneloba, rogorc 

makontrolebeli parametris funqciia. δ<0-sTvis 

fiqsirebuli wertili kvanZia, δ>0-sTvis ki - 

ganmzidveli. rodesac δ=0, adgili aqvs 

bifurkacias. 

 

 

vinaidan mdgomareobebis sivrcis sxvadasxva nawilSi sistemas sazogadod 

fiqsirebuli parametris mniSvnelobebis SemTxvevaSi sxvadasxva atraqtorebi SeiZleba 

aRmoaCndes, amitom xSirad saWiro xdeba sruli dinamikuri sistemis (anu misi 

`globaluri~ Tvisebebis) ganxilva traeqtoriebis qmedebis dasadgenad, rodesac saqme 

gvaqvs bifurkaciasTan.  

 makontrolebeli parametris cvlilebiT gamowveul movlenebze dasakvirveblad 

diagramis or tips gamoviyenebT. pirveli maTgani, romelic adre ukve vixileT, 

bifurkaciuli diagramaa, sadac fiqsirebuli wertilis (an wertilebis) mdebareoba 

warmoadgens makontrolebeli parametris funqcias. diagramis meore tipis 

SemTxvevaSi, fiqsirebuli wertilis maxasiaTebel mniSvnelobebs wamovadgenT, rogorc 

makontrolebeli parametris funqcias.  

 saTanado analizis ilustraciis mizniT, Tavdapirvelad mdgomareobebis 

erTganzomilebian sivrces ganvixilavT. mdgomareobaTa erTganzomilebian sivrceSi 

fiqsirebul wertils erTi maxasiaTebeli λ mniSvneloba gaaCnia. analizisaTvis 

umniSvnelovanesia daSveba, rom λ uwyvetad icvleba romelime parametris, magaliTad, 

μ-s cvlilebasTan erTad. magaliTad, Tu μ –s raime mniSvnelobisaTvis λ(μ) < 0, 

maSin fiqsirebuli wertili kvanZia. μ –s cvlilebasTan erTad λ SeiZleba gaizardos 

(naklebad uaryofiTi gaxdes), gaiaros nulovani wertili da Semdeg dadebiTi gaxdes. 

rodesac λ > 0, maSin kvanZi ganmzidvelad gadaiqceva. 

ganvxiloT konkretuli SemTxveva:  
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( 1)( )x x a                               (3.17-1) 

 

fiqsirebuli wertili am SemTxvevaSi aris x=+a, xolo maxasiaTebeli 

mniSvnelobaa  μ-1. amgvarad, μ<1-Tvis fiqsirebuli wertili kvanZia, xolo μ>1-sTvis 

- ganmzidveli. μ=1-sTvis vambobT, rom adgili aqvs bifurkacias da kvanZi (stabiluri 

fiqsirebuli wertili) gadadis ganmzidvelSi (arastabiluri fiqsirebuli wertili).  

  

 

amocana 3.17-1. μ=1 SemTxvevaSi fiqsirebuli wertilis romel tipTan  gvaqvs saqme?  

 

 

 arawrfiv dinamikasTan dakavSirebul literaturaSi makontrolebel parametrs 

da damoukidebel cvlads, rogorc wesi, winaswar sazRvraven imgvarad rom, 

bifurkacias adgili maSin aqvs, rodesac parametri da zogierT SemTxvevaSi 

damoukidebeli cvladi 0-is tolia. amgvarad, wina magaliTisaTvis vadgenT axal δ=μ-

1 parametrs da axal y=x-a cvlads. dinamikuri gantoleba miiRebs Semdeg saxes:  

 

 

 

 

nax. 3.14. diagrama kvanZi _ ganmzidvelis (`unagiris~ wertili _ kvanZi) 

bifurkaciisaTvis. uwyveti mrudi Seesabameba kvanZs, wyvetili wrfe ki _ 

ganmzidvels. SeniSneT, rom μ < 0-sTvis fiqsirebuli wertili saerTod ar arsebobs.  

 

y y                              (3.17-2) 
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Semdeg vagebT mruds, sadac maxasiaTebeli mniSvneloba warmodgenilia rogorc  

parametris funqcia (naxazi 3.13).  

 wina magaliTi, garkveulwilad xelovnuria. μ=1 bifurkaciuli 

mniSvnelobisaTvis, x-is yoveli mniSvneloba fiqsirebuli wertilia. ganvixiloT 

gansxvavebuli erTganzomilebiani modeli: 

2x x                            (3.17-3) 

 

μ-s dadebiTi mniSvnelobebisTvis arsebobs ori fiqsirebuli wertili. erTi 

maSin gvaqvs rodesac x , meore ki rodesac x . μ-s uaryofiTi 

mniSvnelobebisTvis fiqsirebuli wertilebi ar arsebobs (ra Tqma unda, igulisxmeba, 

rom x namdvili ricxvia). Tu ori fiqsirebuli wertilisTvis (μ > 0 pirobebSi) 

maxasiaTebeli mniSvnelobebis gamosaTvlelad gamoviyenebT (3.6-3) gantolebas 

(romelic fiqsirebuli wertilisTvis Sesabamis maxasiaTebel mniSvnelobas 

gansazRvravs), vnaxavT, rom x  SemTxvevaSi fiqsirebuli wertili 

ganmzidvelia, xolo x  SemTxvevaSi ki  _ kvanZi.  

 Tu daviwyebT μ < 0 mniSvnelobiT da parametrs gavzrdiT, davinaxavT, rom μ = 

0-ze adgili eqneba bifurkacias. parametris am mniSvnelobisaTvis saqme gvaqvs 

“unagiris” wertilTan, romelic μ-s dadebiT mniSvnelobebSi gadasvlasTan erTad 

kvanZ-ganmzidvelis wyvilad gardaiqmneba. amitom vityviT, rom μ = 0-ze gvaqvs kvanZi-

ganmzidvelis bifurkacia.  

 Tu 3.5 mrudis Sesabamis funqcias ise SevcvliT, rom fiqsirebulma  wertilma 

Tavi iCinos x=0 –Si, maSin 3.5 naxazi  warmogvidgens  f(x) funqciis bifurkaciul 

cvlilebas. 3.14 naxazi nimuSia gamzidveli-kvanZi bifurkaciisa. SeniSneT, rom 

gamzidveli-kvanZi bifurkaciis wertili anu sistemis fiqsirebuli wertili 

struqturulad arastabiluria. aseTi wertilebi ki imitomaa mniSvnelovani, rom 

maTi arseboba SesaZlo bifurkaciis maCvenebelia. 
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nax. 3.15. fazuri  gamosaxulebebi `unagiris~ wertili-kvanZi bifurkaciis 

SemTxvevaSi. erTganzomilebiani traeqtoriebi gadatanilia mdgomareobaTa 

organzomilebian sivrceSi, rogorc es teqstSia aRwerili. μ > 0-sTvis gvaqvs  

“unagiris” wertili 1x -Si, xolo kvanZi  1x mniSvnelobisaTvis. μ < 0-

sTvis fiqsirebuli wertili ar arsebobs.  

  

 arawrfivi dinamikis literaturaSi aRweril bifurkacias `unagiris~ wertili 

-kvanZ bifurkacias, tangensur an gaRunvis  bifurkacias uwodeben. am saxelwodebebis 

arsi CvenTvis cxadi gaxdeba, rodesac analogiur bifurkaciebs ufro meti 

ganzomilebis mqone mdgomareobaTa sivrcisaTvis ganvixilavT. magaliTad, Tu 3.14 

naxazze gamosaxul mrudebs warmovidgenT, rogorc furclis ganivkveTas naxazis 

sibrtyis mier, maSin swored bifurkaciis wertilSi moxdeba furclis gaRunva. 3.5 

naxazi aseve gviCvenebs, rom X RerZi warmoadgens sakvlevi funqciis mrudis mxebs 

bifurkaciis wertilSi.    

traeqtoriebis vizualizaciis mizniT, rogorc wesi, mdgomareobaTa sivrces 

ganzomilebas umateben. damatebuli X2 RerZis gaswvriv moZravi traeqtoriebi 

miizidebian X1-is (sawyisi x RerZi) mimarTulebiT. erTganzomilebiani ganmzidveli am 

SemTxvevaSi organzomilebian `unagiris~ wertilad gardaiqmneba. ase rom, amgvar 

`aweul~ an `dakidul~ mdgomareobebis sivrceSi, bifurkacia `unagiris~ wertilisa 

da kvanZis urTierTqmedebas moicavs. aqedan gamomdinare, Cven amgvar movlenas 

`unagiris~ wertili-kvanZi tipis bifurkacias vuwodebT. 3.15 naxazi gviCvenebs amgvar 

bifurkaciul sqemas. 

 mdgomareobaTa erTganzomilebiani sivrcisTvis bifurkaciis sxva SesaZlo 

variantic arsebobs. B danarTSi bifurkaciaTa Teoria ufro dawvrilebiT aris 

ganxiluli da mocemulia Sesabamisi literaturis CamonaTvali.  
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bifurkaciebi or ganzomilebaSi 

pirvel rigSi daviwyoT fiqsirebuli wertilebiT, xolo Semdeg gadavideT 

zRvrul ciklebze. mdgomareobebis organzomilebian sivrceSi fiqsirebul wertils 

SesaZloa gaaCndes erTi maxasiaTebeli mniSvneloba (gamonaklisi SemTxveva), an, 

sazogadod, ori namdvili maxasiaTebeli mniSvneloba, an sulac namdvili da 

kompleqsuri mniSvnelobis ori wyvili (gaixseneT, rom ori kompleqsuri mniSvneloba 

kompleqsurad SeuRlebul wyvils qmnis.) Tu ori maxasiaTebeli mniSvneloba 

realuria, maSin SegviZlia avagoT mrudi, romelic gamosaxavs am mniSvnelobebs 

rogorc parametris funqcias. magaliTad, briuselatoris modelSi maxasiaTebeli 

mniSvnelobebi (3.14-8) gantolebis saSualebiTaa gamosaxuli. 

 

nax. 3.16. bruselatoris modelis fiqsirebuli 

wertilis Sesabamisi maxasiaTebeli mniSvnelobebi 

parametris B > 4 mniSvnelobebisas. B < 4 SemTxvevaSi 

maxasiaTebeli mniSvnelobebi kompleqsuria. 

 

 

 

B > 4 SemTxvevaSi parametris mniSvnelobebi 

iseTia, rogorc es 3.16 naxazze Cans. 0≤B≤4 SemTxvevaSi maxasiaTebeli mniSvnelobebi 

kompleqsuria, rogorc realur, aseve warmosaxviT nawilebSi. 3.17 naxazi gviCvenebs 

maxasiaTebeli mniSvnelobebis realur da warmosaxviT nawilebs briuselatoris 

modelisTvis.  

 organzomilebian sivrceebSi `unagiris~ wertili-kvanZi bifurkacias,  romelic 

Seesabameba ganmzidveli-kvanZi bifurkacias erT ganzomilebaSi,  xSirad aqvs adgili. 

fiqsirebuli wertilebis midamoSi traeqtoriebis qmedebis modelirebas xSirad e.w. 

gantolebaTa normaluli formis meSveobiT axdenen (ufro dawvrilebiT ix. B 

danarTi): 

2
1 1

2 2

x x

x x

 
 




                          (3.17-4) 

 

es gantolebebi mxolod fiqsirebuli wertilis midamoebSia marTebuli.  
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nax. 3.17. λ+ maxasiaTebeli mniSvnelobis namdvili da warmosaxviTi nawilebi, rogorc 

B parametris funqciebi briuselatoris modelisaTvis. λ--Tvis warmosaxviTi nawilebi 

uaryofiTia. 

 

(3.17-4) gantolebidan vpoulobT, rom arsebobs ori fiqsirebuli 

wertili(μ>0-sTvis); erTia    0,21 xx , xolo meore  0, . pirveli maTgani 

kvanZia, meore ki – `unagiris~ wertili. μ-s uaryofiTi mniSvnelobebisaTvis 

fiqsirebuli wertili ar arsebobs. rodesac μ=0 adgili aqvs `unagiris~ wertili-

kvanZi tipis bifurkacias. 3.15 naxazi gviCvenebs Sesabamis fazur gamosaxulebebs.  

 

 

zRvruli ciklis bifurkaciebi 

 

rogorc vnaxeT, mdgomareobebis organzomilebian sivrceSi fiqsirebul 

wertils kompleqsuri mniSvnelobis mqone  maxasiaTebeli mniSvnelobebi SeiZleba 

hqondes, romlis drosac traeqtoriebs spiraluri saxis forma gaaCniaT. rodesac 

maxasiaTebeli mniSvnelobebi icvleba kompleqsuri sibrtyis marcxena mxridan 

marjvnisken, Tavs iCens bifurkacia anu es ukanaskneli maSin xdeba, rodesac 

maxasiaTebeli mniSvnelobis namdvili nawili nulisaken miiswrafvis.  

 organzomilebian sistemaSi SesaZloa zRvruli ciklis tipis qmedebasac 

hqondes adgili. zRvruli ciklis warmoSoba da gaqroba bifurkacias ukavSirdeba. 

stabiluri zRvruli ciklis warmoSobas hopfis bifurkacia ewodeba (maTematikos e. 

hopfis pativsacemad. miuxedavad imisa, rom bifurkaciis es tipi kargad Seiswavla 

puankarem da mogvianebiT 1930-ian wlebSi mas rusi mecnieri andronovi ikvlevda, 
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hopfi pirveli gaxldaT, vinc es ideebi meti ganzomilebis mqone mdgomareobebis 

sivrceebis mimarT ganavrco.) mas Semdeg, rac zRvruli ciklis SeswavlisTvis 

puankares monakveTis gamoyeneba SegviZlia da mdgomareobebis organzomilebiani 

sivrcisTvis puankares monakveTi wrfis nawilia, zRvruli ciklis bifurkaciebis 

SeswavlisTvis erTganzomilebiani dinamikuri sistemebis analogiuri meTodebis 

gamoyeneba SegviZlia. 

hopfis bifurkaciis modelireba Cveulebrivi formis gantolebebis meSveobiT 

aris SesaZlebeli: 

 2 2
1 2 1 1 2{ ( )}x x x x x                      (3.17-5a) 

2 2
2 1 2 1 2{ ( )}x x x x x                      (3.17-5b) 

 

traeqtoriebis geometriuli forma ufro cxadi gaxdeba, Tu (x1, x2) 

koordinatebs (r,θ) polarul koordinatebSi gadaviyvanT.   

 

 nax. 3.18. polaruli koordinatebis gansazRvreba. r 

warmoadgens radius-veqtors, θ ki _ kuTxea radiusis 

veqtorsa da dadebiT x1 RerZs Soris.  

 

 

 

 

nax. 3.19. diagrama hopfis bifurkaciisaTvis. μ<0 SemTxvevaSi fiqsirebuli wertili 

spiraluri kvanZia. μ>0-sTvis ki gvaqvs spiraluri ganmzidveli koordinatTa 

saTaveSi; mocemuli sistemis mimzidveli ki warmoadgens  zRvrul cikls. 
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2 2
1 2
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1
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tan

r x x

x

x


 


                          (3.17-6) 

 

polaruli koordinatebis gamoyenebiT, (3.17-5) gantoleba SegviZlia 

warmovadginoT Semdegnairad: 

2{ } ( )r r r f r                         (3.17-7a) 

1                               (3.17-7b) 

 

amocana 3.17-2. gamoiyeneT (3.17-6) gantoleba da daamtkiceT, rom (3.17-7) 

gamomdinareobs (3.17-5) gantolebidan.  

 

amjerad SeviswavloT (3.17-7) gantolebidan miRebuli traeqtoriebis 

geometriuli buneba. (3.17-7b) gantolebis amonaxsni martivia: 

( )t t                          (3.17-8) 

 

anu kuTxe drois msvlelobasTan erTad izrdeba da gvaqvs spiraluri traeqtoria 

saTavis mimarT. μ<0  SemTxvevaSi r-sTvis erTi fiqsirebuli wertili arsebobs da es 

wertili zustad r=0 gaxlavT. r=0 wertilze f(r) warmoebulis gamoTvliT 

vpoulobT, rom maxasiaTebeli mniSvneloba μ-is tolia. amgvarad, μ<0-sTvis 

warmoebuls uaryofiTi niSani aqvs, xolo fiqsirebuli wertili ki stabiluria da 

faqtobrivad spiraluri kvanZia.  

μ>0-sTvis fiqsirebuli wertili koordinatTa saTaveSi spiraluri 

ganmzidvelia da igi arastabiluria. saTavis midamoSi dawyebuli traeqtoriebi 

spiralis formas saTavidan moSorebiT iReben, magram r-sTvis sxva fiqsirebuli 

wertilic arsebobs da es wertili r gaxlavT. mocemuli fiqsirebuli wertili 

2π periodis mqone zRvrul cikls Seesabameba. 

amgvarad, zRvruli cikli warmoiqmneba μ=0 bifurkaciuli mniSvnelobisaTvis.  

3.19. naxazi gviCvenebs diagramas hopfis bifurkaciisaTvis. 

mdgomareobaTa organzomilebian sivrceSi bifurkaciaTa SesaZlo tipebi  

SezRudulia. B danarTis mixedviT, `unagiris~ wertili-kvanZi da hopfis 

bifurkaciebi erTi makontrolebeli parametris SemTxvevaSi yvelaze `xSiria~. 
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rodesac sami an meti ganzomilebis mqone mdgomareobaTa sivrceSi `aRmovCndebiT~, 

bifurkaciaTa ricxvi Zalian didia.    

J danarTSi dawvrilebiT ganxilulia lazeruli sistemisaTvis damaxasaTebeli 

bifurkaciebi, romlebic mocemul TavSi aRweril bevr Tvisebas avlenen. 

 

3.18. daskvna 

 

mocemul TavSi dinamikuri sistemebis qmedebis ganxilvisTvis saWiro 

maTematikuri `manqana avamoqmedeT~. ukve viciT, rom fiqsirebuli wertilebi da maTi 

maxasiaTebeli mniSvnelobebi dinamikis SeswavlisTvis umniSvnelovanesi cnebebia. 

agreTve viciT, rom mdgomareobaTa sivrcis ganzomileba umTavres rols asrulebs 

SemosazRvrul sistemebSi potenciurad aRZvradi traeqtoriebis tipis gansazRvraSi.  

 sistemis makontrolebeli parametris cvlilebasTan erTad bifurkaciis 

wertilebSi fiqsirebuli wertilebis tipi da maT midamoSi mdebare traeqtoriebis 

buneba mkveTrad icvleba. bifurkaciuli diagramebi gamoiyeneba bifurkaciis 

wertilebis siaxloves momxdari qmedebis cvlilebis aRwerisTvis. mdgomareobaTa 

sivrcis ganzomileba Cveulebrivi tipis potenciurad bifurkaciaTa tipebis 

raodenobas zRudavs.  

 ori an meti ganzomilebis mqone mdgomareobaTa sivrceebSi SesaZloa 

gamovlindes perioduli qmedebis gamomxatveli zRvruli ciklebi. zRvruli ciklis 

stabiluroba SegviZlia davadginoTT puankares monakveTisa da puankares asaxvis 

funqciis warmoebulis meSveobiT gansazRvruli maxasiaTebeli koeficientis 

daxmarebiT. zRvruli cikli SesaZlebelia warmoiqmnas hopfis bifurkaciis Sedegad.  

 amgvari zRvruli ciklebis zrda da qmedeba arawrfiv dinamikaSi mniSvnelovan 

paradigms qmnis da fundamenturi Tvisebebis demonstrirebas axdens, rasac SeiZleba 

adgili hqondes mxolod arawrfiv sistemebSi. pirvel TavSi ganvixileT 

stacionarul  garemoSi arsebuli sistemis droze damokidebuli qmedeba. aseTi 

qmedeba wrfivi sistemis SemTxvevaSi ar aris SesaZlebeli. wrfivi sistema mxolod 

idealizebul (da ararealur) SemTxvevaSi inarCunebs droze damokidebul qmedebas. am 

dros disipaciuri Zalebi (magaliTad, xaxuni) absoluturad ugulvebelyofilia. Tu 

disipacias davuSvebT, maSin wrfivi sistema sabolood droze damokidebuli gaxdeba 

da droze damokidebuli gare Zalebis  mier imarTeba. meores mxriv, arawrfiv 

sistemebs spontanurad SeuZliaT garemos drois mimarT invariantobis darRveva 
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(makontrolebeli parametris mniSvnelobaTa garkveuli diapazonisaTvis mainc). 

mdgomareobaTa organzomilebiani sivrcis SemTxvevaSi, SemosazRvruli sistemis 

droze damokidebuli qmedeba warmoadgens zRvrul cikls. 

 

3.19 damatebiTi literatura 

 
kursebi fazuri da mdgomareobaTa sivrceebis Sesaxeb 

J. B. Marion and S. T. Thornton, Classical Dynamics of Particles and Systems, 4th ed. 
(Saunders, Fort Worth, 1995). teqsti gamiznulia bakalavriatis studentebisaTvis, 

romelTac fizika ZiriTad sagnad aqvT arCeuli. masSi mocemulia arawrfivi rxevebi, 
saintereso Sesavali kursi fazuri sivrcis Sesaxeb. 

J. W. Gibbs, Elementary Principles in Statistical Mechanics (C. Scribner's Sons, New 
York, 1902). klasikuri da saintereso naSromi, romelSic ganxilulia 

fundamentaluri sakiTxebi.   
V. I. Arnold, Geometric Methods in the Theory of Ordinary Differential Equations 

(Springer-Verlag, New York, Heidelberg, Berlin, 1983). erT-erTi saukeTeso Sesavali 

kursi diferencirebul gantolebebis mimarT geometriuli meTodebis gamoyenebis 

Sesaxeb.  
A. P. Pippard, Response and Stability (Camlbridge University Press, Cambridge, 1985). 

es vrceli ese bakalavrebisaTvis moicavs iZulebiT rxevebs, arawrfiv oscilatoebs, 

bifurkaciebs, katastrofebs da a. S.   
P. Hagedorn, Nonlinear Oscillations (Clarendon IPress, Oxford, 1981). ufro rTuli 

naSromi arawrfiv sistemaTa mimarT gamoyenebuli analizuri meTodebis Sesaxeb. 
M. W. Hirsch and S. Smale, Differential Equation, Dynamical Systems, and Linear 

Algebra (Academic Press, New York, 1974). moicavs puankare-bendiqsonis Teoremis 

damtkicebas. 
J. A. Sanders and F. Verhulst, Averaging Methods in Nonlinear Dynamical Systems 

(Springer-Verlag, New York, Berlin, Heidelberg, 1984). gvawvdis mravali analizuri 

meTodis sistematizebul Sesavals, romlebic gamoiyenebian arawrfivi sistemebis 

qcevis miaxloebiTi aRwerisas.  
 
wrfivi algebra da maTematikuri meTodebi 

Mary L. Boas, Mathematical Methods in the Physical Sciences, 2nd ed. (John Wiley and 
Sons, New York, 1983). 

S. Hassani, Foundations of Mathematical Physics (Allyn and Bacon, Boston, 1991). 
Seymour Lipschutz, Linear Algebra (Schaum's Outline Series)(McGraw-Hill, New York, 

1968). iafi wigni, romelSic mocemulia asobiT amocana da amoxsnili amocanebi.  
D. Gulick, Encounters with Chaos (McGraw-Hill, New York, 1992). maTematikuri 

Sesavali iteraciuli asaxvebisa da diferencialuri gantolebebis Sesaxeb. me-3 TavSi 

mocemulia gansakuTrebiT saintereso Sesavali  matricis wrfiv algebraSi. axlavs 

bevri kargi magaliTi da savarjiSo.  

 

aris fraqtaluri sazRvrebi da mizidulobis mesrisebri areebi 
C. Grebogi, S. W. McDonald, E. Ott, and J. A. Yorke, "Final State Sensitivity: An obstruction to 
predictability," Phys. Lett. A 99, 415^18 (1983) and S. W. McDonald, C. Grebogi, E. Ott, and J. 
A. Yorke, "Fractal Basin Boundaries," Physica D 17, 125-153 (1985). 

E. G. Gwinn and R. M. Westervelt, "Fractal Basin Boundaries and Intermittency in the 
Driven Damped Pendulum," Phys. Rev. A 33,4143-55 (1986). 



 148 

J. C. Alexander, J. A. Yorke, Z. You, and I. Kan, "Riddled Basins," Int. J. Bifur. and 
Chaos 2, 795-80 (1992).  

J. C. Sommerer and E. Ott, "A physical system with qualitatively uncertain dynamics," 
Nature 365,136-140 (1993). moyvanilia mizidulobis  mesrisebri areebis saintereso 

magaliTebi. 
J. F. Hagey, T. L. Carroll, and L. M. Pecora, "Experimental and Numerical Evidence for 

Riddled Basins in Coupled Chaotic Systems," Phys. Rev. Lett. 73^ 3528-31 (1994). 
 
State Space Topological Considerations 

See [Kaplan and Glass, 1995], pp. 253 ff. 
L. Glass, "Combinatorial and topological methods in nonlinear chemical kinetics,"/ 

Chem. Phys. 63,1325-35 (1975). 
[Guckenheimer and Holmes, 1983], pp. 50-51. A discussion of the Poincare Index 

Theorem. 
 
briuselatoris modeli 
G. Nicolis and I. Prigogine, Exploring Complexity (W. H. Freeman, San Francisco, 1989). es 
vrceli naSromi moicavs detalur msjelobas briuselatoris modelisa da misi 

dinamikis Sesaxeb.  
 
puankares kveTebi 

1-li Tavis bolos CamoTvlil naSromTa umravlesobaSi moyvanilia msjeloba 

puankares kveTebis Sesaxeb. 
F. C. Moon and W. T. Holmes "Double Poincare Sections of A Quasi-Periodically 

Forced, Chaotic Attractor," Physics Lett. A 111, 157-60 (1985) and [Moon, 1992]. 
 

3.20 kompiuteruli savarjiSoebi 

 

CE3-1. mdgomareobebis sivrceSi van der polis zRvruli ciklebis gantolebis 

SeswavlisTvis gamoiyeneT Chaos Demonstrations (van der polis modelis aRwera ix. 

danarT I-Si.) cvaleT h parametri (I danarTSi mocemuli R parametris analogiurad) 

da daadgineT, Tu rogor gadaizrdeba rxevebi martivi harmoniulidan (mcire 

mniSvnelobebis SemTxvevaSi) relaqsaciur rxevebSi.  

 

CE3-2. gamoiyeneT Chaos dynamics Workbrench da Zalis Sesabamisi wevris 

nulTan gatolebis gziT (raTa mdgomareobebis sivrce organzomilebianad vaqcioT) 

SeiswavleT Sou-van der polis oscilatori. daakvirdiT dinamikuri cvladebis 

droze damokidebulebas da mdgomareobaTa sivrcis diagramebs, rodesac (I danarTSi 

mocemuli R–is Sesabamisi) A koeficienti  izrdeba. 
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4 

 

mdgomareobebis samganzomilebiani sivrce da qaosi 

 

qaosi momdinareobs organizebuli mouwesrigeblobidan, udrood da umizezod. George 

Barker, The First American Ode.  

 

4.1 mimoxilva 

 

wina TavSi Cveulebriv diferencialur gantolebaTa sistemebiT aRwerili 

dinamikuri sistemebis kvlevis ramdenime standartuli meTodi warmovadgineT, magram 

Cveni msjeloba mdgomareobaTa erT da organzomilebiani sivrceebiT Semoifargla. 

axla ki  mzad varT, rom samganzomilebiani sistemebisken mniSvnelovani nabiji 

gadavdgaT. es gadamwyveti nabijia, ara mxolo imitom, rom Cven samganzomilebian 

samyaroSi vcxovrobT (gaxsovdeT, rom saubari mdgomareobebis sivrcezea da ara 

fizikur sivrceze), aramed imitom, rom samganzomilebiani dinamikuri sistemebi 

uCveneben iseT qmedebebs, rac erTi an organzomilebianobis SemTxvevaSi SeuZlebelia. 

aseTi axali SesaZleblobebis mxriv qaosi umTavresia.  

 Tavdapirvelad moviyvanT arguments, Tu ratom aris SesaZlebeli qaosuri 

qmedebis aRZvra sam ganzomilebaSi, xolo Semdeg samganzomilebaSi potenciurad 

warmoqmnadi fiqsirebul wertilTa tipebis klasifikaciis Sesaxeb visaubrebT. 

mogvianebiT standartul analitikur meTodebs TandaTanobiT `daviviwyebT~ da ufro 

metad grafikul da geometriul (topologiur) argumentebze dayrdnobiT 

vimoqmedebT. amgvari midgoma dinamikuri sistemebis TeoriaSi arsebul progress 

asaxavs. faqtobrivad, am Tavis umTavresi mizani mdgomareobaTa samganzomilebian 

sivrceebSi traeqtoriebis, mimzidvelebisa da bifurkaciebis geometriuli formebis 

Seqmnaa.  

 SemdgomSi ganvixilavT mdgomareobaTa samganzomilebian sivrceebSi arsebuli  

disipaciuri sistemebisTvis potenciur mimzidvelebis tipebsac. am SemTxvevaSi 

vlindeba ori axali tipi: (1) kvaziperioduli da (2) qaosuri mimzidvelebi. 
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 rodesac sistemis parametrebi Secvlilia, dinamikuri sistemis SemTxvevaSic ki 

qaosuri qmedeba SeiZleba gaCndes an gaqres gansxvavebuli saxiT: savaraudod, qaosSi 

gadasvlis sxvadasxva gzebi arsebobs. isini or kategoriad SeiZleba daiyos, ise rom 

TiToeul kategoriaSi araerTma qvekategoriam iCinos Tavi. pirveli maTgani moicavs  

zRvruli ciklebis Sesabamis bifurkaciaTa mimdevrobebs (anu, rac igivea, puankares 

asaxvasTan dakavSirebul fiqsirebul wertilebs) (pirvel TavSi ganxiluli ormag 

periodTa mimdevroba am kategorias ganekuTvneba.) meore kategoria ki sxvadasxva 

fiqsirebul wertilTan an zRvrul ciklTan dakavSirebuli traeqtoriebis 

cvlilebebs moicavs. vinaidan es cvlilebebi gavlenas axdens mdgomareobaTa sivrcis 

mniSvnelovan nawilze ganfenil traeqtoriaTa maxasiaTeblebze, maT `globalur~ 

bifurkaciebs uwodeben (individualur fiqsirebul wertilebSi momxdar 

cvlilebebTan dakavSirebuli `lokaluri~ bifurkaciebisagan gansxvavebiT). 

globaluri bifurkaciebisaTvis damaxasiaTebelia Cveulebrividan qaosur 

qmedebaSi gadasvliT gamowveuli (pirvel TavSi ganxiluli lorencis modelis 

msgavsi) myisieri cvlilebebi. miuxedavad imisa, rom parametris cvlilebasTan erTad 

mimzidvelis buneba myisierad icvleba, amgvari cvlileba xSirad qaosSi gardamavali 

procesis maniSnebelia. aseT situaciaSi mdgomareobaTa sivrceSi traeqtoria 

qaosurad moZraobs da bolosdabolos igi Cveulebrivi, perioduli mimzidvelisaken 

miiswrafvis. makontrolebeli parametris cvlilebasTan erTad qaosSi gardamavali 

procesi sul ufro da ufro metxans grZeldeba, vidre  asimptoturi qmedeba 

qaosurSi ar gadaizrdeba.  

 rogor ganviTardeba amgvari rTuli qaosuri qmedeba? rogor gadadis sistema 

Cveulebrivi, regularuli qmedebidan qaosurSi? mdgomareobaTa sivrceSi 

fiqsirebuli wertilebisa da traeqtoriebis rogorma variaciebma SeiZleba 

gamoiwvios qmedebis amgvari cvlilebebi? 

 ra Tqma unda, am SekiTxvebze martivi pasuxi ar arsebobs. sxvadasxva 

dinamikuri sistema gansxvavebulad iqceva, rogorc parametris mniSvnelobebze, aseve 

sawyis pirobebTan damokidebulebis TvalsazrisiT. amgvari sirTuleebis mizezi is 

aris, rom dinamikur sistemas SeiZleba parametris mniSvnelobaTa mocemul 

diapazonSi  `Tanaarsebuli~ gansxvavebuli mimzidvelebi gaaCndes (lorencis modelis 

ori fiqsirebuli wertilis analogiurad). mimzidvelebis maxasiaTeblebis 

cvlilebebis gamo sistemam SeiZleba qmedebis saxe Seicvalos (magaliTad, zRvruli 

cikli arastabiluri gaxdes da ormagi periodis zRvruli cikliT iqnas 
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Canacvlebuli). aseve SeiZleba mizidulobis areebis erTimeoresTan urTierTqmedebas 

hqondes adgili ise, rom qaosur dinamikas iwvevdes. yovel amgvar SesaZlo SemTxvevas 

mocemuli Tavis momdevno paragrafebSi ganvixilavT. 

 

4.2 evristikebi 

 

Cven Zalian martivad aRvwerT, Tu ratom esaWiroeba qaosuri qmedebis 

arsebobas mdgomareobaTa sami an metganzomilebiani sivrceebi. Tavdapirvelad 

SemovifargloT iseTi disipaciuri sistemebis ganxilviT, romelTa Sesabamisi 

traeqtoriebi saboloo jamSi mimzidvelisaken miiswrafvis. rodesac axlomdebare 

traeqtoriebis divergenciaze  visaubrebT,  mxedvelobaSi gveqneba mdgomareobaTa 

sivrcis mizidulobis areSi mdebare traeqtoriebis qmedeba.  

 garkveulwilad dagvWirdeba damokidebuleba sawyisi pirobebis mimarTac. 

sawyisma pirobebma, romlebic mimzidvelis nawils ar warmoadgenen, sxvadasxva 

mimzidvelebisTvis SeiZleba Zlier gansxvavebuli xangrZlivi qmedeba gamoiwvios. 

mimzidvelis (an mimzidvelebis) bunebiT gansazRvruli amgvari qmedebebi SesaZloa 

iyos drois mimarT damoukidebeli, perioduli an qaosuri.  

 rogorc pirvel TavSi vixileT, mdgomareobaTa sivrceSi qaosur qmedebas 

gamoxatavs axlomdebare traeqtoriaTa divergencia. or axlomdebare traeqtorias 

Soris `manZili~ droTa ganmavlobaSi eqsponencialurad izrdeba (drois mcire 

intervalSi mainc). bolo SezRudva aucileblad gasaTvaliswinebelia, radgan Cven 

vixilavT iseT sistemebs, romelTa traeqtoriebi mdgomareobaTa sivrceSi raime 

SemosazRvrul areSi mdebareobs.  

 

 

am SemTxvevaSi qaosuri qmedebisadmi arsebobs sami moTxovna: 

 

1. sxvadasxva traeqtoriebis mier erTimeoris gadaukveTeloba; 

2. SemosazRvruli traeqtoriebi; 

3. axlomdebare traeqtoriebis eqsponencialuri divergencia. 

 

mdgomareobaTa erT an organzomilebian sivrceebSi es pirobebi erTdroulad 

ver Sesruldeba. amaSi advilad davrwmundebiT, Tuki organzomilebian sivrceSi 
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mdebare zogierTi traeqtoriis eskizs qaRaldze gadavitanT. sami ganzomilebis 

SemTxvevaSi erT dros axlomdebare traeqtoriebma SesaZloa divergenciis procesi 

erTimeoris gadafarviT gaagrZelon. samganzomilebiani traeqtoriebis eskizebis 

gakeTeba, cxadia, gacilebiT rTulia. qaosur qmedebasTan dakavSirebuli samive 

moTxovna rom dakmayofildes, amis dasamtkiceblad uxeSi mavTulis gamoyenebiT 

SevecadoT sam ganzomilebaSi zogierTi traeqtoriis ageba. albaT SeniSneT, rom es 

moTxovnebi badebs iseT traeqtoriebs, romlebic Tavidan divergencias ganicdian, 

Semdeg mdgomareobaTa sivrcis gavliT isev sawyisi mdebareobisaken brundebian da am 

procesSi rTul, fenebad dayofil struqturas qmnian. 4.1 naxazi mdgomareobaTa 

samganzomilebian sivrceSi mdebare divergenciis procesSi myofi traeqtoriebis 

suraTs warmogvidgens.  

mdgomareobaTa sami an metganzomilebiani sivrcis umniSvnelovanesi Tviseba, 

romelic xels uwyobs qaosuri qmedebis warmoSobas, gamoixateba traeqtoriebis mier 

SemosazRvrul areSi darCenis unarSi, erTimeoreSi gadaxlarTvis an gadafarvis 

fonze (gadakveTis gareSe!), wina qmedebis zusti ganmeorebis gareSe. cxadia, amgvar 

traeqtoriebTan dakavSirebuli geometria sakmaod ucnauri unda iyos. aseT 

mimzidvelebs ucnauri mimzidvelebi ewodeba. me-9 TavSi SemogTavazebT ucnauri 

mimzidvelis ufro zust ganmartebas fraqtaluri ganzomilebis cnebaze dayrdnobiT.   

  

 

 

  nax. 4.1 mdgomareobaTa samganzomilebian sivrceSi mdebare traeqtoriebis eskizi. 

SeniSneT, Tu rogor inarCunebs axlomdebare traeqtoriebi erTmaneTisagan sakmaod 

gansxvavebul qmedebas SemosazRvrulobis pirobebSi.  
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Tu mimzidvelis midamoSi qmedeba qaosuria anu axlomdebare traeqtoriebi 

eqsponencialur divergencias uCveneben, maSin vambobT, rom mimzidveli qaosuria. 

bevri avtori terminebs ucnauri mimzidveli da qaoturi mimzidveli sinonimebad 

iyenebs, magram sinamdvileSi isini erTmaneTisgan gansxvavdeba [GOP84].  

  axlomdebare traeqtoriebis divergenciasTanaa kavSirSi e. w. liapunovis 

eqsponenti. Tu qaosur mimzidvelTan axlomdebare ori traeqtoria iwyeba d0 

manZilze da t=0 droSi, maSin traeqtoriebi iseT divergencias ganicdian, rom t 

momentis Sesabamisi maTi d(t) daSoreba akmayofilebs Semdeg pirobas 

 

0( ) td t d e                            (4.2-1) 

 

(4.2-1) gantolebaSi Semaval λ parametrs traeqtoriebis Sesabamisi liapunovis 

eqsponenta ewodeba. Tu λ dadebiTi sididea, maSin vityviT, rom qmedeba qaosuria. 

(4.13 paragrafSi liapunovis eqsponentas ufro dawvrilebiT vixilavT). qaosuri 

qmedebis amgvari ganmartebis meSveobiT vxvdebiT, rom qaosi traeqtoriebis 

erTobliobis  damaxasiaTebeli Tvisebaa.  

  qaosi calkeuli traeqtoriis qmedebaSic vlindeba. rodesac traeqtoria 

mdgomareobaTa sivrceSi (qaosuri) mimzidvelisaken miiswrafvis, saboloo jamSi igi  

manamde ganvlili romelime wertilis siaxloves mainc dabrundeba (ra Tqma unda, 

zustad am wertilSi is ver dabrundeba, radgan maSin traeqtoria perioduli 

iqneboda.) Tu traeqtoriebi UuCveneben eqsponencialur divergencias, maSin garkveul 

areSi xelaxla Sesvlisas traeqtoriis qmedeba gansxvavebuli iqneba imisagan, rasac 

igi gamoavlenda pirveli `stumrobisas~. ase rom, amgvari qmedebis `Canawers~ qaosuri 

xasiaTi eqneba.  

  zemoT moyvanili mosazrebebis sailustraciod moviyvanoT erTi magaliTi. 

warmoidgineT gorakis wverze, arastabilur wonasworobis wertilSi moTavsebuli 

burTi, romelic usasrulo brtyeli zedapiriTaa garSemortymuli. amgvari 

mdgomareoba sawyisi pirobebis mimarT Zalze mgrZnobiarea. burTis traeqtoria 

didadaa damokidebuli masze zemoqmedebis formaze. magram Tu gorakze da sibrtyeze 

xaxunis Zala ar moqmedebs, maSin burTi samudamod igorebs da SemosazRvruli 

traeqtoriebic ar iarsebebs. Tu xaxuni arsebobs, maSin burTi sawyisi `biZgis~ 
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siZlierisa da mimarTulebis mier gansazRvrul romelime wertilSi gaCerdeba 

(saboloo mdgomareoba garkveul sawyis pirobasTanaa dakavSirebuli). 

  am SeniSvnebis arsi is aris, rom sawyis pirobebze da axlomdebare 

traeqtoriebis divergenciis mimarT damokidebulebasTan dakavSirebuli Cveni 

Sexedulebebi mxolod im sistemebisTvis aris misaRebi, romlebic SemosazRvrulia da 

me-3 TavSi gansazRvruli tipis mimzidvelebi gaaCniaT (me-8 TavSi vnaxavT, Tu rogor 

xdeba am ideebis ganzogadeba hamiltonis SemosazRvrul sistemebSi, romelTaTvisac 

disipacia da mimzidveli ar arsebobs). 

 

4.3 gzebi, romelTac `qaosisaken mivyavarT~ 

 

qaosis moZRvrebam ori siurprizis winaSe dagvayena: (1) qaosuri qmedeba 

yovlismomcvelia da (2) qaosisken mimavali gzebi universaluria. ratoma aris es 

siurprizi? miuxedavad imisa, rom iseTma maTematikosebma, rogoric puankarea, didi 

xnis winaT miagnes qaosur qmedebas, qmedebis es tipi mainc raRac araCveulebrivTan 

da paTologiurTan aris gaigivebuli. nebismier SemTxvevaSi misi detaluri buneba 

sakvlev arawrfiv sistemas ukavSirdeba. mecnierebma SeimuSaves ZiriTadi 

standartuli meTodebi, romelTa meSveobiTac wrfivi diferencialuri gantolebebis 

amoxsna SesaZlebelia, magram es meTodebi gamousadegaria arawrfivi   

diferencialuri gantolebebis SemTxvevaSi. aseTi gantolebebis mxolod mcire 

nawilis amoxsnis gzebia cnobili da TiToeuli maTgani meTodikis daxvewas 

saWiroebs. maTematikosebi ityvian, rom Tu amoxsnis ganzogadebuli xerxebi ar 

arsebobs, maSin amonaxsnebis ZiriTad maxasiaTeblebsac ver miviRebT. dResdReisobiT 

viciT, rom arawrfivi gantolebebis amoxsnasTan dakavSirebiT garkveuli 

universaloba arsebobs im sistemebisaTvis mainc, romelTac Tavisuflebis mcire 

xarisxi gaaCniaT. ufro sakvirvelia, rom amgvari universaloba TiTqos vlindeba 

realur fizikur, qimiur Tu biologiur sistemebSi, romelTa modelebsac am 

gantolebebis meSveobiT vqmniT.  

 universaloba, romlis aRwerasac vapirebT, qaosSi gardamavali meTodebis 

procesebisaTvisaa damaxasiaTebeli. rogor cvlis (arawrfivi) sistema sakuTar 

qmedebas Cveulebrividan (uZravidan an periodulidan) qaosurSi (an piriqiT) 

gadasvlisas, rodesac sistemis makontrolebeli parametrebi (nela) icvleba? 

eqsperimentis SemTxvevaSi vcvliT parametris mniSvnelobas, `gavivliT~ gardamaval 
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stadiebs da Semdeg `asimptotur~ qmedebas vakvirdebiT. bolo oc weliwadis 

ganmavlobaSi gairkva, rom qaosisken tendencias bevri realuri sistema avlens da 

maTi aRwerisTvis gamoyenebuli gantolebebi ramdenime kategoriad SegviZlia davyoT. 

rodesac davadgenT, Tu gardamavali stadiis  romel tips `amjobinebs~ sistema, 

bevri Tvisobrivi da raodenobrivi daskvnis gamotanis SesaZlebloba gveZleva. 

 gardamavali stadiebis Sesaxeb ori mniSvnelovani faqtia aRsaniSnavi: 1) 

mocemuli sistema parametris mniSvnelobaTa gansxvavebul diapazonebSi qaosSi 

gadasvlis araerT gansxvavebul formas SeiZleba amJRavnebdes (gaixseneT pirvel 

TavSi moyvanili magaliTebi). 2) TavSekavebis momenti: arawrfivi sistemebis Teoria 

dResdReobiT im doneze ara aris ganviTarebuli, rom gviTxras, mocemuli 

sistemisTvis parametris ama Tu im diapazonSi gardamavali stadiis romeli tipi(ebi) 

iCens Tavs. `qaosisken mimaval gzebs~, albaT, momavalSi aucileblad aRmoaCenen, 

gansakuTrebiT maSin, rodesac Tavisuflebis ufro meti xarisxis mqone sistemebi 

kargad iqneba Seswavlili. amJamad cnobili qaosisaken `mimavali gzebi~ Tavmoyrilia  

4.1 cxrilSi. 

 gardamavali stadiebis pirveli (lokaluri bifurkaciebiT 

gamowveuli)kategoriis SemTxvevaSi, parametris mniSvnelobebis garkveuli 

diapazonisaTvis saxezea zRvruli cikli. rodesac sistemis romelime 

makontrolebeli parametri icvleba, zRvruli ciklis tipis qmedeba `uCinardeba~ da 

Tavs iCens qaosuri qmedeba. meore kategoriaSi (globaluri bifurkaciebi), sistemis 

xangrZlivi qmedeba arastabiluri fiqsirebuli wertilebis, ciklebis an mimzidvelis 

(an sxvadasxva mimzidvelebis) gavlenas ganicdis. 
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parametris cvlilebasTan erTad gardamavali qmedebis Sesabamisi traeqtoriebi, 

uaxlovdebian ra fiqsirebul wertils (an cikls), sul ufro da ufro rTul 

xasiaTs iZenen da  vRebulobT e.w. qaosur gardamaval stadiebs. amgvari stadiebi 

usasrulod grZeldeba da drois xangrZliv intervalze aRebuli sistemis qmedeba 

qaosuri iqneba.  

 gardamavali stadiebis zemoTmoyvanili ori kategoria erTmaneTisagan 

gansxvavdeba maTi analizisTvis saWiro maTematikuri da geometriuli meTodebis 

mxrivac. lokaluri bifurkaciebis kategoriis SemTxvevaSi puankares kveTis meTodi 

saSualebas gvaZlevs gaviazroT da aRvweroT gardamavali stadia. arsebobs sami 

qvekategoria, romlebic gviCveneben puankares kveTis Sesabamisi fiqsirebuli 

wertilebis evolucias parametrebis cvlilebasTan erTad. globaluri bifurkaciebis 

kategoriisaTvis analizi  saWiroebs Tanmimdevruli traeqtoriebis ganxilvas 

mdgomareobaTa sivrcis sakmaod did areSi, raTa gamoCndes, Tu ra saxis zegavlenas 

ganicdian es traeqtoriebi mdgomareobaTa sivrcis gansxvavebul ubnebSi sxvadasxva 

tipis mimzidvelebis, fiqsirebuli wertilebisa da ciklebis mxriv. puankares kveTebi 

aqac gamoiyeneba, magram calkeuli fiqsirebuli wertilebisa da zRvruli ciklebis 

Sesaxeb informacia (`lokaluri informacia~) aRaraa sakmarisi drois did 

intervalze aRebuli traeqtoriebis bunebis gansazRvrisTvis. Cven mdgomareobaTa 

sivrcis struqturis Sesaxeb ufro da globaluri xedva gvesaWiroeba.  

 Cven aseve vnaxavT, rom gardamaval stadiaTa es ori kategoria imdenad ar 

gansxvavdeba erTimeorisagan, rogorc es erTi SexedviT Cans. magaliTad, rom 

SeviswavloT wyvetis dinamika, saWiroa Tvali gavadevnoT traeqtoriebs 

mdgomareobaTa  sivrcis sakmarisad did ubanze. da piriqiT, globaluri bifurkaciebi 

damokidebuli arian lokaluri fiqsirebuli wertilebis ganlagebasa da Tvisebebze. 

Tumca, unda aRiniSnos, rom zemoTmoyvanili ori kategoria did daxmarebas gagviwevs 

qaosuri qmedebis Camoyalibebis da ganviTarebis Sesaxeb Cveni warmodgenis SeqmnaSi.  

 

4.4 samganzomilebiani dinamikuri sistemebi 

 

axla SemogTavazebT mcire informacias im dinamikuri sistemebis Sesaxeb, romlebic 

mdgomareobaTa sivrcis sami cvladis meSveobiT aRiwerebian. Tu dinamikur sistemas 

sami damoukidebeli dinamikuri cvladi gaaCnia, romelTa mniSvnelobebic drois 
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mocemul momentSi sistemis mdgomareobas srulyofilad aRwers, maSin aseT sistemas 

samganzomilebians vuwodebT. sistemisTvis SegviZlia pirveli rigis Cveulebrivi 

diferencialur gantolebaTa standartuli sistemis Sedgena (iteraciuli asaxvis 

funqciebis meSveobiT aRwerili dinamikuri sistemebi ganxiluli iqneba me-5 TavSi.) 

am SemTxvevaSi cvladebs aRvniSnavT x-iT, da gamoviyenebT 1, 2 da 3 indeqsebs. es 

wesi momavalSi nebismieri ganzomilebisTvis gamogvadgeba. diferencialuri 

gantolebebi Semdeg saxes miiReben: 

1 1 1 2 3

2 2 1 2 3

3 3 1 2 3

( , , )

( , , )

( , , )

x f x x x

x f x x x

x f x x x









                           (4.4-1) 

 

pirvel TavSi ganxiluli lorencis modelis gantolebebi swored aseTi 

saxisaa. yuradReba miaqcieT, rom f1, f2 da f3 funqciebi dros cxadi saxiT ar Seicaven 

da rogorc vxedavT, sistema avtonomiuria. 

 aqve unda aRiniSnos, rom zogierTi avtori gantolebaTa sistemis Cawerisas  

iyenebs `veqtorul~ formas: 

  ( )x f x
                               (4.4-2) 

 

aq x

 warmoadgens sam x1, x2 da x3  simbolos, xolo f


 ki 4.4.1 gantolebebis 

marjvena mxareSi myof sam funqcias anacvlebs.  

 organzomilebiani sistemebis aRmweri gantolebebi, sadac gvaqvs  droze 

damokidebuli `Zalismieri~  wevrebi (e.i. gantolebaTa sistema araa avtonomiuri) 

SegviZlia davweroT 4.4.1 gantolebis formiT. vTqvaT, organzomilebiani sistema 

moicema Semdegi gantolebebis meSveobiT: 

 

1 1 1 2

2 2 1 2

( , , )

( , , )

x f x x t

x f x x t







                        (4.4-3) 

 

Semogvaqvs axali cvladi  x3 t, ris Sedegadac sami `avtonomiuri~ gantoleba aseT 

saxes  miiRebs 
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1 1 1 2 3

2 2 1 2 3

3

( , , )

( , , )

1

x f x x x

x f x x x

x









                       (4.4-4) 

 

amgvarad, miviReT 4.4.1 sistemis analogiuri forma. rogorc qvemoT vnaxavT, es 

meTodi garkveulwilad gamosadegia, rodesac droze damokidebuli wevri 

periodulia droSi.  

 

 

 

amocana 4.4-1. van der polis `Zalismieri~ gantoleba gamoiyeneba eleqtruli 

triodis wredis aRwerisTvis, rodesac saqme gvaqvs periodul eleqtrul signalTan. 

cvladi q(t) muxtisTvis  gantolebas aqvs Semdegi forma: 

2

2
( ) ( ) sin

d q dq
q q t g t

dt dt
     

gamoiyeneT zemoT ganxiluli meTodi da es gantoleba 4.4.1 gantolebis Sesabamisi 

standartuli formiT warmoadgineT. 

 

 

4.5 fiqsirebuli wertilebi sam ganzomilebaSi 

 

ra Tqma unda, (4.4-1) gantolebebiT aRwerili sistemisTvis fiqsirebuli 

wertilebi miiReba samTave cvladis drois mixedviT warmoebulebis nulTan 

gatolebiT. [samganzomilebiani formiT warmodgenis SemTxvevaSic ki organzomilebian 

Zalismier sistemebs fiqsirebuli wertilebi saerTod ar gaaCnia, radgan, rogorc 

gant. (4.4-4) gantolebebidan ukanaskneli gviCvenebs, arasodes Sesruldeba piroba 

3x =t=0. amgvarad, maT sapovnelad sxva meTodi unda gamoviyenoT). TiToeuli 

fiqsirebuli wertilis bunebis dasadgenad unda SevadginoT sistemis iakobiani 

mocemul wertilSi da vipovoT es maxasiTebeli mniSvnelobebi. iakobians eqneba 

Semdegi saxe: 
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                         (4.5-1) 

 

matricis maxasiaTebeli mniSvnelobebis povnisas saqme gvaqvs kubur gantolebasTan, 

romelTa λ1, λ2, da λ3 fesvebi warmoadgenen saZiebel maxasiaTebel mniSvnelobas.  

 aRsaniSnavia zogierTi maTematikuri detali: kuburi gantolebebis 

standartuli Teoris mixedviT 

 

    3 2 0p q r                                (4.5-2) 

  

formis kuburi gantoleba SegviZlia CavanacvloT Semdegi `standartuli~ formiT:  

 

3 0x ax b                                (4.5-3) 

 

sadac gamoyenebulia Semdegi Casmebi:  

                              2

3

/ 3

1
(3 )

3
1

(2 9 27 )
27

x p

a q p

b p qp r

 

 

  

                    (4.5-4) 

SemoviyvanoT axali cvladebi: 

2 3

1

3

1

3

4 27

( / 2 )

( / 2 )

b a
s

A b s

B b s

 
  
 

  

  

                         (4.5-5) 

x-is mimarT Cawerili gantolebis sami fesvi ase SeiZleba gamoisaxos 

3
2 2

3
2 2

A B

A B A B

A B A B



         
   

         
   

                    (4.5-6) 
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romlebidanac matricis maxasiaTebeli mniSvnelobebis povna kvlav Zvel cvladebze 

gadasvliT miiRweva. amjerad amonaxsnTa cxadi saxiT Caweras ar SevudgebiT. magram 

aucilebelia amoxsnaTa saxis codna. 

 arsebobs sami SesaZlo SemTxveva: 

1. samive maxasiaTebeli mniSvneloba namdvilia da erTmaneTisagan 

gansxvavdeba ( s<0). 

2. samTave maxasiaTebeli mniSvneloba namdvilia da ori maTgani mainc 

erTmaneTis tolia ( s=0). 

3. arsebobs erTi namdvili da ori kompleqsurad SeuRlebuli 

maxasiaTebeli mniSvneloba ( s>0). 

 

meore SemTxveva gardamavalia da calke ganxilvas ar saWiroebs. pirveli Tavis 

msgavsad, fiqsirebuli wertilebis tipebis klasificikacias maTi maxasiaTebeli 

mniSvnelobebis Tvisebebis mixedviT movaxdenT. qvemoT CamoTvlilia samganzomilebian 

sivrceSi potenciurad SesaZlebeli fiqsirebuli wertilebi. 4.2 da 4.3 naxazebze 

sqematuradaa gamosaxuli traeqtoriaTa `qceva~ fiqsirebuli wertilebis midamoebSi. 

aseve moyvanilia kompleqsuri sibrtyis diagrama, romelic moicavs Sesabamisi 

maxasiaTebeli mniSvnelobebis realur da warmosaxviT nawilebs.  
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nax. 4.2 marcxena mxares moyvanilia fiqsirebuli wertilebis traeqtoriebis eskizebi 

mdgomareobaTa samganzomilebian sistemaSi. fiqsirebuli wertilis mdebareoba 

varskvlaviTaa aRniSnuli. marjvniv gamosaxulia fiqsirebuli wertilebis 

maxasiaTebeli mniSvnelobebi kompleqsur sibrtyeSi. warmosaxviTi nawili datanilia 

vertikalur RerZze, xolo namdvili nawili _ horizontalur RerZze. 

sami an meti ganzomilebis mqone mdgomareobaTa sivrceebisTvis SemohyavT e.w.  

fiqsirebuli wertilis indeqsi.  

 

fiqsirebuli wertilis indeqsi warmoadgens mocemuli wertilis im maxasiaTebel 

mniSvnelobaTa ricxvs, romelTa namdvili nawili dadebiTia.  

geometriuli TvalsazrisiT, indeqsi fiqsirebuli wertilis mimarT gare 

simravlis ganzomilebis tolia. kvanZisaTvis (romelsac gare simravle ar gaaCnia) 

indeqsi nulis tolia. ganmzidvelisaTvis indeqsi 3-is tolia mdgomareobaTa 

samganzomilebiani sivrcis SemTxvevaSi. `unagiris wertilis indeqsi erTis tolia, 

Tu misi gare simravle mruds warmoadgens, xolo 4.3 naxazze gamosaxuli zedapiris 

SemTxvevaSi ki udris ors. 

 mdgomareobaTa samganzomilebiani sivrcis SemTxvevaSi arsebobs fiqsirebuli 

wertilebis oTxi ZiriTadi tipi:  

1. kvanZi. yvela maxasiaTebeli mniSvneloba namdvili uaryofiTi ricxvia. kvanZis 

midamoSi yoveli traeqtoria miizideba  fiqsirebuli wertilis mier ise, rom 

ar xdeba Sekruli konturis Seqmna. 
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nax. 4.3 sxva nimuSebi fiqsirebuli wertilebis midamoebSi myofi traeqtoriebisa, 

mdgomareobaTa samganzomilebian sivrcis SemTxvevaSi. `unagiris~  wertilebis ori 

tipisaTvis SesaZlo spiraluri versiebi araa moyvanili. marjvniv, kompleqsur 

sibrtyeze datanilia fiqsirebuli wertilebis maxasiaTebeli mniSvnelobebi. indeqsi-1 

tipis spiraluri `unagiris~ wertilis SemTxvevaSi traeqtoriebi Caexveva Sida 

simravlis zedapirze fiqsirebuli wertilis mimarTulebiT. indeqsi-2 tipis  

spiraluri `unagiris~  wertilisTvis ki traeqtoriebi warmoadgenen fiqsirebuli 

wertilidan gamomaval ganSlad spiralebs.  

 

1s. spiraluri kvanZi. yovel maxasiaTebel mniSvnelobas gaaCnia uaryofiTi 

dadebiTi nawili, magram ori maTganis warmosaxviTi nawili nulisagan 

gansxvavebulia (da qmnis kompleqsurad SeuRlebul wyvils). kvanZTan 

miaxloebisas traeqtoriebi  spiralurad Caexvevian.  

2. ganmzidveli. yvela maxasiaTebeli mniSvneloba namdvili dadebiTi ricxvia. 

ganmzidvelis midamoSi gamavali nebismieri traeqtoria am wertilisagan ganizideba. 

2s. spiraluri ganmzidveli. yvela maxasiaTebel mniSvnelobas gaaCnia dadebiTi 

namdvili nawili, xolo or maTgans aranulovani warmosaxviTi nawili aqvs 

(isini kompleqsuradaa SeuRlebuli). ganizidebian ra fiqsirebuli wertilis 

mimarT,  traeqtoriebi Rebuloben spiralur formas. 

3. `unagiris~ wertili – indeqsi-1. yoveli maxasiaTebeli mniSvneloba namdvili 

ricxvia. erTi dadebiTia, xolo ori uaryofiTi. traeqtoriebi miiswrafvian sayrdeni 

wertilisaken (Sida simravlis SemTxvevaSi) da ganicdian divergencias mis mimarT 

(gare simravle).  

3s. spiraluri `unagiris~ wertili – indeqsi-1. uaryofiTi namdvili nawilis 

mqone ori maxasiaTebeli mniSvneloba kompleqsurad SeuRlebul wyvils qmnis. 

traeqtoriebi spiralurad Caexvevian `unagiris~ wertilis mimarT Sida 

simravlis zedapirTan miaxloebisas. 

4. `unagiris~  wertili – indeqsi-2. yvela maxasiaTebeli mniSvneloba namdvili 

ricxvia. ori dadebiTia, erTi ki uaryofiTi. traeqtoriebi `unagiris~  wertilisaken 

miiswrafvian mrudis gaswvriv (Sida simravle) da ganicdian divergencias zedapirze 

(gare simravle). 
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4s. spiraluri `unagiris~  wertili – indeqsi-2. dadebiTi namdvili nawilebis 

mqone ori maxasiaTebeli mniSvneloba kompleqsurad SeuRlebul wyvils qmnis. 

traeqtoriebi Rebuloben spiralur formas zedapirze, ganicdian ra 

divergencias `unagiris~  wertilis mimarT. 

 

sanam momdevno paragrafebze gadavalT, movlenebs odnav win gavuswrebT da 

aRvniSnavT, rom mdgomareobaTa erTi an organzomilebiani sivrceebis SemTxvevaSi 

`unagiris~ wertilebis Sida da gare simravleebi mdgomareobaTa sivrceSi 

traeqtoriebis globaluri (farTomasStabiani) qmedebis organizebisaken miiswrafvian. 

aRmoCndeba, rom romelime makontrolebeli parametris Secvlisas, rodesac gare da 

Sida simravleebi erTmaneTs uaxlovdebian, mTliani sistemis qmedeba sagrZnoblad 

SeiZleba Seicvalos.  

B danarTi mdgomareobaTa samganzomilebian sivrceSi arsebuli fiqsirebuli 

wertilebis bifurkaciebs eZRvneba.  

  

 

4.6 zRvruli ciklebi da puankares kveTebi 

 

rogorc me-3 TavSi vnaxeT, ori an metganzomilebiani dinamikuri sistemebis 

qmedeba drois didi intervalis SemTxvevaSi ganmeorebadi, perioduli zRvruli 

ciklebis Sesabamis qmedebaSi SeiZleba gadaizardos. agreTve vnaxeT, rom puankares 

kveTis meTodis gamoyenebiT zRvruli ciklebis ganzomilebis Semcireba SesaZlebelia 

da maTi analizi sagrZnoblad martivdeba.  

 Tavdapirvelad vadgenT puankares kveTis konstruqcias mocemuli sistemisTvis. 

mdgomareobaTa samganzomilebiani sivrcis SemTxvevaSi puankares kveTa puankares 

sibrtyis SerCevis gziT dgindeba, romelic zedapirze moniSnavs im wertilebs, 

romelTac  gaivlis mocemuli traeqtoria zedapiris gadakveTisas (umetes 

SemTxvevebSi sibrtyis SerCeva ar aris gadamwyveti, vinaidan traeqtoriebi zedapirs 

marTobulad kveTen, ix. nax. 4.4). iseTi avtonomiuri sistemebisTvis, rogoricaa 

lorencis modelis gantolebebi, SevarCevT romelime moxerxebul sibrtyes 

mdgomareobaTa sivrceSi (magaliTad, XY sibrtye lorencis gantolebebisTvis). 

rodesac traeqtoria Z-is uaryofiTi mniSvnelobebidan dadebiTSi gadasvlisas am 

sibrtyes gadakveTs, moviniSnavT gadakveTis wertils.  
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 Tu sistemas gaaCnia bunebrivi periodi, magaliTad, masze moqmedi Zala 

periodulia, maSin puankares sibrtyed  mocemuli Zalis romelime fazuri zedapiri 

SegviZlia avirCioT. aseT SemTxvevaSi puankares kveTa waagavs meqanikuri sistemis 

`stroboskopul gamosaxulebas~, romlis Cawerac xdeba sistemis moZraobisas  

stroboskopuli naTuris anTebiT yovel periodze erTxel. am TvalsazrisiT 

SegviZlia ganvacxadoT, rom puankares kveTa `yinavs~ dinamikuri sistemis moZraobas. 

 

 

 

nax. 4.4 puankares kveTa mdgomareobaTa samganzomilebiani sivrcisTvis. marcxniv 

traeqtoria ganivad kveTs puankares sibrtyes. marjvniv moyvanil naxazze ara gvaqvs  

ganivi kveTa, radganac garkveul manZilze traeqtoria sibrtyis paraleluradaa 

ganlagebuli. 

 

meti sizustisTvis ganvixiloT X0 da X1 damoukidebeli cvladebiT aRwerili 

perioduli Zalis moqmedebis SemTxveva (qvemoT moyvanili yvela Sedegi samarTliani 

iqneba avtonomiuri SemTxvevebisTvisac) 4.5 naxazze puankares kveTa dgindeba im X0 

da X1 mniSvnelobebis dafiqsirebis gziT, rodesac perioduli Zalis faza romelime 

garkveul  mniSvnelobas aRwevs (saerTod, faza 0-sa da 2π-isaa).  amgvarad, gveqneba  

mdgomareobaTa samganzomilebian sivrce, romelic geometriulad warmoiqmneba X0X1 

sibrtyis romelime RerZis irgvliv brunvis Sedegad. 

 mas Semdeg, rac dasruldeba gardamavali stadiebi, sistemis asimptoturi 

qmedeba iqneba perioduli da es periodi g(t) Zalis periodis tolia. amis Semdgom 

puankares kveTa warmodgenili iqneba mxolod erTi wertiliT, romlis 

koordinatebsac sibrtyeze x1*–iTa da x2* –iT aRvniSnavT. meores mxriv, Tu drois 

xangrZliv intervalze aRebuli qmedeba perioduli Zalis subharmonikaa, magaliTad 

T=NTf periodiT (sadac N dadebiTi mTeli ricxvia), maSin puankares kveTa Sedgeba N 
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raodenobis wertilebisgan, romelTa koordinatebic SeiZleba aRiniSnos 

(x1*,x2*)i=1,....,N simboloebiT. 

 

 

 

 

 

nax. 4.5. perioduli sistemisTvis mdgomareobaTa sivrce  warmoadgens RerZis 

irgvliv  X0-X1 sibrtyis brunvis Sedegad miRebul samganzomilebian cilindrs. aq 

elifsuri traeqtoria mdebareobs samganzomilebian Torze.  moqmedi Zalis faza 

Seesabameba  traeqtoriis wertilis periferiul mdebareobas. 

 

 

 

 

 

nax. 4.6. P0 , P1 da P2,… wertilebi warmoadgenen puankares sibrtyis (x3=0 wertilze 

gamavali sibrtye) mier calkeuli traeqtoriis gadakveTis  wertilTa mimdevrobas, 

rodesac traeqtoria miemarTeba x3>0-dan x3<0-sken. 
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meti moxerxebulobisaTvis davafiqsiroT puankares sibrtyisa da traeqtoriis 

gadakveTis yoveli wertili. magaliTad,  4.6 naxazi gviCvenebs P0 , P1 da P2,… 

wertilebis mimdevrobas, rodesac traeqtoria uaxlovdeba mizidulobis zRvrul 

cikls mdgomareobebis samganzomilebian sivrceSi. (SeadareT 4.6 naxazi 3.13-s) 

mkiTxveli unda gavafrTxiloT, rom literaturaSi arsebul zogierT diagramaze 

wertilebis es mimdevroba SeerTebulia gluvi mrudiT, romelic gadis (x1*,x2*) 

wertilSi. mniSvnelovania gvaxsovdes, rom es mrudi ar aris traeqtoria. 

faqtiurad, nebismieri calkeuli traeqtoriis puankares kveTa 4.6 naxazze naCvenebi 

wertilebis mimdevrobaa. nebismieri aseTi mrudi miiswrafvis (x1*, x2*) wertilisaken. 

mogvianebiT vnaxavT SemTxvevebs, rodesac es mrudebi ikveTeba. mniSvnelovania 

gvaxsovdes, rom amgvari gadakveTa araTanakveTadobis Teoremas ar arRvevs, radganac 

aseT SemTxvevaSi erTmaneTis gadamkveTi mrudebi ar warmoadgenen traeqtoriebs.  

 

 davubrundeT zRvrul ciklebs. maTi stabiluroba wina TavSi moyvanili 

puankares koeficientebis ganzogadebis gziT ganisazRvreba. Cven vuSvebT, rom 

dinamikuri sistemis amsaxveli gantolebebis amonaxsnis erTaderToba puankares 

asaxvis funqciis arsebobaze migviTiTebs, romelic traeqtoriis mier puankares 

sibrtyis gadakveTis  saxadasxva wertilTa koordinatebs erTmaneTTan akavSirebs. 

mocemul funqciebs gaaCniaT Semdegi saxe: 

( 1) ( ) ( )
1 1 1 2

( 1) ( ) ( )
2 2 1 2

( , )

( , )

n n n

n n n

x F x x

x F x x








                        (4.6-1) 

 

sadac frCxilebSi mocemuli simboloebi gadakveTis wertilis rigs aRniSnavs. 

 aq puankares asaxvis funqciebi miiRebian diferencialuri gantolebebis 

sistemiT gansazRvruli traeqtoriebis puankares kveTis analizis gziT. me-5 TavSi 

aseTi asaxvis funqciebiT aRweril saintereso modelebs ganvixilavT.  

 puankares kveTis fiqsirebuli wertilebi akmayofilebs Semdeg pirobas. 

1 1 1 2

2 2 1 2

( , )

( , )

x F x x

x F x x





  

  
                         (4.6-2) 
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puankares kveTis yoveli fiqsirebuli wertili Seesabameba zRvrul cikls 

mdgomareobaTa samganzomilebian sivrceSi.  

 fiqsirebuli wertilebis stabilurobis daxasiaTeba Sesabamisi iakobianis 

SedgeniTa da  maxasiaTebeli mniSvnelobebis gamoTvlis gziT SegviZlia [mas Semdeg, 

rac frangma maTematikosma gaston flokuem (1847-1920), sxva movlenebTan erTad, 

perioduli wevrebis Semcveli diferencialuri gantolebebis maxasiaTeblebi 

Seiswavla, mocemul iakobians zogjer flokues matricasac uwodeben]. igi  

mdgomareobaTa sivrceSi arsebuli fiqsirebuli wertilis maxasiaTebeli 

mniSvnelobebis gansazRvrisaTvis gamoyenebuli iakobianis analogiuria. JM iakobiani 

moicema Semdegi saxiT: 

 

                        (4.6-3) 

 

 

sadac matrica gansazRvrulia puankares asaxvis saZiebel fiqsirebul wertilSi. misi  

maxasiaTebeli mniSvnelobebi gansazRvravs zRvruli ciklis stabilurobas. 

stabiluri zRvruli cikli axlomdebare traeqtoriebs miizidavs, xolo 

arastabiluri maT ganizidavs. maxasiaTebeli mniSvnelobebis gamoTvla me-3 TavSi 

moyvanili maTematikuri meTodebis saSualebiT SegviZlia. miuxedavad amisa, 

praqtikaSi maTi calsaxad dadgena mainc ver xerxdeba, radgan am SemTxvevaSi 

gvWirdeba puankares asaxvis funqciis zusti gamosaxuleba, rac umeteswilad ar 

viciT [me-5 TavSi gavecnobiT zogierT models, romlebic asaxvis funqciis pirdapir 

gansazRvris saSualebas iZlevian. Tumca mdgomareobaTa sam an metganzomilebian 

sivrceebSi, diferencialuri gantolebebiT aRwerili sistemebisTvis asaxvis 

funqciebis povna sazogadod SeuZlebelia.] 

 vinaidan mdgomareobaTa samganzomilebian sivrceSi iakobiani warmoadgens 2X2 

matricas, fiqsirebul wertils gaaCnia ori maxasiaTebeli mniSvneloba. amgvarad, 

saxezea stabilurobis SemTxvevaTa igive raodenoba, rac gvqonda mdgomareobaTa  

organzomilebian sivrceSi arsebuli fiqsirebuli wertilebisaTvis: kveTis 

wertilebi SeiZleba fiqsirebuli wertilis erTi mxridan meoreze gadasvlisas 
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monacvleobdes. (gaixseneT, rom or ganzomilebaSi amgvari monacvleoba SesaZlebeli 

ar iyo, radgan am SemTxvevaSi traeqtorias sakuTari Tavi unda gadaekveTa. sam 

ganzomilebaSi ki traeqtorias perioduli cvlileba yovelgvari  gadakveTis gareSe, 

sakuTari Tavis zemoT an qvemoT gadaadgilebiT SeuZlia.) 

 

disipacia 

 

2X2 matricisTvis ori maxasiaTebeli mniSvneloba arsebobs. Cven maxasiaTebeli 

mniSvnelobebi M1–iT da M2 –iT  mas Semdeg aRvniSneT, rac zRvruli ciklis 

puankares kveTis wertilis mimarT daaxlovebadi an daSorebadi traeqtoriebis 

gansazRvrisTvis flokues koeficientebi gamoviyeneT. iseve rogorc mdgomareobaTa 

organzomilebiani sivrcis arsebuli puankares kveTebis SemTxvevaSi, disipaciis 

kriteriumi SesaZlebelia Camoyalibebuli iqnas koeficientebis meSveobiT, radgan  

disipacia dakavSirebulia sawyisi pirobebis simravlis SemcirebasTan. radgan M1 

koeficienti gansazRvravs gafarToebas x1 mimarTulebiT, xolo M2  ki _ x2 

mimarTulebiT, cxadia, M1M2 namravli gansazRvravs areebis gafarToebas an 

Seviwrovebas puankares sibrtyeSi. disipaciuri  sistemisaTvis saSualod gveqneba 

M1M2<1 (ar Sesruldeba mxolod fiqsirebuli wertilebis midamoebSi). me-8 TavSi 

ganvixilavT modeluri asaxvis sistemebs, romelTaTvisac mdgomareoba-sivrcis are 

mudmivia. maT SemTxvevaSi M1M2=1. 

 

zRvruli ciklebis stabiluroba 

 

organzomilebianma sistemebma gviCvenes, Tu fiqsirebuli wertilebi stabiluria da 

maT midamoebSi myofi traeqtoriebi am wertilebisaken miiswrafvian, maSin TiToeuli 

koeficientis absoluturi mniSvneloba 1-ze naklebi iqneba [sami an meti 

ganzomilebis mqone mdgomareobebis sivrceebSi SesaZlebelia Sesruldes piroba M<0. 

amgvarad, stabilurobis kriteriumi koeficientebis absoluturi mniSvnelobebis 

meSveobiT ganisazRvreba.  

 arsebobs zRvrul ciklTa Semdegi tipebi 

 

I. stabiluri zRvruli cikli (kvanZi puankares asaxvisaTvis) 

II. ganmzidveli zRvruli cikli (ganmzidveli puankares asaxvisaTvis) 
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III. `unagirisebri~ cikli (`unagiris~ wertili puankares asaxvisaTvis) 

 

4.2 cxrilSi moyvanilia puankares sibrtyis fiqsirebuli wertilebisa da 

mdgomareobaTa samganzomilebiani sivrceebis zRvruli ciklebis Sesabamisi 

maxasiaTebeli koeficientebis kategoriebi (SeadareT igi 3.4 cxrils, romelic  

mdgomareobaTa organzomilebian sivrceebSi arsebuli zRvruli ciklebisTvisaa 

Sedgenili). 

 

 

 

 

 

 

nax. 4.7. maxasiaTebeli koeficientebi kompleqsur sibrtyeSi. Tu orive koeficienti 

erTeulovani radiusis mqone wreSi imyofeba, maSin Sesabamisi zRvruli cikli 

stabiluria. Tu erT-erTi (an orTave) koeficienti wris miRmaa, maSin zRvruli 

cikli arastabiluria. 
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amocana 4.6-1. aRvniSnoT 4.6.3 gantolebaSi iakobianis kvali Tr-iT, xolo 

determinanti Δ-iT. 

 

(a) aCveneT, rom ori maxasiaTebeli koeficienti SeiZleba Semdegnairad gamoisaxos: 

2
1,2

1
[ 4 ]

2 rM T Tr     

(b) aCveneT, rom mdgomareobis sivrcis ubnebisTvis gafarToebis (Seviwrovebis) 

koeficienti mocemulia gantolebiT 

1 2M M    

(c)  me-3 TavSi davadgineT, rom iakobianis kvali diferencialuri gantolebebis 

sistemis meSveobiT modelirebuli dinamikuri sistemis disipaciis Sesaxeb mianiSnebs. 

amjerad Cven iakobianis determinants viyenebT. axseniT gansxvaveba. 

 

ra Tqma unda, maxasiaTebeli koeficientebi kompleqsuri ricxvebic SeiZleba iyos. 

rogorc mdgomareobaTa organzomilebiani sivrceSi fiqsirebuli wertilebis 

SemTxvevaSi vixileT, es ricxvebi kompleqsurad SeuRlebul wyvils qmnian. 

grafikuli TvalsazrisiT, kompleqsur koeficientebTan dakavSirebuli puankares 

kveTis mimdevrobiTi wertilebi zRvruli ciklis gadakveTis wertilis irgvliv 

iyrian Tavs _ uaxlovdebian an Sordebian mas. maTematikuri TvalsazrisiT, 

stabilurobasac igive piroba gvaqvs: stabiluri zRvruli ciklisTvis orTave 

koeficientis absoluturi mniSvneloba 1-ze naklebia. argandis Sesabamis diagramaze 

(kompleqsuri sibrtye) dayrdnobiT, zRvruli ciklis orive maxasiaTebeli 

koeficienti, erTeulovani radiusis mqone wris (e.w. erTeulovani wre) farglebSi 

imyofeba (ix. nax. 4.7). makontrolebeli parametris cvlilebasTan erTad 

maxasiaTebeli koeficientebis mniSvnelobebic SeiZleba Seicvalos. Tu erT-erTi 

maxasiaTebeli koeficienti mainc erTeulovan wres gadakveTs, Tavs iCens bifurkacia. 

zogierTi amgvari bifurkacia mocemuli Tavis boloSi iqneba ganxiluli.  

 

amocana 4.6-2. aCveneT, rom mdgomareobaTa samganzomilebiani sivrcis puankares 

(organzomilebian) kveTaSi  `unagiris~ wertilis midamoSi spiraluri tipis qmedeba 

ar SeiZleba arsebobdes. 
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4.7 kvaziperioduli qmedeba 

 

mdgomareobaTa samganzomilebiani sivrcis SemTxvevaSi moZraobis axalma tipma 

SeiZleba iCinos Tavi, romelic verasodes aRiZvreba mdgomareobaTa erT an 

organzomilebian sivrceebSi. moZraobis axal tips kvaziperioduli ewodeba, radgan 

mas ori gansxvavebuli sixSire gaaCnia anu misi gamokvleva ori damoukidebeli, 

perioduli moZraobis saSualebiT SeiZleba. kvaziperioduli moZraobisas 

mdgomareobaTa  samganzomilebian sivrceSi traeqtoriebi SezRudulia Toris 

zedapirze. moZraobis am saxeobis maTematikuri aRwera moicema Semdegi gantolebebiT: 

1

2

3

( sin )cos

cos

( sin )sin

r R

r

r R

x R r t t

x r t

x R r t t

 


 

 

 

                   (4.7-1) 

 

sadac simboloebiT aRniSnulia ωR da ωr  kuTxuri sixSireebi. geometriuli 

TvalsazrisiT (4.7-1) gantolebebi aRweren moZraobas Toris zedapirze (Toris 

centri imyofeb koordinatTa saTaveSi), romlis didi radiusi R-ia, xolo 

ganivkveTis radiusi ki r gaxlavT (nax. 4.8). ωR sixSire Seesabameba didi wris 

garSemo TR=2π/ωR periodiT brunvas, ωR ki _ ganivkveTis gaswvriv Tr=2π/ωr periodiT 

brunvis sixSires. Tors, rogorc wesi, elifsis formis ganivkveTa unda hqondes, 

magram elifsebi SeiZleba wreebad gardaiqmnas koordinatTa RerZebis Sesabamisi 

dayalibebis Sedegad. 

 kvaziperioduli moZraobisTvis puankares kveTa miiReba puankares sibrtyis 

mier Toris kveTis Sedegad. puankares asaxvis maxasiaTebeli 4.9 naxazze gamosaxul 

or sixSires Soris ricxobrivi kavSiris arsebobaze migviTiTebs. Tu ori sixSiris 

Tanafardoba ori mTeli ricxvis Tanafardobis saxiT gamoisaxeba (magaliTad, 

rogorc `racionaluri wiladi~ 14/17) maSin puankares kveTa moicavs wertilTa 

sasrul raodenobas. moZraobis amgvar saxes xSirad sinqronizebul moZraobas 

uwodeben, radgan erT-erTi sixSiris (xSirad gansazRvrulia makontrolebeli 

parametris mxolod garkveul diapazonSi) namravli mTel ricxvze tolia meore 

sixSiris namravlisa sxva mTel ricxvze.  
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nax. 4.8. samganzomilebian sistemaSi kvaziperioduli traeqtoriebi ganlagebulia 

Toris zedapirze. aq moyvanilia Toris gansakuTrebuli SemTxveva wriuli 

ganivikveTiT. r ganivikveTis mcire radiusia, xolo R Toris didi radiusia. Toris 

zedapirze myofi perioduli traeqtoria Tavis TavSi iketeba. 

 

(terminebi fazaTa sinqronizacia da talRebis sinqronizacia aseve amgvari tipis 

qmedebaTa aRwerisTvis gamoiyeneba). 

 Tu sixSireebis fardoba mTeli ricxvebiD ar gamoisaxeba, maSin fardobas 

`iracionaluri~ ewodeba (maTematikuri da ara fsiqologiuri TvalsazrisiT). 

iracionalurobis SemTxvevaSi, puankares asaxvis wertilebi puankares sibrtyeSi 

saboloo jamSi avseben uwyvet mruds da moZraoba kvaziperioduli  iqneba, radgan 

igi zustad arasodes gameordeba (rusi maTematikosebi mas pirobiTad perioduls 

uwodeben. magaliTad, [Arnold, 1983]. maTematikur literaturaSi aseve gamoiyeneba 

termini TiTqmis perioduli.) 

 kvaziperiodulobis SemTxvevaSi moZraoba zustad arasodes meordeba, magram 

amave dros igi ar aris qaosuri da ori (an meti) perioduli komponentisgan 

Sedgeba, romelTa arseboba moZraobis sixSireTa speqtris (furies speqtri) gazomviT 

aSkaravdeba. unda aRiniSnos, rom didi mTeli ricxvebis SemTxvevaSi kvaziperiodul 

moZraobasa da sixSireTa racionaluri fardobis mqone moZraobas Soris gansxvavebis 

aRmoCena rTulia. SeuZlia ki konkretul eqsperiments ganasxvavos es ori SemTxveva? 

rogorc SemdgomSi vnaxavT, parametris cvlilebasTan erTad sistemis qmedeba 

SesaZloa zemoTxsenebul or SemTxvevas Soris cvalebadobdes. arsebiTia, rom 

kvaziperioduli qmedebisaTvis sistemis mimzidveli  Toris organzomilebiani 

zedapiria.  
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 es Sedegi ufro meti ganzomilebis mdgomareobebis sivrceebzec vrceldeba. 

magaliTad, mdgomareobaTa oTxganzomilebian sivrceSi kvaziperioduli moZraoba sami 

sixSiriT SeiZleba gamoisaxebodes, romelTagan arc erTi ar aris kavSirSi danarCen 

orTan racionaluri fardobis meSveobiT. am dros traeqtoriebi samganzomilebiani 

Toris `zedapirze~ arian ganawilebuli. Tu mxolod ori sixSire gvaqvs, maSin 

moZraoba Toris organzomilebian zedapirze xdeba.  

 

 

 

nax. 4.9. puankares sibrtyisa da Toris kveTa mdgomareobaTa samganzomilebian 

sivrceSi. marcxena zeda diagrama gviCvenebs puankares asaxvis wertilebs sixSireTa 

racionaluri fardobis mqone orsixSiriani perioduli sistemisTvis. kveTis 

wertilebi varskvlavebiTaa aRniSnuli. marcxena qveda diagrama kvaziperiodul 

qmedebas asaxavs. sixSireTa fardoba iracionaluria da kveTis wertilebi puankares 

sibrtyeSi saboloo jamSi qmnis mruds (romelsac zogjer `modreife rgolsac~ 

uwodeben). 

 

Cveulebriv (araqaosur) mimzidvelebs ukve srulad gavecaniT: fiqsirebuli 

wertilebi (ganzomileba _ 0), zRvruli ciklebi (ganzomileba _ 1) da 

kvaziperioduli mimzidvelebi (ganzomileba _ 2 an meti). ukve SegviZlia vimsjeloT, 

Tu rogor gardaiqmneba es mimzidvelebi qaosurebad. Cven periodis gaormagebis, 

kvaziperiodulobis da wyvetis gzebis mokle ganxilviT SemovifarglebiT. TiToeul 

maTganze ufro dawvrilebiT me-5, me-6 da me-7 TavebSi vimsjelebT. me-7 TavSi 

krizisis movlenasac gavecnobiT. vnaxavT, rom qaosSi gardamavali stadiis aRwera 

TvalsazrisiT SedarebiT rTulia, radgan igi mdgomareobaTa sivrcis mTel rig 
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ubnebze traeqtoriaTa `qcevis~ Seswavlas moiTxovs. Amieridan yuradRebas calkeul 

fiqsirebul wertilsa Tu zRvrul ciklze aRar gavamaxvilebT. 

 

4.8 pirveli gza qaosisaken: periodis gaormageba 

 

rogorc ukve aRvniSneT, periodis gaormagebis movlena sistemis zRvruli 

ciklis tipis qmedebasTan erTad aRiZvreba. ra Tqma unda, zRvruli cikli kvanZis an 

sxva fiqsirebuli wertilis Semcveli bifurkaciisagan SeiZleba `warmoiSvas~, magram 

jerjerobiT amaze ar SevCerdebiT. romelime makontrolebeli parametris 

cvlilebasTan erTad zRvruli cikli arastabiluri xdeba. am movlenas saukeTesod 

asaxavs puankares Sesabamisi kveTa. davuSvaT, perioduli zRvruli cikli puankares 

kveTaSi mxolod erT wertils warmoqmnis. Tu zRvruli cikli arastabiluri xdeba 

da misi erT-erTi maxasiaTebeli koeficienti _ 1-ze naklebi xdeba (rac, ra Tqma 

unda niSnavs, rom |M |>1), maSin xSir SemTxvevaSi axali saxis moZraoba periodulia, 

magram misi perioduloba sawyis moZraobis periodze orjer metia. puankares 

kveTisas  amgvari axali saxeobis zRvruli cikli puankares sawyisi kveTis 

wertilis orive mxares mdebare or wertils mogvcems (ix. nax. 4.10).  

 

 

nax. 4.10. puankares kveTa  traeqtoriisaTvis, romelmac ganicada periodis  

gaormagebis bifurkacia. marcxniv naCvenebia sawyisi perioduli traeqtoria, romelic 

puankares sibrtyes erT wertilSi kveTs. marjvniv ormagi periodis Sesabamisi 

traeqtoriaa gamosaxuli, romelic puankares sibrtyes or wertilSi gadakveTs. 

 

gadakveTis wertilebis amgvari monacvleoba sawyisi zRvruli ciklis 

maxasiaTebel koeficientTanaa dakavSirebuli. igi 1-ze naklebi uaryofiTi sididea. 

vinaidan |M|>1, traeqtoriebis asaxvis wertilebi `ganzidulia~ sawyisi asaxvis 
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wertilis mier. niSani `minusi~ gvauwyebs, rom isini mdebareobas icvlian. 

bifurkaciis amgvar tips `mxtunav~ bifurkaciasac uwodeben, radgan axlad 

warmoqmnili traeqtoria sawyisi traeqtoriis mimarT erTi mxridan meoreSi 

`daxtis~.  

 

kiTxva: ratom ver vamCnevT sammag, oTxmag da a.S. periodebs? arsebobs martivi axsna? 

ix. Tavi 5.  

 

makontrolebeli parametris Semdgom cvlilebasTan erTad, periodi 2-is 

Sesabamisi zRvruli cikli SeiZleba arastabilur mdgomareobaSi gadavides da Seqmnas 

periodi-4-is tipis cikli, romelsac puankares kveTis oTxi wertili eqneba. me-5 

Tavi dawvrilebiT gvixsnis, Tu rogor, rodis da sad xdeba es movlena. periodis 

gaormagebis procesi SeiZleba periodis usasrulobaSi gadasvlamde gagrZeldes anu, 

traeqtoria sakuTar Tavs arasodes imeorebs da am SemTxvevaSi igi qaosuria. 

 

 

4.9 meore gza qaosisaken: kvaziperioduloba 

 

kvaziperioduli scenaris mixedviT, sistemis qmedeba kvlav zRvruli ciklis 

tipis traeqtoriiT iwyeba. makontrolebeli parametris cvlilebasTan erTad 

sistemis qmedebaSi meore tipis perioduloba iCens Tavs. amgvari bifurkaciaa me-3 

TavSi ganxiluli hopfis bifurkaciis ganzogadebaa da masac igive saxelwodebiT 

moixsenieben. maxasiaTebeli koeficientebis TvalsazrisiT, hopfis bifurkacia 

xasiaTdeba  kompleqsurad SeuRlebuli ori koeficientiT, romlebic erTdroulad 

kveTen erTeulovan wres.  

Tu moZraobis meore tipis moZraobis periodis fardoba pirveli tipis 

moZraobis periodTan araa racionaluri, maSin adrindelis msgavsad vityviT, rom 

moZraoba kvaziperiodulia. garkveul pirobebSi, makontrolebeli parametris Semdgom 

cvlilebasTan erTad moZraoba qaosuri gaxdeba. qaosisken mimaval am gzas ruel-

Teiqensis scenari ewodeba, mas Semdeg, rac 1971 wels d. ruelma da f. Teiqensma misi 

ganviTarebis Teoriuli SesaZlebloba ivaraudes. misi mTavari niSania erTi SexedviT 

imis molodini, rom parametris cvlilebasTan erTad wina paragrafSi aRwerili 

ormagi periodebis usasrulo mimdevrobis msgavs, gansxvavebuli sixSireebis grZel 
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mimdevrobas vixilavT (1944 wels rusma fizikosma l. landaum siTxeebSi 

turbulentobis ganviTarebis wyarod sixSireTa amgvari usasrulo mimdevroba 

ivarauda. [Landau and Lifshitz, 1959]). Tumca, sul mcire ramdenime  SemTxvevaSi mainc, 

sistemis moZraobaSi mesame, gansxvavebuli sixSiris Semosvlis nacvlad sistema 

qaosuri xdeba. amgvar scenars me-6 TavSi ganvixilavT. 

 qaosisken mimavali kvaziperioduli gzis eqsperimentulma mtkicebulebam 

(GOS75) samecniro wreebi gamoafxizla da arawrfiv dinamikaSi bevri axali, 

sasargeblo idea dainerga. 1970-iani wlebis meore naxevarsa da 1980-iani wlebis 

dasawyisSi ukve arsebobda orsixSiriani kvaziperioduli qmedebidan qaosSi gadasvlis 

gardauvalobis mravali Teoriuli hipoTeza. SedarebiT Tanamedrove Sromebma (ix. 

magaliTad, BAT 88) gviCvena, rom mniSvnelovani sivrciTi ganfenilobisa da 

Tavisuflebis mravali xarisxis mqone sistemebi qaosur mdgomareobaSi gadasvlamde 

sam an metsixSirian kvaziperiodul qmedebas avlenen.  

 

 

4.10 mesame gza qaosisaken: wyveta da krizisebi 

 

me-7 TavSi wyvetasa da krizisebs dawvrilebiT ganvixilavT, amitom amJamad Zalze 

mokle daxasiaTebiT SemovifarglebiT. qaosisken wyvetiT mimaval gzas sxvadasxva 

intervalebSi perioduli qmedebis da qaoturi qmedebis araregularuli `afeTqebebi~ 

axasiaTebs. sistemis raime parametris SecvlasTan erTad qaosuri afeTqebebi ufro 

xangrZlivi da meti intensivobisaa, vidre sabolood qaosi ar `daisadgurebs~.  

 krizisi bifurkaciuli movlenaa, romlis drosac qaosuri mimzidveli da misi 

mizidulobis are uecrad qreba an romelime makontrolebeli parametris 

regulirebasTan erTad zomas icvlis. Tu parametri kvlav sapirispiro mimarTulebiT 

Seicvleba, qaosuri mimzidveli SeiZleba uecrad gamoCndes an Tavdapirveli zoma 

aRidginos. rogorc me-7 TavSi vixilavT, krizisi qaosur mimzidvelsa da 

arastabilur fiqsirebul wertils Soris an stabilur zRvrul cikls Soris 

urTierTqmedebas moicavs.    
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4.11 meoTxe gza qaosisaken: qaosuri gardamavali stadiebi da homoklinikuri 

orbitebi 

 

qaosisken mimavali gzebis meore, globaluri bifurkaciebis farTo kategoriaSi 

qaosuri gardamavali stadia umniSvnelovanesia Cveulebrivi diferencialuri 

gantolebebis meSveobiT modelirebuli sistemebisTvis. miuxedavad imisa, rom qaosSi 

gadasvlis es gza erT-erTi pirveli aRmoCena iyo fizikuri sistemebis 

modelirebisas (lorencis modeli),  igi periodis gaormagebis, kvaziperiodulobisa 

da wyvetis TeoriebTan SedarebiT naklebad ganviTarda. Mmizezi imaSi mdgomareobs, 

rom qaosisken mimaval am gzas ar axasiaTebs sistemis fiqsirebuli wertilebis an 

puankares kveTis fiqsirebuli wertilebis tipis cvlileba. 

 

 

 

 

nax. 4.11. `unagirisebri~ cikli mdgomareobaTa samganzomilebian sivrceSi. stabiluri 

da arastabiluri mravalsaxeobebi is zedapirebia, romlebic erTmaneTs `unagirisebr~   

ciklze kveTen. iq, sadac `unagirisebri~  cikli kveTs puankares sibrtyes, gvaqvs 

`unagiris~ wertili puankares asaxvis funqciisTvis. `unagirisebri~ ciklis mier 

ganziduli erTi traeqtoriis nawili mdebareobs arastabilur mravalsaxeobaze, 

xolo `unagirisebr~ ciklTan miaxloebuli meore traeqtoriis nawili _ stabilur 

mravalsaxeobaze.  
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gardamaval stadias safuZvlad udevs mdgomareobaTa sivrceSi traeqtoriebis 

urTierTqmedeba sxvadasxva arastabilur fiqsirebul wertilTan da ciklebTan. 

xSirad gvxvdeba e.w. homoklinikuri orbitebi da maTi `monaTesave~ heteroklinikuri 

orbitebi. am sivrculma orbitebma SesaZloa uecrad iCinon Tavi makontrolebeli 

parametris cvlilebasTan erTad. gacilebiT mniSvnelovania, rom es orbitebi Zlier 

zegavlenas axdenen maT saxloves gamaval traeqtoriebis bunebaze. ras warmoadgens 

homoklinikuri orbita? am kiTxvaze pasuxis gasacemad ganvixiloT `unagirisebri~ 

ciklebi mdgomareobaTa samganzomilebian sivrceSi (es msjeloba mdgomareobaTa ufro 

met ganzomilebian sivrceebzec vrceldeba). gavixsenoT, rom `unagiris~ wertilebi, 

ciklebi da maTi Sida da gare simravleebi mniSvnelovan rols asruleben 

mdgomareobaTa sivrcis organizaciaSi. sxvanairad rom vTqvaT, Sida da gare 

simravleebi mdgomareobaTa sivrcis sxvadasxva nawilebs Soris arsebul `sazRvris~ 

rolSi gvevlineba da yvela traeqtoriam `angariSi unda gauwios~ am sazRvrebs. 

yuradReba unda gavamaxviloT mdgomareobaTa sivrcis puankares kveTaSi mdebare 

`unagiris~ wertilze, romelic mdgomareobaTa samganzomilebian sawyis sivrceSi myof 

`unagirisebr~ cikls Seesabameba (ix. nax. 4.11). es cikli ori zedapiris TanakveTaa: 

erTi zedapiri ciklis Sesabamisi Sida simravlea (anu stabiluri mravalsaxeoba), 

xolo meore _ gare simravle (anu arastabiluri mravalsaxeoba). Sida simravlis 

Sesabamisi traeqtoriebi droTa ganmavlobaSi miiswrafvian `unagirisebri~ ciklisaken. 

sapirispiro situaciasTan gvaqvs saqme  gare simravlis SemTxvevaSi.  

 

nax. 4.12. P wertili `unagiris~ wertilia puankares 

kveTaSi. igi mdgomareobaTa mTlian samganzomilebian 

sivrceSi arsebul `unagirisebr~ cikls Seesabameba. 

mocemuli ciklis Sida simravlis TanakveTas 

puankares sibrtyesTan gamosaxavs Ws mrudi, xolo 

gare simravlis SemTxvevaSi -  Wu mrudi. 

 

nax. 4.12. gviCvenebs puankares ekvivalentur kveTas sayrdeni P wertiliT, romelSic  

`unagirisebri~ cikli sibrtyes kveTs. ramdenime mrudis meSveobiT sqematurad 

gamosaxulia, Tu sad kveTen Sida da gare simravleTa zedapirebi puankares sibrtyes. 

Ws da Wu mrudebs P sayrdeni wertilis stabiluri da arastabiluri 

mravalsaxeobebi ewodebaT.  vinaidan `unagirisebri~ ciklis Sida da gare simravleebi 
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organzomilebiani zedapirebia (mdgomareobaTa sawyis samganzomilebian sivrceSi), 

puankares sibrtyesTan erT-erTi am zedapiris kveTa qmnis mruds. saWiroa gvaxsovdes, 

rom es mrudebi traeqtoriebs ar warmoadgenen. magaliTad, Tu Ws(P) zedapiris im 

wertils, romelSic traeqtoria kveTs puankares sibrtyes, s0-iT aRvniSnavT, maSin 

puankares asaxvis F funqcia traeqtoriis mier sibrtyis gadakveTis Semdegi 

wertilis s1 koordinatebs mogvcems. s1-idan s2-is povnas SevZlebT da a.S. wertilebis 

mimdevroba ganlagdeba Ws(P) mrudze da miiswarfvis P-ken, rodesac n__>∞. Tu u0 

aris  Wu(P)-ze mdebare wertili, maSin F(u0)=u1, F(u1)=u2  da a.S. Seiqmneba wertilTa 

mimdevrobebi, romlebic  P-s mimarT divergencias ganicdian Wu(P)-s gaswvriv. Tu 

puankares asaxvis F-1 funqciis Seqcevadobas u0-s mimarT gamoviyenebT, SevadgenT u-1, 

u-2  da a.S. wertilebis mimdevrobas, romlebic miiswrafvian P–saken, rodesac n__>∞. 

4.12 naxazze gamosaxuli mrudebi erTianobaSi warmogvidgenen usasrulod bevri 

sawyisi wertilisgan Semdgar mimdevrobebs. nebismieri sawyisi wertilis SemTxvevaSi,  

mimdevroba `xtunavs~ Ws-s an Wu-s gaswvriv da ar gvaqvs traeqtoriis wertilis 

iseTi gluvi moZraoba, rogorc es xdeboda mdgomareobaTa sawyis sivrceSi aRebul 

traeqtoriaze mdebare wertilis SemTxvevaSi.  

 kontrolis parametris cvlilebasTan erTad SesaZlebelia Ws-isa da Wu-s 

erTmaneTTan miaxloveba da SemdgomSi maTi gadakveTa, magaliTad, q wertilSi. Tuki  

amgvari gadakveTa xdeba, vityviT, rom q-ze adgili aqvs homoklinikur gadakveTas, 

xolo q wertils gadakveTis homoklinikur wertils vuwodebT. agreTve 

SesaZlebelia, rom erTi `unagiris~ wertilis Semcvelma arastabilurma 

mravalsaxeobam romelime sxva `unagiris~ wertilis Sesabamisi stabiluri 

mravalsaxeoba gadakveTos. aseT SemTxvevaSi vambobT, rom adgili aqvs 

heteroklinikur gadakveTas. arsebobs sxva heteroklinikuri kombinaciebic. 

magaliTad, SeiZleboda gvqondes indeqsi-2 tipis `unagiris~ wertilis Semcveli 

arastabiluri mravalsaxeobis zedapirisa da `unagirisebri~ ciklis Semcveli 

stabiluri mravalferovnebis gadakveTa. (gadakveTebis yvela SesaZlo SemTxveva 

ixileT [Abraham and Shaw, 1992] [Abraham, Abraham and Shaw, 1996].) Cven yuradRebas 

homoklinikur gadakveTebze gavamaxvilebT. 

 axla ki umniSvnelovanes fundamentur Teoremas CamovayalibebT: 
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Tu dinamikuri sistemis Sesabamis puankares kveTaSi mdebare `unagiris~  wertilis 

Sida da gare simravleebi homoklinikuri gadakveTis erT q0 wertilSi mainc kveTen 

erTmaneTs, maSin iarsebebs homoklinikuri gadakveTebis usasrulo raodenoba.  

 

 Teoremis dasamtkiceblad, gamoviyenoT q0-s mimarT asaxvis F funqcia. Sedegad 

miviRebT sxva q1  wertils. vinaidan q0    miekuTvneba rogorc  Ws-s, aseve Wu-s, wina 

Tavebidan gamomdinare vaskvniT, rom F asaxvis gamoyeneba Ws-s an Wu-s romelime 

wertilis mimarT Ws-s an Wu-s sxva q1  wertilsac gvapovninebs. wertilTa am 

mimdevrobis mimarT F-is gamoyenebis gagrZelebis SemTxvevaSi homoklinikuri 

wertilebis usasrulo ricxvs davadgenT. 4.13 naxazi gviCvenebs saboloo 

homoklinikuri maryuJis nawils, romelic homoklinikuri gadakveTebis Sedegad 

miiReba.  

 gaiTvliswineT, rom 4.13 naxazze gamosaxuli gluvi mrudebi calkeuli 

traeqtoriebi ar aris (araTanakveTadobis Teoremas ver davarRvevT!) isini Ws–isa da 

Wu-ze usasrulod bevri sawyisi wertilis aRebis Sedegadaa miRebuli. is 

traeqtoria, romlebic erT-erT homoklinikur wertilSi gadis, asev gaivlis 

zogierT sxva homoklinikur wertilebsac.  

 ra aris homoklinikuri wertilisa da masTan dakavSirebuli homoklinikuri 

maryuJis dinamikuri mniSvneloba? Tu Cvens yuradRebas kvlav mdgomareobaTa 

samganzomilebian sawyis sivrces davuTmobT, maSin vnaxavT, rom homoklinikuri 

wertili puankares kveTaSi  Seesabameba mdgomareobaTa sawyis sivrceSi uwyvet 

traeqtorias. homoklinikuri gadakveTisas arastabilur mravalsaxeobaSi mdebare 

erTi traeqtoria stabiluri mravalsaxobis sxva traeqtorias uerTdeba da qmnis 

axal traeqtorias, romlis puankares kveTis wertilebi zemoT aRwerili 

homoklinikuri wertilebia (am procesis ufro TvalnaTliv dasanaxad, gaixseneT, rom 

mdgomareobaTa samganzomilebian sivrceSi `unagirisebri~  ciklebis Sida da gare 

simravleebi organzomilebiani zedapirebia.) es axali traeqtoria `unagiris~  

wertils sakuTar TavTan aerTebs da amitom mas homoklinikuri SeerTebis Sesabamisi 

homoklinikuri traeqtoria an homoklinikuri orbita ewodeba. zemoyvanili 

Teoremidan gamomdinare, homoklinikurma traeqtoriam puankares sibrtye usasrulod 

bevrjer unda gadakveTos. 
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nax. 4.13. homoklinikuri maryuJi miiReba 

arastabiluri Wu(P) mravalsaxeobis mier `unagiris~ 

P wertilis Semcvel stabilur Ws(P) 

mravalsaxeobasTan homoklinikuri gadakveTis 

Sedegad. wreSi Casmuli TiToeuli wertili 

warmoadgens homoklinikuri gadakveTis wertils. 

simartivisTvis, naxazze gamosaxulia mxolod 

maryuJis nawili. 

 

 

nax. 4.14. heteroklinikuri SeerTebis puankares 

kveTa. ori `unagirisebri~  cikli sibrtyes 

kveTs Sesabamisad  P-ze da P/ wertilebSi. 

heteroklinikuri orbita akavSirebs or 

`unagirisebr~ cikls da qmnis heteroklinikur 

SeerTebas. simartivisTvis moyvanilia mxolod 

maryuJis nawili.  

 

rogor xdeba homoklinikuri orbita qaosuri qmedebis gamomwvevi mizezi? amis 

gasagebad ganvixiloT sxva traeqtorebi, romlebic puankares monakveTis `unagiris~  

wertilis siaxloves gaivlian. sazogadod, `unagiris~ wertilis siaxloves gamavali 

traeqtoriebi axlosaa Sida simravlesTan (stabiluri mravalsaxeoba), xolo gare 

simravlis (arastabiluri mravalsaxeoba) siaxloves mdebare `unagiris~   

wertilisgan ganizideba. homoklinikuri  maryuJis Seqmnis Semdeg traeqtoria 

`unagiris~   wertilidan ganizideba maryuJis garesimravluri nawilis mier, magram 

Sidasimravluri nawili mas isev `ukan daabrunebs~. advilad SesamCnevia, rom 

homoklinikuri maryuJi badebs iseT traeqtoriebs, romlebic `unagirisebri~  

wertilis midamoSi mouwesrigeblad `moZraoben~.  

qmedebis amgvari saxe heteroklinikuri orbitidanac SeiZleba 

gamomdinareobdes, romelic erT `unagiris~  wertils (an mdgomareobaTa sawyis 

sivrceSi myof `unagirisebr~  cikls) meoresTan akavSirebs. sxva heteroklinikur 

orbitas meore sayrdeni wertilidan kvlav pirvelisaken `mivyavarT~. aseTi 

kombinirebuli traeqtoriis arsebobis SemTxvevaSi vambobT, rom or `unagirisebr~   
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cikls Soris heteroklinikuri SeerTeba arsebobs. 4.14 naxazze sqematuradaa 

naCvenebi heteroklinikuri SeerTebis nawili mdgomareobaTa samganzomilebiani 

sivrcis puankares kveTaSi. igive Tviseba damaxasiaTebelia agreTve im 

heteroklinikuri orbitebisTvisac, romlebic Tanmimdevrulad akavSireben sam an met 

zRvrul cikls. 4.15 naxazi gviCvenebs mdgomareobaTa samganzomilebian sivrceebSi 

homoklinikur da heteroklinikur SeerTebaTa nimuSebs, romlebisTvisac 

`unagirisebri~  ciklis Sida da gare simravleebi organzomilebiani zedapirebia. 

agreTve nawilobriv naCvenebia Sedegad miRebuli puankares kveTebis suraTebi. 

amocana 4.11-1. daamtkiceT, rom `unagiris~ wertilis (an `unagirisebri~ ciklis) 

Semcveli arastabiluri mravalsaxeoba sxva `unagiris~ wertilis (an ciklis) 

Semcvel arastabilur mravalsaxeobas ver gadakveTs. garda amisa, uCveneT, rom ori 

stabiluri mravalsaxeoba erTmaneTs ver gadakveTs.  

4.16 naxazi gviCvenebs `unagirisebri~ ciklebis Sida da gare simravleebis gadakveTis 

Sedegad miRebuli homoklinikuri da heteroklinikuri maryuJebis samganzomilebian 

konstruqciebs. agreTve naCvenebia Sesabamisi puankares kveTebis diagramebi. 
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nax. 4.15. mdgomareobaTa samganzomilebian sivrceebSi homoklinikuri da 

heteroklinikuri SeerTebis amsaxveli diagramebi. (a)SemTxvevaSi `unagirisebri~   

ciklis Sida da gare simravleebi erTmaneTs gluvad uerTdebian da qmnian 

homoklinikur SeerTebas. (b) da (c) SemTxvevebSi heteroklinikuri SeerTebis 

warmoqmnisTvis `unagirisebri~ ciklis gare simravle meore ciklis Sida simravles 

uerTdeba. orTave SemTxvevaSi naCvenebia puankares kveTebis organzomilebiani 

konstruqciebi (Ottino, 1989).  

 imis sanaxavad, Tu rogor axdens gavlenas homoklinikuri da heteroklinikuri 

SeerTebebi sistemis dinamikaze, vubrundebiT pirvel TavSi moyvanil lorencis 

models. es modeli SesaniSnavi magaliTia homoklinikuri da heteroklinikuri 

SeerTebebis Sedegad miRebuli qaosSi gardamavali stadiebisa, romlebic saboloo 

jamSi qaosur qmedebaSi gadaizrdebian. homoklinikuri SeerTeba gvaqvs maSin, rodesac 

r parametri miaxloebiT udris 13.93-s  (b=8/3 da p=10, rogorc pirvel TavSi 

gvqonda). Pparametris am mniSvnelobisaTvis koordinatTa saTaveSi mdebare 

fiqsirebuli (`unagiris~) wertilis erTganzomilebiani gare simravle mTel sigrZeze 

gasdevs imave wertilis organzomilebian Sida simravles.  



 184 

 

 

nax. 4.16. `unagirisebr~ ciklebTan dakavSirebuli Sida da gare simravleebis 

Sesabamisi zedapirebis gadakveTis Sedegad miRebuli homoklinikuri (zemoT) da 

heteroklinikuri (qvemoT) maryuJebis samganzomilebiani konstruqciebi. aseve 

moyvanilia maryuJebis mier Seqmnili puankares organzomilebiani kveTebis nawilTa 

eskizebi (Ottino, 1989). 

 

faqtobrivad, ormagi homoklinikuri SeerTeba imitom myardeba, rom arsebobs 

erTganzomilebiani gare simravlis ori ganStoeba. erT-erTi maTgans mivyavarT 

koordinatTa saTavis  gareT mdebare fiqsirebuli wertilebidan erTerTisaken, 

xolo meore ganStoebas ki _ meore wertilisaken. homoklinikur SeerTebebTan axlos 

gamavali traeqtoriebi mravaljer ganizideba da miizideba saTaveSi myofi `unagiris~ 

wertilis mimarT, qaosurad imoZravebs saTavidan moSorebiT myofi ori fiqsirebuli 

wertilebis midamoebSi da sabolood erT-erT maTganSi dasruldeba.  
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nax. 4.17. heteroklinikuri qmedebis sqema lorencis modelisaTvis, rodesac r=35.0. 

naCvenebia traeqtoriis gegmili XY sibrtyeze. traeqtoria iwyeba koordinatTa 

saTaveSi mdebare `unagiris~ wertilis midamoSi. saTavis mimarT gare simravle 

uerTdeba erT-erTi `unagiriseuli~ ciklis mimarT Sida simravles, X=Y= +9.5 

koordinatebis mqone fiqsirebuli wertilis midamoSi. Semdeg traeqtoria 

`unagiriseul~ cikls Sordeba gare simravlis gavliT. es ukanaskneli sxva 

`unagiriseuli~ ciklis Sida simravlesTanaa SeerTebuli. X=Y=_9.5 fiqsirebuli 

wertilis garSemo orbituli moZraobis Semdeg traeqtoria ubrundeba 

`unagiriseuli~  ciklis mimarT gare simravleSi myof sawyis wertils.  

 

amgvari saxis qmedeba qaosurs mogvagonebs, magram radgan igi realurad 

mxolod gardamavali stadiaa, mas gardamaval qaoss uwodeben. amgvari qaosis Sesaxeb 

meti informaciisTvis ixileT mocemuli Tavis boloSi citirebuli literatura.  

 rodesac adgili aqvs amgvar homoklinikur SeerTebas, warmoiqmneba ori 

`unagiriseuli~  cikli. isini gansakuTrebul rols asrulebs lorencis modelSi 

qaosuri mimzidvelis generaciis TvalsazrisiT. rodesac r gadaaWarbebs 13.93-s, 

saTavis gareT mdebare fiqsirebuli wertilebis midamoSi arsebuli `unagiriseuli~ 

ciklebi (romlebic TavisTavad spiraluri kvanZebia) zomaSi klebas iwyebs da 

spiraluri kvanZebis karSemo `ikumSeba~. r=24.74-Tvis spiraluri kvanZebis 

kompleqsuri maxasiaTeblebis namdvili nawilebi 0-sken miiswrafvian da 

`unagiriseuli~ ciklebi ganicdian kolafss da gardaiqmnebian kvanZebad. magram 
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rodesac r<24.06, saTaveSi mdebare `unagiris~ wertilis gare simravle 

`unagiriseuli~  ciklebis gareT gamodis. r>24.06-sTvis, gare simravle moxvdeba 

`unagiriseuli~  ciklebis SigniT, amitom, r=24.06-ze (miaxloebiT) saTaveSi mdebare 

`unagiris~  wertilis gare simravlem heteroklinikuri SeerTebis dasamyareblad 

unda gadakveTos `unagiriseuli~ ciklebi. r<24.74-sTvis ori spiraluri kvanZis  

midamoebSi arsebobs mizidulobis ori (mcire) are, magram am areebis gareT sawyisis 

mqone traeqtoriebi heteroklinikuri SeerTebisa  da Sedegad miRebuli maryuJis 

gavlenis gamo qaosurad viTardebian.  

aseTi SeerTebis Sedegad warmoiqmneba qaosuri mimzidveli. nax. 4.17 gviCvenebs, 

Tu ra zegavlenas axdenen heteroklinikuri SeerTebebi `unagiris~  wertilis 

midamoSi sawyisis mqone traeqtoriaze. lorencis modelis Sesabamis traeqtoriebsa 

da bifurkaciebs vrclad ganvixilavT me-7 TavSi.  

 

 

silnikovis qaosi 

 

homoklinikuri mdgomareobis odnav gansxvavebuli tipi mniSvnelovan rols 

asrulebs zogierT dinamikur sistemisaTvis. aseTi SemTxveva gamoikvlia silnikovma 

(SIL70) da amitom gansaxilvel qmedebas silnikovis qaosi ewodeba. aseTi 

situaciasTan maSin gvaqvs saqme, rodesac mdgomareobaTa samganzomilebian sivrceebSi 

myof `unagiris~  wertils erTi namdvili dadebiTi λ da ori kompleqsurad 

SeuRlebuli maxasiaTebeli mniSvnelobebis α ± iβ wyvili gaaCnia: `unagiris~  

wertils gaaCnia erTganzomilebiani gare simravle da avlens  spiraluri tipis 

qmedebas organzomilebian Sida simravleSi  

 silnikovma UuCvena, rom Tu mocemuli `unagiris~ wertilisTvis gvaqvs 

homoklinikuri orbita da, garda amisa, λ > |α| anu (organzomilebiani) traeqtoriebi 

Sida simravlis gaswvriv mizidvasTan SedarebiT gare simravlis gaswvriv ufro 

swrafad ganizideba, maSin aRiZvreba qaosuri qmedeba parametris mniSvnelobaTa im 

diapazonisaTvis, romlis SemTxvevaSic homoklinikuri orbita yalibdeba. Aamgvari 

qmedeba unda ganvasxvavoT adre ganxiluli qmedebisagan, rodesac aranair qaosur 

qmedebas ar aqvs adgili parametris im mniSvnelobis qvemoT, romlisTvisac 

gadakveTas aqvs adgili. Guckenheimer and Holmes (1990) silnikovis qaoss 

dawvrilebiT, maTematikurad ganixilaven. 
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4.12 homoklinikuri maryuJebi da nalebi 

 

mdgomareobaTa sivrcis orbitebze homoklinikuri da heteroklinikuri kvanZebis 

gavlenis demonstraciis TvalsazrisiT, metad mniSvnelovani da moxerxebuli 

geometriuli modelia smeilis nali. amgvari metafora dinamikur sistemebze 

homoklinikuri maryuJebis zemoqmedebis efeqtis warmosaCenad maTematikosma stiven 

smeilma (SMA67) Semoitana. nalis konstruqcias sxva Rirsebebic  gaaCnia radgan igi 

gvawvdis iseT sqemas, romelic bevri mniSvnelovani aspeqtis maTematikur damtkicebas 

uzrunvelyofs. amjerad mxolod nalis arss warmogidgenT, xolo me-5 TavSi am 

konstruqciis maTematikuri Sedegebi iqneba moyvanili.  

 smeilis konstruqciaSi gasarkvevad ganvixiloT dinamikuri sistemis puankares 

kveTaSi mdebare `unagiris~ wertilis garemomcveli, sawyisi wertilebisgan Semdgari 

mcire zomis marTkuTxedi. sistemis qmedebasTan erTad mocemuli marTkuTxedi Wu 

arastabiluri mravalsaxeobis mimarTulebiT gafarToebisken miiswrafvis, xolo Ws 

stabiluri mravalsaxeobis mimarTulebiT ki adgili aqvs SekumSvas. sabolood 

marTkuTxedi 4.13 naxazze naCveneb Wu-s maryuJisebr ares miaRwevs da misi forma 

ukve  cxenis nalis msgavsi iqneba. sistemis Semdgom evoluciasTan erTad nali 

nawilobriv gadafaravs sawyis marTkuTxeds. smeilma aago asaxvis funqcia, romelic 

amJamad smeilis nalisebri asaxvis saxeliT aris cnobili.  

smeilis nalSi sawyisi wertilebisgan Semdgari oTxkuTxedi erTi mimarTulebiT 

gawelilia, xolo perpendikularuli mimarTulebiT ki _ SekumSuli. 4.18 naxazze 

naCvenebi wagrZelebuli marTkuTxedi gaRunulia da gadafarebulia sawyis kvadratze.  
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nax. 4.18. smeilis nali warmoadgens sawyisi pirobebis marTkuTxedze homoklinikuri 

maryuJis zemoqmedebis abstraqciul gamoxatulebas. naxazis zeda nawilSi sawyisi 

pirobebis marTkuTxedi homoklinikuri maryuJis nawilzea gadafarebuli. sistemis 

evoluciis pirobebSi es marTkuTxedi arastabiluri mravalsaxeobis mimarTulebiT 

iweleba, xolo stabiluri mravalsaxeobis mimarTulebis gaswvriv ki ikumSeba. 

naxazis qveda nawilSi gamosaxulia am procesis smeilis abstraqciis Sedegad 

miRebuli nali, romelic sawyis marTkuTxedzea gadafarebuli.  

 

procesi iteraciulia da Tvali mivadevnoT  sawyis marTkuTxedSi darCenil 

wertilebs iteraciebis usasrulo raodenobis SemTxvevaSi. erTi mimarTulebiT 

gawelva, meore mimarTulebiT SekumSva mokecvasTan kombinaciaSi iZleva dinamikuri 

sistemis Sesabamis traeqtoriebze homoklinikuri maryuJis zemoqmedebis imitacias. 

smeil-birhofis cnobili Teorema [Guckenheimer and Holmes, 1990] amtkicebs, rom 

homoklinikuri maryuJis arsebobis SemTxvevaSi sistema `nalisebr dinamikas~ 

gamoavlens.  

 

smeil-birhofis Teorema: Tu Cveulebrivi diferencialuri gantolebebis sistemiT 

aRweril dinamikur sistemas gaaCnia homoklinikuri kvanZebi, maSin mas eqneba kveTebi 

puankares sibrtyesTan, romlis qmedebac aRiwereba nalis asaxvis meSveobiT. 

 

 

 

 

gafarToeba, SekumSva da mokecva 

 

miuxedavad imisa, rom smailis Tavdapirvel nalis asaxvas mimzidveli ar gaaCnia 

da is ver iqneba disipaciuri sistemis qaosuri qmedebis amsaxveli modeli, bevrma 

avtorma qaosuri qmedebis nalis dinamikasTan gaigiveba gadawyvita, radgan gawelva 

(mdgomareobaTa sivrcis erTi mimarTulebiT mainc) gamoiwvevs axlomdebare sawyisi 

pirobebis eqsponencialur divergencias. cxadia, rodesac saxezea erTi mimarTulebiT 

gawelva, meore mimarTulebiT SekumSva mokecvasTan kombinaciaSi (raTa sistema darCes 

mdgomareobaTa sivrcis sasrul areSi), nalisebri  dinamika qaosuri qmedebis zogadi 

maxasiaTebeli unda iyos. 
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rogorc zemoT aRvniSneT, bevr sistemaSi gafarToeba da gaRunva faqtiurad 

xorcieldeba heteroklinikuri SeerTebebis meSveobiT, romlebic erTi `unagirisebri~ 

ciklis (mdgomareobaTa sawyis sivrceSi mdebare puankares kveTis Sesabamisi 

wertili) arastabilur mravalsaxeobas akavSirebs meore `unagirisebri~  ciklis an 

`unagisris~ wertilis stabilur mravalsaxeobasTan. am ukanasknelis arastabilurma 

mravalsaxeobam SesaZloa sawyisi `unagirisebri~ ciklSi ukuasaxva moaxdinos. sawyisi 

pirobebis Sesabamis wertilebis simravleze heteroklinikuri ciklis moqmedebis 

saboloo efeqti topologiurad igivea, rac homoklinikuri SeerTebis SemTxvevaSi.   

sawyisi pirobebis Sesabamisi wertilebis simravleze homoklinikuri an  

heteroklinikuri maryuJis moqmedebis efeqts TvalnaTliv SegviZlia davakvirdeT 

siTxeTa Serevis eqsperimentebSi. organzomilebianma siTxis nakadma, romelic 

ganicdis  periodul SeSfoTebas, xsnarSi Sereuli trasirebadi nawilakebisTvis 

SeiZleba gviCvenos qaosuri traeqtoriebi (am sakiTxs ufro detalurad me-11 TavSi 

davubrundebiT.) `unagiris~ wertilis (xsnarebis dinamikis literaturaSi mas 

hiperboluri wertili ewodeba)  siaxloves Seyvanili trasirebadi nawilakebis mier 

moculi are iweleba, ikeceba, Semdeg kvlav ubrundeba sawyis ares da amgvarad nalis 

tipis qmedebas avlens (ix. Ottino, 1989 da OTT89).   

 

 

4.13 liapunovis eqsponentebi da qaosi 

 

qaosuri qmedebis ganxilva aqamde Tvisobriv xasiaTs atarebda. amjerad qaosuri 

qmedebis raodenobrivi kvlevis erT meTods SemogTavazebT. amisaTvis orgvari 

motivacia arsebobs. 1) gvsurs qaosuri qmedebis raodenobrivi testis Catareba, 

romelic qaosur qmedebas gareSe zemoqmedebiT gamowveuli uwesrigo xmaurisagan 

ganasxvavebs. 2) sasurvelia, rom qaosurobis donis raime raodenobrivi sazomi 

gagvaCndes. amis Semdeg SevZlebT ganvsazRvroT, Tu rogor icvleba qaosuri qmedeba 

sistemis makontrolebel parametrebis cvlilebasTan erTad. am paragrafSi qaosis 

erT-erT raodenobriv sazomad liapunovis eqsponentebs warmogidgenT. me-5 TavSi 

visaubrebT, Tu ra meTodiT aris SesaZlebeli liapunovis eqsponentebis gamoTvla. 

me-9 da me-10 TavebSi gavecnobiT, Tu rogor xdeba iteraciuli asaxvebisTvis 

liapunovis eqsponentebTan erTad qaosis sxva raodenobrivi maxasiaTeblebis dadgena 
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eqsperimentuli monacemebisTvis. am TavSi yuradRebas gavamaxvilebT Cveulebrivi 

diferencialuri gantolebebis sistemebiT gamosaxul dinamikur sistemebze.  

 rogorc 3.7 paragrafSi aRvniSneT, liapunovis eqsponenta mdgomareobaTa 

sivrceSi mdebare fiqsirebuli wertilis mimarT mizidvisa da ganzidvis xarisxis 

sazomia. 4.2 paragrafSi aRvniSneT, rom am cnebis gamoyeneba mdgomareobaTa sivrceSi 

mdebare nebismier wertilze gamavali axlomdebare traeqtoriebis divergenciis 

mimarTac SeiZleba. mdgomareobaTa erTganzomilebian sivrceSi erT-erTi sawyisi 

wertili aRvniSnoT x0-iT, x-iT ki _ mis midamoSi myofi romelime sxva sawyisi 

wertili.  x0(t) iyos erTi sawyisi wertilidan gamomavali traeqtoria, xolo x(t) _ 

meoridan. Tu (3.7-3) gamosaxulebis miRebisas gamoyenebul meTods kvlav mivmarTavT, 

vnaxavT, rom or traeqtorias Soris arsebuli s `manZili~ s=x(t) _ x0(t) droSi 

eqsponencialurad izrdeba an mcirdeba.  

 CavweroT dinamikuri gantoleba Semdegi saxiT: 

( ) ( )x t f x                           (4.13-1) 

Tu davuSvebT, rom x axlosaa x0-Tan, maSin teiloris mwkrivad warmodgenis gziT 

miviRebT:  

 
0

0 0

( )
( ) ( ) ( ) ...

x

df x
f x f x x x

dx
                  (4.13-2) 

aqedan gamomdinare, or traeqtorias Soris manZilis cvlilebis siCqare moicema 

Semdegi gantolebiT 

0

0

0

0

( ) ( )

( )
x

s x x

f x f x

df
x x

dx

 
 

 

  
                         (4.13-3) 

 

sadac f(x)-is teiloris mwkrivSi mxolod pirveli rigis warmoebuli gvaqvs 

SenarCunebuli. Tu droSi manZilis eqsponencialur cvlilebas veliT, maSin 

raodenobrivi TvalsazrisiT liapunovis λ eqsponents SemovitanT, romelic 

akmayofilebs Semdeg pirobas  

( ) ( 0) ts t s t e                        (4.13-4) 

 

Tu movaxdenT (4.13-4) gamosaxulebis diferencirebas drois mimarT, gveqneba 
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( 0) ts s t e

s




 



                      (4.13-5) 

 

(4.13-5) da (4.13-3) gantolebebis Sedarebis gziT miviRebT: 

0

( )

x

df x

dx
                          (4.13-6) 

 

amrigad, Tu λ dadebiTia, maSin traeqtoriebi erTmaneTs daSordebian, xolo Tu 

λ uaryofiTia, maSin traeqtoriebi erTmaneTs dauaxlovdebian. 

 ori (an meti) ganzomilebis mqone mdgomareobaTa sivrceebSi, nebismieri 

mimarTulebiT traeqtoriebis ganvrcobisa Tu Semoklebis xarisxTan  liapunovis 

eqsponentis misadageba SegviZlia. kerZod, sami ganzomilebis SemTxvevaSi SegviZlia 

liapunovis sami eqsponentis dadgena, romlebic mdgomareobaTa sivrcis saZiebel 

wertilSi gansazRvruli iakobianis maxasiaTebel mniSvnelobebs warmoadgenen. 

gansakuTrebul SemTxvevaSi, rodesac iakobianis mTavari diagonalis garda yvela 

wevri 0-is tolia, sami maxasiaTebeli ricxvi (da amrigad sami lokaluri 

liapunovis eqsponenti) gveqneba: 

1
1

1

f

x
 



                             (4.13-7a) 

2
2

2

f

x
 




                            (4.13-7b) 

3
3

3

f

x
 




                            (4.13-7c) 

 

sadac kerZo warmoebulebi mdgomareobebis sivrcis saZiebel wertilSia 

gansazRvruli. 

 praqtikidan viciT, rom dinamikuri funqciis warmoebuli icvleba x-Tan erTad, 

amitom gvWirdeba λ saSualo mniSvnelobis povna mTliani traeqtoriis gaswvriv. Tu 

cnobilia dinamikuri funqciis saxe, traeqtoriis gaswvriv am funqciis warmoebuls 

advilad ganvsazRvravT da saSualo mniSvnelobasac davadgenT (erTganzomilebiani 

disipaciuri sistemisTvis viciT, rom liapunovis saSualo eqsponenti uaryofiTi 

sididea).  
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sistema qaosuria, Tu mas erTi dadebiTi liapunovis saSualo eqsponenti mainc 

gaaCnia. 

 

sawyisi pirobebis simravlis Tvisebebi 

 

liapunovis eqsponentebis geometriuli interpretaciisTvis ganvixiloT sawyisi 

pirobebis mcire zomis marTkuTxa moculoba s1, s2 da s3 ganzomilebebiT, romelic 

mocemul wertils moicavs imgvarad, rom misi waxnagebi mimarTulia mdgomareobaTa 

sivrcis sami RerZis gaswvriv. es moculoba droSi Semdegnairad ganicdis evolucias:    

1 2 3( )
1 2 3( ) tV t s s s e                          (4.13-8) 

 

(4.13-8) da (3.13-6) gantolebebis Sedarebis Sedegad vnaxavT, rom liapunovis sami 

eqsponentis jami gvaZlevs dinamikur funqciaTa simravlis maTematikur divergencias. 

Cven kvlav gvainteresebs liapunovis eqsponentebis saSualo mniSvnelobis povna  

gavlili traeqtoriis gaswvriv. disipaciuri sistemisTvis eqsponentebis saSualo 

jamuri sidide uaryofiTi iqneba.  

 pirveli rigis sami diferencialuri gantolebebis mier aRwerili,  

mdgomareobaTa samganzomilebian sivrceSi myofi sistemisTvis  liapunovis 

eqsponentebidan erT-erTi mainc nulis toli unda iyos, garda im SemTxvevisa Tu 

mizidulobis wertili fiqsirebuli wertili araa (HAK83) (liapunovis 

eqsponentisTvis nulovani mniSvneloba Seesabameba axlomdebare wertilebSi sawyisis 

mqone traeqtoriebis umniSvnelo mizidvas an ganzidvas.) amgvarad, disipaciuri 

sistemisTvis liapunovis danarCeni eqsponentebis saSualo mniSvnelobebidan erT-erTi 

mainc uaryofiTi sididea. Tu mdgomareobaTa samganzomilebiani sivrcisaTvis sistema 

qaosuria, maSin liapunovis erT-erTi eqsponenta dadebiTi iqneba.  

 mdgomareobaTa oTxi an meti ganzomilebis mqone sivrceebSi, SesaZloa erTze 

meti dadebiTi saSualo liapunovis eqsponenta gamovlindes. aseT SemTxvevebSi 

vambobT, rom hiperqaoss aqvs adgili. periodulidan hiperqaosur qmedebaSi gadasvlis 

erT-erTi SesaZlo gza HAL99-Sia moyvanili.  

 movlenebis  ufro TvalnaTliv warmodgenis mizniT movaxdinoT  grafikuli 

warmodgena. disipaciuri sistemisTvis aviRebT sawyis wertils da Tvals gavadevnebT 

traeqtoriis msvlelobas mdgomareobaTa sivrceSi mdebare mizidulobis aremde. 
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Semdeg avirCevT traeqtoriis raime wertils da mis garSemo mcire sferos avagebT. 

Semdeg am sferoSi mdebare wertilebSi saTaveebis mqone traeqtoriebis evolucias 

SeviswavliT.  

 

nax. 4.19. mdgomareobaTa sivrceSi mdebare sawyisi wertilebis sferos evoluciis 

sqema. sfero iwyeba marcxena zeda mxareze. naxazze drois cvlileba saaTis isris 

mimarTulebiT xdeba. disipaciuri sistemisTvis sawyisi wertilebis simravlesTan 

dakavSirebuli moculoba nulisaken unda miiswrafvodes. qaosur sistemaSi ki sfero 

eqsponencialurad gaiweleba erTi mimarTulebiT mainc.  

 

rogorc 4.19 naxazzea naCvenebi, droTa ganmavlobaSi sfero SeiZleba gaiwelos 

erTi mimarTulebiT da SeikumSos danarCeni mimarTulebebiT. Sedegad sfero 

elifsoidSi gadava (Tu disipaciur sistemas sakmarisad didxans vadevnebT Tvalyurs, 

sferos moculoba nulamde unda Semcirdes.) 

 Tu elifsoidis sxvadasxva RerZebisTvis gafarToebisa da SekumSvis  

eqsponencialur mniSvnelobebs SevafasebT, maSin SevZlebT mimzidvelis mocemuli 

arisaTvis liapunovis eqsponentebis dadgenas. am proceduris traeqtoriis mTel 

sigrZeze Catarebis SemTxvevaSi sistemisTvis liapunovis saSualo eqsponentebis 

mniSvnelobebsac gamovTvliT. liapunovis saSualo eqsponentebis simravles 

liapunovis eqsponentebis speqtri ewodeba. Tu liapunovis saSualo eqsponentebidan 

erT-erTi mainc dadebiTi sididea, maSin vaskvniT, rom sistema amJRavnebs axlomdebare 

traeqtoriebis divergencias da igi `marTlac~ qaosuria. 4.3 cxrilSi moyvanilia 

liapunovis eqsponentebis speqtrsa da mimzidvelis saxeobas Soris damokidebuleba 
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(0, _, _,) niSnavs, rom liapunovis erT-erTi eqsponenti 0-is tolia, danarCeni ori 

ki uaryofiTi sididea.  

 

          

  

praqtikaSi liapunovis saSualo eqsponentebis gamoTvla rTulia, radgan elifsoidi 

traeqtoriebis evoluciasTan erTad brunviTi xdeba da distorsias ganicdis. 

dinamikuri gantolebebis codnis SemTxvevaSi liapunovis eqsponentebis gamoTvlis 

mizniT Seqmnilia sxvadasxva algoriTmebi. mkiTxveli aucileblad unda gaecnos  

Tavis boloSi moyvanil citirebul literaturas. mocemul TavSi Cven Tvisobrivad 

SevajameT mdgomareobaTa sam an metganzomilebian sivrceebSi qaosis warmoSobis 

ZiriTadi gzebi. mTavari niSanTviseba mdgomareobs imaSi, rom traeqtoriebi 

mdgomareobaTa sivrceSi `daexetebian~ aperiodulad da erTmaneTSi arian 

`gadaxlarTuli~. qaosuri qmedebis SemTxvevaSi axlomdebare traeqtoriebis 

divergencia sawyisi pirobebis simravlis gawelvasa da gaRunvas ganapirobebs. zemoT 

moyvanili  metwilad Tvisobriv xasiaTs atarebda. momdevno TavebSi gacilebiT met 

yuradRebas qaosuri qmedebis raodenobriv aRweras davuTmobT.  

 

zogierTi SeniSvna liapunovis eqsponentebis Sesaxeb 

 

Cven xazi gavusviT, rom liapunovis eqsponenta gasaSualoebuli raodenobrivi 

parametria da Tavdapirvelad axlomdebare ori traeqtoriebis divergenciis saSualo 

maCvenebelia. Cven davaskveniT, rom sistemis qmedeba mxolod im SemTxvevaSia qaosuri, 

Tu misi liapunovis saSualo eqsponenta dadebiTia.  

 axlomdebare traeqtoriebis eqsponencialuri divergenciis povna im 

sistemebSic ki SesaZlebelia, romlebic qaosuri ar arian. amgvari fsevdoqaosi maSin 

aRiZvreba, rodesac mdgomareobaTa sivrceSi traeqtoriebi `unagiris~ wertilis gare 
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simravlis siaxloves gaivlian. gare simravleze `unagiris~  wertilis maxasiaTebeli 

mniSvneloba dadebiTia. gare simravlis siaxloves gamavali traeqtoriaTa qmedeba 

msgavsia imisa rac gveqneboda TviT am simravleSi, vinaidan  mdgomareobaTa sivrceSi 

maxasiaTebeli mniSvnelobebi Tanabrad icvlebian. Tavdapirvelad `unagiris~  

wertilis gare simravlis siaxloves mdebare ori axlomdebare traeqtoria 

eqsponencialur divergencias ganicdis da Sesabamisi liapunovis lokaluri 

eqsponenta axlosaa im maxasiaTebel mniSvnelobasTan, romelic dakavSirebulia 

`unagiris~ wertilis gare simravlesTan. garkveulwilad sariskoa imis daSveba, rom 

liapunovis saSualo eqsponenta dadebiTia drois mxolod mcire intervalSi.  

 amgvari qmedebis magaliTia fizikis Sesavali kursidan CvenTvis kargad nacnobi 

maTematikuri qanqara. qanqaris mdebareoba moicema mis Rerosa da vertikals Soris 

arsebuli θ kuTxis meSveobiT. rodesac qanqara uZravia, maSin θ=0. sistemis 

gadaadgilebas aRvwerT mimdevrobiTi traeqtoriebiT mdgomareobaTa sivrceSi, 

romlis koordinatebia ( ) kuTxuri siCqare da (θ) kuTxe. gamoviyenoT, rom u= 

damokidebuleba da davweroT mdgomareobaTa sivrcis gantolebebi mocemuli 

sistemisTvis:  

sin
g

u
L

u





 






                          (4.13-9) 

 

sadac g Tavisufali vardnis aCqarebaa (9.8n/kg dedamiwis zedapirTan axlos), xolo 

L ki qanqaris sigrZea. 

 

 

 

nax. 4.20. maTematikuri qanqaris kuTxur mdebareobebs Soris arsebuli sxvaoba 

(rodesac g/L =1) or Tavdapirvelad axlomdebare traeqtoriisTvis gamosaxulia 
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drois funqciis saxiT. erTi traeqtoria iwyeba θ0=3.00 radianze da dθ/dt =0.0724 

pirobebSi, xolo meore θ0=3.02 radianze da dθ/dt=0 pirobebSi. am sxvaobis 

naturaluri logariTmi gamosaxulia marjvniv. eqsponencialuri divergenciis 

SemTxvevaSi, marjvena mxares gamosaxuli mrudi SeiZleba iyos wrfis monakveTi, 

romlis kuTxuri koeficienti liapunovis lokaluri eqsponentis tolia. marjvniv, 

wyvetil monakveTs 1-is tolikuTxuri koeficienti aqvs. 

 

mdgomareobaTa organzomilebiani sivrcisTvis me-3 TavSi moyvanili meTodebis 

gamoyenebiT vpoulobT, rom sistemas fiqsirebuli wertilebi gaaCnia =0-sa da 

θ=0,π-Tvis. fiqsirebuli wertili θ=π-Si warmoadgens `unagiris~ wertilis Semdegi 

maxasiaTebeli mniSvnelobebiT 

g

L

g

L









 

 

                             (4.13-10) 

 

amocana 4.13-1. SeamowmeT zemoT moyvanili mtkicebebi fiqsirebuli wertilebisa da 

maTematikuri qanqaras maxasiaTebeli mniSvnelobebisa.  

 

amrigad, Tu ori traeqtoria “unagiris” wertilis gare simravlis siaxloves 

iRebs saTaves, isini arastabiluri mravalsaxeobis mimarTulebiT miemarTebian da 

Semdeg (`unagiris~ wertilis midamos datovebamde) gadaixrebian L

g

-is toli 

maxasiaTebeli mniSvnelobiT. 4.20 naxazze gamosaxulia ori traeqtoriis kuTxur 

mdebareobebs Soris arsebuli. erTi traeqtoriis daxris sawyisi kuTxea θ0=3.00 

radiani, xolo meorisa _ θ0=3.02 radiani. pirvel SemTxvevaSi kuTxuri siCqare wamSi 

0.0724 radiania, meoreSi 0. (aseTi SerCevis pirobebSi qanqarisaTvis orive 

SemTxvevaSi miniWebulia erTi da igive sawyisi energia. amasTan, gvaqvs L

g

=1.) 4.20 

naxazis marjvena mxares or kuTxur mdebareobas Soris gansxvavebis naturaluri 

logariTmi gamosaxulia drois funqciis saxiT. SegviZlia davinaxoT, rom sawyisi 

gardamavali stadiis Semdeg divergencia (rogorc mosalodneli iyo) 

eqsponencialuria 1-is toli maxasiaTebeli mniSvnelobiT daaxloebiT t=2.5-mde. 
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Tu traeqtoriebs ufro didxans gavadevnebT Tvals, vnaxavT, rom kuTxur 

mdebareobebs Soris gansxvaveba SemdgomSi klebulobs da iZleva nulis tol 

liapunovis gasaSualoebul eqsponentas, rasac Cveni xaxunisgan  Tavisufali modeli 

moiTxovs. Tu traeqtoriebs t=2.5-mde mivyvebiT, davaskvniT (arasworad), rom qmedeba 

qaosuria. aseTi Secdomis Tavidan asacileblad, traeqtoriebs sakmarisad didxans 

unda gavadevnoT Tvali, raTa maT mdgomareobebis sivrcis mTlian ubanSi 

`mogzaurobis~ saSualeba mivce. (praqtikaSi Znelia imis garkveva, Tu ramdeni droa 

amisaTvis sakmarisi). Amis Semdeg liapunovis gasaSualoebuli eqsponenta sistemis 

qaosuri da araqaosuri qmedebis WeSmariti indikatori gaxdeba.  
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4.15 kompiuteruli amocanebi 

 

CE4-1. gamoiyeneT Chaotic Dynamics Workbench an  Chaos for Java (ixileT informacia 

me-2 Tavis bolos) da gamoikvlieT lorencis modelis tipis qmedeba, rodesac 

parametris mniSvnelobebia daaxloebiT r = 13.96 da r = 24-25. gamoiyeneT Chaotic 

Gynamics Workbench-Tvis puankares kveTebi da daakvirdiT koordinatTa saTaveSi 

myofi ganmzidveli  fiqsirebuli wertilisa da saTavidan dacilebuli fiqsirebuli 

wertilebis siaxloves myofi ganmzidveli ciklebis moqmedebis efeqts.  

 

CE4-2. gamoiyeneT Chaotic Dynamics Workbench da gamoTvaleT liapunovis 

eqsponentebi lorencis modelisTvis. daamtkiceT, rom lorencis modelisTvis 

eqsponentebis jami uaryofiTi sididea. aCveneT, rom liapunovis erTi eqsponenti 

nulis tolia. daamtkiceT, rom qaosuri orbitisTvis liapunovis erTi eqsponenti 

dadebiTi sididea. 
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CE4-3. ganixileT Semdegi martivi diferencialuri gantolebiT aRwerili sistema: 

2 0x x x    

 (a) gamosaxeT sistema pirveli rigis diferencialuri gantolebebis wyvilis 

meSveobiT da Semdeg mdgomareobaTa organzomilebian sivrceSi daadgineT fiqsirebuli 

wertilebis mdebareoba. aCveneT, rom `unagiris~ wertili imyofeba (_1.0)-Si, xolo 

ganmzidveli _ (0.0)-Si. (b) sistemas `unagiris~ wertilis Sesabamisi homoklinikuri 

orbita gaaCnia. SeadgineT `unagiris~ da ganmzidveli wertilis midamoebSi mdebare 

traeqtoriebis gamomsaxveli kompiuteruli programa. scadeT homoklinikuri 

orbitis povna [miniSneba: homoklinikuri orbita gaivlis wertilze (0, 1/√3). me-8 

TavSi vixilavT, Tu ratom xdeba ase.] 

 

 

CE4-4. rosleris modeli (ROS76) pirvel TavSi warmodgenili lorencis 

gantolebebis gamartivebuli versiaa. modelis amsaxveli gantolebebi Semdegi 

formisaa 

( )

x y z

y x ay

z b z x c

  
 
  





 

sadac a, b da c parametrebia, x, y da z ki _ dinamikuri cvladebi. ipoveT sistemis 

Sesabamisi fiqsirebuli wertilebi. Semdeg gamoiyeneT Chaos for Java mocemuli 

sistemis qmedebis SeswavlisTvis, rodesac a =0.2, b =0.2, xolo c ki cvladi 

parametria. (cvaleT c 2.5-sa da 6-s Soris). SeiswavleT sistemis qmedeba 

mdgomareobaTa xyz sivrceSi arsebuli mrudebis, agreTve `ukuasaxvis~ meSveobiT. 

gamoiyeneT xmax sidide (romelic warmoadgens x(c) funqciisa maqsimums) da puankares 

kveTa. am sistemis zogierTi grafikuli SedegisaTvis ixileT [Strogatz, 1994], gv. 

376-379. dawereT bifurkaciuli diagramis asagebad sakuTari programa, romelic 

xmax-s c-s funqciis saxiT gamosaxavs. 
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5 

 

iteraciuli asaxvebi 

 

mas yovelTvis y-is mniSvneloba gamohyavs, y-s ki x-is momdevno mniSvnelobis 

gasagebad iyenebs da a.S. Semdeg kvlav abrunebs amonaxsns gantolebaSi da Tavidan 

gamohyavs igi. ganmeorebaa, xom xedavT?! tom stopardi, Arcadia (gv. 44).  

 

5.1 Sesavali 

 

mocemul TavSi siRrmiseulad gavecnobiT dinamikuri sistemebis mimarT 

gamoyenebuli  iteraciuli asaxvis funqciebis Teoriasa da analizs. maTi Seswavlis 

motivacia mas  Semdeg gagviCnda, rac amgvar asaxvebs wina TavSi aRweril 

mdgomareobaTa sivrceSi arsebul traeqtoriebisa da  puankares kveTebis 

urTierTobasTan dakavSirebiT SevxvdiT. aseTi asaxvebi, ra Tqma unda, maTematikuri 

TvalsazrisiTac Zalian sainteresoa. ufro  metic, xSir SemTxvaSi fizikuri 

sistemebisTvis iteraciuli asaxvebis gamoyeneba maSinac ki SegviZlia, rodesac maTi 

amsaxveli diferencialuri gantolebis Sesabamisi modeli CvenTvis ucnobia. 

modelirebis mimarT aseT midgomas garkveuli safrTxeebic axlavs Tan  (zogierT 

maTganze SemdgomSi visaubrebT), magram miuxedavad amisa, kompleqsuri sistemebis 

dinamikis Seswavlisas igi udides sargebels mogvitans.  

 Tavdapirvelad iseT sistemebze vimsjelebT, romelTa dinamikis aRwera e.w. 

erTganzomilebiani iteraciuli asaxvebiT aris SesaZlebeli. erTganzomilebiani 

iteraciuli asaxva erTi (namdvili) cvladis funqcias emyareba da gaaCnia Semdegi 

forma: 

 

 1n nx f x                             (5.1-1) 

 

5.2 paragrafSi moyvanilia zogierTi argumenti, Tu ratomaa erTganzomilebiani 

iteraciuli asaxvebis gamoyeneba iseTi sistemebis, romelTa `bunebrivi~ aRwera 

SesaZloa diferencialuri gantolebebis meSveobiT. 
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 mkiTxveli unda gavafrTxiloT, rom arawrfivi dinamikis Teoria jerjerobiT 

ar gvaZlevs saTanado SesaZleblobebs, raTa winaswar ganvsazRvroT, ra pirobebSi 

SegviZlia aRvweroT konkretuli sistemis qmedeba mocemul TavSi ganxiluli 

meTodebis meSveobiT. Tumca unda iTqvas, rom bevri sistema rogorc Teoriuli, aseve 

praqtikuli TvalsazrisiT SegviZlia aRvweroT amgvari sqemis meSveobiT 

makontrolebeli parametris mniSvnelobaTa garkveul diapazonSi mainc. vimedovnebT, 

rom 5.2 paragrafSi moyvanili argumentebi am mtkicebis safuZvlianobaSi 

dagvarwmunebs. 

 erTganzomilebiani iteraciuli asaxvebis maTematikurma Teoriam rogorc 

istoriuli, aseve konceptualuri TvalsazrisiT umniSvnelovanesi roli Seasrula 

qaosis Teoriis ganviTarebaSi. am Tavis Semdgom paragrafebSi warmogidgenili 

zogierTi aspeqti SeiZleba uinteresod mogeCvenoT, magram `realuri samyaros~ 

siRrmiseuli Secnobis gza swored arawrfiv dinamikaze gadis. amrigad, 

gansakuTrebuli yuradReba unda davuTmoT maTematikis iseT aspeqtebs, romlebic 

mWidro kavSirSia bunebaSi arsebuli sistemebis aRwerasTan.  

 

 

5.2 puankares kveTebi da iteraciuli asaxvebi 

 

rogorc wina TavSi aRvniSneT, puankares kveTa, axdens ra  mdgomareobaTa 

sivrcis ganzomilebis erTiT Semcirebas,  amartivebs sistemis dinamikis geometriul 

aRweras. mTavari ki is aris, rom miuxedavad amisa, gamartivebuli geometria 

sistemis dinamikis periodulobis, kvaziperiodulobis, qaoturobisa da 

bifurkaciebis Sesaxeb `fundamentur~ informacias moicavs. 

 mdgomareobaTa samganzomilebiani sivrcisTvis puankares kveTa imgvarad 

SerCeuli organzomilebiani sibrtyea, rom mas traeqtoriebi ganivad kveTen (4.6 

paragrafSi gansazRvruli azriT). 5.1 naxazze moyvanilia puankares sibrtye, sadac 

datanilia dekartis koordinatTa sistema u da v koordinatebiT (raTa isini 

ganvasxvavoT mdgomareobaTa sivrcis x1, x2 da x3 koordinatebisagan).  

sistemis dinamikis aRmweri diferencialuri gantolebebis amonaxsnTa calsaxoba 

da determinizmi aracxadi saxiT gulisxmobs puankares asaxvis funqciis arsebobas, 

romelic traeqtoriasTan gadakveTis erT wertils, gadakveTis momdevno wertilTan 

akavSirebs. davuSvaT, traeqtoria puankares sibrtyes gadakveTs (u1v1) wertilSi. 
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maSin mdgomareobaTa sivrcis farglebSi `wris dartymis~ Semdeg traeqtoria 

sibrtyes xelmeored (u2v2) wertilSi gadakveTs. arsebiTad rom vTqvaT, arsebobs 

puankares asaxvis funqciebis wyvili, romelic (u2v2)-s (u1v1)-Tan akavSirebs.  

 

 
 

2 1 1

2 1 1

,

,

u

v

u P u v

v P u v




                             (5.2-1) 

 

(u2,v2) wyvilidan (u3,v3)-s vpoulobT da a.S. amrigad, Tu Pu da Pv asaxvis funqciebi 

cnobilia, maSin sistemis dinamikis daxasiaTebisTvis saWiro amomwurav informacias 

vflobT. unda aRvniSnoT, rom ar gvsurs sistemis xangrZlivi qmedebiT 

SemovifargloT anu ar dagvWirdeba SemovifargloT disipaciuri sistemebis 

mimzidveliT. Tumca, puankares kveTis meTodi umTavresad mimzidvelebisa da 

parametrebis cvlilebasTan erTad maTi evoluciis Sesaswavlad gamoiyeneba.  

albaT gasakviria, rom xSirad puankares asaxvis funqciebi erTganzomilebian 

iteraciul asaxvamde daiyvaneba. imis sanaxavad, Tu ras niSnavs amgvari kolafsi, 

daviwyoT mdgomareobaTa samganzomilebiani sivrcisa da puankares organzomilebiani 

sibrtyis ganxilviT. sibrtyesTan traeqtoriis erTi gadakveTis wertilis  orive 

koordinatis (vTqvaT u da v) codna iseve gvainteresebs, rogorc asaxvis im 

funqciebisa, romlebic Semdegi gadakveTis wertilis mdebareobis prognozis 

saSualebas mogvcemen. zogjer sistemis qmedeba iseTia, rom mxolod mcire 

informacia gvWirdeba. magaliTad, vn-is  
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nax. 5.1. puankares sibrtye, romelic mdgomareobaTa samganzomilebiani sivrcisTvis 

puankares kveTaa. u da v koordinatebi sibrtyeze gadakveTis wertilebis mdebareobas 

aRniSnaven. 

 

prognozisTvis SesaZloa mxolod un-is codna dagvWirdes. am SemTxvevaSi asaxvis 

funqciebi SeiZleba ase daiweros: 

 

 

 
  

 
1 ,

n v n

n u n n

A n

v P u

u P u P u

f u









                        (5.2-2) 

 

 

sadac  A makontrolebeli parametria.  

ganvixiloT disipaciuri sistema. me-2 da me-3 Tavebidan gavixsenoT, rom 

disipaciuria iseTi sistema, romlebisTvisac mdgomareobaTa sivrceSi sawyisi 

wertilebis simravlis mier dakavebuli sawyisi (aranulovani) moculoba nulovan 

moculobamde ganicdis kolafss. sistemis evoluciasTan erTad (wertilebi SeiZleba 

gavrcobili iqnasAAsasrul areze an SemosazRvruli sigrZis mqone mrudis gaswvriv, 

magram moculoba mainc nulisaken miiswrafvis.) amgvari nulovani moculoba 

sistemisTvis mdgomareobaTa sivrcis mimzidvelis nawilia. puankares kveTis 

TvalsazrisiT, sawyisi wertilebis simravles (mdgomareobaTa samganzomilebiani 

sivrcisTvis) uWiravs puankares kveTis zedapiris sasruli ubani.  

droTa ganmavlobaSi mdgomareobaTa samganzomilebian sivrceSi wertilTa mier 

dakavebuli moculobis kolafsi niSnavs, rom puankares sibrtyeze puankares 

wertilebi ganlagdebian puankares sibrtyeze myof (metad rTuli geometriis mqone) 

`mrudze~ (kerZo SemTxvevaSi, rodesac mimzidveli warmoadgens periodul zRvrul 

cikls mdgomareobaTa samganzomilebian sivrceSi, puankares kveTa ufro metad 

wertilebis sasruli raodenoba iqneba, vidre mrudi.) 5.2 naxazze moyvanilia sawyisi 

wertilebis simravlis mrudSi kolafsis sqematuri gamosaxuleba. 
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nax. 5.2. samganzomilebiani disipaciuri sistemis 

puankares sibrtyeze datanili sawyisi pirobebis 

Sesabamisi wertilebis simravlis evoluciis 

eskizi. droTa ganmavlobaSi simravle mrudad an 

wertilebis mimdevrobad gardaiqmneba. 

 

zogjer dinamikuri sistemis mimzidvels puankares sibrtyis erT-erTi mimarTulebiT 

iseTi maxasiaTebeli koeficienti aRmoaCndeba, romelic sxva mimarTulebis 

koeficientze bevrad mcirea. mcire koeficienti niSnavs, rom mimzidvelis gareT 

mdebare traeqtoriis puankares sibrtyesTan gadakveTis wertili Zalian swrafad 

`miitaceba~ mimzidvelis mier (mcire koeficienti did uaryofiT liapunovis 

eqsponentas Seesabameba.) aseTi swrafi (sistemis dinamikuri evoluciis 

xangrZlivobasTan SedarebiT) kolafsis saboloo Sedegi imaSi mdgomareobs, rom Cven 

unda SemovifargloT mxolod sistemis evoluciiT puankares sibrtyeSi mdebare am 

mrudis gaswvriv). Tu am mruds sakmarisad martivi geometria aqvs, maSin vityviT, 

rom sistemis evolucia arsebiTad erTganzomilebiania, romelic Seesabameba 

evolucias mrudis gaswvriv. ufro dawvrilebiT am sakiTxs momavalSi davubrundebiT.  

miuxedavad imisa, rom arawrfivi dinamikis Teoria erTganzomilebamde kolafsis 

amomwuravi analizis Catarebis saSualebas jerjerobiT ar gvaZlevs, sazogadod 

miRebulia, rom amgvari qmedeba aRiZvreba maSin, rodesac sistema `sakmarisad~ 

disipaciuria (sakmarisi niSnavs, rom dadgenili ar aris, Tu disipaciis ra 

mniSvnelobaa zustad saWiro.) magaliTad, pirvel TavSi aRweril diodis wredSi 

winaRobis gazrdiT sakmaris disipacias vaRwevT. xsnaris eqsperimentSi ki SegviZlia 

siblantis gazrda. aqedan gamomdinare vaskvniT, rom puankares asaxvis funqcia 

disipaciis zrdasTan erTad sabolood erTganzomilebiani xdeba samze meti 

ganzomilebis mqone sistemebSic ki. bolo SeniSvna imis maCvenebelia, rom Cveni 

analizi zogadia da sami ganzomilebiT ar Semoifargleba.  

erTganzomilebiani qmedebis gasaazreblad CavweroT romelime cvladis, 

magaliTad u-s mniSvnelobebi drois Tanmimdevrul intervalebSi  da Semdeg 1nu -s un 

funqciis saxiT gamovsaxavT. Tu miRebuli grafiki gviCvenebs calsaxa funqcionalur 

damokidebulebas 
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 1n A nu f u                             (5.2-3) 

 

maSin vambobT, rom evolucia arsebiTad erTganzomilebiania.  

 5.3 naxazze moyvanilia pirvel TavSi aRwerili diodis wredis zogierTi 

monacemi. diodSi gamavali denis Zalis mniSvneloba aRebulia fazis fiqsirebuli 

wertilisaTvis sinusoiduri Zabvis pirobebSi. 

 

 

nax. 5.3. pirvel TavSi aRwerili diodis wredi. denis I Zalis n+1-e gazomvis 

mniSvneloba, rogorc n-uri gazomvis funqcia. marcxena sqemis disipacia SedarebiT 

maRalia da evolucia arsebiTad erTganzomilebiania. marjvniv disipacia SedarebiT 

mcirea da kuTxeSi gamosaxuli gaormageba (maryuJi) ufro maRali ganzomilebis 

Sesabamisi qmedebis maniSnebelia (teqnikuri SeniSvna: wredis fardobiTi disipaciis 

cvalebadoba xdeboda emZ sixSiris zrdis gziT. marcxniv aseTi sixSirea 30khc, 

xolo marjvniv  - 50khc. Q (`mqk~) wredisTvis marcxniv ufro mcirea, xolo 

marjvniv SedarebiT metia. mcire Q  SedarebiT met fardobiT disipacias Seesabameba.) 

 

mrudze  In+1 gamovsaxeT In -is funqciis saxiT. marcxniv wredSi disipaciis 

sidide SedarebiT maRalia da gamosaxuli wertilebi gviCveneben, rom Tu cnobilia 

In, maSin  gveZleva In+1-is prognozirebis saSualeba. amgvarad vambobT, rom qmedeba 

erTganzomilebiania. marjvniv disipaciis sidide SedarebiT mcirea da diagramis 

Soreuli marjvena mimarTulebiT Seqmnilia maryuJi, rac imas niSnavs, rom In 

mniSvnelobebis garkveuli diapazonisaTvis In+1-is ori SesaZlo mniSvneloba arsebobs. 

am areSi qmedeba ar aris erTganzomilebiani.  

ra Tqma unda, erTi cvladis Tvalis gadevnebiT danarCeni cvladebis qmedebis 

detalebs ver SevityobT. Tu erTi cvladisTvis periodis gaormageba xdeba, maSin igi 
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danarCeni cvladebis mimarTac vlindeba. erTi cvladis qmedebaze dakvirveba sistemis 

mTliani periodulobisa da bifurkaciebis gansazRvris saSualebas gvaZlevs.  

zogierT SemTxvevaSi realuri erTganzomilebiani qmedeba demonstrirebuli iqna  

diferencialur gantolebebze damyarebuli modelebisaTvis. fizikaSi kargad cnobili 

magaliTia gare kuTxuri momentis mier periodulad marTuli qanqara. qanqara Sedgeba 

M masisgan, romelic mimagrebulia L sigrZis mqone aradrekadi  RerZis boloze, 

rogorc es 5.4 naxazzea naCvenebi (vgulisxmobT, rom RerZis masa nulis tolia). 

RerZis meore bolo dafiqsirebulia mobrunebis wertilSi. rogorc wesi, 

vertikaluri mimarTulebidan kuTxuri gadaxra θ simboloTia aRniSnuli. am 

modelisTvis dinamikur  gantolebas eqneba Semdegi saxe: 

 

 

 

nax. 5.4. marcxniv qanqaras sqematuri diagramaa. marjvniv gamosaxulia kuTxuri 

siCqaris (n+1)-e gazomvis Sedegi, rogorc n - uri gazomvis funqcia milevadi 

qanqarisaTvis. kuTxuri siCqare aRebulia im momentisaTvis, rodesac  gare kuTxuri 

momentis faza nulis tolia. kuTxuri momentis amplitudaa 2.048 MgL; sixSireTa 

fardobaa 2/3, xolo milevis koeficientia 1.0. aRsaniSnavia, rom funqcionaluri 

damokidebuleba arsebiTad erTganzomilebiania.  

 

 
2

2
sin cos

d g d
K t

dt L dt

                        (5.2-4) 

 

gantolebis marjvena nawilSi myofi pirveli wevri warmoadgens gravitaciiT 

gamowveul  kuTxur moments. meore wevri gviCvenebs xaxuniT gamowveul milevas, 

xolo mesame wevri  kuTxuri  momentia, romelic droSi periodulad icvleba.  
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Tu SemoviyvanT uganzomilebo cvladebs, maSin gantolebebi ufro moxerxebul 

saxes miiReben ricxviTi integrebis TvalsazrisiT. milevisa da  gare kuTxuri 

momentebis ararsebobis SemTxvevaSi qanqaras Tavisufali rxevis sixSire iqneboda 

Lg /0   mcire amplitudebisTvis, amitom drois aTvlas 1/ω0-is erTeulebSi 

vamjobinebT. mileva proporciulia 1/Q -sadmi. Q –is mcire mniSvneloba niSnavs 

milevis maRal mniSvnelobas erTi rxevis ganmavlobaSi (Q ganimarteba, rogorc 

sistemis sruli kinetikuri energiis E fardoba rxevis erTi ciklis ganmavlobaSi 

disipaciiT gamowveuli milevis Sedegad  dakargul energiasTan.) kuTxuri momenti 

gazomilia MgL namravlis (romelic wonasworuli mdgomareobidan 900-iT gadaxrili 

qanqaris gasaCereblad saWiro muSaobaa) erTeulebSi. am cvladebis gamoyenebis 

Sedegad dinamikuri gantoleba Semdeg saxes miiRebs   

  

 
2

2
sin cos

d d
b F Ds

ds ds

                        (5.2-5) 

 

aq b milevis Sesabamisi koeficientia, s  uganzomilebo armqone droiTi cvladia, 

F gamoxatavs kuTxur moments, xolo D ki warmoadgens rxevis sixSireTa fardobas 

gareSe Zalis zemoqmedebisa da misi ararsebobis SemTxvevaSi. standartuli 

procedurebi gviCvenebs, rom am sistemas mdgomareobaTa samganzomilebiani sivrce 

gaaCnia, sadac cvladebadi kuTxuri wanacvleba, kuTxuri siCqare da gare kuTxuri 

momentis faza SegviZlia SevarCioT. 

nax. 5.4 gviCvenebs ukuasaxvas milevadi qanqaris kuTxuri sixSirisTvis, rodesac 

D =2/3, b =1.0 da F =2.048, rac periodis gaormagebis bifurkaciaTa mimdevrobis 

Sedegad miRebul qaotur qmedebas gvaZlevs (mniSvnelobebi maSinaa aRebuli, rodesac 

gare kuTxuri momentis faza nulis tolia). ukuasaxva gviCvenebs, rom parametris 

mniSvnelobebis mocemuli simravlisaTvis kuTxuri siCqaris modelireba SesaZlebelia 

erTganzomilebiani iteraciuli asaxvis meSveobiT.  

udidesi Teoriuli samuSao Catarda lorencis modelisTvis puankares asaxvis 

funqciebis erTganzomilebian iteraciul asaxvamde dayvanis analizis mxriv. 

damatebiTi informaciisTvis ixileT mocemuli Tavis boloSi moyvanili literatura. 
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5.3 erTganzomilebiani iteraciuli asaxvebi 

 

wina paragrafSi moyvanilma diskusiam gviCvena, rom mdgomareobaTa sami an meti 

ganzomilebis mqone sivrceSi erTganzomilebiani iteraciuli asaxvebis gamoyeneba 

mizanSewonilia. amjerad asaxvis aseT funqciebs Tavisuflad moqmedi dinamikuri 

sistemebis SemTxvevebze dayrdnobiT ganvixilavT. mogvianebiT davubrundebiT kiTxvas, 

Tu ra xerxebi unda gamoviyenoT sistemis sruli dinamikis SeswavlisTvis.  

erTganzomilebiani iteraciuli asaxvebis Sesaxeb didi raodenobiT da sakmaod 

rTuli maTematikuri literatura arsebobs. am wignSi srulad ver ganvixilavT 

yvela maTematikur aspeqts, magram imedi gvaqvs, rom survilis SemTxvevaSi mkiTxveli 

mimarTavs Tavis boloSi moyvanil damatebiT literaturas.  

Tavdapirvelad pirvel TavSi moyvanil zogierT cnebas ganvixilavT. amieridan 

damoukidebel cvlads x-iT aRvniSnavT, xolo iteraciuli asaxvis funqcia f(x) iqneba. 

asaxvis funqcia raRac p parametrzea damokidebuli, romelic cxadi saxiT ar Cans. 

rodesac parametris mimarT damokidebulebas gamovyofT, maSin p parametrs indeqsis  

fp(x) saxiT warmovadgenT.  

iteraciuli sqema x –is sawyisi mniSvnelobiT iwyeba. am mniSvnelobas x0–iT 

aRvniSnavT da asaxvis funqciis meSveobiT Semdeg traeqtorias (an orbitas) vqmniT:  

 

   1 0 2 1, ,...x f x x f x                      (5.3-1) 

da a.S. 

unda aRiniSnos, rom erTganzomilebiani iteraciuli asaxvebi erTganzomilebian 

diferencialuri gantolebebis sistemebTan SedarebiT dinamikuri qmedebis gacilebiT 

farTo diapazons warmogvidgens, radgan iteraciuli asaxvebi uwyvetobis 

SezRudvisagan Tavisufalni arian. aq igulisxmeba, rom iteraciuli asaxvisTvis 

Sualeduri x mniSvnelobebis gavlis gareSe erTi mniSvnelobidan meoreze `xteba~. 

rogorc me-3 TavSi vnaxeT, erTganzomilebiani diferencialuri gantolebis 

amoxsnisas uwyvetoba mkacrad zRudavs potenciurad aRZvradi qmedebebis tipebs. 

 

 

CvenTvis sasargeblo iqneba gansakuTrebuli SemTxvevis ganxilva. pirvel TavSi 

moyvanili lojistikuri asaxva Sablonad SegviZlia gamoviyenoT (momavalSi araerT 
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sxvadasxva asaxvis funqciebs gavecnobiT.) gavixsenoT, rom lojistikuri asaxvis 

funqcia moicema Semdegnairad: 

 

 1 1n n nx Ax x                            (5.3-2) 

 

sadac  A makontrolebeli parametria, Tanac dadebiTi namdvili ricxvi. 

Cven gansakuTrebul interess viCenT im asaxvebis mimarT, romlebic x RerZis 

gaswvriv aRebul raime sasruli intervalis farglebSi inarCuneben x-is 

mniSvnelobebs, anu,  f(x) funqcia x –s yovel momdevno mniSvnelobas imave intervalSi 

warmoqmnis romelsac miekuTvneba sawyisi x0.  aseT SemTxvevaSi vityviT, rom f 

funqcia mocemul intervals `sakuTar TavSi asaxavs~. (tradiciulad, x 

mniSvnelobebis normireba ise xdeba, rom sakvlevi intervalia 0≤x≤1 an _1≤x≤+1.) 

magaliTad, lojistikuri asaxvis SemTxvevaSi Sesabamisi intervali 0-sa da 1-s 

Sorisaa.  

SevexoT fiqsirebuli wertilebis sakiTxsac. diferencialuri gantolebebis 

mier aRwerili dinamikuri sistemebis msgavsad, Cven gvainteresebs asaxvis funqciis 

fiqsirebuli wertilebi. x* aris f(x) asaxvis funqciis fiqsirebuli wertili, Tu is 

akmayofilebs Semdeg pirobas 

 

 * *
fx x                             (5.3-3) 

 

Tu (5.3-3) sruldeba, maSin x* –is mimarT f funqciis xelmeored gamoyeneba 

igive mniSvnelobas mogvcems. aRsaniSnavia, rom mocemul asaxvis funqcias mocemuli 

makontrolebeli parametris erTi da imeve mniSvnelobisTvis sxvadasxva fiqsirebuli 

wertilebi SeiZleba gaaCndes. magaliTad, lojistikur asaxvas fiqsirebuli 

wertilebi aqvs x*=0-sa da x*=1_1/A -ze. 

 ra mosdis im traeqtoriebs, romlebic fiqsirebuli wertilis axlos iReben 

saTaves anu, ra aris fiqsirebuli wertilis stabiluroba? Tu iteraciis procesSi 

(es traeqtoriebi miiswrafvian x*-isaken, rodesac n∞, maSin vityviT rom x* 

mizidulobis fiqsirebuli wertili an stabiluri fiqsirebuli wertilia (termini 

asimptoturad stabiluri agreTve gamoiyeneba.) Tu traeqtoriebi x* –s Sordeba, 
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maSin vambobT, rom x* ganmzidveli fiqsirebuli wertili an arastabiluri 

fiqsirebuli wertilia.  

rogorc ukve vnaxeT, fiqsirebuli wertilis gamokvleva masSi gansazRvruli 

asaxvis funqciis warmoebulis povnis gziT SeiZleba. geometriuli TvalsazrisiT 

vpoulobT asaxvis funqciis kuTxur koeficients fiqsirebul wertilSi. 5.5 naxazze 

moyvanilia pirvel TavSi warmodgenili iteraciuli procesis grafikuli sqema. 

fiqsirebuli wertilis midamoSi SesaZlebelia mocemuli funqciis wrfiT 

aproqsimacia.  

am grafikebidan cxadia, rom arsebobs fiqsirebuli wertilis stabilurobis 

Semdegi kriteriumi (qveda indeqsi warmoebulebze kidev erTxel gvaxsenebs, rom 

warmoebuls fiqsirebul wertilSi vsazRvravT):  

 

x* stabiluri fiqsirebuli wertilia, Tu  |df/dx|<1 

x* arastabiluri fiqsirebuli wertilia, Tu |df/dx|>1 

 

 

nax.5.5 asaxvis f(x) funqciis iteraciuli gamoyenebis efeqtis grafikuli 

gamosaxuleba. asaxvis funqcia wyvetili xaziTaa gamosaxuli. f(x)=x uwyveti wrfea. 

(a) 0< df/dx<1 SemTxveva stabilur fiqsirebul wertils gvaZlevs. (b) df/dx>1 ki -  

arastabilur fiqsirebul wertils gvaZlevs. (c) _1< df/dx<0  - stabilur 

fiqsirebul wertils gvaZlevs. (d) df/dx<_1  - arastabilur fiqsirebul wertils 

gvaZlevs. aRsaniSnavia, rom rodesac df/dx<0, iteraciis Tanmimdevruli wertilebi 

fiqsirebuli wertilebis xan erT xan meore mxares mdebareoben.  
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me-3 TavSi, x*-is midamoSi teiloris mwkrivebi gamoviyeneT  igive Sedegebis 

analitikuri gziT  misaRebad. x0-Si sawyisis mqone traeqtoriisTvis,  x*-is 

midamoSi  SegviZlia davweroT 

 

     
 

*

*

* *

1 0 0

* *

0

...

...

df
x f x f x

xdx
df

x
xdx

x x

x x

     

   
                 (5.3-4) 

 

mwkrivSi mxolod pirveli rigis warmoebulis Semcvel wevrs vinarCunebT da Sedegs 

xn-isa da x*-s Soris sxvaobis meSveobiT gamovsaxavT: 

 

   *

* *

1n n

df
x x

xdxx x                             (5.3-5) 

 

Tu fiqsirebul wertilSi gansazRvruli warmoebulis mniSvneloba erTze 

naklebia, maSin iteraciuli mimdevrobis wevrebs Soris manZili iklebs  da 

traeqtoria fiqsirebul wertils uaxlovdeba. Tu warmoebulis sidide erTze metia, 

maSin manZili matulobs da traeqtoriac fiqsirebul wertils Sordeba. aRsaniSnavia, 

rom Tu warmoebuli uaryofiTi sididea, maSin sxvaobis niSani yovel iteraciaze 

icvleba da traeqtoriis wertilebi fiqsirebuli wertilis orive mxares 

monacvleobs.  

 

SeniSvna terminologiasTan dakavSirebiT: teiloris mimdevrobebis gamoyenebiT 

Catarebul amgvar analizs xSirad `wrfivi stabilurobis analizs~ vuwodebT. Tu 

warmoebulis mniSvneloba erTze naklebia, vambobT, rom fiqsirebuli wertili 

`wrfivad stabiluria~. praqtikaSi aseTi analizi gviCvenebs, Tu ra mosdis 

traeqtoriebs fiqsirebuli wertilis siaxloves. fiqsirebuli wertilisagan 

moSorebiT sistemis sxva fiqsirebulma wertilebma SeiZleba mniSvnelovani roli 

Seasrulos traeqtoriebis qmedebaSi da teiloris mimdevrobebi situaciis 

prognozisaTvis ukve aRar iqneba sakmarisi.  
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amocana 5.3-1. qvemoT moyvanili asaxvis funqciebisTvis daadgineT fiqsirebuli 

wertilebi. gansazRvreT TiToeuli fiqsirebuli wertilis stabiluroba. 

 
 

2

1

1 sin

n n n

n n n

x f x

x f x x

x



 

 
 

 

amocana 5.3-2. gamoikvlieT A<0 parametris Sesabamisi lojistikuri asaxvis modeli. 

ipoveT fiqsirebuli wertilebi da SeiswavleT maTi stabiluroba A-s cvlilebasTan 

dakavSirebiT. 

 

5.4 bifurkaciebi iteraciul asaxvebSi: periodis gaormageba, qaosi da liapunovis 

eqsponentebi 

 

rogorc zogierTi dinamikuri sistemisaTvis vnaxeT, iteraciuli asaxvebis 

fiqsirebuli wertilebis buneba sistemis makontrolebel parametris cvlilebasTan 

erTad SeiZleba Seicvalos. am paragrafSi bifurkaciebs erTganzomilebiani 

iteraciuli asaxvebisTvis potenciurad SesaZlo modelebis meSveobiT SevamowmebT. 

yuradRebas gavamaxvilebT qaosuri qmedebis gamomwvev periodis gaormagebis 

mimdevrobaze.  

 Tavdapirvelad SevamowmoT x*=0 da x*=1-1/A fiqsirebuli wertilebis 

stabiluroba. orive fiqsirebul wertilSi vsazRvravT df/dx-s: 

  

0

1 1/ 2

x

x A

df
A

dx
df

A
dx



 



 
                            (5.4-1) 

 

(5.4-1) gantolebidan Cans, rom fiqsirebuli wertili x=0-ze da A<1-sTvis mizidvis 

(stabiluri) wertilia, xolo x=1-1/A-ze da A<1-sTvis ganzidvis (arastabiluri) 

wertilia. amgvarad A<1-sTvis unda velodoT 0<x0<1-sawyisis mqone nebismieri 

traeqtoriis miswrafebas x=0-Si myofi fiqsirebuli wertilisaken (garda 

traeqtoriisa, romelic zustad  x0=1-1/A wertilSi iRebs saTaves). 
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amocana (5.4-1). ra emarTeba lojistikuri asaxvis traeqtoriebs, rodesac x0<0 da 

x0>1  A<1 pirobebSi? SegiZliaT f(x) asaxvis funqciis fiqsirebuli wertilebis 

meSveobiT amgvari qmedebis axsna?  

 

(5.4-1) gantolebidan Cans, rom 1<A<3-Tvis stabilurobas ori fiqsirebuli 

wertili icvlis, anu A>1-Tvis x=0-Si mdebare fiqsirebuli wertili 

arastabiluria. 1<A<3-sTvis, x=1-1/A-Si myofi fiqsirebuli wertili stabiluri 

xdeba.  

amocana 5.4-2. gamoiyeneT traeqtoriis mniSvnelobebis grafikuli iteraciis meTodi 

da kompiuteri, raTa SeamowmoT, rom  lojistikuri asaxvis SemTxvevaSi x=0-sa x=1-s 

Soris dawyebuli yoveli traeqtoria x*=1-1/A-saken miiswrafvis, rodesac 1<A<3.  

traeqtoriis qmedeba A>3 SemTxvevaSi kidev ufro saintereso xdeba. rogorc 

pirvel TavSi vnaxeT, A-s samze meti mniSvnelobebisTvis traeqtoriebi xasiaTs 

icvlian or wertils Soris, romlebsac Cven x*1-iTa da x*2-iT aRvniSnavT. es 

mniSvnelobebi akmayofileben Semdeg gantolebebs: 

 

 
 

* *

2 1

* *

1 2

f

f

x x

x x




                                 (5.4-2) 

es wertilebi `orcikliani~ qmedebis Sesabamisi mimzidveli fiqsirebuli 

wertilebia. amrigad, vambobT, rom A=3-ze lojistikuri asaxvis Sesabamisi 

traeqtoriebi periodis gaormagebis bifurkacias ganicdian. A<3-Tvis traeqtoriebi 

ikribebian erTerT x-wertilSi. A>3 SemTxvevaSi ki traeqtoriebi x-is or 

mniSvnelobas Soris monacvleoben.  

 rodesac A=3,  qmedebis aRwerisaTvis Semogvaqvs e.w. f-is meore rigis 

iteracia  romelic Semdegnairad ganisazRvreba: 

   

      2
x f f xf                             (5.4-3) 

 

anu f funqcias viyenebT orjer, Tavdapirvelad x-is, xolo Semdeg ki pirveli 

operaciis Sedegis mimarT (indeqss frCxilebSi CavsvamT, raTa davafiqsiroT, rom 

saqme gvaqvs meore rigis iteraciasTan da ara funqciis kvadratTan). orcikliani 
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qmedebis Sesabamisi x*1 da x*2  wertilebi meore rigis iteraciis funqciis 

fiqsirebuli wertilebia:    

 

   
   

* *2

1 1

* *2

2 2

f

f

x x

x x




                              (5.4-4) 

 

amrigad, vaskvniT, rom A>3-sTvis  meore rigis iteraciis funqciis Sesabamisi 

zemoTmoyvanili ori fiqsirebuli wertili stabiluri xdeba.  

amjerad gavarkvioT, Tu rogor icvleba asaxvis funqciis da meore rigis 

asaxvis  funqciis warmoebulebi bifurkaciuli mniSvnelobis SemTxvevaSi, rodesac 

A=A1=3. (5.4-1) gantoleba gviCvenebs, rom df/dx (asaxvis funqciis 

warmoebuli)Rebulobs _1-s tol  mniSvnelobas, rodesac A samze meti xdeba. ra 

mosdis f(2)–is warmoebuls? ganmeorebiTi asaxvis funqciis warmoebulis gansazRvras 

diferencirebis jaWvuri wesis gamoyenebiT SevZlebT: 

(2)

( )

( ) ( ( ))

xf x

df x df f x

dx dx
df df

dx dx




                    (5.4-5) 

 

Tu warmoebuls ganvsazRvravT fiqsirebuli wertilebidan erT-erTSi, magaliTad x1-

Si, maSin gveqneba: 

2 11

2

(2)

(2)

( )

( )

x xx

x

df x df df

dx dx dx

df x

dx





 



                   (5.4-6) 

 

bolo Sedegis misaRebad viyenebT damokidebulebas 

2x =f(


1x )  ori fiqsirebuli 

wertilisTvis. (5.4-6) gantoleba erTi SexedviT uCveulo da mniSvnelovan Sedegs 

gvaZlevs: f(2)–is warmoebulebi erTi da igivea orive fiqsirebul wertilSi, 

romlebic miekuTvnebian ormag cikls! maSasadame orive fiqsirebuli wertili 

erTdroulad stabiluri an arastabiluria da maT stabilurobas Tu 

arastabilurobas erTi da igive `xarisxi~ gaaCnia.  
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A=3 mniSvnelobis SemTxvevaSi momxdar movlenebs ukeTesad gaviazrebT, Tu 

gavixsenebT, rom A=3 SemTxvevaSi f(x)-is Sesabamisi fiqsirebuli 1-1/A wertili 

emTxveva f(2)-is or fiqsirebul wertils. vinaidan f(x)-is warmoebuli A-s mocemuli 

mniSvnelobisTvis _1-is tolia, (5.4-6) gamosaxulebis Tanaxmad, f(2)–is warmoebuli  

A-s imave mniSvnelobisTvis +1-is tolia. A-s zrdasTan erTad f(2)–is warmoebuli 

klebulobs da orTave fiqsirebuli wertili stabiluri xdeba. nax. 5.6 gviCvenebs  

f(2)(x)–is grafiks, rodesac A<3 an A>3. pirvel SemTxvevaSi f(2)–is daxris kuTxe 

fiqsirebul wertilebSi 1-ze naklebia da, amrigad, isini f(2)–is stabiluri 

fiqsirebuli wertilebia. f(x)-is gegmilisaTvis traeqtoria 1`akeTebs naxtomebs~ win 

da ukan am or mniSvnelobas Soris. 5.6 naxazidan aseve aRsaniSnavia, rom 1-1/A-Si 

mdebare f(x)-is arastabiluri fiqsirebuli wertili aseve arastabiluri 

fiqsirebuli wertili iqneba f(2)(x)–isac.  

 vidre msjelobas ganvagrZobdeT, ramdenime SeniSvnas mogawvdiT fiqsirebuli 

wertilebis da maRali rigis iteraciebis Sesaxeb. Tavdapirvelad aRvniSnavT, rom 

f(x)-is n rigis iteracia  f-is n-jer gamoyenebis Sedegad miRebuli  funqciaa 

( ) ( ) ( ( (... ( ))nf x f f f f x                       (5.4-7) 

 

sadac marjvena mxares gvaqvs n raodenobis  f. erTi SexedviTac SegiZliaT darwmundeT, 

rom f(x)–is fiqsirebuli wertili igive iqneba f(n)–isTvisac, magram Sebrunebuli 

mtkicebuleba yovelTvis sinamdviles ar Seesabameba. amasTan, Tu x* aris f(x)–is 

stabiluri fiqsirebuli wertili, maSin gi stabiluri iqneba f(n)–isTvisac. 

Sebrunebuli mtkicebuleba amjeradac ar aris yovelTvis samarTliani. 

 

 

 

nax. 5.6. lojistikuri asaxvis meore rigis iteraciis amsaxveli grafiki. marcxniv, 

A=2.8. marjvniv, periodis gaormagebis pirveli bifurkaciis zemoT A=3.2. 
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aRsaniSnavia, rom f-is meore rigis iteraciis daxris kuTxeebi 1-1/A-s midamoSi 

mdebare or fiqsirebul wertilSi erTi da igivea da A=3.2-sTvis 1-ze naklebia. 

 

 umciresi n (n>0), romlisTvisac x* fiqsirebuli wertilia, gansazRvravs 

mocemuli fiqsirebuli wertilis mTavar periods. magaliTad, x-is or gansxvavebul 

mniSvnelobas, romlebic (5.4-4) gantolebas akmayofileben, oris toli mTavari 

periodi gaaCniaT. wertili x=1-1/A agreTve f(2)–is fiqsirebuli wertilicaa, magram 

misi periodi erTis tolia.  

 

savarjiSo 5.4-3. aCveneT, rom f–is iteraciebi e.w. gamravlebis wess eqvemdebareba: 

f(n+m)(x) = f(m) (f(n)(x)).   

 

savarjiSo 5.4-4. gamoiyeneT jaWvuri  wesi imis dasamtkiceblad, rom n-uri rigis 

nebismier fiqsirebul wertilSi gansazRvrul f(n)-is warmoebuls erTi da igive 

mniSvneloba aqvs. 

 

 amjerad ukve mzad varT lojistikuri asaxvis Tvisebebis Sesaxeb msjeloba 

ganvagrZoT, rodesac A izrdeba. f(2)-is 2-ciklis fiqsirebuli wertilebi kvlavac 

stabilurobisken miiswarfvian, vidre ar miviRebT 61A . A-s am mniSvnelobaze, 

romelsac A2-s vuwodebT, ori ciklis fiqsirebul wertilebSi gansazRvruli f(2)–is 

warmoebuli _1-is tolia, xolo A2-ze A-s ufro didi mniSvnelobebisTvis 

warmoebuli _1-ze mcire sididea. A >A2-Tvis mocemuli 2-ciklis fiqsirebuli 

wertilebi arastabiluria. ra mosdis traeqtoriebs? A >A2-Tvis traeqtoriebi 4-

ciklSi gadadian, anu traeqtoria ciklurad icvleba oTx mniSvnelobas Soris, 

romelTac x*1-iT, x*2-iT, x*3-iTa da  x*4-iT aRvniSnavT. X-is mocemuli mniSvnelobebi 

meoTxe rigis iteraciis Sesabamisi  f(4) funqciis fiqsirebuli wertilebia. amgvarad, 

periodis gaormagebis bifurkaciis gansxvavebul SemTxvevasTan gvaqvs saqme: sistema 2-

cikli qmedebidan 4-ciklianSi gadavida. amgvari bifurkaciis maTematikuri detalebi 

igivea, rac 2-ciklis SemTxvevaSi, vinaidan f(4) warmoadgens f(2)–is meore rigis 

iteracias. amrigad, 4-cikli maSin warmoiqmneba, rodesac 2-ciklis fiqsirebul 

wertilebSi gansazRvruli f(2)–is warmoebuli miiRebs _1-is tol mniSvnelobas. 
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rodesac igi ufro nakleb mniSvnelobebs Rebulobs, 4-ciklis fiqsirebul 

wertilebSi  f(4)–is warmoebuli 1-ze naklebia. 

 

 

 

 

nax. 5.7. lojistikikuri asaxvis funqciis meoTxe rigis iteraciis grafiki A=3.50-

sTvis romelic aRemateba A4-is im mniSvnelobas, romlisTvisac periodi-4-is cikli 

stabiluri xdeba.  

 

nax. 5.7. gviCvenebs logikuri asaxvis f(4)(x) funqcias  A>A2 SemTxvevaSi.  

 

amocana 5.4-5. aCveneT, rom bifurkacias, romelic iwvevs stabilur periodi-4 tipis 

qmedebas, adgili aqvs 61A  mniSvnelobaze. miniSneba: rodesac periodi-4 

warmoiSoba, df(2) /dx = _1.  

 

 rogorc pirvel TavSi vixileT, bifurkaciebis aseTi mimdevroba grZeldeba 

ragind didxans, vidre parametri ar miaRwevs iseT mniSvnelobas, romlisTvisac 

traeqtoriis periodi usasrulo xdeba.Esxvagvarad rom vTqvaT, traeqtoria sakuTar 

Tavs arasodes imeorebs da Cven qaosis mijnaze vimyofebiT. pirveli Tavidan aseve  

gvaxsovs, rom parametris im mniSvnelobis Semdgom, romlis drosac, qaosi iwyeba, 

arsebobs perioduli diapazonebi, romelTa Sesaxebac qvemoT dawvrilebiT visaubrebT.  
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 aRsaniSnavia, rom periodis gaormagebis bifurkaciebis mimdevrobis  Sedegad 

lojistikikur asaxvas arastabiluri perioduli orbitebis usasrulo raodenoba 

gaaCnia. isini Seesabamebian 1, 2, 4, da a.S. periodebs. isini orbitebis momdevno 

Taobis warmoqmnisas arastabilurni xdebian. rogorc irkveva, arastabiluri 

perioduli wertilebi sxva traeqtoriebis qmedebaze mniSvnelovan gavlenas axdens.  

 

 

amocana 5.4-6. gamoiyeneT mocemul paragrafSi warmodgenili meTodebi da SeiswavleT 

e.w. kvadratuli asaxvis qmedeba, romelic ganisazRvreba Semdegnairad 

                                                                    xn+1 = 1_Cx2
n 

kerZod, ipoveT misi fiqsirebuli wertilebi da SeiswavleT C parametris zrdisas 

warmoSobili periodis gaormagebis bifurkacia.  

 

qaosi da liapunovis eqsponentebi 

 

amgvarad, qaosuri qmedebis raodenobrivi SeswavlisaTvis ukve mzad varT. qaosis 

arsebobis erT-erTi niSani axlomdebare traeqtoriebis divergenciaa. 4.2 paragrafis 

Tanaxmad, qaosuri sistemisTvis divergencia droSi eqsponencialuria (anu 

iteraciuli asaxvis SemTxvevaSi  igi iteraciaTa rigis eqsponencialuri funqciaa). 

amgvarad, qaosuroba traeqtoriaTa jgufis damaxasiaTebeli Tvisebaa. Caketili 

sistemis traeqtoria qaosur mimzidvels aseve uasasrulojer ubrundeba, 

uasasrulojer axlos vidre traeqtoriis romelime wina wertili. amrigad, 

calkeul traeqtoriaze axlomdebare  (drois sruliad sxvadasxva momentebis 

Sesabamisi) wertilebis divergenciis Semowmebac SegviZlia.  

rogor gamovsaxoT zemoT naTqvami ufro formaluri saxiT? daviwyoT 

erTmaneTTan axlomdebare mizidulobis x0 da x0+ε wertilebis ganxilviT. Semdeg 

iteraciuli asaxvis funqcia TiToeuli mniSvnelobisTvis n-jer gamoviyenoT da 

miRebul Sedegebs Soris arsebuli sxvaobis absoluturi sidide gamovTvaloT:  

( ) ( )
0 0( ) ( )n n

nd f x f x                        (5.4-8) 

Tu qmedeba qaosuria, maSin n-is zrdasTan erTad am manZilis eqsponencialur 

matebas unda velodoT. amrigad, vwerT: 
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( ) ( )
0 0( ) ( )n n

nn
f x f xd

e


 

 
                   (5.4-9) 

 

anu 

 

( ) ( )
0 0( ) ( )1

1
n nf x f x

n
n






  
 
 
 

                  (5.4-10) 

 

ukanaskneli ori gamosaxuleba gansazRvravs, Tu ras vgulisxmobT traeqtoriisTvis 

liapunovis λ eqsponentaSi (male gansazRvrebas ufro mkacri saxiT CamovayalibebT). 

vTqvaT, ε_>0, maSin elementaruli gamoTvlebis Sedegad miviRebT, rom (5.4-10) 

gamosaxulebis marjvena mxare iZleva f(n)–is  x-is mimarT warmoebulis absolutur 

sidides. aseve viciT, rom diferencirebis jaWvuri wesis gamoyenebiT f(n)-is 

warmoebuli SegviZlia warmovadginoT traeqtoriis Tanmimdevrul x0, x1, x2 da a.S. 

wertilebSi gansazRvruli f(x)-is n raodenobis warmoebulTa namravlis saxiT. 

amrigad, liapunovis eqsponentas gansazRvreba Semdegnairia: 

 

 0 1 1

1
'( ) ( ) ... '( )nf x f x f x

n
                 (5.4-11) 

 

sadac f’(x)= df/dx. (5.4-11) SegviZlia sxvanairadac CavweroT: 

 

        0 1 1

1
1 '( ) 1 ( ) ... 1 '( )nn f x n f x n f x

n
                    (5.4-12) 

 

(5.4-12) gviCvenebs, rom liapunovis eqsponenta (ori traeqtoriis divergenciis 

maCvenebeli) traeqtoriis wertilebzSi gansazRvruli asaxvis funqciis 

warmoebulebis absoluturi mniSvnelobis naturaluri logariTmis saSualo sididea. 

Tu asaxvis funqciis ori axlomdebare wertilisTvis gamoyeneba gacilebiT 

daSorebul  or wertils gvaZlevs, maSin asaxvis funqciis warmoebulis 

absoluturi mniSvneloba traeqtoriis am wertilebSi 1-ze (Cven davuSviT, rom ε 

imdenad mcirea, rom orive sawyis wertilSi warmoebuli praqtikulad erTi da igive 

mniSvnelobas Rebulobs.) Tu absoluturi mniSvneloba 1-ze metia, maSin misi 
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logariTmi dadebiTia. Tu traeqtoriis wertilebi erTimeoris mimarT divergencias 

saSualod kvlav ganagrZobs, maSin warmoebulebTa (absoluturi sidideebis) 

logariTmebis saSualo mniSvneloba dadebiTia.  

SekTxva praqtikuli gamoTvlebisaTvis: ramdenad didi unda iyos n, rom 

miviRoT n-is zusti mniSvneloba? imisaTvis, rom realurTan axlos myofi saSualo 

mniSvneloba mogvces, n sakmarisad didi unda iyos. magram Tu n Zalian didi iqneba, 

maSin divergencia ukve eqsponencialuri aRar iqneba, radgan x mniSvnelobaTa 

diapazoni sasrulia. cxadia, rac ufro mcire iqneba ε, miT meti iqneba Sesabamisi n 

da kvlav eqsponencialur divergencias miviRebT. optimaluri varianti aseTia: n-is 

iseTi mniSvneloba unda SevarCioT, romelic dn-s x mniSvnelobaTa mTliani 

diapazonis daaxloebiT naxevars gaxdis. am sakiTxebs ufro dawvrilebiT me-9 TavSi 

ganvixilavT. 

aqamde liapunovis eqsponentas mxolod erTi sawyisi x0 wertilisTvis 

viTvlidiT. Tu liapunovis eqsponents sawyisi wertilebis garkveuli simravlisaTvis 

gamovTvliT da saSualo Sedegs aviRebT, maSin sistemis Sesabamis liapunovis 

saSualo eqsponentasac ganvsazRvravT (avtorTa umravlesoba mas ubralod 

liapunovis eqsponentas uwodebs.) qaosuri qmedebis raodenobrivi ganmarteba aseTia:  

erTganzomilebiani iteraciuli asaxvis funqcias parametris konkretuli 

mniSvnelobisaTvis gaaCnia qaosuri traeqtoriebi, Tu Sesabamisi liapunovis saSualo 

eqsponenta dadebiTi sididea.  

umetes SemTxvevaSi es eqsponenta ricxviTi saxiT unda gamovTvaloT. am 

sakiTxs me-9 TavSi davubrundebiT. 

 

amocana 5.4-7. me-3 TavSi Cven ganvsazRvreT liapunovis saSualo eqsponentebi 

Cveulebrivi diferencialuri gantolebebis mier aRwerili sistemebisTvis da vnaxeT, 

rom isini  dakavSirebulni arian dinamikuri funqciebis warmoebulebTan. mocemul 

paragrafSi vnaxeT, rom iteraciuli asaxvis funqciebisTvis liapunovis saSualo 

eqsponenta asaxvis funqciis warmoebulis absoluturi mniSvnelobis logariTmiT 

aris mocemuli. (a) axseniT ratom gansxvavdeba am ori SemTxvevis Sesabamisi 

gansazRvrebebi erTmaneTisgan. (b) ori gansazRvrebis SedarebisTvis gamoiyeneT I 

damatebis (1-26) gantoleba, van der polis oscilatoris modelis wrfivi forma da 

(1-28) gantolebaSi mocemuli puankares miaxloebiTi asaxvis funqcia. 
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5.5 Tvisebrivad universaluri qmedeba: U – mimdevrobebi  

 

amjerad wina paragrafSi lojistikuri asaxvis kerZo SemTxvevisTvis 

aRmoCenili bifurkaciebisa da periodebis gaormagebis tipebis universalobaze 

visaubrebT. swored bifurkaciaTa universaluroba aZlierebs erTganzomilebiani 

bifurkaciebis kvlevis maTematikur `Jins~. yuradRebas gavamaxvilebT Tvisobriv 

universalobaze, rac niSnavs imas, rom qmedebaTa garkveuli tipebi Tavs iCenen ama Tu 

im universalur mimdevrobebSi, magram ar gvainteresebs parametris is ricxobrivi 

mniSvnelobebi, romelTa SemTxvevaSic bifurkaciebi daikvirveba. 

 daviwyoT universalobis yvelaze zogadi formebiT da Semdeg gadavideT 

sxvebze, romlebic iteraciuli asaxvis funqciebis mimarT met SezRudvas aweseben. 

Tavdapirvelad SemovifarglebiT asaxvaTa iseTi funqciebiT, romlebic x RerZis 

raime intervals (magaliTad x =0 da x =1 Soris, e.w. erTeulovani intervali”) 

asaxaven meore intervalSi da piriqiT. mogvianebiT ki gadavalT e.w. unimodaluri 

asaxvis funqciebze.  

unimodaluri asaxvis funqcia (erTeuli intervalisTvis) aris gluvi (anu uwyveti 

da diferencirebadi) funqcia erTaderTi maqsimumiT mocemul 

intervalSi. SeTanxmebis Tanaxmad aviRebT, rom  f(0)=f(1)=0. x-is im 

mniSvnelobas (aRvniSnoT xc-iT), romlisTvisac maqsimums aqvs adgili, 

kritikuli wertili ewodeba.  

  

f(x)-is maqsimumis arseboba [0,1] intervalSi mniSvnelovania, radganac igi iZleva 

imis SesaZleblobas, rom ori sawyisi wertili, magaliTad, x0 da 
'
0x   5.8 naxazze, 

funqciis erTi iteraciis Sedegad aisaxos erTsadaimave x1 wertilSi. rogorc qmemoT 

vnaxavT, amgvari aracalsaxoba x1-is `winaistoriaSi~ niSnavs, rom sawyisi wertilebis 

simravle  asaxvis proceduris Sedegad gaiweleba da ikeceba. Sedegad,  saTanado 

pirobebis SemTxvevaSi, mivdivarT qaosur qmedebamde.  

1973 wels metropolisma, Stainma da Stainma (MSS73) daadgines, rom 

unimodalur asaxvebs makontrolebeli parametris cvlilebasTan erTad perioduli 

traeqtoriebis zustad gansazRvruli da aSkarad universaluri mimdevroba gaaCnia. 

MSS aqcents akeTebda iseT periodul traeqtoriebze, romelTa erT-erTi wevri 
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Seesabameba im mniSvnelobas, romelsac asaxvis funqciis maqsimumi (anu kritikuli 

mniSvneloba) gaaCnia.  

 

 

nax. 5.8. marcxniv moyvanilia unimodaluri asaxvis funqcia. ori gansxvavebuli x0 da 

'
0x
 wertili Seesabameba traeqtoriis erTsa da imave x1 wertils. marjvniv iseTi 

asaxvis funqciaa, romelic ar aris relevanturi intervali. x RerZis masStabis 

SecvliT da wanacvlebiT,  x RerZis CvenTvis saintereso SegviZlia SevuTavsoT 

erTeulovan [0,1] intervals. 

 

MSS procedura Semdegnairia: vpoulobT parametris iseT mniSvnelobas, 

romlisTvisac xc wertili raRac n sigrZis mqone perioduli traeqtoriis 

warmomadgenelia da CavwerT x mniSvnelobaTa Sesabamis mimdevrobas: 

 

   
 

 

1 2 1

3 2

1

...

...

c

c n

x f x x f x

x f x

x f x 

 





                   (5.5-1) 

 

ukanasakneli damokidebuleba gamomdinareobs Cveni daSvebidan n periodis mqone 

perioduli traeqtoriis arsebobis Sesaxeb. amrigad, f-is n-jer gamoyenebis Semdeg x-

is sawyis mniSvnelobas vubrundebiT. Semdeg x mniSvnelobebis nacvlad viyenebT R an 

L simboloebs Semdegi wesis Tanaxmad: Tu xi>xc , maSin aviRebT R-s, xolo Tu xi<xc , 

maSin  - L-s. am proceduris gamoyenebiT n periodis mqone traeqtoriebi gamosaxulia 

n_1 raodenobis RLLRRL simboloTa simravliT da a.S. (xc mimdevrobis n-uri wevria.) 

aseT gamosaxulebas zogjer SereviT mimdevrobas uwodeben, romelic simboluri 

dinamikis magaliTs warmoadgens. am sakiTxs Cven momavalSi davubrundebiT.  

 xc-is Semcvel ciklebs zogjer superciklebsac uwodeben, radgan am 

ciklebisTvis asaxvis funqciis warmoebuli nulis tolia. es niSnavs, rom amgvar 

ciklebs gaaCniaT `umaRlesi~ stabiluroba, radgan isini warmoadgenen Sualedur 
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rgolebs maT `dabadebasa~ (warmoebuli=+1) da “sikvdils” (warmoebuli=_1) Soris. 

superciklebisTvis parametris mniSvnelobaTa gamoTvla sakmaod advilia f(n)(xc)=xc 

damokidebulebebis gamoyenebiT. Tu aviRebT superciklur mniSvnelobasTan 

miaxlovebul A-s, SegviZlia iolad davweroT kompiuteruli programa, romelic 

iteraciuli procesis meSveobiT supercikluri mniSvnelobis maRali sizustiT 

gamoTvlis saSualebas mogvcems (miaxloebiTi mniSvnelobebis gamoTvla (2.4-1) 

gantolebis meSveobiTac SeiZleba)    

 

amocana 5.5-1. gamoiyeneT iteraciuli procesis grafikuli warmodgena da daamtkiceT, 

rom MSS mimdevrobis pirveli simbolo R unda iyos, Tu f(x)-s maqsimumi xc 

wertilSi  aqvs.  

 

MSS-ma uCvena, rom nebismieri unimodaluri funqciisTvis, RL mimdevrobebi 

makontrolebeli parametris cvlilebasTan erTad yovelTvis vlindeba erTi da igive 

gansazRvruli saxiT. Aaqedan gamomdinare, mecnierebma am mimdevrobas U 

(universalobis gamo) mimdevroba uwodes. MSS-is mier miRebulma ricxobrivma 

Sedegebma ufro zusti saxe GUC81-Si miiRo. 5.1 cxrilSi Tavmoyrilia period 6-mde 

U mimdevrobebis nusxa. aseve moyvanilia parametris is mniSvnelobebi, romelTa 

SemTxvevaSic es mimdevrobebi lojistikuri asaxvis funqciis superciklebia. 

aRsaniSnavia, rom cxrilSi monacemebi mxolod periodi 6-mdea moyvanili. 

amgvarad, periodi-8, -16 da a.S., romlebic mosdeven periodi-2-s da periodi-4-s  

periodis gaormagebis mimdevrobaSi da gadadian qaosSi daaxloebiT A = 3.5699... 

sTvis, cxrilSi ar aris moyvanili. aseve SeniSneT, rom 3-ze meti nebismieri 

periodis SemTxvevaSi ramdenime SesaZlo  RL mimdevroba arsebobs. magaliTad, sami 

gansxvavebuli periodi-5 tipis  U-mimdevroba arsebobs da isini daikvirvebian 

parametris sami gansxvavebuli mniSvnelobis SemTxvevaSi. garda amisa, es mimdevrobebi 

stabilur periodul orbitebs warmoadgenen, vinaidan xc maT wevrs warmoadgens. 

amrigad, nebismieri n-uri rigis iteraciuli f(n) funqciis warmoebuli xc wertilSi 

nulis tolia. amgvarad vaskvniT, rom rodesac ormagi periodis dagrovebis 

wertilisgan (Seesabameba A = 3.5699... _s lojistikuri asaxvis SemTxvevaSi) `Sors 

vimyofebiT~, perioduli orbitebi warmoadgenen im perioduli diapazonebis nawils, 

romlebic qaosuri reJimis pirobebSi daikvirvebian. periodi-6 da periodi-5 

qmedebebis Sesabamisi diapazonebis naxva SegiZliaT 5.9 naxazze.  
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arsebobs ori mniSvnelovani Tvalsazrisi cxrilSi moyvanil monacemebTan 

dakavSirebiT. pirvel rigSi vaskvniT, rom Tu sistema erTganzomilebiani iteraciuli 

asaxvis funqciiTaa aRwerili da Tu is parametris zogierTi mniSvnelobis 

SemTxvevaSi periodi-4-is Sesabamis RLR mimdevrobas gviCvenebs, maSin parametris 

ufro mcire mniSvnelobisTvis mas periodi-2-isTvis damaxasiaTebeli R cikli unda 

gaaCndes. Ggarda amisa, mimdevroba, romlis SemTxvevaSic sxvadasxva periodebi da 

Sesabamisi U mimdevrobebi daikvirvebian, asaxvis funqciis detalebze damokidebuli 

ar aris. parametrebis is ricxviTi mniSvnelobebi, romelTa SemTxvevaSic saxezea 

periodebi, asaxvis funqciazea damokidebuli, Tumca qmedeba Tvisobrivad erTi da 

igivea yvela unimodaluri asaxvis funqciisTvis.  

 

 

 

ra SeiZleba iTqvas realuri fizikuri sistemebis qmedebaze, romelTa dinamikac 

SesaZlebelia unimodaluri asaxvis funqciebiT iqnas modelirebuli? gamosaxaven 

isini U-mimdevrobebis igive simravles? bolo SekiTxvis pasuxia diax. pasuxi 

damajerebeli unda iyos, radgan eqsperimentTa mxolod  mcire raodenobis 

SemTxvevaSi arsebobs saTanado garCevisunarianoba mimdevrobis dasakvirveblad 

(mimdevrobaTa umravlesoba parametris mxolod Zalian mcire diapazonisaTvis iCens 

Tavs). eqsperimenti SesaZloa gvaZlevdes periodi-2, -4 da -5 tipis qmedebaTa 

Sesabamis mimdevrobebaTa  dafiqsirebis saSualebas, magram sirTuleebs wavawydebiT 

periodi-7-is Sualedur stadiebze. Tumca SesaZloa iTqvas, rom dakvirvebul 

mimdevrobebs adgili unda hqondeT MSS U-mimdevrobis wesiT. magaliTad, 1.5 naxazze 
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moyvanil diodis wredSi Tavdapirvelad aRZruli periodi-4 tipis qmedeba gviCvenebs 

navaraudev RLR struqturas (ix. amocana 5.5-2). U mimdevrobebis ufro detaluri 

gamokvleva rxeviTi qimiuri reaqciebisa (SWS82) da varaqtoris wredis (TPJ82) 

kvlevaSia gadmocemuli. U-mimdevrobidan gadaxrebi rxeviT qimiur reaqciebSi 

(CMS86)  maSin SeiniSneba, rodesac sistemis amsaxveli erTganzomilebiani funqcia 

yovelTvis ar aris Cazneqili qvemoT (ix. 5.9. paragrafi, magaliTad gausis asaxva.) 

 

amocana 5.5-2. Tu sistema 1.5 naxazze gamosaxuli periodi-4 tipis qmedebas 

gviCvenebs, rogor davadgenT RL struqturas, rodesac ar viciT xc-s Sesabamisi 

mniSvneloba? miniSnebebi: Tavdapirvelad xn-is Sesabamisi pikebis (an minimumebis) 

identifikacias vaxdenT. Semdeg vpoulobT, rom parametris mocemuli mniSvnelobis 

SemTxveaSi f(xc) gvaZlevs  x-is mimdevrobaTa udides mniSvnelobas. rodesac 

traeqtoria cxadi saxiT  ar Seicavs xc-s, kvlav SevadgenT RL mimdevrobas, Tuki  

gamoviyenebT L-isa da R-is ganmacalkevebeli pikis im mniSvnelobas, romelic win 

uswrebs parametris mniSvnelobebaTa mimdevrobaSi arsebul udides piks. daakvirdiT, 

rom es procedura MSS nimuSTan srul TanxmobaSi myof RLR mimdevrobas gvaZlevs. 

momdevno paragrafebSi erTganzomilebian iteraciul funqciebTan dakavSirebul 

zogierT mniSvnelovan maTematikur Sedegs warmogidgenT. am paragrafidan mkiTxvelma 

mTavaria gaigos, rom periodul diapazonTa struqturis didi nawilisa da 

sxvadasxva periodebis mqone orbitebis arseboba sakmaod zogadi SemTxvevaa. bevri 

aseTi niSan-Tviseba iteraciuli asaxvis funqciis detalebze damokidebuli ar aris. 

dawvrilebiTi informaciisaTvis mimarTeT Tavis boloSi miTiTebul literaturas. 

 

zogierTi maTematikuri aspeqti 

 

unda aRiniSnos, rom asaxvis funqciebSi Cvens mier dawesebuli zogierTi 

SezRudva wminda maTematikuri mizezebiT aris gamowveuli. am paragrafSi vnaxavT, Tu 

rogor SeiZleba zogierTi maTganis Serbileba.  

Cven davuSviT, rom sakvlev intervalSi asaxvis funqcias erTaderTi maqsimumi 

gaaCnia. Sedegebis umravlesoba igive iqneba, Tu mocemul intervalSi funqcias 

erTaderTi minimumi gaaCnia. magaliTad, ganvixiloT asaxvis funqcia f(x)= 1_Ax(1_x).  
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es funqcia lojistikuri asaxvis funqciis Sebrunebulia. mas aqvs minimumi x=1/2 

wertilSi. SegiZliaT darwmundeT, rom es funqcia [0,1] intervals Tavis TavSi 

asaxavs da rodesac A parametri izrdeba, (5.5-2) amocanis Sesabamisi iteraciebi, 

lojistikuri asaxvis analogiurad, qaosSi periodis gaormagebis mimdevrobis gavliT 

gadadis. Tumca, iteraciaTa sidideebi gansxvavebulia. magaliTad, A<2-Tvis x=1 

wertili, romelic sistemisTvis stabiluri fiqsirebuli mizidulobis wertilia, 

xolo 2<A<3  SemTxvevaSi ki stabiluri fiqsirebuli mizidulobis wertili  

x=1/A-Si gvxvdeba.  

 

amocana 5.5-3. daamtkiceT wina paragrafSi moyvanili Sedegebis samarTlianoba. 

 

[0,1] intervalis mimarT SezRudvis daweseba saerTod arcaa aucilebeli. 

magaliTad, ganvixiloT asaxvis Semdegi funqcia: 

 

   f x Bx b x                              (5.5-3) 

 

am funqcias maqsimumi x = b/2 wertilSi aqvs da igi nulisaken miiswrafvis, rodesac 

x=0 da x=b. axali cvladis (vTqvaT u=x/b) SemotaniT asaxvis funqcia SeiZleba 

lojistikuri asaxvis funqciad gardaiqmnas. amrigad, damoukidebeli cvladis 

gardaqmniT SegviZlia sakvlevi intervalis [0,1] intervalisaTvis SeTanadeba.  

 

amocana 5.5-4. mraval eqsperimentSi sxvadasxva gardamqmneli sakvlev fizikur 

signals eleqtrulad gardaqmnis (umeteswilad Zabvad). eleqtruli mowyobiloba 

xSirad signals garkveulwilad aZlierebs. signals SesaZloa Seecvalos niSani da 

nuliskenac miiswrafodes. Tu sakvlevi sistemis dinamikas erTganzomilebiani asaxvis 

funqcia aRwers, aCveneT, rom amgvari gardaqmnebi iteraciuli asaxvis modelis 

dinamikaze arsebiT gavlenas ar axdens.  

 

stabiluri periodebis erTaderToba da Svarcis warmoebuli 

adre warmodgenili MSS U-mimdevroba perioduli ciklebis erTaderTobis 

Sesaxeb arafers gveubneba. zogadad, parametris mocemuli mniSvnelobisTvis 

sxvadasxva perioduli ciklebi arsebobs (ra Tqma unda, mxolod erT-erTi maTgani 
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Seicavs xc-s.) 1978 wels d. singerma (SIN78) daamtkica, rom parametris mocemuli 

mniSvnelobisaTvis e.w. Svarcis warmoebulis uaryofiTi mniSvnelobis mqone 

unimodaluri asaxvis funqciebs maqsimum sami stabiluri perioduli cikli SeiZleba 

gaaCndes da umetes SemTxvevaSi sul cota erTi stabiluri perioduli cikli mainc 

gvaqvs [Devaney, 1986, gv. 70]. amrigad, Tu parametris garkveuli mniSvnelobisTvis 

arsebobs stabiluri perioduli cikli, maSin igi erTaderTia. am SemTxvevaSi xc-Si 

dawyebuli traeqtoria mocemuli perioduli ciklisaken miiswrafvis (xc ciklis 

nawilia mxolod parametris supercikluri mniSvnelobebisTvis).  

ra aris Svarcis warmoebuli da erTaderTobis SesanarCuneblad ratom unda 

iyos igi uaryofiTi niSnis? Svarcis warmoebuli (h.a. Svarci (1869)) analizis 

sxvadasxva sferoebSi gamoiyeneba (ix. magaliTad [Hille, 1969]). singeris 1978 wlis 

naSromamde erTganzomilebian ganmeorebad asaxvis funqciebTan dakavSirebiT Svarcis 

warmoebulis daniSnuleba SeumCneveli iyo. f(x) funqciis SD(f(x))-iT aRniSnuli 

Svarcis warmoebulis gansazRvreba Semdegnairia: 

 

  
2''' ''

' '

3

2

f f
SD f x

f f

 
   

 
                        (5.5-4) 

 

sadac f?’ niSnavs f-is pirveli rigis warmoebuls x-is mimarT; f?’’ meore rigis 

warmoebulia, xolo f?’’’ - mesame rigisa. singeris Teorema ZalaSia, Tu SD(f(x)) mTel 

[0,1] intervalze uaryofiTia.  

 

amocana 5.5-5. daamtkiceT, rom lojistikuri asaxvis funqcias [0,1] intervalSi 

uaryofiTi Svarcis warmoebuli gaaCnia. arsebobs Tu ara raime SezRudva A 

parametris TvalsazrisiT? daamtkiceT, rom sinusoidur funqcias [ix. gant. (2.2-2)] 

[0,1] intervalSi Svarcis warmoebuli uaryofiTi aqvs. 

 

singeris Teoremis damtkiceba Zalian Sors wagviyvans. dainteresebuli 

mkiTxveli unda gaecnos [Devaney, 1986], [Gulick, 1992] da [Davies, 1999]. SD(f(x))-is 

mniSvnelobis Sesaxeb garkveul warmodgenas Segviqmnis Semdegi lema [Devaney, 1986, 

gv.70]: Tu SD(f(x))<0, maSin f ‘(x)_s ver eqneba lokaluri minimumi iq, sadac igi 

dadebiTia an sadac lokaluri maqsimumi uaryofiTia. SeniSvna: gaxsovdeT, rom im 
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wertils, sadac f ‘(x)_s maqsimumi an minimumi gaaCnia, gaRunvis wertili ewodeba. 

lema gvamcnobs, rom f‘(x)_sTvis gaRunvis wertilebis garkveuli tipebi ar gvxvdeba 

im intervalSi, sadac SD(f(x))<0.  

  

amocana 5.5-6. aageT im funqciis grafiki, romelsac gaRunvis wertilSi Svarcis 

dadebiTi warmoebuli aqvs an piriqiT. gamoiyeneT iteraciaTa grafikuli meTodi da 

aCveneT, Tu ratom aqvs adgili pirvel SemTxvevaSi funqciisTvis erTze meti 

stabiluri fiqsirebuli wertilis arsebobas.  

 

sarkovskis Teorema 

U-mimdevrobaTa Sesaxeb zemoT moyvanili msjelobisas Cven SevexeT 

makontrolebeli parametris cvlilebasTan erTad sxvadasxva perioduli ciklebis 

warmoqmnis process. parametris fiqsirebuli mniSvnelobisTvis SemTxvevaSi 

perioduli (stabiluri an arastabiluri) ciklebis arsebobis sakiTxic SegviZlia 

davsvaT. rogorc zemoT aRvniSneT, arastabiluri perioduli ciklebis arsebobas 

SeiZleba Tan sdevdes mniSvnelovani zegavlena im traeqtoriaTa qmedebaze, romlebic 

ciklebis nawili araa.  1964 wels rusma maTematikosma a. sarkovskim daamtkica 

Semdegi Teorema: 

 

ganvixiloT uwyveti erTganzomilebiani f‘(x) asaxvis funqcia. Tu parametris raime 

mniSvnelobisTvis f-s  m sawyisi periodis mqone perioduli wertili gaaCnia, maSin 

f-s (parametris raime mniSvnelobisTvis) n periodis mqone wertilic aRmoaCndeba, 

sadac n iCens Tavs  m-is marjvniv Semdegi TanmimdevrobiT: 

 

3_>5_>7_>...2X3_>2X5_>...22X3_>22X5_>..._>8_>4_>2_>1. 

 

rogoria am simravlis wyoba? Tavadapirvelad zrdadobis rigis mixedviT 

CamovwerT 3-iT dawyebul yvela dadebiT kent ricxvs 3 (3, 5, 7, . . .), xolo Semdeg 

kvlav zrdadobis mixedviT davalagebT 3-ze met dadebiT ricxvebs, romlebic kenti 

ricxvebis orze namravlis tolia; Semdeg - im dadebiT ricxvebs, romlebic kenti 

ricxvebis oTxze namravlis tolia da a.S. dabolos, klebadi rigiT CamovwerT 

dadebiT ricxvebs, romlebic aqamde ar Cagviweria. eseni arian ricxvi 2-is xarisxebi: 
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. . . 24, 23, 22, 21, 20 (darwmundiT, rom dadebiTi ricxvebis CamonaTvalSi araferia 

ganmeorebuli an gamotovebuli).  

am Teoremis damtkicebisTvis ixileT [Devaney, 1986] (elementalur 

geometriaze dayrdnobiT gansxvavebuli damtkiceba ix. KAP87-Si). upirveles yovlisa 

(rac Zalian mniSvnelovania qaosisaTvis), Tu parametris romelime mniSvnelobisaTvis 

f-s periodi-3-is Sesabamisi wertili gaaCnia, maSin parametris imave mniSvnelobisTvis 

nebismieri sigrZis mqone usasrulo raodenobis perioduli traeqtoriebi eqneba! 

rogorc ukve aRvniSneT, usasrulo periodi aperioduli traeqtoriis 

eqvivalenturia. es ki qaosis erT-erTi gamoxatulebaa, magram es ar aris Cvens mier 

saZiebeli qaosuri traeqtoria. magaliTad lojistikikuri asaxvisaTvis, rodesac 

A=3.8319..., stabiluri periodi-3 tipis traeqtoria daikvirveba. sarkovskis Teoremis 

mixedviT, parametris mocemuli mniSvnelobisTvis lojistikur asaxvas usasrulod 

bevri perioduli cikli gaaCnia. singeris Teoremis ZaliT, yoveli maTgani 

arastabiluria. amrigad, traeqtoriebis kompiuteruli gamoTvlis Sedegad 

vpoulobT, rom stabiluri mxolod periodi-3 tipis  traeqtoriaa.  

sarkovskis Teoremam udidesi zegavlena moaxdina lisa da iorkis cnobil 

statiaze, sadac sityva qaosi mecnieruli daniSnulebiT pirvelad aris gamoyenebuli 

(LIY75). xSirad aviwydebaT, rom sarkovskis Teoremis analogiurad, lisa da iorkis 

kvlevis Sedegi konkretuli fiqsirebuli parametris mniSvnelobis mimarT gamoiyeneba. 

miuxedavad imisa, rom usasrulo periodebis mqone traeqtoriebis arseboba saeWvoa, 

Sedegebi pirdapir ar gvamcnobs, rom qaosur qmedebas parametris sxva 

mniSvnelobebisTvisac eqneba adgili.  

miuxedavad imisa, rom sarkovskis Teorema parametris mxolod calkeuli 

mniSvnelobisTvis gamoiyeneba, zogierT SemTxvevaSi igi aseve miesadageba iseT 

mdgomareobas, rodesac perioduli orbitebi maTi stabiluri formiT anu parametris 

funqciis saxiT arian warmodgenili. magaliTad, A parametris mcire sawyisi 

mniSvnelobebis mqone lojistikuri asaxvisTvis A-s zrdasTan erTad Tavdapirvelad 

periodi-1, xolo Semdeg periodi-2, periodi-4 da a.S. gvaqvs. ormagi periodis 

zRvruli  wertilisagan moSorebiT, qaosur areebSi daikvirvebian qaosuri 

diapazonebi. maT Tavdapirvelad Zalian didi (kenti) periodebi gaaCniaT, romlebic 

sarkovskis mimdevrobis gaswvriv TandaTanobiT sigrZeSi klebuloben da sabolood, 

A=3.7 da A =3.83 mniSvnelobebs Soris gvaqvs jer periodi-7, Semdeg periodi-5 

dabolos periodi-3 (ix. nax. 5.9).  
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 aRsaniSnavia, rom sarkovskis mimdevroba traeqtoriebis mravalgzis ganmeorebas 

maTi periodulobis da gansxvavebuli U-mimdevrobebis mixedviT ar aRwers. igi 

mxolod im mimdevrobas aRwers, ra saxiTac perioduli traeqtoriebi Tavdapirvelad 

Cndebian. 

 

 

nax. 5.9. bifurkaciuli diagrama lojistikuri asaxvis funqciisTvis. suraTis zeda 

nawilSi A –s TiToeuli mniSvnelobisTvis traeqtoriis 100 wertilia gamosaxuli 

(gardamavali stadiebis dasrulebis Semdeg). qveda nawilSi gamosaxul diagramaze 

x=0.5 wertilidan wamosuli rva traeqtoriaa  moyvanili.  aRsaniSnavia, rom es 

wertilebi mizidulobis wertilebs emTxveva mxolod A –s supercikluri 

mniSvnelobebisaTvis. nebismier SemTxvevaSi isini mimzidvelisa da misi qveareebis zeda 

da qveda sazRvrebs gvaZleven. 
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qaosuri qmedebis organizeba 

 

ganvixiloT erTganzomilebiani iteraciuli asaxvebis Sesabamisi bifurkaciuli 

diagramebis zogierT detali. 5.9 naxazis zeda nawilSi gamosaxulia lojistikuri 

asaxvis bifurkaciuli diagrama 3.4<A<4 SemTxvevaSi. gasaocaria, magram diagramis 

qaoturi reJimis Sesabamis nawilSi ki saocari wesrigia.  

Tavdapirvelad yuradRebas qaosur qmedebaSi monawile wertilebis `mrudebis~ 

mimarT vamaxvilebT. wertilebis amgvari STambeWdavi koncentracia iteraciuli 

asaxvis funqciis kritikuli wertilis (lojistikuri asaxvis funqciisaTvis x=0.5) 

midamoSi gamaval traeqtoriebs Seesabameba. nebismieri aseTi traeqtoria erTimeores 

gasdevs ramdenime Tanmimdevruli iteraciis ganmavlobaSi, radgan funqciis (da misi 

yoveli maRali rigis iteraciebis) grafikTa kuTxuri koeficienti kritikul 

wertilSi nulis tolia. amrigad, traeqtoriebi gacilebiT nela ganicdian 

divergencias  da bifurkaciul diagramaze wertilebis koncentracias iwveven.  

zustad xc kritikuli wertilidan gamomdinare traeqtoriis wertilebi 

bifurkaciuli diagramis araerT maxasiaTebels gansazRvravs (am wertilebs 

kritikuli wertilis anasaxebs uwodeben.) magaliTad, parametris am garkveuli 

mniSvnelobisTvis, xmax = f‘(xc) mimzidvelSi Semosuli traeqtoriebiT miRebuli  x_ 

is maqsimaluri mniSvnelobaa. xmin = f‘(xmax) = f‘( 2)(xc) parametris garkveuli 

mniSvnelobisTvis, mimzidvelSi Semosuli traeqtoriebiT miRebuli  x_ is minimaluri 

mniSvnelobaa, anu xc sawyisis mqone f_is pirveli ori rigis iteracia mizidulobis 

aris zeda da qveda sazRvrebs gvaZlevs (aq unda davuSvaT, rom kritikuli wertili 

mizidulobis areSi mdebareobs. gardamavali traeqtoriebi saTaves SeiZleba am aris 

miRma iRebdes, xolo perioduli traeqtoriebi SesaZloa mimzidvelis sazRvrebTan 

kontaqtis gareSe mTlianad am sazRvrebs Soris arsebobdes). Semdgomi iteraciebi, 

romlebic kritikuli wertilis ufro maRali rigis anasaxebs gvaZleven, iZlevian im 

areebis Sida sazRvrebs, sadac “imyofebodnen” traeqtoriebi parametris mocemuli 

mniSvnelobisTvis.    

5.9 naxazis qveda nawili bifurkaciul diagramaze datanili kritikuli 

wertilis pirvel rva anasaxs gviCvenebs. aRsaniSnavia, rom perioduli mimzidvelis 

wertilebs, garda A parametris supercikluri mniSvnelobebisa, traeqtoriis 

wertilebi ar emTxveva. rodesac A > 3.569..., kritikuli wertilis mocemuli 
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anasaxebi traeqtoriebiT gansazRvruli qaosuri `areebis~ sazRvrebs “anadgurebs”. A 

_s zrdasTan erTad adgili aqvs qaosuri diapazonebis gadafarvas.  

amocana 5.5-7. axseniT, ra xdeba A = 3.68 mniSvnelobis siaxloves, sadac ori 

qaosuri diapazoni erTmaneTs gadafaravs da adgili aqvs anasaxebis mrudebis erT 

wertilSi Sekrebas. am gamorCeul wertils misiureviCis wertili (MIS81) ewodeba. 

daakvirdiT, rom Sekrebis analogiur SemTxvevas aqvs adgili, rodesac A = 3.6 

mniSvnelobis siaxloves oTxi qaosuri are ors warmoqmnis. davaleba: ganixileT 

f‘(3)(xc). 

 

5.9 naxazis qveda nawilSi kargad Cans, rom perioduli diapazonebi maSin 

daikvirveba, rodesac kritikuli wertilis zogierTi anasaxi erTmaneTs emTxveva. 

magaliTad, A = 3.83 mniSvnelobis siaxloves zogierT anasaxTa mrudi periodi-3-is 

Sesabamis diapazonSi Sedis da erTmaneTs gadafaravs superciklur mniSvnelobaze. A 

= 3.74 mniSvnelobis siaxloves zogierTi anasaxi periodi-5-is Sesabamis diapazonSi 

gadafaravs erTmaneTs. igive efeqti A = 3.7 mniSvnelobis siaxloves, periodi -7-is 

Sesabamis viwro diapazonSic SeimCneva. 

 

amgvari gadafarva yovel periodul diapazons imitom  axasiaTebs, rom arsebobs 

parametris raRac supercikluri mniSvneloba, romlisTvisac kritikuli wertili 

perioduli traeqtoriis nawilia. rodesac traeqtoria periodulia, kritikuli 

wertilis zogierTi anasaxi kritikuli wertilis Sesabamis mniSvnelobas ubrundeba.  

 amrigad, perioduli diapazonebis warmoqmnis mizezi ukve viciT. diapazonebi 

amgvarad imitom arian ganlagebuli, rom mrudTa maRali rigis anasaxebi qmnian iseT 

mrudebs, romlebic A = 3.68 siaxloves myofi krebadobis wertilidan ganicdian 

mkveTr zrdas. amrigad, maRali rigis anasaxi pirveli gadafaravs Tavdapirvel 

anasaxs; aseTi gadafarva perioduli diapazonis arsebobaze mianiSnebs. amasTan, maRali 

rigis anasaxebi ufro swrafad aRweven maqsimums A–s im mniSvnelobebis midamoSi, 

romlis SemTxvevaSic isini pirveli anasaxis Sesabamis mruds gadafaraven. maqsimumis 

`siviwrove~ korelaciaSia A RerZis gaswvriv arsebuli perioduli diapazonis 

sididesTan: viwro pikebs aseve viwro diapazonebi Seesabameba. advili sanaxavia, rom 

periodi-5-is diapazonTan SedarebiT periodi-7-is diapazoni ufro viwroa, romelic, 

Tavis mxriv, periodi-3-isaze viwroa.  
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 anasaxebis gadafarvisa da perioduli diapazonebis TvalsazrisiT igive 

mdgomareobaa  A = 3.569... da A = 3.68 mniSvnelobebs Soris, sadac mravalricxovani 

qaosuri diapazonebi imyofebian. aq perioduli diapazonebi yovel areSi gvxvdebian; 

periodi-3 periodi-5-is marjvniv (A _s ufro didi mniSvnelobisaTvis)  daikvirveba, 

romelic Tavis mxriv, periodi-7-is marjvnivaa da a.S. radgan arseboben  

mravalricxovani qaosuri areebi, mTlianobaSi vRebulobT ufro maRali rigis 

periodulobis diapazonebs. magaliTad, A = 3.62 mniSvnelobis axlos, sadac ori 

qaosuri are mdebareobs, TiToeuli qve-are periodi-3-is Sesabamis diapazons moicavs 

da es qve-areebi erTobliobaSi periodi-6-is diapazons qmnis.  

 Tu sarkovskis periodebis mimdevrobas movaxdenT SevadarebT, davrwmundebiT, 

rom es wesi zustad Seesabameba kritikuli wertilebis anasaxTa mrudebis 

gadafarvis Sedegad miRebuli perioduli diapazonebis ganlagebas. es mrudebi 

kritikul wertilSi dawyebuli asaxvis funqciis iteraciiT gansazRvruli 

grafikebia (A parametris mravalcvladis funqciebi lojistikuri asaxvis 

SemTxvevaSi). am funqciaTa geometriuli maxasiaTeblebi traeqtoriebis qmedebas 

akontrolebs. magaliTad, lojistikuri asaxvisaTvis  f‘(xc) = A/4; amgvarad, qaosuri 

areebis zeda sazRvari wrfea (A>3.59_Tvis), romelic kveTs x=1-s A=4–ze. f‘( 2)(xc) 

mocemulia (A2/4)(1_A/4) gamosaxulebiT. amrigad, qaosuri kvanZebis qveda sazRvari 

mesame rigis mrudia, romelic x=0-s, A=4–ze kveTs. mocemuli analizi SegviZlia 

ganvavrcoT anasaxTa TiToeuli mrudis qmedebis Seswavlis mizniT. 

 A–s zrdasTan erTad, periodi-n-iT dawyebuli konkretuli perioduli 

diapazoni, periodis gaormagebaTa mimdevrobis gavlis Sedegad qreba. am dros 

qaosuri areebis n raodenobis simravle warmoiqmneba. sabolood qaosuri areebi 

erTmaneTs gadafaraven krizisad wodebuli movlenis SemTxvevaSi (ix. me-7 Tavi). 

perioduli orbitebi kvlav iarsebeben, magram isini arastabiluri iqnebian. 

sarkovskis meTodika gvaZlevs sqemas, romlis mixedviTac perioduli diapazonebi 

warmoiqmneba. amrigad, Tu parametris romelime mniSvnelobisTvis periodi-3-is 

Sesabamisi diapazoni daikvirveba, maSin gvecodineba 3-mde myofi yvela ricxvis 

Sesabamisi diapazonebic. maTi narCeni arastabiluri perioduli orbitebi 

`Tanaarseboben~ periodi-3-Tan dakavSirebul orbitebTan erTad.   
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amocana 5.5-8. sarkovskis meTodikis SemowmebisTvis gamoiyeneT bolo argumentis 

detalebi. 

 

amocana 5.5-9. TiToeul qaosur ares sakuTari misiureviCis wertili gaaCnia. 

CamoayalibeT piroba, romelic gansazRvravs am wertilis mdebareobas A parametris 

funqciis saxiT.  

 

 

5.6. feigenbaumis universaloba 

 

me-2 TavSi ganvixileT erTganzomilebian iteraciul asaxvaTa ramdenime 

ricxviTi maxasiaTebeli. maTgan yvelaze aRsaniSnavi feigenbaumis α da δ ricxvebia. am 

paragrafSi COP99-ze dayrdnobiT feigenbaumis α-s gamoyvanis process warmogidgenT. 

α-s da δ-s gamoyvanis detaluri procesi I danarTSia moyvanili. danarCeni 

raodenobrivi universaluri maxasiaTeblebis Sesaxeb H danarTSi visaubrebT.  

 me-2 Tavidan gavixsenoT, rom feigenbaumis α gansazRvrulia masStabis 

koeficientis saxiT. igi mimdevrobiTi bifurkaciebisTvis lojikuri asaxvis funqciis 

bifurkaciul diagramaze mocemul `vertikalur~ manZilebs parametris 

(lojistikuri asaxvisaTvis _ A)  cvlilebasTan akavSirebs (ix. nax. 2.3 da gant. (2.5-

1).) kerZod, yuradRebas vamaxvilebT qaosuri qmedebis gamomwvevi periodis 

gaormagebis kaskadis Sesabamis superciklebze, romlebic Seicaven xc =1/2 kritikul 

mniSvnelobas. mniSvnelovania  manZili 1/2 _sa da ciklis  naxevris Sesabamis x-is 

mniSvnelobas Soris. 2n periodis mqone ciklisaTvis es manZili iqneba: 

1(2 )1 1
2 2( )

n

S
n

n A
d f x



                            (5.6-1) 

 

anu traeqtorias viwyebT x =1/2 wertiliT, vaxdenT iteracias 2n-1 – jer, 2n  

periodis mqone ciklis naxevramde. An
s sididis qveda indeqsi gvamcnobs, rom Cvens 

winaSea 2n- periodis mqone supercikli. 

 feigenbaumis α aris ricxvi, romelic akmayofilebs Semdeg pirobas 

1

1

(2 )1
2

(2 )1
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  

 
               (5.6-2) 
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 α –s ricxviTi mniSvnelobis gamoTvlisaTvis gvesaWiroeba universaluri g(y) 

funqciis Semotana, romelic Semdeg pirobebs akmayofilebs 

  ( ) ( ( / ))g y ag g y a                           (5.6-3) 

 

 

es gamosaxuleba gvamcnobs, rom arsebobs iseTi specialuri g funqcia da α ricxvi,  

rom funqciis erTgzis iteraciisas igive Sedegi miiReba, rac damoukidebeli 

cvladis Sesabamisi RerZis masStabis -α-jer Secvlis,  orgzis iteraciisa Semdeg 

miRebuli Sedegis α –ze gamravlebis SemTxvevaSi. axla ukve vxedavT kavSirs (5.6-2) 

gantolebas da (5.6-3) gamosaxulebiT gansazRvrul funqcias Soris. 

 SemovitanoT axali y=1/2_x cvladi da (5.6-2) gantoleba gardavqmnaT. Semdeg 

damoukidebeli cvladis Sesabamisi RerZi ise wavanacvloT, rom iteraciuli asaxvis 

funqciis maqsimumi y =0 wertilSi moxvdes. Semdeg Semogvaqvs aRniSvna: 

 12

[ ]

1 1

2 2

n

s

n
n ny d x

A
f

      
 

                       (5.6-4) 

 

(5.6-2) gantolebaSi zRvris gadagdebiTa da imis daSvebiT, rom fardoba kvlav igive 

rCeba y=0-is midamoSi, SegviZlia davweroT 

 

   2n ny y                                     (5.6-5) 

 

COP99 am daSvebis sasargeblod garkveul ricxviT da grafikul monacemebs 

gvaZlevs. radgan vamtkicebT, rom (5.6-5) gantoleba n-is nebismieri mniSvnelobisTvis 

ZalaSia, aseve SegviZlia davweroT: 

 

   2( 1) 1n ny y                                  (5.6-6) 

 

Cven veZebT asaxvis iseT g funqcias, romelic qmnis y mniSvnelobaTa Semdeg  

mimdevrobas: 

 

   1 ( )n ny g y                                    (5.6-7) 
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am gansazRvrebis gamoyenebiT (5.6-6) gantoleba Semdegi saxiT SeiZleba gadavweroT 

 

      2n ng g y g y                             (5.6-8) 

 

sabolood vsargeblobT (5.6-5) gantolebiT da vvaraudobT, rom Sedegi n-is 

nebismieri mniSvnelobisTvis ZalaSia. amis Semdeg y–s SegviZlia qveda indeqsebi 

movaSoroT da miRebuli Sedegi ase CavweroT:  

 

    /g g y g y                                (5.6-9) 

 

Tu davuSvebT, rom misi maqsimaluri mniSvnelobis siaxloves funqcia kvadratulia, 

maSin 

 

  21g y by                                     (5.6-10) 

 

sadac Cven universalobis darRvevis gareSe vuSvebT, rom funqciis maqsimaluri 

mniSvneloba 1-is tolia. Semdeg (5.6-10) gantolebas (5.6-9)-Si CavsvaT da 

vRebulobT: 

 

  2 2 3 4 3
21 1 2 / /cy c c y c y                        (5.6-11) 

 

rodesac y–is mcire mniSvnelobebis gageba gvsurs, ugulvebelvyofT y4 wevrs. 

miRebuli gantoleba y-is sxvadasxva mniSvnelobebisaTvis ZalaSi darCes, unda 

Sesruldes Semdegi piroba: 

 

 1 1 / 2c and c                              (5.6-12) 

 

(5.6-12) gantoleba gvaZlevs α-s mimarT kvadratul gantolebas  

 

2 2 2 0                                        (5.6-13) 
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romlis α =2.73 amonaxsni feigenbaumis 2.502... maCveneblis mimarT 10%-iani 

cdomilebis farglebSi mdebareobs. 

F danarTSi moyvanilia, Tu rogor unda davazustoT es parametri α-sa da Tavad 

g(y) funqciis ufro zusti mniSvnelobis dasadgenad. aseve naCvenebia, Tu rogor 

miviRoT feigenbaumis  ricxvi. arsebiTia, rom α-sa da δ-s mniSvnelobebi iteraciuli 

asaxvis funqciis mxolod zogad maxasiaTeblebze, kerZod ki kritikuli wertilis 

midamoSi mis maTematikur saxezea damokidebuli. amrigad, Cven vvaraudobT, rom 

iteraciuli asaxvis funqciebis farTo klasisa da fizikuri sistemebisTvis, 

romelTa dinamikac amgvari asaxvis funqciebis mier kargad aris modelirebuli, α-sa 

da  δ-s igive mniSvnelobebs miviRebT.  

 

5.7 karvis asaxva 

 

am paragrafSi sxva erTganzomilebiani asaxvis funqciis iteraciis process  

gavecnobiT. am funqcias karvis asaxva ewodeba, radgan misi erT-erTi grafikis forma 

karavs gvagonebs. (formis gamo, mas samkuTxedis asaxvasac uwodeben.) karvis asaxva, 

asaxvis funqciebis im klass warmoadgens, romelsac uban-uban wrfivs uwodeben. 

terminologia niSnavs, rom asaxvis funqciis grafiki wrfis monakveTebisgan Sedgeba. 

karvis asaxvis funqcia uwyvetia, magram mas ar gaaCnia warmoebuli im wertilSi, 

sadac sxvadasxva daxris koeficientis mqone monakveTebi erTimeores uerTdebian. 

warmoebuls erTi mniSvneloba aqvs SeerTebis wertilis marcxniv da sxva 

mniSvnelobaze wyvetiT gadadis SeerTebis wertilidan marjvniv. momavalSi vnaxavT, 

rom asaxvis funqciis warmoebulSi uwyvetobis deficiti aqamde ganxiluli 

unimodaluri asaxvis gluvi iteraciuli qmedebisagan sakmaod gansxvavebuli 

iteraciul qmedebas iZleva.  

karvis asaxvis funqcia ganisazRvreba Sendegnairad:  

   

 1

1
1 2

2n n nx f x r x

 
    

 
                        (5.7-1) 

 

sadac r makontrolebeli parametria, x mniSvnelobebi ki [0,1] intervalSi iyrian Tavs. 

5.14 naxazi gviCvenebs karvis asaxvis funqciis grafiks r-is ori gansxvavebuli 

mniSvnelobisTvis: rodesac r<1/2  da rodesac r>1/2. fiqsirebuli wertili 
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koordinatTa saTaveSi mdebareobs. rodesac asaxvis funqciis kuTxuri koeficienti 

(r<1/2-sTvis) erTze naklebia, maSin fiqsirebuli wertili stabiluria, anu [0,1] 

intervalis nebismier wertilSi dawyebuli traeqtoria x=0-saken miiswrafvis r<1/2 

SemTxvevaSi. 

 

 

amocana 5.7-1. gamoiyeneT grafikuli iteraciis meTodi da daadgineT, rom 0-sa da 1-s 

Soris dawyebuli traeqtoriebi x=0-sken miiswrafvis r<1/2 SemTxvevaSi. ra xdeba, 

rodesac x0=1? ra xdeba, rodesac x0 [0,1] intervalis miRmaa? 

 

 

r>1/2-sTvis arsebobs ori fiqsirebuli wertili _ erTi x=0 –Si; xolo 

meorisaTvis:  

 

 

2

1 2

r
x

r



                                   (5.7-2) 

 

 

 

naxazi 5.10. karvis asaxva, rogorc x cvladis funqcia. marcxniv makontrolebeli 

parametri r=1/4, xolo marjvniv _ r=1.  

 

 

5.10 naxazidan kargad Cans, rom asaxvis funqciis kuTxuri koeficienti orTave 

fiqsirebul wertilSi 1-ze metia. amrigad, vaskvniT, rom orive fiqsirebuli 

wertili arastabiluria. traeqtoriebi ganizideba orive fiqsirebuli wertilisagan.  
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amocana 5.7-2. (a) aCveneT, rom karvis asaxvisTvis (5.7-2) gantoleba meore 

fiqsirebuli wertilis mdebareobas gvaZlevs r>1/2 SemTxveaSi. (b) aCveneT, rom 

karvis asaxvis funqciis kuTxuri koeficienti r>1/2-sTvis 1-ze metia (karvis asaxvis 

funqciis daxris kuTxe yvelgan erTi da igivea, garda x=1/2 wertilisa, sadac igi 

ar aris gansazRvruli). (c) ra mosdis traeqtorias, romelic r=1 SemTxvevaSi x=1/2 

wertils aRwevs? elodebiT Tu ara amgvari qmedebidan gamomdinare traeqtoriebis 

grafikul warmodgenasTan an gamoTvlebTan dakavSirebul sirTuleebs?  

ra mosdis traeqtoriebs, rodesac r>1/2? SegiZliaT darwmundeT, rom 

grafikuli iteraciis meTodis, Tu kompiuteruli programis gamoyenebiT, 0-sa da 1-s 

Soris dawyebuli traeqtoriebi [0,1] intervalSi (r ≤1-sTvis) SemosazRvruli 

darCeba. kidev ufro mniSvnelovania, rom axlomdebare sawyisebis mqone traeqtoriebi 

(vTqvaT x=1/2 wertilidan marcxniv), vidre `ukan gabrundebodnen~, marjvena mxares 

arsebuli asaxvisas divergencias ganicdian. Tavdapirvelad axlomdebare 

traeqtoriebi ganicdian eqsponencialur divergencias, romelic iteraciis rigis 

funqcias warmaodgens. aseTi traeqtoriebi ki qaosuria. karvis asaxvis kuTxuri 

koeficientis mudmivobis gamo divergenciis maCveneblis povna martivia (amocana 5.7-

3). aucileblad unda aRiniSnos, rom karvis asaxvis SemTxvevaSi iteraciuli qmedeba 

stabiluri fiqsirebuli wertilis qmedebidan (r<1/2) pirdapir qaosur qmedebaSi 

(r>1/2) gadadis. iteraciebi qaosSi periodis gaormagebis mimdevrobas ar gaivlian.  

amocana 5.7-3. gamoiyeneT (5.4-12) da karvis asaxvisTvis liapunovis saSualo 

eqsponenta gamoTvaleT. aCveneT, rom igi dadebiTia r>1/2-sTvis. miniSneba: karvis 

asaxvis funqciis kuTxuri koeficientis absoluturi mniSvneloba traeqtoriis 

yovel wertilSi erTi da igivea.  
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nax. 5.11. karvis asaxvis funqciis meoTxe rigis iteracia, rodesac r=1.0. naxazze 

aseve datanilia y=x wrfe. 

 

ukve nawilobriv gvesmis, Tu ratom aris ugulvebelyofili zogierTi maRali 

rigis iteracia (magaliTad, f‘( 4)(x), rogorc es naCvenebia 5.11 naxazze) karvis asaxvis 

funqciis grafikze. rogorc vxedavT, f‘( n)(x)-is kuTxuri koeficienti ufro metia, 

vidre f‘(x)-isa (garda pikebsa da minimumebSi mdebare wertilebisa, sadac kuTxuri 

koeficienti ar aris gansazRvruli). f funqciis n-uri rigis iteraciis kuTxuri 

koeficienti n rigis xarisxi, f-is daxris kuTxis sididis tolia.  

 

( ) ( ) ( )
nndf x df x

dx dx
                            (5.7-3) 

 

miRebuli Sedegis demonstrireba martivia: daakvirdiT karvis asaxvis sawyisi 

funqciis pirvel segments, anu segments 0-dan 1/2-mde. n-uri rigis iteraciisaTvis 

pirveli segmenti iwyeba  x=0 wertilidan da grZeldeba x=(1/2)n-mde, aRwevs imave 

ordinatas, samagierod horizontaluri manZili ufro mcirea. amrigad, misma 

kuTxurma koeficientma unda daakmayofilos (5.7-3).  

winamdebare analizidan gamomdinare vaskvniT, rom f‘(x)-is fiqsirebuli 

wertilebis arastabilurobis SemTxvevaSi karvis asaxvis funqciis maRali rigis 

iteraciebis yoveli fiqsirebuli wertili arastabiluria. gansxvavebis dasanaxad  

unda gavixsenoT periodis gaormagebebis qmedeba lojistikuri asaxvis SemTxvaSi: 

f2(x)-is zogierTi fiqsirebuli wertili stabiluria, maSin roca f(x)-is 

fiqsirebuli wertilebi arastabiluri xdeba. amrigad vxedavT, rom asaxvis funqciis 

sigluve (uwyveti diferencirebadoba) gadamwyveti faqtoria qaosis dawyebis 

momaswavebeli periodis gaormagebis mimdevrobis arsebobisaTvis. Tu romelime  

sistemis dinamikis modelirebisTvis uban-uban wrfiv asaxvis funqcias viyenebT, maSin 

am sistemis mimarT periodis gaormagebebis mimdevrobas ar unda velodoT. 

 

 

savarjiSo 5.7-4. ra mosdis karvis asaxvis iteraciebs r > 1 SemTxvevaSi? 
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5.8 wanacvlebis asaxvebi da simboluri dinamika 

 

amjerad warmogidgenT zogierT uban-uban wrfiv asaxvis funqcias, 

romlisTvisac adgili aqvs wyvetas anu, funqcia erTi mniSvnelobidan meoreze 

naxtomiseburad `gadadis~. rogorc qvemoT vnaxavT, amgvari asaxvis funqciaTa 

zogierTi klasi qaosuri qmedebis daxasiaTebis Zalian Zlieri, magram abstraqtuli 

gzaa.  

Cven msjelobas 5.12 naxazze naCvenebi asaxvis funqciis grafikiT viwyebT (es 

magaliTi [Stewart, 1989]-dan ukve Seswavlili gvaqvs.) mas Cven aTwiladuri  

wanacvlebis asaxvas vuwodebT. asaxvis funqciisTvis Semdegi tipis gamosaxuleba 

SegviZlia davweroT:   

 

 1 10 mod 1n nx x                           (5.8-1) 

 

iterciuli procedura Semdegnairia: viwyebT 0-sa da 1-s Soris ricxviT, am 

ricxvs vamravlebT 10-ze da aTwiladis wertilis marcxniv mdebare cifrs 

gadavagdebT (amgvari `dayvana~ igivea, rac igulisxmeba `Mod [1]-Si.~) magaliTad, Tu 

viwyebT x0=0.89763428 ricxviT, maSin 10-ze gamravlebis Sedegad 8.97634280-s 

miviRebT, Semdeg aTwiladis wertilis marcxnidan gadavagdebT 8-s da davalT x1= 

0.97634280 ricxvze. momdevno proceduras mohyveba ricxvi x2= 0.76342800. rogorc 

vxedavT, procedura TiToeul iteraciaze aTwiladis cifrebs erTiT marcxniv 

gadaaadgilebs da aTwiladis wertilidan marcxniv mdgom cifrs `anadgurebs~ (Cven 

wanacvlebis Sedegad ganTavisuflebul adgilebze nulebi CavsviT; anu davuSviT, rom 

sawyisi ricxvi sinamdvileSi 0.897634280000000... iyo.) 

ra mosdis x0-is sxvadasxva mniSvnelobebze dawyebul traeqtoriebs? wina 

paragrafSi moyvanili magaliTis mixedviT cxadia, rom n cifriT warmodgenili x0 n 

iteraciis Semdeg x=0 wertilSi dasrulebul traeqtorias iwvevs. SegviZlia Tu ara 

davaskvnaT, rom x=0 sistemisTvis mizidulobis wertilia? am SekiTxvaze pasuxi 

x0=1/7=0.142857142857142...-Si dawyebul traeqtoriaze dakvirvebis Semdeg gavceT. 

cxadia, radgan 1/7-is aTwiladur gamosaxulebaSi erTi da igive Svidi cifri 

meordeba, traeqtoria gamudmebul cikls Caatarebs x-is Svid mniSvnelobas Soris. 

faqtobrivad nebismieri racionaluri ricxvi anu ori mTeli ricxvis fardoba 

(vTqvaT m da n), erTi da imave cifrebis ganmeorebiT SeiZleba dabolovdes 
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(SeiZleba nuliTac, magaliTad, 3/8-sa da 1/10-is SemTxvevaSi) da aTwiladi 

gamoiwvios. amrigad, vaskvniT, rom nebismieri sawyisi x0, romelic racionaluri 

ricxvia, aTwiladuri wanacvlebis asaxvis Sedegad gvaZlevs periodul   

traeqtoriebs (x=0 wertilisaken krebadoba perioduli traeqtoriis 

gansakuTrebuli SemTxvevaa). 

ra mosdiT x-is iracionalur ricxviT mniSvnelobebze dawyebul traeqtoriebs? 

magaliTad, ra xdeba, rodesac x0=π/10? rodesac π iracionaluri ricxvia, igi 

Sedgeba im cifrebis mimdevrobisgan, romlebic arasodes meordebian. amrigad x0-ze 

sawyisis mqone traeqtoria arasodes ganmeordeba. rogorc momavalSi vixilavT, 0-sa 

da 1-s Soris intervalSi igi araprognozirebadi saxiT  gadaadgildeba. 

 

 

 

nax. 5.12. wyvetili wrfe aTwiladi wanacvlebis asaxvis funqciis mrudia. funqcia 

wyvetilia x=0.1, 0.2 da a.S. wertilebSi.  

 

ra mosdiT axlomdebare traeqtoriebs? davuSvaT, erT traeqtorias x0=π/10, 

xolo meores _ x0=22/70 wertilebSi viwyebT. racionaluri ricxvi axlosaa π/10 

iracionalur ricxvTan. adre moyvanili argumentebis mixedviT viciT, rom meore 

traeqtoria sabolood periodul ciklze aRmoCndeba, xolo pirveli mTeli 

intervalis farglebSi arakanonzomierad da mouwesrigeblad imoZravebs. amrigad 

vaskvniT, rom es sistema sawyisi pirobebis mimarT mgrZnobiare damokidebulebas 

amJRavnebs. axlomdebare sawyisi wertilebi xangrZlivi, sruliad gansxvavebuli 

tipis qmedebis sawyisi SeiZleba iyos.  

 qaosuria Tu ara es traeqtoriebi? es Zalze delikaturi SekiTxvaa, radgan x-

is racionalur mniSvnelobebze dawyebuli traeqtoriebi periodulia, xolo 
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iracionaluri mniSvnelobis SemTxvevaSi ki traeqtoriebi  mTel intervalSi 

mouwesrigeblad da gaurkvevlad gadaadgildeba, Tanac arasodes meordeba. amave dros 

Cven 5.5 paragrafSi qaosis gansazRvreba gvaqvs miRebuli, anu liapunovis saSualo 

eqsponenta dadebiTi unda iyos. amrigad vxedavT, rom aTwiladi wanacvlebis asaxvas 

qaosuri traeqtoriebi gaaCnia, radgan asaxvis funqciis kuTxuri koeficienti 

yovelTvis 1-ze metia. gamonaklisia wyvetis is diskretuli wertilebi, romlebSic 

warmoebuli ar aris gansazRvruli.  

kidev erTi mniSvnelovani SekiTxva: x0 sawyisi mniSvnelobebis umravlesoba 

periodul traeqtoriebs Seesabameba Tu araperioduls? x0 sawyisi mniSvnelobebis 

umravlesoba aperioduli traeqtoriebs aZlevs dasabams. ras vgulisxmobT 

`umravlesobaSi~? am sakiTxis gasagebad maTematikaSi ricxvebis Teoriidan miRebul 

zogierT Sedegs unda daveyrdnoT (dainteresebuli mkiTxveli unda gaecnos [Wright 

and Hardy, 1980] da [Zuckerman, Montgomery, Niven, and Niven, 1991]). SeniSneT, rom 0-

sa da 1-s Soris, x-is racionaluri mniSvnelobebis usasrulo raodenobaa. amrigad, 

erTi SexedviT iracionaluri ricxvebisTvis Tavisufali `sivrce~ saerTod aRar 

rCeba. miuxedavad amisa, SegviZlia intervalSi racionaluri ricxvebis mier 

dakavebuli adgili `gavzomoT~, kerZod racionalur ricxvebsa da dadebiT mTel 

ricxvebs Soris urTierTcalsaxa Sesabamisoba davamyaroT. 

amrigad Cven vambobT rom racionaluri ricxvebi Tvladi usasrulobaa, radgan 

maTi daTvla am urTierTcalsaxa SesabamisobiT SesaZlebelia. sabolood unda 

vicodeT, rom wertilebis Tvladi simravlis mier dakavebuli intervalis sigrZe 

nulis tolia. amrigad, Tu 0-sa da 1-Soris ricxvebs `alalbedze~ avirCevT, 

aucileblad Segvxvdeba aperioduli traeqtoriis gamomwvevi iracionaluri ricxvebi.  

aTwiladuri wanacvlebis asaxva traeqtoriebis ricxviTi gamoTvlis Sesaxeb 

ramdenime mniSvnelovan kiTxvas badebs. nebismier kompiuterSi ricxvi gamosaxulia 

aTwiladi Tanrigebis sasruli raodenobiT (realurad, kompiuterebis umravlesoba 

orobiT warmodgenas iyenebs `bitebis~ gansazRvruli raodenobiT, magram azri igivea). 

programirebis ena BASIC-Si ricxvebis umetesoba gamosaxulia aTwiladis Svidi an 

rva Tanrigis sizustiT. BASIC-is sxva versiebs da iseT kompiuterul enebs, 

rogoricaa FORTRAN, PASCAL an C `ormagi sizustiT~ warmodgena SeuZliaT, 

romelic aTwiladis 15 an 16 Tanrigs iyenebs. mTavari ki is aris, rom ganurCevlad 

imisa, Tu romel sizustes iyenebT, nebismier ricxvs (iracionalursa Tu 

racionalurs) cifrebis sasruli mimdevrobiT gamosaxavT. amrigad, rodesac 
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kompiuterze ricxvis mimarT aTwiladuri wanacvlebis asaxvas iyenebT, magaliTad 

BASIC-Si 7 an 8 wanacvlebis Semdeg Tavidan arsebuli yvela ricxvi gaqreba. ra 

xdeba im dros, rodesac yovelive kompiuterul enazea damokidebuli? enaTa 

umravlesoba (magram ara yvela) nulebiT ivseba da yvela traeqtoria, maT Soris 

iracionaluri ricxvebiT sawyisis mqone, x=0 wertilSi dasruldeba.  

axla orobiT sqemaze agebul wanacvlebis asaxvas warmogidgenT.   

 

 1 2 mod 1n nx x                              (5.8-2) 

 

asaxvis aseT funqcias bernulis gadaadgilebis asaxva ewodeba (Sveicarieli 

maTematikosebis _ iakob da iohan bernulebis mixedviT, romlebic me-17 saukunis 

bolos moRvaweobdnen). bernulis wanacvlebis asaxvis funqciis grafiki 5.13 naxazzea 

naCvenebi.  

bernulis wanacvlebis asaxvis mixedviT sawyisi ricxvi 2-ze unda gavamravloT 

da Semdeg gadavagdoT aTwiladi wertilidan marcxniv mdebare cifrebi. Tu x0-is 

aTwiladur warmodgenas viyenebT, maSin wanacvlebis procesis mimdinareoba garkveviT 

ar Cans. Tu x-is orobiT ricxviT gamosaxulebas viyenebT, sadac SesaZlo simboloebi 

0 da 1-ia da `orobiTi wertilis~ marjvniv mdebare mniSvnelobebia 1/2, 1/22, 1/23, da 

a.S., maSin sawyisi mniSvnelobis 2-ze gamravleba mimdevrobis 1-isa da 0-is erTiT 

marcxniv gadaadgilebis eqvivalenturia, xolo Mod[1] ki binaruli wertilis 

marcxniv yvelafris gabaTilebis eqvivalenturia. 

 

nax. 5.13. bernulis wanacvlebis asaxvis grafiki.  

 

 

 

magaliTad, Tu x0=0.111000 ricxviT (igi eqvivalenturia aTwiladis 0.875000=7/8) 

daviwyebT, maSin 2-ze gamravleba gvaZlevs 1.110000-s, xolo misi moduli [1] ki 

0.110000-s mogvcems. mTliani procesi 1-isa da 0-is erTi TanrigiT marcxniv 

gadaadgilebis eqvivalenturia.  

x0-is ra mniSvnelobisaTvis warmoiqmneba aseTi tipis traeqtoriebi? SekiTxvaze 

pasuxis gasacemad zustad iseve unda vimsjeloT, rogorc amas aTwiladuri 

wanacvlebis asaxvis SemTxvevaSi vakeTebdiT: nebismieri racionaluri ricxvi 1-isa da 
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0-is ganmeorebiTi mimdevrobiTaa gamosaxuli da amgvarad periodul traeqtorias 

iwvevs. amave dros, nebismieri iracionaluri ricxvi 1-isa da 0-is araganmeorebiTi 

mimdevrobiTaa gamosaxuli da amgvarad aperiodul traeqtoriasTan gveqneba saqme. 

rodesac racionaluri ricxvi iracionalurTan axlosaa (da piriqiT), asaxva sawyisi 

pirobebisadmi mgrZnobiarea. kvlav perioduli da aperioduli traeqtoriebis 

gamomwvevi sawyisi wertilebis usasrulo raodenoba gvaqvs. Tu x0-s mainc 

alalbedze virCevT, maSin meti Sansi gvaqvs miviRoT aperioduli traeqtoria. 

 

amocana 5.8-1. aCveneT, rom bernulis wanacvlebis asaxvisTvis liapunovis eqsponenti 

2-is tolia.  

 

bernulis wanacvlebis asaxva mWidro kavSirSia SemTxveviT procesebTan. vTqvaT, 

monetas vagdebT mravaljer da dacemis Semdeg monetis wina da ukana mxareTa 

mimdevrobas HTTHHHTHTHTTHH (Head (wina) Tail (ukana)) simboloebiT aRvniSnavT. 

Semdeg H-s 1-iT, xolo T-s ki 0-iT vcvliT. es procesi 1-isa da 0-is iseT 

mimdevrobas iwvevs, romelic iracionaluri ricxvis orobiTi gamosaxulebidan 

(vTqvaT √2_1) miRebuli 1-isa da 0-is mimdevrobis analogiuria. sxvagvarad rom 

vTqvaT, Tu 1-isa da 0-is `SemTxveviT~ mimdevrobas SemogTavazebT, maSin Tqven ver 

gvipasuxebT, gamomdinareobs igi monetis dagdebis procesidan Tu bernulis 

wanacvlebis asaxvidan. iracionalur ricxvTan dakavSirebiT gamoyenebuli bernulis 

asaxviT warmoqmnili 1-isa da 0-is mimdevroba iseTive SemTxveviTi procesia, rogorc 

monetis agdeba.  

bernulis wanacvlebis asaxva simboluri dinamikis magaliTia, rasac Cveni 

yuradReba simboloebis sasruli raodenobis mimdevrobaze gadaaqvs. cxadia, fizikur 

samyarosTan pirdapiri kavSirisgan Sors varT, magram simboluri dinamika 

qaosurobisa Tu periodulobis Sesaxeb garkveuli azris Camoyalibebis saSualebas 

gvaZlevs. erTganzomilebiani asaxvebisTvis, U-mimdevrobis daxasiaTebisTvis 

gamoyenebuli mimdevrobaTa RLRR tipi simboluri dinamikis kidev erTi magaliTia. 

rogorc vnaxeT, simboluri mimdevrobis buneba racionaluri da iracionaluri 

ricxvebis gamosaxvisTvis gamoyenebuli simboloebis mimdevrobis safuZvelze SeiZleba 

gavaanalizoT. amrigad, mimdevrobaTa saxeobebis daxasiaTebisTvis SegviZlia ricxvTa 

Teoriis Sedegebi  davixmaroT. simboluri dinamikisa da qaosis TeoriaSi misi 
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gamoyenebis Sesaxeb meti informaciis misaRebad mkiTxveli unda gaecnos [Devaney, 

1986] 

lojistikuri asaxvis gansakuTrebuli SemTxveva 

 

lojistikuri asaxvis funqciisaTvis metad specifikur SemTxvevas aqvs adgili, 

rodesac  A=4: cvladebis saTanado cvlilebis Sedegad irkveva, rom A-s mocemuli 

mniSvnelobisTvis lojistikuri asaxvis funqcia bernulis wanacvlebis asaxvis 

eqvivalenturia! kavSiris sicxadisTvis Semogvaqvs axali θ cvladi, romelic 

lojistikuri asaxvis cvladTan Semdeg damokidebulebaSia 

 

1 cos( )

2
x


                              (5.8-3) 

 

sadac θ cvladi 0-sa da 1-s Soris imyofeba. Tu (5.8-3) gamosaxulebas A=4 

SemTxvevaSi lojistikuri asaxvis (5.3-2) gantolebaSi gamoviyenebT, maSin saTanado 

algebruli operaciebis Catarebis Sedegad miviRebT: 

 

 1cos( ) cos(2 )n n                      (5.8-4) 

 

es damokidebuleba ZalaSia, Tu 

 

1 2 mod[1]n n                       (5.8-5) 

 

miRebuli Sedegi bernulis wanacvlebis asaxvis funqciaa. amrigad vaskvniT, rom A=4 

mniSvnelobisaTvis lojistikuri asaxvis funqcia bernulis wanacvlebis asaxvis 

funqciis eqvivalenturia. 

 

 (5.8-5) gantolebidan miRebuli θ-mimdevrobidan da (5.8-3) Casmis gamoyenebiT 

SegviZlia lojistikuri asaxvis  Sesabamisi x mimdevrobis dadgena. aseve miiReba, rom 

A=4 SemTxvevaSi lojistikuri asaxvis liapunovis eqsponenta bernulis wanacvlebis 

asaxvis liapunovis eqsponentas zustad ln2-Tvis gautoldeba. amasTan, bernulis 

asaxviT miRebuli mniSvnelobebis mimdevrobebis SemTxveviTi xasiaTis Sesaxeb zemoT 

moyvanili msjeloba uSualod lojistikuri asaxviT miRebuli x mniSvnelobebis 
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mimdevrobebTan dakavSirebiT. faqtiurad, lojistikuri asaxvis funqciis iteracia 

kompiuterebisTvis SemTxveviTi ricxvis generaciisaTvis SegviZlia gamoviyenoT 

[CFH92]. 

 

5.9 gausis asaxva 

 

iwvevs Tu ara erTi maqsimumis mqone nebismieri erTganzomilebiani gluvi asaxvis 

funqcia periodis gaormagebas, qaoss, qaosur areebsa Tu periodul diapazonebs? am 

SemTxvevis pasuxia ara. mocemul paragrafSi SeviswavliT SedarebiT martiv asaxvis 

funqcias, romlis iteraciaTa maxasiaTeblebi parametris mniSvnelobebis garkveul 

diapazonSi lojistikuri Tu sinusoiduri asaxvis iteraciebisgan mkveTrad 

gansxvavdeba. agreTve vnaxavT, rom amgvar gansxvavebebs martivi geometriuli mizezebi 

aqvs.  

 radganac mocemul asaxvas safuZvlad gausis funqciad wodebuli 

eqsponencialuri funqcia udevs, Cvens mier ganxilul funqcias `gausis asaxvas~ 

vuwodebT. mocemul funqcias ori makontrolebeli parametri gaaCnia, romlebsac b-

iT da c-iT aRvniSnavT: 

 

2

1
nbx

nx e c
                            (5.9-1) 

 

 

 

nax. 5.14. marcxniv gamosaxulia gausis asaxvis funqcia, rodesac b=7.5 da c=_0.9. 

SeniSneT, rom arsebobs sami fiqsirebuli wertili. marjvniv gamosaxulia b=7.5 da 

c=_0.3 SemTxveva. am SemTxvevaSi mxolod erTi fiqsirebuli wertili arsebobs. 
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feigenbaumis masStabis skalaze dayrdnobiT, asaxvis funqciebis maqsimalur 

mniSvnelobebTan daaxlovebisas, mocemuli asaxvis funqciis Tvisebebi logikuri 

asaxvis funqciisas unda waagavdes (orive maTgani kvadratulia). miuxedavad amisa, 

rogorc SemdgomSi davrwmundebiT, asaxvis funqciis globaluri struqturac metad 

mniSvnelovania. ori makontrolebeli parametris arsebobis pirobebSi, mocemuli 

asaxvis funqciis iteraciaTa qmedeba lojistikuri asaxvis SemTxvevasTan SedarebiT 

bevrad rTulia. 

upirveles yovlisa, ganvixiloT mocemuli funqciis Tvisebebi. 5.14 naxazi 

gviCvenebs gausis asaxvis funqcias b=7.5 da c-s gansxvavebuli mniSvnelobebis 

SemTxvevaSi. b parametri gausis funqciis grafikis mier dakavebul `farTobs~ 

akontrolebs da maqsimaluri mniSvneloba c+1 gaaCnia x=0 SemTxvevaSi. |x|-is yoveli 

didi mniSvnelobisTvis funqciis mniSvneloba daaxloebiT c - mde ecema. rodesac 

x=1/√b, funqciis sidide e-jer ecema Tavis maqsimalur mniSvnelobasTan SedarebiT. 

amrigad, funqciis mrudis `siganis~ uxeSad Sefaseba SeiZleba 2/√b sididis meSveobiT. 

unda aRiniSnos, rom gausis funqcias ori gaRunvis wertili gaaCnia da am 

wertilebSi asaxvis funqciis kuTxur koeficients maqsimaluri dadebiTi da 

uaryofiTi mniSvnelobebi gaaCnia. x-is didi mniSvnelobebisaTvis kuTxuri 

koeficienti mcirea. rodesac x 0-s uaxlovdeba (ara aqvs mniSvneloba marcxnidan, Tu 

marjvnidan), kuTxuri koeficienti matulobs, gaRunvis wertilebSi maqsimums aRwevs 

da x-is nulTan Semdgomi miaxloebisas klebulobs.   

amocana 5.9-1. aCveneT, rom gausis asaxvisaTvis gaRunvis wertilebia x= ±1/√2b. 

miniSneba: gaRunvis wertilSi funqciis meore rigis warmoebuli nulis tolia. 

gansazRvreT asaxvis funqciis kuTxuri koeficienti gaRunvis wertilSi b 

parametrze dayrdnobiT.  

 

gausis asaxvis zogierTi iteraciuli Taviseburebis sailustraciod moyvanilis 

ramdenime bifurkaciuli diagrama, sadac argumentis saxiT c parametria 

gamoyenebuli. mogvianebiT vnaxavT, Tu ra mosdis bifurkaciul diagramebs b 

parametris sxvadasxva mniSvnelobebis SemTxvevaSi. Tavdapirvelad parametris 

mniSvnelobaTa iseTi simravliT daviwyebT, romelTa SemTxvevaSic bifurkaciuli 

diagrama Tavisi formiT logikuri asaxvis funqciis diagramas mogvagonebs. 
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nax. 5.15. bifurkaciuli diagrama gausis asaxvisTvis, rodesac b=7.5 da x0=0. 

 

5.15 naxazze gamosaxulia b-s aseTi mniSvnelobis Sesabamisi bifurkaciuli 

diagrama. Tu am diagramas 1.14 naxazze moyvanili lojistikuri asaxvis diagramas 

SeadarebT, naxavT, rom lojistikuri asaxvis msgavsad, marcxena mxares dawyebuli 

gausis asaxvis diagrama qaosis, qaosuri areebisa da perioduli diapazonebis 

(periodi -3 aSkarad gamorCeulia) gamomwvev periodis gaormagebebis mimdevrobas 

gviCvenebs. c-s SedarebiT didi mniSvnelobebisaTvis diagramebi sakmaod gansxvavebulad 

gamoiyureba. lojistikuri asaxvisaTvis diagrama A=4 wertilSi wyvetas ganicdis. 

(gaixseneT, rom A>4-sTvis lojistikuri asaxvis Sesabamis traeqtoriaTa umravlesoba 

x __>∞ tendencias gviCvenebs). gausis asaxvis SemTxvevaSi diagrama qaosuri areebis 

SeerTebebis adgilebisa da periodis gaormagebebis  gavliT miemarTeba da sabolood 

kvlav periodi-1 tipis qmedebiT sruldeba.  

asaxvis funqciis fiqsirebuli wertilebis mdebareobaze dakvirvebiT SegviZlia 

gavarkvioT, Tu ratom ubrundeba diagrama kvlav period-1-s. 5.14 gantolebis 

mixedviT cxadia, rom c-s eqstremaluri mniSvnelobebisTvis fiqsirebuli wertilebi 

gausis funqciis `frTebze~ (sadac daxris kuTxe Zalze  mcirea) Cndeba. es niSnavs, 

rom fiqsirebuli wertilebi stabiluria da periodi-1 tipis qmedebas Seesabameba. 

amis sapirispirod, A parametris zrdasTan erTad fiqsirebul wertilSi 

lojistikuri asaxvis funqciis daxrilobis magnituda kvlav ganagrZobs zrdas, 
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amitom periodi-1 tipis qmedeba parametris mniSvnelobebis mxolod garkveuli 

diapazonis SemTxvevaSi vlindeba. amrigad, gausis asaxvis funqciisTvis gaRunvis 

wertilis arseboba mniSvnelovania im TvalsazrisiTac, rom igi xels uwyobs 

makontrolebeli parametris mniSvnelobebis ori diapazonis SemTxvevaSi periodi-1 

tipis qmedebis aRZvras.  

 

 

nax. 5.16. bifurkaciuli diagrama gausis asaxvisTvis, rodesac b=4. iteraciis sawyisi 

mniSvnelobaa x0=0. 

amjerad SeviswavloT bifurkaciuli diagrama b-s ufro mcire mniSvnelobisTvis 

(konkretulad, b=4). gavixsenoT, rom b-s SedarebiT mcire mniSvnelobebi niSnavs, rom 

gausis funqciis grafiki SedarebiT farToa. amitom kuTxuri koeficientis 

maqsimaluri mniSvneloba SedarebiT mcirea. saboloo bifurkaciul diagrama 5.16 

naxazzea moyvanili. saxezea periodis gaormagebis bifurkacia jer periodi-1-dan 

periodi-2-Si, Semdeg ki periodi-2-dan periodi-4-Si. qaosSi gadasvlis nacvlad 

sistema kvlav periodi-2-s, xolo Semdeg ki periodi-1-s ubrundeba. am movlenas 

`buStisebri periodi~ SegviZlia vuwodoT (BIB84).  

 

savarjiSo 5.9-2. aRwereT, Tu ra mosdis gausis asaxvis funqciis fiqsirebul 

wertilsa da kuTxur koeficients fiqsirebul wertilSi c-s mniSvnelobaTa 5.16 

naxazze moyvanili diapazonis SemTxvevaSi.  
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gausis asaxvas gacilebiT meti siurprizis SemoTavazeba SeuZlia. 5.17 naxazze 

moyvanilia bifurkaciuli diagrama, rodesac b=7.5. parametris igive mniSvneloba 5.15 

naxazzec gamoiyeneba, magram diagramebi gansxvavebulia! _1-Tan axlos myofi x-is 

mniSvnelobebisTvis qmedeba periodi-1-s Seesabameba, magram mas 5.15 naxazisgan 

gansxvavebuli mniSvneloba gaaCnia. Semdeg diagramis uecari cvlileba xdeba da is  

5.15 naxazze naCveneb diagramas emsgavseba. ra gansxvavebaa am or naxazs Soris? 5.17 

naxazze iteraciebis sawyisi mniSvnelobaa x0=0.7, xolo 5.15 naxazze ki x0=0 

mniSvnelobas viyenebT. 

Tu 5.14 naxazs gavecnobiT, vnaxavT, rom _1-Tan axlos myofi c_s 

mniSvnelobebisa da b=7.5Tvis gausis asaxvas sami fiqsirebuli wertili gaaCnia, 

romelTagan ori stabiluria. x –is zogierTi sawyisi mniSvneloba stabiluri 

wertilebidan erT-erTze dasrulebul traeqtoriebs gvaZlevs; sxvebs ki meore 

stabiluri fiqsirebuli wertilisaken mimarTul traeqtoriebTan aqvT kavSiri. 

 

 

naxazi. 5.17. bifurkaciuli diagrama gausis asaxvis funqciisTvis, rodesac b=7.5 da 

traeqtoriebis sawyisi wertilia x0=0.7.  

 

5.18 naxazi gviCvenebs x0=0 sawyisi mniSvnelobisTvis gamoyenebuli grafikuli 

iteraciis proceduras. traeqtoria aSkarad miiswrafvis dadebiTi x mniSvnelobebis 

Sesabamisi fiqsirebuli wertilisaken. nax. 5.19. gviCvenebs x0=0.5 wertilSi 

dawyebuli traeqtoriis mimarT gamoyenebul grafikul proceduras. es traeqtoria 

meore stabiluri fiqsirebuli wertilisaken miiswrafvis. amrigad, b –s da c –s 
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mocemuli mniSvnelobebisaTvis gausis asaxvas ori stabiluri fiqsirebuli wertili 

gaaCnia da TiToeuls mizidulobis sakuTari are gaaCnia. c-s ufro didi 

mniSvnelobebisTvis (magaliTad, c = _0.3) 5.14 naxazis marjvena nawili gviCvenebs, 

rom am SemTxvevaSi mxolod erTi fiqsirebuli wertili arsebobs. amitom yovel 

sawyis wertils erTi da igive mizidulobis wertili Seesabameba. 

 

naxazi. 5.18. x0=0 wertilSi dawyebuli gausis 

asaxvis Sesabamisi traeqtoriis grafikuli 

iteracia. traeqtoria miiswrafvis fiqsirebuli 

wertilisaken, amjerad x=0 wertilis mimarT 

marjvnidan.  

 

 

nax. 5.19. x0=0 wertilSi dawyebuli gausis asaxvis 

Sesabamisi traeqtoriis grafikuli iteracia. 

traeqtoria diagramis marcxena nawilSi 

fiqsirebuli wertilisaken miiswrafvis.  

 

 

 

savarjiSo 5.9-3. dawereT kompiuteruli programa 5.14 naxazis marcxena nawilSi 

moyvanili TiToeuli fiqsirebuli wertilis mizidulobis aris sapovnelad. 

bifurkaciis romeli tipi uCvenebs x –is uaryofiTi mniSvnelobebis Sesabamisi 

fiqsirebuli wertilis gaqrobas? 

 

SegveZlo Tu ara gausis asaxvisaTvis damaxasiaTebeli araordinaluri qmedebis 

prognozireba? aq ZiriTadi Tavisebureba x-is didi mniSvnelobebisas funqciis 

kuTxuri koeficientis SemcirebaSi mdgomareobs. lojistikuri asaxvis funqciebis 

kuTxuri koeficienti x=1/2 wertilSi mdebare maqsimumidan daSorebasTan erTad 

monotonurad izrdeba. amrigad, lojistikuri asaxva periodis gaormagebas ar 

uCvenebs. mosalodnelia, rom iseTi fizikuri sistemisaTvis, rogoric pirvel TavSi 

ganxiluli diodis wredia (romelic periodis gaormagebas amJRavnebs (ix. naxazi 1.8 

da 1.9)), gaRunvis wertilis Tvisebis mqone iteraciuli asaxvis funqciiT 
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modelireba SesaZlebelia. diodis wredis sqema (nax. 5.3) aseT gaRunvis wertils 

warmogvidgens.  

amgvari geometriuli Tvisebebis mqone gausisa da sxva tipis asaxvebi MSS U-

mimdevrobis wess ar eqvemdebareba. zogierTi U-mimdevroba parametris mniSvnelobebis 

erTi diapazonis farglebSi vrceldeba. sapirispiro bifurkaciebis simravle 

(periodis-gauormagebloba) qmedebis aseT tipze miuTiTebs. garda dioduri wredisa, 

qmedebis aseTi tipi rxeviT qimiur reaqciebSicaa dakvirvebuli (CMS86).  

qmedebis msgavs saxeobas antimonotonuroba ewodeba, radgan araa aucilebeli, 

rom monotonur mimdevrobas aucileblad bifurkaciaTa  mimdevrobebi mosdevdes, 

rogorc es lojistikuri asaxvis modelis SemTxvevaSi gvqonda. aseT SemTxvevas maSin 

aqvs adgili, rodesac mdgomareobaTa sivrcis mizidulobis areSi erTze meti 

kritikuli wertili arsebobs. antimonotonurobis niSani kritikuli wertilis 

midamoSi `Rrmulis~ warmoqmnaa. NKG96 ganixilavs aseT efeqtebs diod-induqtoris 

wredisaTvis. 

 

5.10 organzomilebiani iteraciuli asaxvebi 

 

am paragrafSi iteraciuli asaxvebis Sesaxeb msjelobas ganvagrZobT da ori 

cvladis (vTqvaT, x da y) asaxvis funqciebze gadavalT. rogorc diferencialuri 

gantolebebiT aRwerili sistemebisaTvis vnaxeT, iteraciuli asaxvebisaTvis 

ganzomilebis (cvladebis) raodenobis  zrda potenciurad SesaZlo qmedebebis 

diapazons sagrZnoblad zrdis. detalebisTvis gaecaniT [Devaney, 1986, Tavi 2].  

organzomilebiani asaxvebis Tvisebebis gamokvlevisTvis asaxvis iseT funqcias 

ganvixilavT, romelic arawrfivi dinamikis literaturaSi klasikad iTvleba – e.w.  

henonis asaxva (HEN76). henonma SeimuSava puankares asaxvis gamartivebuli modeli 

lorencis modelisTvis. henonis asaxvis funqcia erTganzomilebiani kvadratuli 

asaxvis organzomilebiani ganvrcobaa (amocana 5.4-6):  

 

2

1

1

1n n n

n n

x y C

y Bx
x



  


                          (5.10-1) 

 

sadac C dadebiTi parametria. rodesac B=0, henonis asaxvis funqcia kvadratuli 

asaxvis funqciamde daiyvaneba. asaxvis funqcia mTel xy sibrtyeze vrceldeba. B da C 
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parametrebis mniSvnelobebze damokidebulebidan gamomdinare, mdgomareobaTa sivrcis 

zogierTi ubani Caketili traeqtoriebis warmoqmnas uwyobs xels. sxva sawyisma 

wertilebma usasrulobaSi mimavali traeqtoriebi SeiZleba mogvces; ix. amocana 5.10-

2.  

henonis asaxva Seqcevadi asaxvis funqciaa anu Tu mocemuli gvaqvs xn da yn, 

SegviZlia mniSvnelobaTa erTaderTi xn-1 da yn-1 wyvilis povna. amrigad, SegviZlia 

henonis asaxvis rogorc pirdapir, aseve uku-iteraciebs  gavadevnoT Tvali. 

lojistikuri, kvadratuli da gausis asaxvebis SemTxvevaSi ki TiToeuli xn-sTvis 

arsebobs ori SesaZlo xn-1 mniSvneloba.   

 

amocana 5.10-1. henonis asaxvisaTvis gamoiyvaneT ZiriTadi formula, romelic xn_sa 

da yn_ze dayrdnobiT, xn-1 _sa da yn-1 _s mogvcems.  

 

SemovifargloT 0 < |B| < 1 mniSvnelobebiT; amrigad, rodesac henonis asaxvis 

iteraciebi xy sibrtyeSi arsebuli sawyisi pirobebis simravlis mimarT gamoiyeneba, 

es simravle y mimarTulebiT kolafss ganicdis. B=0.3 SemTxveva literaturaSi 

kargad aris Seswavlili da Cvenc amiT visargeblebT. 5.20 naxazi gviCvenebs henonis 

asaxvis gamoyenebas sawyisi wertilebis marTkuTxa krebulis mimarT. SeniSneT, rom 

henonis asaxva sawyisi wertilebis simravlis gawelvasa da mokecvas iwvevs. 

 

amocana 5.10-2. ([Strogatz, 1995] mixedviT). B da C parametrebis fiqsirebuli 

mniSvnelobebisaTvis, henonis asaxva mdgomareobaTa sivrcis zogierT areSi “xafangs” 

qmnis, radgan am areSi dawyebuli traeqtoriebi iqve rCeba. vTqvaT, B=0.3 da C=1.4. 

aCveneT, rom oTxkuTxedis wveroebi (_1.33, 0.42), (1.32, 0.133), (1.245, _0.14), (_1.06, 

_0.5) iseT areSi aisaxeba, romelsac sawyisi oTxkuTxedi mTlianad moicavs. miniSneba: 

SeadgineT gantoleba oTxkuTxedis wiboebisaTvis da maT mimarT henonis asaxva 

gamoiyeneT. sxva traeqtoriebi SeiZleba usasrulobisken miiswrafodes. ipoveT 

henonis asaxvis iseTi sawyisi wertili, romelic usasrulobisken mimaval 

traeqtorias iwvevs.  

 

B-s fiqsirebuli mniSvnelobisTvis da henonis asaxvisTvis bifurkaciuli 

diagramis agebas SevZlebT, Tu  xn-s C parametris meSveobiT gamovsaxavT.  
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naxazi. 5.20. marTkuTxedis SigniT myofi aris mimarT henonis asaxvis funqciis 

gamoyenebis Sedegi xy sibrtyeSi. koordinatTa saTave diagramis centrSia. aq B=0.3 

da C=1. sawyisi marTkuTxa are asaxvis funqciis moqmedebis Sedegad gawelili da 

mokecilia. axali sazRvari wyvetili wrfiT aris aRniSnuli.  

 

naxazi 5.21. gviCvenebs gaorebis amgvar diagramas. 1.08_Tan azlos mofi C _s 

mniSvnelobebisaTvis arsebobs ori qaosuri mimzidveli. erTi mimzidveli oTxi, xolo 

meore ki eqvsi qaoturi arisagan Sedgeba.  

zogierTi sawyisi piroba Seesabameba erT mimzidvels, xolo sxvebi ki  - 

meores. parametris mocemuli mniSvnelobisaTvis ramdenime mimzidvelis 

Tanaarsebobisas, sistema fazaSi CamorCenas ganicdis, anu qmedeba sistemis warsulzea 

damokidebuli.  

albaT SeniSneT, rom C = 1.08-is midamoSi erT-erTi qaosuri mimzidveli 

uecrad qreba. am movlenas krizisi ewodeba. Cven mas dawvrilebiT me-7 TavSi 

ganvixilavT.  

5.21. naxazi ramdenime periodul diapazons gviCvenebs. sainteresoa, B da C 

parametrebis romeli mniSvnelobebisaTvis aRiZvreba aseTi perioduli diapazonebi. es 

sakiTxi dawvrilebiT BHG97_ Si ganixileba.  

 

5.11 smeilis nalis asaxva 

 

me-4 TavSi aRvwereT, Tu rogor uCveneben homoklinikuri da heteroklinikuri 

orbitebi puankares Sesabamis kveTebSi `cxenis nalis dinamikas~. amjerad ganvixilavT 

organzomilebian asaxvas, romelic TvalnaTliv uCvenebs amgvar gawelvas, SekumSvasa  
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da mokecvas. smeilis nalis asaxva imgvaradaa gansazRvruli, rom asaxvis iteraciuli 

traeqtoriebis aRwerisaTvis simboluri dinamikis meTodebi  SegviZlia gamoviyenoT. 

amgvari asaxvisas uars vambobT mimzidvelis cnebaze anu smeilis nalis asaxvis 

pirobebSi xy sibrtyeSi mdebare sawyisi pirobebis Sesabamisi are mizidulobis raime 

sxva areSi ar ganicdis kolafss. aseT SemTxvevaSi vambobT, rom smeilis nalis asaxva 

`ares icavs~ . ase rom, es asaxva disipaciuri sistemis modelirebisaTvis ar 

gamodgeba. meores mxriv, traeqtoriebis saboloo daxasiaTeba imdenad safuZvliani da 

damajerebelia,  rom nalis asaxvis moqmedebis principis siRrmiseulad Seswavlis 

survili gveufleba (igi SesaZlebelia gamoyenebuli iqnas aradisipaciuri sistemis 

modelirebisaTvis).  

 

 

naxazi. 5.21. bifurkaciuli diagrama henonis asaxvis funqciisTvis, rodesac B=0.3. C 

makontrolebeli parametria. SeniSneT, rom C –s mniSvnelobebis garkveul diapazonSi 

ori mimzidvelis Tanaarseboba isrebiTaa aRniSnuli. gansxvavebuli sawyisi pirobebi 

am ori mimzidvelisaken mimarTul traeqtoriebs warmoqmnis.  

unda aRiniSnos, rom nalis asaxva geometriulad gansazRvrulia. Cven asaxvis 

funqciebisTvis raime formula ar gamogvyavs da viwyebT xy sibrtyeze sawyisi 

pirobebis S kvadratis ganxilviT. nalis asaxvis operacia pirobiTad or nawilad 

SeiZleba daiyos: sawyisi kvadrati s koeficientiT y mimarTulebiT iweleba da 

amasTan 1/s koeficientiT x mimarTulebiT ikumSeba (SegviZlia gawelvisa da SekumSvis 

sxvadasxva koeficientebis gamoyeneba, parametris Secvlis gareSe). axladwarmoqmnili 

grZeli da viwro marTkuTxedi, romlis farTobi sawyisi kvadratis farTobis 

tolia, SemdgomSi moikeceba da ukumimarTulebiT gadaadgildeba. es Tanmimdevroba 

5.22 naxazzea naCvenebi (sawyisi kvadratis gareT gawelili marTkuTxedis nawilis 

misaRebad gvWirdeba s>2). ganvixiloT nalis is nawilebi, romlebic sawyisi 
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kvadratis farglebSi imyofebian. am `vertikalur~ marTkuTxedebs  V0–Ta da V1–iT 

aRvniSnavT. sad iwyeba es areebi? 5.22 naxazi gviCvenebs, rom V0–isa da V1–s 

wertilebi H0–iTa da H1–iT aRniSnuli horizontuli areebidan `moemarTebian~ H0–

is wertilebi V0–Si, xolo H1–isa ki _ V1–Si aisaxeba. 

mxedvelobaSi unda miviRoT nalis asaxvis Seqcevadoba, rasac h(-1)–iT 

aRvniSnavT. kerZod,  SeviswavloT, Tu ra xdeba, rodesac h(-1)–s sawyisi S 

kvadratisTvis viyenebT. amis mizniT h(-1) im vertikaluri ubnebisTvis unda 

gamoviyenoT, romlebic sawyisi kvadratis mimarT h–is gamoyenebis Sedegad miviReT. 

Tu simravleTa Teoriis ∩ simbolos  gamoviyenebT ori simravlis gadakveTisa Tu 

gadafarvis aRmniSvnelad, maSin SegviZlia davweroT 

 

( 1) ( 1)( ( )) ( )h S h S h S S                          (5.11-1) 

 

 

naxazi 5.22. marcxniv, nalis asaxvis SekumSva-gawelvisa da mokecva-wanacvlebis 

procesebia moyvanili. marjvniv naCvenebia asaxvis ganmeorebis Sedegebi. suraTi 

garCevis TvalsazrisiT gadidebulia. marcxniv da marjvniv moyvanili qveda 

simboloebi teqstSi moyvanili horizontaluri ubnis `warsuls~ aRniSnavs. 

yuradRebas vamaxvilebT nalis im areebze, romlebic sawyis kvadrats gadafaraven. 

isini aRniSnulia gamuqebuli marTkuTxedebiT.  

 

gantoleba gvamcnobs, rom ori vertikaluri marTkuTxedisTvis [romlebic S-sa 

da h(S)-s  gadafaraven] h(-1)-is gamoyeneba S-is gadafarvas mogvcems, romelsac h(-1)-is 
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S-isTvis gamoyenebis Sedegad viRebT. am operaciis Sedegi 5.23 naxazis marcxena 

nawilSi gamosaxuli ori horizontaluri H0 da H1 marTkuTxedia. Tu am ori 

marTkuTxedisTvis Sebrunebul asaxvas gamoviyenebT, 5.23 naxazze naCveneb oTx viwro 

horizontalur marTkuTxeds miviRebT. magaliTad, H01 im wertilTa simravlea, 

romelic h(-1)-is pirveli gamoyenebis Semdeg H1-Si miiReboda, magram h(-1)-is meored 

gamoyenebis Sedegad H0-Si aRmoCnda.  

nalis asaxvis meore pirdapiri iteracias 5.22 naxazis marjvena mxares 

gamosaxul Sedegebamde mivyavarT. qveda simboloebis azri Semdegia: magaliTad V01 

aRniSnavs h(2)–is H01-is mimarT gamoyenebis Sedegad miRebul Aares. formalurad es  

ase CavweroT: Vij=h(2)(Hij). amrigad, nalis asaxvis pirdapiri iteracias viwro da 

vertikaluri marTkuTxa areebis rTul mimdevrobamde mivyavarT. n iteraciis Semdeg 

TiToeuli marTkuTxedis farTobi (1/S)n-is toli iqneba. nalis asaxva isea agebuli, 

rom gadafarvis areebSi asaxvis funqcia wrfivia. amrigad, asaxvis TiToeuli 

iteraciis ganmeorebis SemTxvevaSi gawelvisa da SekumSvis erTsa da imave  

koeficientebs viRebT. amasTan, h(-1)–is ganmeorebiT gamoyeneba viwro da 

horizontaluri marTkuTxedebis rTul mimdevrobas gvaZlevs.  

amrigad, nalis asaxvis Sesaxeb garkveuli warmodgena ukve gvaqvs. axla ki 

gvsurs h–is pirdapiri da Sebrunebuli gamoyenebis (anu yoveli h(n )–isa da h(-n )–is)  

pirobebSi S kvadratSi darCenili wertilebis gamokvleva.  

 

naxazi 5.23. marcxniv moyvanili horizontaluri 

marTkuTxedebi nalis asaxvis Sedegad 5.22 naxazze 

naCvenebi marTkuTxedis formas miiRebs. marcxniv 

gamosaxuli ori horizontaluri marTkuTxedisTvis 

h(-1)-is gamoyeneba marjvniv gamosaxul oTx marTkuTxeds gvaZlevs.  

qveda simboloebis mniSvneloba axsnilia teqstSi. aSkaraa, rom wertilebis 

mocemuli simravle, romelsac mudmivobis gamo IN-iT (Invariant) aRvniSnavT, Sedis im 

areebSi, romlebic adre warmoqmnili horizontaluri da vertikaluri 

marTkuTxedebis gadafarvis Sedegia. gadafarvis efeqtis sailustraciod 5.24 naxazze 

moyvanilia h(2) –isa da h( -2) –is qmedebis Sedegad miRebuli gadafarvis areebi 

(gadafarvis marTkuTxedebis yvela wertili sawyis kvadratSi ar rCeba, magram yvela 

darCenili wertili gadafarvis marTkuTxedebis farglebSi). 
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gadafarvis yoveli are erTianebisa da nulebis mimdevrobebiTaa aRniSnuli: a-2, 

a-1, a0, a1. simbolo a0 maSin aris 0-is toli, rodesac gadafarvis are aris H0, 

xolo 1-is tolia, Tu Sedegad miRebuli are aris H1. a1=0, Tu gadafarvis aris 

mimarT gamoyenebuli h gavlenas axdens H1 areze da 1-is tolia, rodesac Sedegad 

miRebuli are aris H1.  a-1 da a.S. simboloebi h( -1) –is gamoyenebis mixedviT aris 

gansazRvruli. amrigad, 5.24 naxazis zeda nawilSi gadafarvis yvela ares Seesabameba 

xx.10 aRniSvna, xolo xx.11 ki meore striqonis aRniSvnebia.  

 

amocana. 5.11-1. SeamowmeT, rom gadafarvis areebis aRniSvnebi sworad asaxavs h –isa da  

h( -1) –is qmedebas am areebSi. SeamowmeT, rom aRniSvnebi H da V areebis qveda 

simboloebis SekrebiT miiReba. magaliTad, gadafarvis are 01.00 miiReba V01–isa da 

H00 _is gadakveTiT.  

 

nax. 5.24. gadafarvis areebi h(2) –sa da h( -2) –sTvis. 

nebismieri n–sTvis, h(n) –isa da h( -n) –is gamoyenebis 

Sedegad S kvadratSi darCenili wertilebi 

gadafarvis am areebSi iyrian Tavs. areebis aRniSvnebi 

axsnilia teqstSi. 

 

 

 

Tu IN simravles pirdapiri da Sebrunebuli iteraciebis rigis zrdasTan erTad 

ganvavrcobT, maSin IN –is wertilebis  Semcveli gadafarvis areebis aRniSvna 

zustad zemoT ganxilulis msgavsad moxdeba. amrigad, IN –is nebismieri wertili 

erTianebisa da nulebis ormxrivi usasrulo mimdevrobiT SeiZleba aRiniSnos. aseTi 

aRniSvna nalis asaxvisa da simboluri dinamikis moqmedebis qveS myofi wertilebis 

dinamikas Soris mniSvnelovan kavSirs iwvevs. nalis asaxvis zemoqmedebis qveS myofi, 

S kvadratSi darCenili erT-erTi wertilis traeqtoria SeiZleba aRniSvnebis 

mimdevrobis saxiT iyos mocemuli ... a-2, a-1. a0, a1, a2,... rac gulisxmobs, rom (x,y) 

wertili h(i) (x,y)-sTvis Hi regionSia.  

aRsaniSnavia, rom gadafarvis ganxiluli sqemis SemTxvevaSi 0 da 1 simboloebis 

yvela SesaZlo mimdevroba iCens Tavs [5.24 naxazze gamosaxuli areebisaTvis 16 

SesaZlo kombinacia arsebobs. SeniSneT aseve, rom identuri periodis mqone 
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simboloTa mimdevrobebi diagramaze erTimeoris maxloblad aisaxebian. magaliTad, 

5.24 naxazis marcxena zeda kuTxeSi gadakveTis oTxive aris aRniSvnaa _0.1_.] bolos 

ki yuradReba miaqcieT, rom  nalis asaxvis gamoyeneba simboluri mimdevrobis erTi 

erTeuliT marcxniv wanacvlebis tolfasia da amitom, nalis asaxva simboluri 

wanacvlebis eqvivalentad aris miCneuli.  

 

amocana 5.11-2. SeamowmeT, rom nalis asaxva simboluri mimdevrobis erTi poziciiT 

marcxniv wanacvlebis tolfasia. 

 

radganac 0-isa da 1-is mimdevrobebs ricxvebis orobiTi saxiT warmosadgenad 

viyenebT, Semdegi mtkicebulebebis misaRebad SegviZlia ricxvTa Teorias daveyrdnoT: 

 

1. IN simravle perioduli wertilebis usasrulo reaodenobas Seicavs. A 

wertili periodulia, Tu h –is ganmeorebiT gamoyeneba imave wertilSi 

gvabrunebs. am movlenas maSin aqvs adgili, rodesac simboloTa mimdevroba  0-

isa da 1-is garkveul kombinacias ganmeorebiTi saxiT Seicavs (formalurad 

rom vTqvaT, wertils gaaCnia n sididis periodi Tu ai=ai+1, nebismieri i-sTvis. 

periods im SemTxvevaSi uwodeben ZiriTads, Tu n –is nebismieri ufro mcire 

mniSvnelobisTvis wina damokidebuleba ar sruldeba). ricxvTa Teoriidan 

viciT, rom aseTi ganmeorebiTi mimdevrobebi maSin daikvirveba, rodesac saqme 

racionalur ricxvTan gvaqvs. vinaidan racionaluri ricxvebis raodenoba  

usasruloa, amitom IN simravle perioduli wertilebis usasrulobas Seicavs. 

aRsaniSnavia, rom gvxvdeba arastabiluri perioduli wertilebic imis gamo, 

rom axlomdebare wertilebi h –is ganmeorebiT iteraciebis Sedegad an toveben 

kvadrats an sakmaod gansxvavebuli (da zogadad araperioduli) 

traeqtoriebiT moZraoben.  

2. IN simravle Seicavs aperioduli wertilebis usasrulo raodenobas. A 

wertili aperiodulia, Tu h –is ganmeorebiT gamoyeneba arasodes dagvabrunebs 

ukan, zustad imave wertilSi. Sesabamis simbolur mimdevrobas iracionaluri 

ricxvi gamoxatavs. vinaidan iracionaluri ricxvebis raodenoba  usasruloa, 

amitom IN simravle araperioduli wertilebis usasrulobas Seicavs. 

3. IN simravleSi sul mcire erTi wertili mainc arsebobs, romlis traeqtoriac 

IN simravlis TiToeul wertilTan ragind axlos gaivlis (am traeqtorias 



 261

mkvrivi traeqtoria ewodeba.) Cven mas agebis gziT vpoulobT, anu `siaxloves~ 

ganvsazRvravT Sesabamisi orobiTi simboloebis raodenobis SerCeviT.  

Semdeg vqmniT da vaerTianebT 0-isa da 1-is yvela SesaZlo mimdevrobas. es operacia 

mogvcems im wertils, romlis traeqtoriac h –is gamoyenebiT simboloebis marcxniv 

wanacvlebisas IN –is  yovel wertilTan `axlos~ gadis. 

 

ra aris nalis asaxvis dinamikuri mniSvneloba? nalis asaxvis mier (miaxloebiT 

mainc) aRweril dinamikaSi traeqtoriebi arastabiluri perioduli da aperioduli 

wertilebis gavlenis Sedegad metad rTul saxes Rebulobs. rodesac axlomdebare 

traeqtoriebis qmedeba metad gansxvavebuli xdeba, es ukve `qaosuri qmedebis~ 

tolfasia.  

 

5.12 daskvna 

 

mocemul TavSi iteraciuli asaxvis funqciebis ramdenime tipi aRvwereT da 

dinamikuri sistemebis TvalsazrisiT ganvixileT. erTganzomilebiani iteraciuli 

asaxvis funqciaTa Teoria kargadaa Seswavlili. analizis geometriuli meTodebi da 

ricxvTa Teoria asaxvis funqciebis Sesabamisi mimzidvelebisa da bifurkaciebis  

Sesaxeb bevri zogadi daskvnis gakeTebis saSualebas gvaZlevs. ori an meti 

ganzomilebis SemTxvevaSi kvlav bevri ram aris Seuswavleli. momdevno TavebSi 

dinamikuri sistemebis modelebis TvalsazrisiT iteraciuli asaxvis kidev ufro met 

funqcias warmogidgenT. amasTan erTad, xSirad davubrundebiT  mocemul TavSi 

ganxilul asaxvis funqciebs. maTze dayrdnobiT vecdebiT axali ideebis danergvas 

arawrfivi dinamikis daxasiaTebis mizniT.   
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5.14 kompiuteruli amocanebi 

CE5-1. dawereT kompiuteruli programa lojistikuri asaxvis funqciisTvis da 

daadgineT liapunovis saSualo eqsponenta. aCveneT, rom A=4 mniSvnelobisTvis, 

rogorc 5.8 paragrafSi vTqviT, eqsponenti ln2-is tolia.  

 

CE5-2. dawereT kompiuteruli programa lojistikuri asaxvisTvis da 

kritikuli wertilis pirveli rva anasaxis A parametrze damokidebulis funqciis 

diagrama aageT. Tu SesaZlebelia, erTmaneTis momdevno anasaxebis garCevis mizniT 

gansxvavebuli Seferiloba gamoiyeneT. SeamowmeT, rom anasaxebi mizidulobis areebis 

sazRvrebs qmnian da isini periodul diapazonebSi erwymian erTmaneTs. axseniT ra 

xdeba misiureviCis wertilebSi.  

 

CE5-3. dawereT 5.9 paragrafSi warmodgenili gausis asaxvis bifurkaciuli 

diagramebis amgebi kompiuteruli programa.  

 

CE5-4. gamoiyeneT programa Bifur E damatebidan, an Chaos foe Java da 

lojistikuri asaxvis qaosuri areebi gadidebuli saxiT gamoitaneT. SeamowmeT, rom 

areebis  Serwymis Sesabamis parametris mniSvnelobebs feigenbaumis δ. miaxloebiT 

mainc aRwers. aris Tu ara erTi da igive δ-isa da α-s mniSvnelobebi, rodesac maT 

`mTavari~ periodis iteraciuli mimdevrobisTvis viyenebT?  

 

CE5-5. moaxdineT programis Bifur modifikacia lojistikuri asaxvis funqciis 

Sesabamisi traeqtoriis mniSvnelobaze garkveuli `xmauris~ damatebis gziT. amis 

gakeTeba SegiZliaT BASIC-is erT-erT funqciis RDN-is (SemTxveviTi ricxvis 

generatori) meSveobiT. Semdeg aageT bifurkaciuli diagrama da SeiswavleT 

sxvadasxva saSualo mniSvnelobis xmauris damatebiT miRebuli efeqti. mosalodneli 

Sedegebis Sesaxeb ix. danarTi H.  

 

CE5-6. dawereT kompiuteruli programa da 5.7 paragrafSi aRwerili karvis 

asaxvisTvis aageT bifurkaciuli diagrama. axseniT, Tu ratom da riT gansxvavdeba 

igi lojistikuri asaxvis bifurkaciuli diagramisgan. 
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CE5-7. gamoiyeneT Chaos Demonstrations paketis henonis asaxvasTan dakavSirebuli 

nawili da gamoikvlieT qaosuri mizidulobis wertili ori makontrolebeli 

parametris sxvadasxva mniSvnelobis SemTxvevaSi. zogierTi faqizi struqturis 

sanaxavad moaxdineT maTi gadideba.   

 

CE5-8. dawereT kompiuteruli programa e.w. beikeris gardaqmnis 

gansaxorcieleblad, romelic Semdegnairad gansazRvruli organzomilebiani asaxvis 

funqciaa: 

 

                    

1

1

2 (mod1)

0 1/ 2

1/ 2 1/ 2 1

n n

n n

n n

y y

x bx for y

bx for y






  
  

 

 

sadac b≤1/2. Tavdapirvelad gamosaxeT, Tu ra mosdis erTi iteraciis Sedegad 

erTeuli sigrZis mqone kvadrats, romlis marcxena qveda wvero? b≤1/2 SemTxvevaSi 

koordinatTa saTaveSi mdebareobs. Semdeg darwmundiT, rom iteraciis procedura 

smeilis nalis asaxvis msgavsia. dabolos aCveneT, rom λy=ln2 da λx=lnb 

mniSvnelobebisaTvis asaxvas liapunovis ori eqsponenta gaaCnia – erTi x-, xolo 

meore ki y-mimarTulebiT. [Moon, 1992. gv. 317-19] beikeris gardaqmnis ufro 

abstraqtul versias ganixilavs. 

 

FOY83 aseve iyenebs mocemul gardaqmnas fraqtaluri ganzomilebebis 

gamoTvlisaTvis.  

CE5-9. gamoiyeneT Chaotic Dinamics Workbrench rom SeviswavloT gareSe Zalis 

zegavleniT moqmedi milevadi qanqaris Sesabamisi puankares kveTebis SeswavlisaTvis. 

aCveneT, rom brunvis F=2.048 momentis midamoSi, rodesac sixSiris Tanafardoba 2/3-

is, xolo milevis koeficienti erTis tolia, puankares asaxva erTganzomilebiani 

unimodaluri asaxvis eqvivalenturia. ufro rTuli dinamikis Seswavlis mizniT 

brunvis momentis sxva mniSvnelobebic ganixileT. 

 

CE5-10. cxr. 2.1-Si moyvanili parametris supercikluri mniSvnelobebis 

gamoyenebiT dawereT kompiuteruli programa lojistikuri asaxvis funqciisaTvis 
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(5.6-1)-iT gansazRvruli dn-is gamosaTvlelad. Semdeg ki gamoiyeneT miRebuli 

mniSvnelobebi feigenbaumis α-s mniSvnelobis dasadgenad, rogorc es (5.6-2)-iTaa 

gansazRvruli. 

 

CE5-11. dawereT lojistikuri asaxvis modelisTvis bifurkaciuli diagramis 

amgebi kompiuteruli programa, rodesac A<0. gamoikvlieT 0>A>_2 ubani. SeadareT 

es diagrama lojistikuri asaxvis bifurkaciul diagramas, rodesac A>0. 

gamoikvlieT or diagramas Soris arsebuli msgavsebebi da gansxvavebebi. 
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6 

kvaziperioduloba da qaosi 

 

qaosi partituraa, romelzedac realobaa Cawerili. henri mileri, 

CrdiloeTis tropiki 

 

6.1 Sesavali 

 

am TavSi, regularuli (perioduli) qmedebidan qaosurSi gadasvlis gamomwvevi 

bifurkaciebis kidev erT mniSvnelovan scenars ganvixilavT. am scenars, romelic 

sxvadasxva ZiriTadi sixSireebis mier aRweril moZraobas moicavs, qaosisken mimaval 

kvaziperiodul meTods uwodeben. igi gansxvavebuli tipis sistemebzea gamocdili da 

gamokvleuli. zogierT maTgans Cven mokled mimovixilavT. Teoriis didi nawili 

swored qaosisken mimaval gzas exeba. rogorc periodis gaormagebis gziT qaosisken 

mimavali gzis SemTxvevaSi, mocemuli Teoria gvamcnobs, rom arsebobs am scenaris 

Sesabamisi universaluri raodenobrivi maxasiaTeblebi. samwuxarod, periodebis 

gaormagebis SemTxvevis analogiurad, es Teoria ver gvixsnis, Tu konkretul 

sistemaSi rodis aqvs adgili aseT scenars. momavalSi araerTi `susti~ Teoriuli 

gancxadeba Segvxvdeba, romelic gvamcnobs, Tu rodis iCens mocemuli scenari Tavs. 

kvaziperioduli sistemebi rTuli qmedebis sxvadasxva saxeobebs avlenen, romelTagan 

zogierTi qaosuria, xolo zogierTi ki _ ara. amgvari rTuli saxis qmedeba CvenTvis 

bolomde gasagebi ar aris.  

uxeSad rom vTqvaT, kvaziperioduli scenari sistemis dinamikis maxasiaTebel 

or an met damoukidebel sixSires Soris konkurencias gulisxmobs. amgvari scenari 

sistemebis ori tipisaTvis mainc iCens Tavs:  

 

1. gareSe perioduli `Zalis~ mier marTuli arawrfivi sistema rxevis 

`bunebrivi~ sixSiriT. radgan sistema arawrfivia, bunebrivi rxevis sixSire 

rxevaTa amplitudazea damokidebuli. am SemTxvevaSi maiZulebel sixSiresa da 

bunebrivi rxevis sixSires Soris konkurencias aqvs adgili.  
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2. arawrfivi sistemebi, romlebic sistemis romelime parametris cvlilebasTan 

erTad rxevebs or (an met) sixSireze `spontanurad~ aviTarebs. aseT 

SemTxvevaSi sistemaSi sixSireebis gansxvavebul tipebs Soris konkurencia 

iCens Tavs.  

 

orive SemTxvevaSi mocemuli sistemis maxasiaTebeli ori (an zogjer meti) sixSire 

arsebobs. maTma `Widilma~ ki SesaZloa qaosamde migviyvanos. 

Cvens msjelobaSi ori (an meti) sixSiris `damoukideblobas~ gansakuTrebuli 

mniSvneloba aqvs. qvemoT moyvanili terminologia, romelic Tavdapirvelad meoTxe 

TavSi iqna Semoyvanili, ori sixSiris (vTqvaT f1 da f2) fardobas aRwers. p da q 

(dadebiTi) mTeli ricxvebis SemTxvevaSi, romlebic akmayofileben Semdeg pirobas 

 

 

2

1

f p

f q
                                    (6.1-1) 

 

 

vambobT, rom sixSireebi Tanazomadia, anu sixSireTa fardoba racionaluria. Tu ar 

arsebobs (6.1-1) pirobis damakmayofilebeli mTeli ricxvebi, maSin vambobT, rom 

sixSireebi araTanazomadia, anu sixSireTa fardoba iracionaluria. meoTxe Tavis 

Tanaxmad, Tu fardoba racionaluria, maSin vambobT, rom sistemis qmedeba 

periodulia.  Tu fardoba iracionaluria, maSin vambobT, rom sistemis qmedeba 

kvaziperiodulia (kvaziperiodulis nacvlad zogjer gamoiyeneba terminebi _ 

pirobiTad perioduli, an TiTqmis perioduli).  

 

SeniSvna: zogadad vuSvebT, p/q fardoba umartives formamdea dayvanili, anu 

fardobaSi nebismieri saerTo gamyofi gamoricxulia. amitom, Tu f2/f1= 4/6, 2-is 

saerTo gamyofi unda gamovricxoT da davweroT f2/ f1= 2/3. Cven p/q fardobis saxiT 

zogjer p: q aRniSvnasac gamoviyenebT. 

 

qmedebis mimarT termini kvaziperioduli maSin gamoiyeneba, rodesac ori 

sixSire araTanazomadia. am SemTxvevaSi sistemis qmedeba zustad arasodes meordeba. 

kvaziperioduli sistemis qmedeba, rogorc drois funqcia, sakmaod araregularulad  
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gamoiyureba. 6.1 naxazi gviCvenebs ori sixSiris mier aRwerili sistemis evolucias. 

marcxena mxares sixSireebi Tanazomadia da qmedeba periodulia, xolo marjvniv ki -  

araTanazomadia da sistemis qmedeba sakmaod araregularulia. Tumca, kvaziperioduli 

qmedebis energetikuli speqtri cxadad gviCvenebs mxolod ori sixSiris arsebobas. 

marjvena mxares gamosaxuli qmedeba rom qaosuri yofiliyo, maSin energetikul  

speqtrs sixSireTa kontinuumis forma eqneboda. ix. H danarTi, naxazi H.2.  

 qvemoT vnaxavT,  asrulebs Tu ara rogorc Tanazomadoba, ise araTanazomadoba 

mniSvnelovan rols sistemis qmedebaSi. amitom unda gavarkvioT, Tu rogor unda 

ganvsazRvroT praqtikulad f1 da f2 sixSireebis Tanazomiereba-araTanazomierebis 

sakiTxi. problema imaSi mdgomareobs, rom sixSireTa nebismier gazomvas gaaCnia 

sasruli sizuste. analogiurad, nebismieri ricxviTi (magaliTad, kompiuteruli) 

gamoTvlis process mxolod sasruli ariTmetikuli sizuste aqvs: kompiuteris mier 

gamoyenebuli nebismieri ricxvi faqtiurad racionaluria. gazomvebisa Tu ricxviTi 

gamoTvlis mocemuli sizustis pirobebSi, sixSireTa fardoba tolia konkretuli 

iracionaluri an racionaluri ricxvisa, romelic axlosaa am iracionalur 

ricxvTan. amis garda Cven mets verafers vityviT fardobebis `realuri” 

racionalurobisa Tu iracionalurobis Sesaxeb.  

 

 

naxazi 6.1. marcxniv mocemulia ori sixSiris mqone sistemis evolucia. aq  f1=2 f2.  

marjvniv gamosaxulia iseTi sistemis evolucia, rodesac ori sixSire 

araTanazomadia da f2=√2f1. meore qmedeba sakmaod araregularulad gamoiyureba, 

magram naxazis qveda nawilSi warmodgenili energetikuli speqtri mianiSnebs, rom 

qmedebas mxolod (sxvadasxva amplitudis mqone) ori sixSire gansazRvravs. 
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arsebiTia, rom naxazis marjvena nawilSi vlindeba ori araTanazomadi sixSire. 

energetikuli speqtris `maqsimumebis~ sigane gamowveulia imiT, rom analizisaTvis 

gamoyenebuli monacemebi drois SedarebiT viwro intervals Seesabameba.  

 

ganvlil Tavebis msgavsad, aqac SegviZlia vikiTxoT: sistemis qmedeba marTlac 

qaosuria, Tu mas ubralod iseTi xangrZlivi perioduloba axasiaTebs, romelic 

eqsperimentis Catarebis xangrZlivobaze grZelia? Tu gazomvis, an kompiuteruli 

modelirebis mocemuli sizustis pirobebSi qmedeba araraperiodulia da axlomdebare 

traeqtoriebi divergencias uCveneben, maSin mocemuli sizustis pirobebSi sistemis 

qmedeba qaosuria. analogiurad, Tu gazomvis an kompiuteruli gamoTvlebis 

konkretuli sizustisaTvis sixSireebi araTanazomadia, maSin Sesabamis qmedebas imave 

sizustis pirobebSi unda velodoT.  

  

6.2 kvaziperioduloba da puankares kveTebi 

 

rogorc ukve vnaxeT, puankares kveTebis gamoyeneba mniSvnelovnad amcirebs 

sistemis mdgomareobaTa sivrcis qmedebis geometriul warmodgenas.  gavarkvioT, Tu 

rogor mivyavarT Tanazomad da araTanazomad sixSireebis metad gansxvavebul 

puankares monakveTebamde. 

 

naxazi 6.2. marcxniv moyvanilia puankares kveTa 

sixSireTa 2:3 fardobis Sesabamisi 

traeqtoriisTvis. traeqtoria iwyeba 0 wertilSi, 

Semdeg gaivlis 1-s, 2-s da sabolood ubrundeba 

sawyis 3 wertils. marjvniv gamosaxulia puankares 

kveTa sixSireTa 3:5 fardobis Sesabamisi traeqtoriisTvis. 

 

rogorc me-4 TavSi vnaxeT, ori sixSiris mier gansazRvruli qmedeba Toris 

zedapirze SemosazRvruli traeqtoriebiT SeiZleba aRiweros. erTi sixSire (vTqvaT,  

f1) Toris didi ganivkveTis gaswvriv moZraobs. rodesac erT-erTi sixSire, sistemis 

mimarT Cven mier gamoyenebuli garkveuli modulaciis an SeSfoTebis Sesabamisi 

sixSirea, maSin igi kontrolirebadia. Cven am sixSires vaigivebT f1-Tan, radganac 
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puankares kveTebi yvelaze martivad aigeba garedan kontrolirebadi sixSiris 

fiqsirebuli fazisaTvis, sistemis qmedebis SerCevis gziT aigeba.  

Tu avirCevT puankares kveTas, rogorc es 4.9 naxazzea naCvenebi TorisaTvis, 

maSin p/q fardobiTi sixSiris sxvadasxva mniSvnelobisaTvis puankares kveTis 

wertilebis Semdeg mniSvnelobebs miviRebT: vTqvaT, T1=1/f1 Toris gare ganivkveTis  

garSemovlis periodia; T2=1/f2 iqneba igive dro mcire wris SemTxvevaSi. vinaidan 

fardobiTi sixSire aris p/q, maSin periodebis fardoba iqneba 

 

 

1

2

T p

T q
                                     (6.2-1) 

 

magaliTad, Tu p/q=2/3, maSin mcire wris garSemo SemovlisTvis saWiro dro iqneba 

didi wris Sesabamisi drois 3/2.  

rogor iCens Tavs es fardoba puankares kveTaSi? naxazi 6.2 sixSireTa ori 

sxvadasxva fardobis Sesabamis puankares kveTis wertilebs gviCvenebs. traeqtoriebi 

0-iT aRniSnul wertilSi iwyeba. Toris didi ganivkveTis garSemo erTi Semovlis 

Semdeg traeqtoriis wertili kvlav puankares sibrtyeSi brundeba. 6.2 naxazis 

marcxena nawilSi moyvanili grafikis mixedviT, am drois ganmavlobaSi traeqtoriam 

mcire wris gaswvriv gzis 2/3 ganvlo. amgvarad, igi diagramaze 1-iT aRniSnul 

wertils miaRwevs. Toris garSemo kidev erTi Semovlis Semdeg traeqtoria ukve 

gzis 4/3-s `gaivlis~ da wertil 2-s miaRwevs. sabolood, gare wris mesamed 

Semovlis Semdeg traeqtoria kvlav sawyis wertils daubrundeba. puankares kveTis 

wertilebis mimdevroba sixSireTa 3/5-is toli fardobis SemTxvevaSi 6.2 naxazis 

marjvena mxaresaa gamosaxuli. Tu f1-s Toris didi ganivkveTis gaswvriv moZraobas 

SevusabamebT, xolo f2-s  - mcire ganivkveTis gaswvriv moZraobas da SevarCevT 

puankares iseT sibrtyes, romelic Tors didi ganivkveTisadmi perpendikularulad 

kveTs, maSin f2/f1=p/q fardobiTi sixSiris SemTxvevaSi puankares kveTa moicavs q 

wertilebs. traeqtoria `gamotovebs~ sibrtyesTan or mimdevrobiT gadakveTas Soris 

arsebul p-1 raodenobis wertilis.  
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amocana 6.2-1. gamosaxeT puankares kveTis wertilebi Toris zedapirze moZraobisas, 

rodesac fardobiTi sixSire f2/f1=2/7. rogor ganasxvavebT puankares am kveTas  

gansxvavebuli sixSiris (3/7 –is toli fardobis)  Sesabamis kveTisagan? gaakeTeT 

igive f2/ f1=9/7-is SemTxvevaSi. 

 

Tu ori sixSire araTanazomadia, maSin puankares kveTebi arasodes ganmeordeba. 

puankares wertilebi saboloo jamSi Seavseben 4.9 naxazze gamosaxuli puankares 

sibrtyis mruds. kveTis wertilebi mrudis garSemo dreifoben da e.w. modreife 

rgols qmnian.  

kidev erTxel davubrundeT perioduli da kvaziperioduli moZraobis 

gansxvavebis problemas. davuSvaT, Cveni eqsperimentuli analizi iseTia, rom 

mdgomareobaTa sivrcis Toris puankares sibrtyesTan gadakveTiT miRebuli mrudis 79 

wertili SegviZlia ganvasxvavoT. Tu moZraoba 67/79 fardobiTi sixSiris mqone ori 

araTanazomadi sixSirisgan Sedgeba, maSin SegviZlia igi warmovadginoT sixSireTa 

racionaluri fardobis Sesabamis moZraobad. magram, Tu fardobiTi sixSire aris 

82/93, maSin puankares kveTis safuZvelze martivad ver SevZlebT mocemuli 

moZraobis gansxvavebas sixSireTa iracionaluri fardobis Sesabamisi kvaziperioduli 

moZraobisagan. mocemuli garCevis pirobebSi orTave moZraoba modreife rgols avsebs.    

 

6.3 kvaziperioduli gza qaosisaken  

 

Cven ukve mzad varT qaosisken mimavali kvaziperioduli gzis aRwerisTvis. 

amgvari scenari naCvenebia 6.3 naxazze, sadac mdgomareobaTa sivrceSi arsebuli 

sistemis mimzidvelebia gamosaxuli.  
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naxazi 6.3. mdgomareobaTa sivrceSi mimzidvelebis evoluciis sqematuri gamosaxuleba 

qaosSi kvaziperioduli gziT gadasvlis SemTxvevaSi. gareSe Zalis mier perioduli 

saxiT marTul sistemas fiqsirebuli wertili ar gaaCnia, magram igi evolucias 

zRvruli ciklis meSveobiT iwyebs. sistemis parametris cvlilebasTan erTad 

SesaZloa meore sixSirem iCinos Tavi. Tu es sixSire pirvel sixSiresTan mimarTebaSi  

araTanazomadia, maSin Sedegad vRebulobT kvaziperiodul qmedebas. parametris 

Semdgom cvlilebasTan erTad qmedebam SesaZloa qaosuri saxe miiRos. 

Tu sistema gare perioduli Zalis mier ar imarTeba, SesaZloa igi fiqsirebul 

wertilSi mdebare mimzidveliT daiwyos (anu gvaqvs drois mimarT damoukidebeli 

mdgomareoba). makontrolebeli parametris cvlilebasTan erTad sistemam SeiZleba 

ganicados hopfis bifurkacia, rasac Tan sdevs perioduli qmedebis ganviTareba 

misTvis damaxasiaTebeli zRvruli cikliT mdgomareobaTa sivrceSi. parametris 

Semdgom cvlilebasTan erTad meore sixSiremac SeiZleba iCinos Tavi. am SemTxvevaSi 

mdgomareobaTa sivrcis traeqtoriebi Toris zedapirze ganTavsdebian. Tu meore 

sixSire pirvelTan mimarTebaSi araTanazomadia, maSin traeqtoria saboloo jamSi 

Toris zedapirs gadafaravs. am SemTxvevaSi makontrolebeli parametris Semdgomi 

cvlileba zogierTi sistemisTvis mesame sixSiris warmoqmnas iwvevs. mdgomareobaTa  

sivrceSi traeqtoriebi samganzomilebian Toris zedapirze arseboben (risi 

vizualizacia advili ar aris). parametris Semdgom cvlilebasTan erTad sistemis 

qmedeba SeiZleba qaosurSi gadaizardos (zogierTi sistema orsixSiriani qmedebidan 

SeiZleba pirdapir qaosurSi gadavides. am sakiTxze Semdeg paragrafSi vimsjelebT). 

 

aRweril scenars garkveuli geometriuli moTxovnebi aqvs. kerZod qaosisTvis 

mdgomareobaTa sivrcis sami ganzomileba maincaa saWiro. Tu traeqtoriebi Toris 

zedapiris ori ganzomilebis farglebSi mdebareobs, maSin sistemis qmedeba qaosuri 

ver iqneba. gvesaWiroeba mesame ganzomileba, romelsac gamosaxavs mesame sixSire an  

organzomilebiani Toris zedapiris `rRveva~ mas Semdeg, rac traeqtoriebi 

scildebian zedapirs da UuCveneben samganzomilebian qmedebas. 

  

am scenaris mniSvnelobis gasaazreblad sistemebSi qaosuri (turbulenturi) 

qmedebis ganviTarebis asaxsnelad SemuSavebuli SedarebiT Zveli sqemis Seswavlas 

unda SevudgeT. es sqema Tavdapirvelad cnobilma sabWoTa fizikosma _ l. landaum 
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1944 wels SemogvTavaza da misi daniSnuleba xsnarTa sistemebSi wonasworuli 

mdgomareobidan gadaxriT gamowveuli turbulentobis axsna iyo (LAN44) [Landau and 

Lifshitz, 1959]. mocemuli sqemis Tanaxmad, makontrolebeli  parametris 

cvlilebasTan erTad sistemis qmedeba SesaZlebelia daxasiaTebuli iqnas hopfis 

bifurkaciebis usasrulo mimdevrobis meSveobiT, romelTagan TiToeuli maTgani sxva 

sixSireebis mimarT araTanazomad sixSires warmoqmnis. araTanazomadi  sixSireebis 

usasrulo raodenobis meSveobiT landau turbulenturi xsnarebis kompleqsuri 

qmedebis aRweras cdilobda. amis sapirispirod, kvaziperiodul scenars qaosisaken 

(romelic srulad ganviTarebuli turbulentobisgan gansxvavdeba) mxolod ori (an 

SesaZloa sami) araTanazomadi sixSiris warmoqmnis gziT mivyavarT. qvemoT aRwerili 

zogierTi eqsperimenti gviCvenebs, rom buneba qaosisken mimaval kvaziperiodul gzas 

`irCevs~ miuxedavad amisa, sxva eqsperimentebi gviCvenebs, rom sivrculad ganvrcobil  

sistemebSi samze meti araTanazomadi sixSiris Sesabamisi araqaosuri qmedeba SeiZleba 

gamovlindes.  

 

6.4 qaosisken mimavali kvaziperioduli gzis universaloba 

 

rogorc ukve vaxseneT, qaosisken mimavali kvaziperioduli gzis Teoria 

gvamcnobs, rom es scenari qaosuri qmedebis gamomwvevia, magram es imas ar niSnavs, 

rom es Sedegi gardauvalia. 1971 wels ruelma da Teiqensma (RUT71) pirvelebma 

SemogvTavazes kvaziperioduli scenari. 1978 wels niuhausma, ruelma da Teiqensma 

(NRT78) ufro damajereblad uCvenes, rom Tu sistemis traeqtoriebi mdgomareobaTa 

sivrceSi samganzomilebian Torzea Tavmoyrili (romelic Seesabameba samsixSirian 

kvaziperiodul qmedebas oTxi an meti ganzomilebis mqone mdgomareobaTa sivrceSi), 

maSin moZraobis mcire SeSfoTebac ki (magaliTad, gareSe xmauri) `daarRvevs~ 

moZraobas Toris zedapirze da migviyvans qaosamde da ucnauri formis mimzidvelamde.  

Cven ar SevudgebiT imis detalur ganxilvas, Tu ra iwvevs Sesabamis mcire 

SeSfoTebas, magram ubralod vityviT, rom praqtikaSi naklebad savaraudo Cans  

qaosSi gadasvla zemoT aRwerili scenaris mixedviT. im SemTxvevaSi, rodesac qaoss 

win uZRvis mxolod ori sixSire, samganzomilebiani Tori  irRveva uaRresad mcire 

SeSfoTebebis SemTxvevaSic ki. sinusoiduri wyaros mier marTuli, erTmaneTTan 

dakavSirebuli arawrfivi osciliatorebis meSveobiT Catarebuli eqsperimentiT 

qamingma da linsma (CUL88 and LIC89) uCvenes, rom oscilatorebs Soris susti 
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kontaqtis SemTxvevaSi ori da sami sixSiris mqone kvaziperioduloba advilad 

daikvirveba, xolo qaosi parametris mniSvnelobebis gansazRvrul diapazonebisTvisac 

ki aRiZvreba.  

sxva eqsperimentebi, romlebic orsixSiriani kvaziperiodulobidan pirdapir 

qaosSi gadasvlis gardamaval stadiebs uCveneben, oscilatorebs Soris ufro mWidro 

kavSirsa da maT qaosur reJimSi gadamyvani parametris mniSvnelobebis simravlis 

arsebobaze migviTiTebs. am areebSi arsebuli qaoturi qmedebisa da 

kvaziperiodulobis Sesabamisi diapazonebi urTierTmonacvleben. amitomac vambobT, 

rom xmauriT gamowveuli umciresi SeSfoTebac ki arRvevs sistemis samsixSirian 

kvaziperiodulobas da daikvirveba qaosuri qmedeba. sistema myisierad  gadaiqceva 

qaotur mimzidvelad. amgvari scenari dominirebs maSin, rodesac oscilatorebs 

Soris kavSiri sakmarisad Zlieria, xolo susti kavSiris SemTxvevaSi samsixSiriani 

kvaziperioduloba ufro SesamCnevia. sazogadod, unda arsebobdes kompleqsuri 

urTierTkavSiri TiToeuli oscilatoris amplitudasa da SeerTebis simZlavres 

Soris, romelic gansazRvravs dakvirvebuli scenaris detalebs. 

1982 wels, ricxviTi gamoTvlebis safuZvelze Senkerma (SHE82) ivarauda, rom 

qaosisken mimavali kvaziperioduli gza erTganzomilebiani iteraciuli asaxvebisTvis 

damaxasiaTebel feigenbaumis universalobis msgavs raodenobriv Tvisebebs avlens. 

cota xnis Semdeg, orma jgufma (ROS82 da FKS82) renormalizaciis Teoriis 

gamoyenebiT daadgina, rom  qaosisken mimavali kvaziperioduli gzis universalur 

Tvisebebs maSin vadgenT, Tu qaosSi gadasvla fardobiTi sixSiris mniSvnelobis 

konkretul iracionalur ricxvTan miaxloebisas moxdeba (6.10 paragrafSi am sakiTxs 

ufro dawvrilebiT ganvixilavT). aq termini universaluri niSnavs, rom sanam 

sxvadasxva sistemis SemTxvevaSi erTsa da imave ricxvebTan unda gvqondes saqme, 

ramdenadac fardobiTi sixSireebi erTi da imave mniSvnelobebTan iyrian Tavs. rogorc 

SemdgomSi vnaxavT, sistemebi qaosSi sixSireTa sinqronizaciis gziT SeiZleba 

aRmoCndnen da rom am gzis gansxvavebuli maxasiaTeblebi arsebobs. vidre 

universaluri Tvisebebis mniSvnelobas gaviazrebdeT, pirvel rigSi sixSireTa 

sinqronizaciis sakiTxi unda ganvixiloT.  
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6.5 sixSireTa sinqronizacia 

 

sixSiris sinqronizacia zogadi SemTxvevaa yvelgan, sadac ori an meti 

`oscilatori~ arawrfivad urTierTqmedebs erTmaneTTan. # 1-s garkveuli f1 sixSire, 

xolo oscilator # 2-s f2 sixSire axasiaTebs (oscilatorebi SeiZleba fizikurad 

erTmaneTisgan gansxvavdebodes, magaliTad, ori gansxvavebuli qanqariani saaTi, 

romlebic erTi da imave fizikuri sistemis farglebSi asrulebdnen sxvadasxva saxis 

rxevebs). Tu makontrolebeli parametris garkveul diapazonSi ori sixSire 

Tanazomadia, anu f2/f1=p/q (p, q mTeli ricxvebia), maSin vityviT, rom oscilatorebi 

sinqronulsixSiriania (igivea, rac sinqronulfaziani). racionalur ricxvze 

gamravlebuli erTi sixSire meore sixSiris tolia. magaliTad, sixSiris 

sinqronizaciis meSveobiT aixsneba kavSiri RerZis irgvliv brunvisa da orbitul 

sixSireebs Soris dedamiwis garSemo mTvarisa da mzis irgvliv merkuris 

moZraobebisaTvis. orive SemTxvevaSi mimoqceviTi Zalebi RerZis irgvliv brunvasa da 

orbitul moZraobas Soris urTierTqmedebas iwvevs. Sedegad moZraobebi sinqronuli 

xdeba. 

 sixSiris sinqronizaciis fizikuri mniSvnelobis gasacnobiereblad arawrfivi 

sistemebisTvis damaxasiaTebeli ori faqtori unda gvaxsovdes: 

 1) arawrfiv oscilatorSi rxevis realuri sixSire oscilatoris moZraobis 

amplitudazea damokidebuli. amrigad, normalur pirobebSi sistemis romelime 

parametris cvlilebasTan erTad arawrfivi oscilatoris sixSiris cvlilebasac 

unda velodoT, radgan parametris cvlileba rxevis amplitudis Secvlasac iwvevs. 

konkretuli fardobiTi sixSiris (vTqvaT p/q) dasadgenad aucilebelia parametris 

mniSvnelobaTa Zalze zusti simravle. sixSiris sinqronizaciis SemTxvevaSi p/q erTsa 

da imave mniSvnelobas parametris mniSvnelobaTa garkveul diapazonSi inarCunebs.  

 2) parametris mniSvnelobaTa fiqsirebuli simravlisTvis oscilatoris 

qmedebis dro SegviZlia sinusoiduri rxevebis furies mwkrivebis meSveobiT  

davaxasiaToT. magaliTad, #1 oscilatorisaTvis SegviZlia CavweroT: 

 

1 1
1

( ) sin(2 )k k
k

x t B kf t 




                      (6.5-1) 
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sadac k dadebiTi mTeli ricxvia. Bk warmoadgens kf1 harmonikis Sesabamis amplitudas, 

xolo Фk mocemuli sixSiris Sesabamisi fazaa. aq mTavari momenti mdgomareobs imis 

daSvebaSi, rom gadaadgileba Sedgeba f1, 2f1, 3f1,...  sixSireebisa da B1, B2, B3,...  

amplitudebis mqone perioduli moZraobebisagan. osciliatori # 2 ase SegviZlia 

gamovsaxoT:  

 

2 2
1

( ) sin(2 )j j
j

x t C jf t 




                     (6.5-2) 

 

Tu f1 da f2 sixSireebi fardobiTi  f2/f1= p/q sixSiris Tanazomadia, maSin f1-is p 

rigis harmonika (anu pf1) igivea, rac f2-is q rigis (pf1=qf2) harmonika. vinaidan 

oscilatorebi erTimeoresTan urTierTqmedeben, toloba niSnavs, rom f2-is q rigisa 

da f1-is p rigis harmonikebma SesaZloa rezonansuli efeqti gamoiwvion.   

(SeniSneT, rom Tu qf2=pf1, maSin iarsebebs gadafarvadi sixSireebis usasrulo 

raodenoba, romelTaTvisac nqf2=npf1 rodesac n=1, 2, 3,... Tu sixSireebi 

araTanazomadia, maSin arc erTi harmonika erTmaneTs ar daemTxveva da Sesabamisi 

rezonansic ar moxdeba).  

amrigad, sixSireTa sinqronizacias adgili aqvs yovelTvis, rodesac 

harmonikebis rezonansuli urTierTqmedeba sWarbobs oscilatorebis tendencias 

sixSireebis cvlilebisaken (aseve aawrfivobiT gamowveuls). aseT situaciaSi unda 

velodoT, rom rodesac erT-erTi sixSire (vTqvaT, sistemaze moqmedi oscilatoris 

f1 sixSire) icvleba arawrfivobis mudmivi maCveneblis pirobebSi,  maSin f1-is 

mniSvnelobebis garkveuli diapazonisaTvis sixSireebis sinqronizacias adgili eqneba, 

xolo Semdeg isini an arasinqronizebuli (araTanazomadi) xdebian, an adgili eqneba 

`gadaxtomas~ f1-is axali mniSvnelobis Sesabamis mTeli ricxvTa fardobaze. aseve 

unda vivaraudoT, rom Tu p/q wiladSi p da q mcirea, magaliTad 1/2 an 2/3, magram 

ara 17/19, maSin sixSireTa sinqronizaciis aRZvrisaTvis f1-is Sesabamisi diapazoni 

ufro didi iqneba, vidre es p –sa da q –s (kvlav vuSvebT, rom yvela saerTo 

gamyofi Sekvecili gvaqvs) didi mniSvnelobebis SemTxvevaSi gveqneboda. amis mizezi 

imaSi mdgomareobs, rom dabali harmonikebis Sesabamis moZraobaTa amplitudebi (k–sa 

da j-s mcire mniSvnelobebi 6.5-1 da 6.5-2 gamosaxulebebSi) metia ufro maRali 

harmonikebis Sesabamis amplitudebTan SedarebiT  (magram ara yovelTvis). amrigad, 

Tu f1-is pirveli rigis harmonika igivea, rac f2-is meore rigis harmonika anu Tu 
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f1=2f2, maSin oscialtorebs Soris ufro Zlier urTierTqmedebas unda velodoT, 

vidre 17f1=19f2-is SemTxvevaSi (rodesac, mxolod me-17, da me-19 da ufro maRali 

harmonikebs Soris urTierTqmedebas aqvs adgili). miuxedavad imisa, rom es argumenti 

maincdamainc myari ar gaxlavT, igi bevr sistemaSi mainc realobas Seesabameba.  

      

6.6 naxvevTa ricxvi 

 

wina paragrafSi aRvniSneT, rom perioduli Tu kvaziperioduli qmedebis  

Sesabamisi fardobiTi sixSire qmedebis mTavari ganmsazRvreli faqtoria. Cven 

SemdgomSi gamoviyenebT or gansxvavebul fardobiT sixSires. pirveli maTgani 

tradiciulad Ώ–Ti aRiniSneba da mas sixSireTa fardobis parametrs vuwodebT, 

radgan igi gansazRvravs ori iseTi f1 da f2 sixSiris fardobas, romlebic Tavs iCenen 

usasrulod mcire arawrfivobebisa da ori oscilators Soris usasrulod mcire 

uerTierTkavSiris pirobebSic ki. konkretuli magaliTia milevadi qanqara 

sinusoiduri gareSe Zalis SemTxvevaSi. qanqara marTulia gareSe kuTxuri momentis 

mier, romelic droSi icvleba sinusoidurad f1 sixSiriT. f2 iyos qanqaras mcire 

amplitudiani rxevis sixSire,  f2=(1/2π)√g/L.  

gamosaxuleba 

2

1

f

f
                                   (6.6-1) 

 

gvaZlevs am ori sixSiris fardobas 

 

 

 

qanqaras rxevebis amplitudis zrdasTan erTad misi rxevis sixSire iklebs, rac 

tipiuri arawrfivi oscilaoris SemTxvevaa. pirveli rigis harmonika aRvniSnoT  f2‘–

iT. f2‘–isa Sefardebas f1‘–Tan naxvevTa ricxvi (an brunvis ricxvi) ewodeba.      

'
2

1

f
w

f
                               (6.6-2) 

 

termini naxvevTa ricxvi gamoiyeneba mdgomareobaTa sivrceSi miRebul suraTze 

dayrdnobiT, rodesac saxezea  traeqtoriebis daxveva Toris garSemo. Tu w 
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racionaluri ricxvia, miviRebT periodul moZraobas da traeqtoria sakuTar TavSi 

iqneba Caketili. Tu ω iracionaluri ricxvia, moZraoba kvaziperiodulia da 

traeqtoria Toris mTel zedapirze, sakuTari Tavis zusti gameorebis gareSe 

gadaadgildeba. 

 Tu yuradRebas gavamaxvilebT puankares kveTebze, naxvevTa ricxvebi da 

fardobiTi sixSireebi, romlebic erTmaneTisagan mTeli ricxviT gansxvavdebian, 

puankares erTsa da imave kveTas mogvcemen. amrigad, Ώ-sa da w-s nebismieri mTeli 

nawilis gadagdeba zogjer sasargebloa, anu Cven ricxvis wiladur nawils viRebT. 

maTematikuri terminologiis mixedviT, Cven Ώ-sa da w-s modulo 1-iT gamovsaxavT. 

magaliTad, 2.3 modulo [1] =0.3, xolo 16.77 modulo [1] =0.77. zogadad, a[b]=N_a/b, 

sadac N, Nb≥a-is pirobis damakmayofilebeli umciresi mTeli ricxvia. mTeli 

nawilis gadagdebas (damrgvalebas) imitom vanxorcielebT, rom puankares saboloo 

kveTa erTnairad gamoiyureba, rodesac naxvevTa ricxvi 0.3, 4.3, an 1731.3 

mniSvnelobebs Rebulobs. mas Semdeg, rac gansakuTrebul yuradRebas puankares 

kveTebs davuTmobT, naxvevTa ricxvs modulo 1-s SevusabamebT. 

 

   

6.7 wriuli asaxva 

 

amjerad wina paragrafSi gamoyenebul meTodikas sixSiris sinqronizaciis 

movlenis aRmwer maTematikur modelze dakvirvebiT ufro davakonkretebT. es modeli 

qaosisken mimavali kvaziperioduli gzis gamokvlevis standartuli saSualebaa. igi 

iyenebs erTganzomilebiani iteraciuli asaxvebis analogiuri sqemas. Tumca, amjerad 

iteraciuli cvladi wreze traeqtoriis mdebareobis ganmsazRvreli kuTxis sazomia. 

Tu mdgomareobaTa sivrcis cvladTa masStabebi gonivruladaa SerCeuli, maSin Toris 

SemTxvevaSi kveTis wertilebi puankares sibrtyeze wrewirze ganlagdeba. ra Tqma 

unda, fizikuri sistemisa da diferencialur gantolebebze agebuli bevri 

modelisTvis Toris ganivkveTa wriuli formisa ver iqneba. Tumca am SemTxvevaSic ki 

SegviZlia ganivkveTze traeqtoriis mdebareobis gansazRvrisTvis kuTxis gamoyeneba 

(ix. naxazi 6.4). srulfasovani msjelobisTvis Toris ganivkveTis formis detalebi 

ar aris mniSvnelovani. amitom maqsimalurad martivi gziT vivliT da wriul 

ganivkveTs gamoviyenebT.   

 



 280 

naxazi 6.4. puankares ori saxis kveTa Toris 

zedapirze moZraobis SemTxvevaSi.  marcxniv kveTa 

(TiTqmis) wriulia, marjvniv -ara. orive SemTxvevaSi 

ganivkveTze traeqtoriis mdebareobis dasadgenad 

cvladi kuTxis gamoyeneba SegviZlia.  

 

aseTi tipis iteraciuli asaxva Semdegnairad SegviZlia gamovsaxoT    

1 ( )n nf                              (6.7-1) 

sadac f(θ) funqcia θ kuTxis mimarT periodulia. traeqtorias (an orbitas) zustad 

erTganzomilebiani iteraciuli asaxvebis SemTxvevis analogiurad vsazRvravT, 

rodesac gvaqvs kuTxeebis θ1, θ2, θ3,.... mimdevroba.  

 θ kuTxis gazomva, rogorc wesi, xdeba ise, rom θ=1 wrewiris garSemo erT 

mTlian Semovlas Seesabameba. (6.7-1) gantolebaSi asaxvis θ cvladi modulo1 saxiTaa 

gamoyenebuli. kuTxeebi θ=0.7 da θ=1.7 wrewiris erTsa da imave wertils Seesabameba. 

 vidre qaosisken mimavali kvaziperioduli gzis SeswavlisTvis saWiro asaxvis 

funqcias ganvmartavT, ganvixiloT martivi SemTxveva, rodesac asaxvis f(θ) funqcia 

wrfivia: 

1 ( ) mod[1]n n nf                        (6.7-2) 

asaxvis operacia mdgomareobs  ubralod kuTxis wina mniSvnelobaze  Ώ sididis 

damatebaSi. amrigad, asaxvis operacia traeqtorias wris garSemo Ώ bijiT 

gadaaadgilebs. 6.5 naxazi aseTi wrfivi asaxvis or nimuSs gviCvenebs.  

 asaxvis funqciebisTvis naxvevTa ricxvis dasadgenad viTvliT Semdeg sidides: 

( )
0 0( )nf                            (6.7-3) 

 

aq θ cvlads modulo1-is gareSe viyenebT anu viTvliT kuTxur daSorebas n iteraciis 

Semdeg. asaxvisTvis naxvevTa ricxvi ganisazRvreba rogorc Semdegi Sefardebis 

zRvari: 

( )
0 0( )

lim
n

n

f
w

n

 



                       (6.7-4) 
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aq zRvari SemoRebulia imisaTvis, rom gamoiricxos nebismieri gardamavali stadia 

(Tuki aseTi ram arsebobs). (6.7-2) gantolebiT mocemuli wrfivi asaxvisTvis 

gardamavali stadiebi ar arsebobs.  

advilad saCvenebelia, rom (6.7-2)-iT gansazRvruli wrfivi asaxvisTvis w da Ώ 

erTi da igive sidideebia: 

 

 

naxazi 6.5. (6.7-2) wrfivi asaxvis Sesabamisi ori grafiki. θn+1 gamosaxulia rogorc 

θn-is funqcia. aq da momdevno sam naxazze θn+1=θn monakveTi naCvenebia aTvlis  

orientirisTvis. marcxniv Ώ=0.2, marjvniv ki Ώ=0.6. f(θ)=1-dan uecari naxtomi 0-ze 

θ modulo1-is Sedegia. traeqtoriis mdebareobis TvalsazrisiT ki fizikuri naxtomi 

ar gvaqvs.  

 

0 0lim
n

n
w

n

 


 
                        (6.7-5) 

 

rogorc qvemoT vnaxavT, arawrfivi asaxvis SemTxvevaSi w da Ώ gansxvavebulia. 

6.6 paragrafSi moyvanili mizezebis gamo, 0-sa da 1-s Soris arsebuli Ώ –s 

mniSvnelobebis diapazoniT unda SemovifargloT. Tu Ώ racionaluri ricxvia, maSin 

w-c racionaluri iqneba, xolo traeqtoria _ perioduli. Tu Ώ iracionaluri 

ricxvia, maSin traeqtoria kvaziperiodul saxes miiRebs.  

Cven ukve mzad varT zogjer ubralod wriul asaxvad wodebuli sinusoidur-

wriuli asaxvis SeswavlisaTvis. sinusoidur-wriuli asaxva arawrfivia. igi sinusis 

funqciisTvis damaxasiaTebeli arawrfivobiT gamoirCeva.  

 

 1 sin(2 ) mod 1
2n n n

K  
               (6.7-6) 
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K parametri (rodesac K>0) arawrfivobis sididis sazomia. rodesac K=0, wriuli 

asaxva (6.7-2) wrfiv asaxvamde daiyvaneba. 2π mniSvneli kuTxeebis [0,1] diapazonSi 

normirebisaTvisaa Semoyvanili. 

SeniSneT, rom (6.7-6)-is mixedviT, sinusoidur-wriuli asaxva me-5 TavSi 

ganxiluli ori makontrolebeli parametris mqone erTganzomilebiani iteraciuli 

asaxvebis umravlesobisgan gansxvavebulia: rodesac K=0,  Ώ warmoadgens naxvevTa 

ricxvs.  mas aseve SeiZleba sixSireTa fardobis parametric vuwodoT.  

K=1 Seesabameba saintereso cvlilebas asaxvis funqciisa da misi iteraciebis 

qmedebaSi. K>1 SemTxvevaSi θn+1-is zogierT mniSvnelobas erTze meti θn winasaxe 

gaaCnia. (vambobT, rom K>1 SemTxvevaSi sinusoidur-wriuli asaxva Seqcevadi ar aris). 

 

 

naxazi 6.6. marcxniv gamosaxulia sinusoidur-wriuli asaxvis funqcia K=0.8 

mniSvnelobisTvis, marjvniv ki _ rodesac K=2.0. θn+1 warmoadgens θn cvladis 

funqcas, xolo Ώ=0.5. SeniSneT, rom K>1 SemTxvevaSi f(θ)-is zogierTi 

mniSvnelobisaTvis arsebobs  ori SesaZlo θ. ase rom, K>1 SemTxvevaSi sinusoidur-

wriuli asaxva ar aris Sebrunebadi. 

amrigad, erTganzomilebiani iteraciuli asaxvebis Sesaxeb Cveni warmodgenidan 

gamomdinare SegviZlia vTqvaT, rom iteraciuli asaxvis funqciam SesaZloa qaosuri 

qmedeba gamoiwvios. 6.6 naxazis mixedviT funqciis wyveta mxolod moCvenebiTia. 

rodesac kuTxis sidide 1-s aRemateba, mas 1-s gamovaklebT da naxazze gamosaxul 

ufro dabal Stos vubrundebiT.  

me-5 TavSi ganxilul iteraciul asaxvebTan dakavSirebiT ibadeba kiTxva: ras 

warmoadgenen sinusoidur-wriuli asaxvis fiqsirebuli wertilebi? fiqsirebuli 

wertilis mniSvnelobebi akmayofileben Semdeg gantolebas: 
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sin(2 )
2

K  


                            (6.7-7) 

anu, rac igivea, 

2
sin 2

K

 
                                (6.7-8) 

amrigad, Tu 

2K                                     (6.7-9) 

 

maSin wriuli asaxvisTvis erTi fiqsirebuli wertili mainc iarsebebs. mniSvnelovani 

Sedegi ki isaa, rom fiqsirebuli wertilebi K-sa da Ώ-s mxolod garkveuli 

kombinaciebis SemTxvevaSi daikvirvebian. Tu fiqsirebuli wertilebi arseboben, maSin 

maTSi gansazRvruli asaxvis funqciis warmoebulis (anu maT midamoSi traeqtoriebis 

qmedebis) SeswavliT maTi stabilurobis sakiTxsac gavarkvevT: 

 

 

naxazi 6.7. marcxniv gamosaxulia sinusoidur-wriuli asaxvis funqcia K=0.5 da 

Ώ=0.04 mniSvnelobebis SemTxvevaSi. grafikuli iteraciis meTodi gviCvenebs, rom 

traeqtoriebi daaxloebiT θ=0.1 mniSvnelobis mqone stabiluri wertilisaken 

miiswrafvian. θ=0.4 mniSvnelobis maxloblad fiqsirebuli wertili arastabiluria. 

marjvena mxares K=0.5 da Ώ=0.95. am SemTxvevaSi asaxvas stabiluri fiqsirebuli 

wertili θ=0.9 mniSvnelobaze, xolo arastabiluri _ θ=0.6 mniSvnelobis 

maxloblad gaaCnia.  

 

1 cos 2
df

K
d



                            (6.7-10) 
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amrigad, Tu K imdenad didi xdeba, rom warmoebulis mniSvneloba 1-s aRemateba, 

maSin fiqsirebuli wertili (Tuki igi arsebobs) SesaZloa arastabiluri iyos. 

sinusoidur-wriuli asaxvis θ* fiqsirebuli wertili stabiluri iqneba, Tu 

0<Kcos2πθ*<2. sxva SemTxvevaSi fiqsirebuli wertili arastabiluria.  

sinusoidur-wriuli asaxvis Tvisebebis kargad gaazrebis mizniT SeviswavloT 

misi fiqsirebul wertilebi K<1 SemTxvevaSi. irkveva, rom sinusoidur-wriuli 

asaxvis fiqsirebuli wertilebi Ώ-s garkveul diapazonisaTvis gvaZleven 0:1, 1:1, 2:1 

fardobis Sesabamis sinqronizebul sixSireebs. (6.7-9) pirobis Tanaxmad, K-s 

konkretuli mniSvnelobisaTvis asaxvis funqcias gaaCnia stabiluri fiqsirebuli 

wertili Ώ-s mcire absolutur mniSvnelobaTa 0≤Ώ≤K/2π diapazonisaTvis. am 

diapazonis farglebSi naxvevTa ricxvi 0-is tolia da traeqtoriis sawyis θ 

mniSvnelobaze damokidebuli ar aris.  

siRrmiseuli analizisaTvis gamoviyenoT grafikuli iteraciis meTodi. 6.7 

naxazze marcxniv moyvanilia sinusoidur-wriuli asaxvis grafiki K=0.5 da Ώ=0.04 

mniSvnelobebisTvis. asaxvis grafikuli iteracia θ=0.55 mniSvnelobidan iwyeba. 

rogorc vxedavT, traeqtoriebi daaxloebiT θ=0.1 mniSvnelobis Sesabamis 

fiqsirebuli wertilSi iyrian Tavs. agreTve vxedavT, rom θ0.4-sTvis kidev erTi 

fiqsirebuli wertili arsebobs, romelic miiReba 0.5-dan pirveli fiqsirebuli 

wertilis mniSvnelobis gamoklebiT. aRsaniSnavia, rom meore fiqsirebuli wertili 

arastabiluria. 

Ώ-s mniSvnelobebis gansxvavebuli diapazonis SemTxvevaSi sixSireebis 1:1 

sinqronizacias miviRebT. Ώ 1 aucileblad unda gaviTvaliswinoT, rom kuTxeebs 

modulo1 principiT vzomavT. amrigad, SesaZloa gaCndes fiqsirebuli wertili, 

romelic akmayofilebs Semdeg pirobas: 

 

1 sin(2 )
2

K  


                       (6.7-11) 

 

aqedan miviRebT: 

 

1
2

K


                                   (6.7-12) 
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SeniSneT, rom am SemTxvevaSi 2πθ uaryofiTia, radgan θ 1.  

SevajamoT miRebuli Sedegebi: K-s fiqsirebuli mniSvnelobisTvis arsebobs Ώ-s 

mniSvnelobaTa ori diapazoni, romelsac Seesabameba sinusoidur-wriuli asaxvis 

fiqsirebuli wertilebis. pirveli diapazonia  0≤ Ώ≤ K/2π, Sesabamisad 0:1 sixSireTa  

sinqronizaciiT, xolo meore diapazoni ki -  1_K/2π≤Ώ≤1  - 1:1 sinqronizaciiT. 

amrigad, rodesac K 1-s, maSin Ώ mniSvnelobaTa is diapazoni, romlisTvisac adgili 

aqvs sixSiris sinqronizacias, izrdeba. Ώ mniSvnelobebis SedarebiT mcire diapazonis 

SemTxvevaSi gardamavali stadiebis dasrulebasTan erTad, θ-s mniSvneloba 

fiqsirebulia. Ώ-s ufro maRali mniSvnelobebis SemTxvevaSi ki iteraciis rigTan 

erTad θ-c matulobs. orTave diapazons Seesabameba erTi fiqsirebuli wertili 

puankares kveTaSi. Tu davuSvebT, rom wriuli asaxva warmogvidgens traeqtoriis 

moZraobis puankares kveTas mdgomareobaTa samganzomilebian sivrceSi mdebare Toris 

zedapirze, maSin SedarebiT mcire diapazoni Seesabameba traeqtoriebs, romlebic 

Toris mcire ganivkveTis irgvliv saerTod ar moZraoben. ufro maRali diapazoni 

Seesabameba im traeqtoriebs, romlebic Toris did ganivkveTSi TiToeuli ciklis 

SemTxvevaSi mcire ganivkveTs erTxel Semouvlian.  

 

amocana 6.7-1. aCveneT, rom aqamde stabilur fiqsirebul wertilebad miCneuli ori  

fiqsirebulu wertili marTlac stabiluria. agreTve darwmundiT, rom danarCeni 

ori fiqsirebuli wertili  arastabiluria.  

 

savarjiSo 6.7-2. daadgineT K-s is diapazonebi, romlebisTvisac adgili aqvs 

sixSireTa 2:1 da 2:2 sinqronizacias, rodesac Ώ>1-ze.  

 

amjerad gavamaxviloT yuradReba sixSireTa 1:2 sinqronizaciaze. 6.8 naxazis 

marcxena nawili warmogvidgens sinusoidur-wriuli asaxvis iteraciebs, rodesac 

K=0.8 da Ώ=0.5. aRsaniSnavia, rom traeqtoriebi sixSireTa 1:2 sinqronizaciis 

Sesabamisi ori mniSvnelobis ciklSi moiyrian Tavs. 6.8 naxazis marjvena nawili ki 

gviCvenebs, rom am ori ciklis mniSvnelobebi sinusoidur-wriuli asaxvis funqciis 

meore rigis iteraciis (stabilur) fiqsirebul wertilebs Seesabameba. advili 

SesamCnevia, rom K-s zrdasTan erTad Ώ mniSvnelobebis is diapazoni, romlebisTvisac 

sixSireTa 1:2 sinqronizacia daikvirveba, aseve izrdeba. miuxedavad imisa, rom 
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sixSireTa 1:2 sinqronizaciis Sesabamis diapazons analizurad ver vpoulobT, 

sasurvelia, K-s mocemuli mniSvnelobisTvis misi ricxviTi saxiT dadgena. am 

SemTxvevaSi ubralod vadgenT Ώ mniSvnelobebis iseT diapazons, romelic f(2)-sTvis 

fiqsirebul wertilebs gvaZlevs. magaliTad K=0.5 mniSvnelobisTvis, diapazoni 

daaxloebiT 0.491-dan 0.509-mde, xolo K=1.0 mniSvnelobisTvis diapazoni 

daaxloebiT 0.464-dan 0.562-mdea (±0.0005 sizustiT).  

im diapazonis ilustraciis mizniT, sadac sixSireTa sinqronizaciis sxvadasxva 

fardoba vlindeba, K– Ώ sibrtyeze ageben diagramas da im ubnebs moniSnaven, 

romlebic sixSireTa sinqronizacias Seesabameba.  

 

 

naxazi 6.8. marcxniv gamosaxulia sinusoidur-wriuli asaxvis funqcia, rodesac 

K=0.8 da Ώ=0.5. grafikuli iteraciis meTodi gviCvenebs, rom es mniSvneloba 

sixSireTa 1:2 sinqronizaciis Sesabamis traeqtorias iZleva. θ-s sawyisi mniSvneloba 

0.1-ia. marjvniv, moyvanilia sinusoidur-wriuli asaxvis funqciis meore rigis 

iteracia, romelic gviCvenebs, rom θ=0 da θ=0.5 mniSvnelobebis siaxloves 

mdebareobs stabiluri fiqsirebuli wertilebis Sesabamisi ori cikluri 

mniSvneloba.  

6.9 naxazi gviCvenebs sixSireTa 0:1, 1:2 da 1:1 sinqronizaciis Sesabamis 

diapazonebs. K-s zrdasTan erTad Ώ RerZis gaswvriv sixSireTa sinqronizaciis 

diapazonebi  farTovdebian, raTa Seavson zRvruli intervalebi. am diapazonebs rusi 

maTematikosis _ arnoldis sapativcemulod arnoldis enebs uwodeben [Arnold, 1983].  

momdevno magaliTis saxiT ganvixiloT iteraciebi, rodesac K=0.9 da Ώ=0.65. 

6.10 naxazze vxedavT, rom iteraciaTa Sedegad miviRebT sami wertilis cikls, 

romelic am SemTxvevaSi sixSireTa 2:3 sinqronizacias warmoadgens. naxazis marjvena 

nawilSi vxedavT, rom ciklis wertilebi f(3)-is stabilur fiqsirebul wertilebs 

Seesabameba.  
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6.10 da 6.8 naxazebis Sedarebis Sedegad vxedavT, Tu ratom mcirdeba q-s 

zrdasTan erTad Ώ-s mniSvnelobaTa is diapazoni, romlisTvisac sixSireTa p:q  

sinqronizacias aqvs adgili. Ώ-s cvlileba grafikis vertikaluri mimarTulebiT 

wanacvlebas Seesabameba. sixSireTa p:q sinqronizacias maSin vaRwevT, rodesac asaxvis 

funqciis q rigis iteracia 450-iani kuTxis mqone monakveTs zed edeba. q-s SedarebiT 

didi mniSvnelobebisaTvis funqciis rxeviTi nawilis amplituda klebulobs; amrigad, 

Ώ-s is diapazoni, romelSic mocemuli iteraciis Sesabamisi fiqsirebuli wertilebi 

arsebobs, Semcirebulia.  

 

naxazi 6.9. sinusoidur-wriuli asaxvisTvis 

sixSireTa 0:1, 1:2 da 1:1 sinqronizaciis 

diapazonebis sqema. arnoldis enebad wodebuli 

daStrixul diapazonebSi adgili aqvs sixSireTa 

sinqronizacias. yoveli mTeli dadebiTi p:q 

fardobisTvis iarsebebs sixSireTa sinqronizaciis 

diapazonebi. K=0 SemTxvevaSi, Ώ RerZis umetesi 

nawili kvaziperioduli qmedebiT aRiniSneba. K-s zrdasTan erTad sixSireTa 

sinqronizaciis diapazonebi farTovdeba. K=1 monakveTis zemoT sixSireTa 

sinqronizaciis diapazonebi erTmaneTis gadafarvas iwyebs, ramac SesaZloa qaosi 

gamoiwvios.  

 

 

 

naxazi 6.10. marcxniv moyvanilia sinusoidur-wriuli asaxva, rodesac K=0.9 da 

Ώ=0.65. θ-s sawyisi mniSvnelobaa 0.35. traeqtoria sixSireTa 2:3 sinqronizacias 

Seesabameba. marjvniv asaxvis funqciis mesame rigis iteracia gviCvenebs, rom cikluri 
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mniSvnelobebi 0.4-is, 0.65-isa da 0.98-is siaxloves mdebare  sam stabilur 

fiqsirebul wertils Seesabameba.  

gavarkvioT, Tu sixSireTa sinqronizaciis diapazonebi ratom farTovdebian K-s 

zrdasTan erTad. rodesac K 1, asaxvis funqciis Sesabamisi iteraciis grafiki 

ufro did rxevebs uCvenebs, rac imas niSnavs, rom asaxvis funqciis grafiki 450-iani 

monakveTis gadamfaravi rxevebisTvis Ώ mniSvnelobebis ufro didi diapazoni arsebobs. 

amrigad, arsebobs Ώ mniSvnelobebis ufro didi diapazoni, romelSic fiqsirebuli 

wertilebi mdebareobs. fizikuri TvalsazrisiT, K-s ufro didi mniSvnelobiT 

gamowveuli arawrfivobis zrda niSnavs, rom aRwerili fizikuri sistemis 

SemTxvevaSi rxevis sxvadasxva tipebs Soris ufro Zlieri kavSiri arsebobs. es ki 

parametris mniSvnelobis im diapazonis gafarToebas iwvevs, romlisTvisac sixSireTa 

sinqronizacias aqvs adgili.  

 

amocana 6.7-3. ganixileT sixSiris sinqronizaciis Sesaxeb 6.2 paragrafSi moyvanili 

argumentebi da daamtkiceT, rom 6.10 naxazze gamosaxuli cikli marTlac sixSireTa 

2:3 sinqronizacias Seesabameba da ara 1:3-s. SeadgineT sinusoidur-wriuli asaxvis 

grafikuli iteracia K=0.9 da Ώ=0.34 mniSvnelobebisTvis da darwmundiT, rom 

parametris am mniSvnelobebisTvis sixSireTa 1:3 sinqronizacias aqvs adgili. 

 

sinusoidur-wriul asaxvasTan dakavSirebul qmedebaTa tipebis Sesaxeb 

warmodgenis gafarToebisTvis 6.11 naxazze gamovsaxeT (6.7-3)-is saSualebiT 

gamoTvlili naxvevTa ricxvi, rogorc Ώ parametris funqcia, rodesac K=1.0. aq 

advili SesamCnevia `platoebi~ (magaliTad Ώ=1/2-is maxloblad), sadac Ώ –s 

sagrZnoblad did diapazonisaTvis w ar icvleba. SegiZliaT aCvenoT, rom K–s 

zrdasTan erTad es platoebi farTovdebian, vidre isini ar Seavseben Ώ=0 da Ώ=1 

mniSvnelobebs Soris arsebul intervals. maT sixSireTa sinqronizaciis safexurebi 

ewodeba, radgan am SemTxvevebSi naxvevTa ricxvi racionaluri wiladia (magaliTad, 

1/3 an 2/7). vambobT, rom `reaqciis sixSire~ ( f2) `mamoZravebel sixSiresTan~ (f1) 

racionalurad aris dakavSirebuli. 
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naxazi 6.11. (6.7-3) gantolebis mixedviT gansazRvruli sinusoidur-wriuli asaxvis 

Sesabamisi naxvevTa ricxvi, rogorc  Ώ parametris funqcia K=1.0 mniSvnelobisaTvis. 

aRsaniSnavia, rom sixSireTa sinqronizaciis platoebi ar icvlebian Ώ-s sakmaod didi 

diapazonisaTvis. es platoebi qmnian e.w. eSmakis kibes. 

 

sixSireTa sinqronizaciis ramdeni plato arsebobs Ώ=0 da Ώ=1 mniSvnelobebs 

Soris? aRmoCnda, rom aseTi platoebis usasrulo raodenoba gvaqvs! 0-sa da 1-s 

Soris arsebuli yoveli p:q racionaluri wiladisTvis arsebobs erTi plato. 

rodesac aseTi racionaluri wiladebis usasrulo simravle gvaqvs, Sesabamisad 

iarsebebs platoebis Tu safexurebis usasrulo raodenoba. Tu warmovidgenT patara 

arsebas, romelic cdilobs w=0 mniSvnelobidan da w=1 mniSvnelobamde mocemuli  

`kibis~ safexurebis meSveobiT aZvres, vnaxavT, rom mas safexurebis usasrulo 

raodenobis gavla mouwevs. safexurebis mocemul simravles xSirad eSmakis kibes 

uwodeben.  

rogor unda ganvsazRvroT, sixSireTa sinqronizaciis centralur platoze w 

zustad racionaluri wiladis (magaliTad 1/2-is) tolia Tu ara? amis Semowmebas 

saboloo traeqtoriis wertilebis (gardamavali stadiebis dasrulebis Semdeg) 

grafikulad gamosaxvis meSveobiT SevZlebT. magaliTad, Ώ-s nebismieri 

mniSvnelobisTvis centralur safexurze traeqtoriis zustad ori wertili unda 

arsebobdes, radganac 2f2=f1. Ώ_s im mniSvnelobebisTvis, romlebic ar Seesabameba 

sinqronizaciis platos, traeqtoriis mniSvnelobebi sabolood Seavsebs srul mruds 
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(modreife rgols) θn+1–isa da θn–is damokidebulebis grafikze. 6.12 naxazi gviCvenebs 

sinusoidur-wriuli asaxvis grafikuli iteraciis Sedegebs parametrTa im 

mniSvnelobebisaTvis, rodesac adgili aqvs  kvaziperiodul qmedebas. 

 

6.8 eSmakis safexurebi da feiris xe 

 

am paragrafSi ganvixilavT sinusoidur-wriul asaxvasa da ricxvTa Teoriis 

Soris arsebul zogierT damaintrigebel kavSirs. erTi SexedviT SesaZloa ucnaurad 

mogveCvenos, Tu ra wvlili unda Seitanos ricxvTa Teoriam  dinamikis ganviTarebaSi. 

 

 

 

naxazi 6.12. sinusoidur-wriuli asaxvis grafikuli iteracia, rodesac K=0.5 da 

Ώ=0.6180339, θ0=0.35. qmedeba kvaziperiodulia (ar gvaqvs sixSireTa sinqronizacia). 

traeqtoria sabolo jamSi θ-s  mniSvnelobaTa mTel diapazons Seavsebs.  

 

simboluri dinamikis Sesaxeb msjelobisas amgvar kavSirze ukve mivaniSneT, xolo 

amjerad sxva Sedegebsac ganvixilavT.  

wina paragrafSi moyvanili argumentis Tanaxmad, p-sa da q-s SedarebiT mcire 

mTeli mniSvnelobebis SemTxvevaSi sixSireTa sinqronizaciis ufro farTo platoebs 

unda velodeT. 6.11 naxazi am argumentis WeSmaritebas cxadyofs. kargi iqneba 

vicodeT, Tu rogor axdens aseT SedegTa interpretacias ricxvTa Teoria. 
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daimaxsovreT, rom es Sedegebi ver xsnis (fizikuri TvalsazrisiT), Tu ratom 

aRiZvreba sixSireTa sinqronizacia (axsna mdgomareobs rezonanssa da sixSireTa 

arawrfiv wanacvlebas Soris `konkurenciaSi~), magram isini im mdgomareobis Secnobis 

saSualebas gvaZlevs, romelic sixSireTa sinqronizaciisas TiTqmis yovel sistemaSi 

daikvirveba.   

aucileblad gaiTvaliswineT, rom p/q wiladis mniSvnelis zrdasTan erTad 

sixSireTa sinqronizaciis paltoebis sigrZe (Ώ RerZis gaswvriv)  klebulobs. 

magaliTad, w=1/4 SemTxvevaSi w=1/3 mniSvnelobasTan SedarebiT plato ufro moklea 

(sinusoidur-wriuli asaxvisas mocemuli q-Tvis, magram gansxvavebul p-ebze nebismier 

paltos erTi da igive sigrZe gaaCnia). 

 

 

naxazi 6.13. `feiris xis~ konstruqcia, romelic alagebs racionalur ricxvebs 0-sa 

da 1-s Soris.  

ricxvTa Teoriidan  viciT, rom racionalur wilads, romelic imyofeba or 

racionalur p/q da p’/q’ wiladebs Soris,  umciresi mniSvneli eqneba. (magaliTad, 

ixileT Wright & Hardy, 1980): 

 

'

'

p p

q q



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vinaidan mniSvneli sixSireTa sinqronizaciis platos zomas akontrolebs, unda 

velodoT, rom am wiladis Sesabamisi plato Cvens mier aRmoCenil p/q da p’/q’ Soris 

mdebare platoebs Soris udidesi iqneba.  

rogorc viciT, nebismier or racionalur wilads Soris sxva racionaluri 

wiladebis usasrulo raodenobaa. amgvarad, sixSireTa sinqronizaciis nebismier or 

platos Soris sinqronizaciis sxva platoebis usasrulo raodenoba iarsebebs. ufro 

didi mniSvnelebis SemTxvevaSi ki sixSireTa sinqronizaciis platoebi Ώ RerZis 

gaswvriv imdenad mcire sididisaa, rom maTze dakvirveba SeuZlebelia.  

davalagoT 0-sa da 1-s Soris arsebuli yvela racionaluri wiladi mzardi 

mniSvnelebis mixedviT. Sedegad 6.13 naxazze naCveneb e.w. feiris xis sqemas miviRebT. 

Tu feiris xes `SevuyvebiT~, SevniSnavT, rom yoveli axali wiladi miRebulia im 

racionaluri wiladebis mricxvelebisa da mniSvnelebis Sekrebis Sedegad, romlebsac 

Sesabamisi `Sto~ uerTdeba. TiToeul horizontalur fenaSi wiladebs toli 

mniSvnelebi aqvT da sinusoidur-wriuli asaxvis SemTxvevaSi erTi da igive zomis 

mqone  sixSireTa sinqronizaciis platoebs Seesabamebian. xeze TandaTan zemoT 

“acocebasTan erTad platos zoma klebulobs.  

am diagramidan garkveviT Cans wesi, romlis mixedviTac platoebi Ώ-s funqciis 

saxiT gvevlinebian. magaliTad, w=1/4 da w=1/2 platoebs Soris w = 2/7, 1/3, 3/8, 

2/5 da 3/7 platoebs vxvdebiT. platoebi zomebis mixedviT Semdegnairad arian 

ganlagebuli: 1/3, 2/5, 2/7 da 3/7, 3/8. SeniSneT, rom feiris xe platoebis ganlagebis 

wessa da fardobiT zomebs gviCvenebs, magram safexurebis zomis Sesaxeb verafers 

gveubneba. es zoma arawrfivobis K maCveneblis mniSvnelobazea damokidebuli. feiris 

xis universaloba sixSireTa sinqronizaciis momcveli qmedebis universalobaze 

migvaniSnebs. aseT universalobas Cven 6.10 paragrafSi SevxvdebiT. 

 

amocana 6.8-1. gamoiyeneT 6.11 naxazze warmodgenili sixSireTa sinqronizaciis 

safexurebi da SeamowmeT wina paragrafSi moyvanili mtkicebulebebi.  

  

analizuri midgoma sixSireTa sinqronizaciasa da feiris xes Soris kavSiris mimarT  

 

moviyvanoT  iseTi argumenti, romelic ufro cxadi saxiT gvaCvenebs feiris 

xesa da sixSireTa sinqronizaciis platoebs Soris kavSirs ([Schuster, 1995] 

mixedviT). vTqvaT, zogierTi Ώ = Ώ1 mniSvnelobisas arsebobs w=p/q sixSireTa 
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sinqronizacia (kvlav vuSvebT, rom wiladi umartives formamdea dayvanili). 

sixSireTa sinqronizaciis kidev erTi meTodi aseTia: wriuli asaxvis fΏ1funqciis q-

rigis iteraciis Sedegi aRvniSnoT Semdegnairad: 

 

1

( )
( )

q
pf  


                                 (6.8-1) 

 

anu asaxvis funqciis q-iteraciis Sesabamis kuTxes kuTxis sawyis mniSvnelobaze p-s 

damatebiT vRebulobT. Ώ-ze cxadi saxiT damokidebulebis gamoxatvis mizniT f 

funqcias qveda indeqsi davumateT. vTqvaT, Ώ-s raime ufro didi mniSvnelobisaTvis 

arsebobs w =p'/q ' wiladis Sesabamisi sixSireTa sinqronizacia anu 

 

( ')

2
( ) '

q
pf  


                                 (6.8-2) 

 

formalurad SevkriboT zemoT moyvanili ori iteracia. gveqneba: 

 

 
1 2

( ) ( ')
( ) '

q q
p pf f  

 
                           (6.8-3) 

 

(SeniSneT, rom ori sxvadasxva rigis iteracia Ώ-s gansxvavebul mniSvnelobebs 

iyenebs). SevecadoT, rom miRebuli Sedegi calkeuli Ώ=Ώ3 mniSvnelobis Sesabamisi  

q+q'-rigis erTjeradi iteraciiT gamovsaxoT. unda aRiniSnos, rom Tu am 

mniSvnelobis sapovnelad Ώ1-s gavzrdiT, miRebuli Sedegi  p+p'+θ-ze meti iqneba, 

radgan Ώ-sTan mimarTebaSi f(θ) funqcia monotonurad izrdeba. am problemis 

gadawyveta SesaZlebelia Ώ2-is Semcirebis gziT. amrigad Ώ1-is zrda da Ώ2-is 

Semcireba sabolood erTaderT  Ώ3  mniSvnelobamde migviyvans, romlisTvisac gveqneba: 

 

3

( ') ( ) 'q qf p p 
                              (6.8-4) 

 

naxazi 6.14. racionaluri wiladebisa da feiris xis 

ganawilebis mixedviT agebuli arnoldis enebis 

(sixSireTa sinqronizaciis areebis) eskizi. 
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Sualeduri are Ώ -s ufro mcire diapazons faravs, radgan misi mniSvneli ufro 

didia.   

 

miRebuli gamosaxulebis mixedviT, arsebobs Ώ1-sa da  Ώ2-s (sadac p'/q'-s Sesabamis 

sinqronizacias aqvs adgili) Soris mdebare Ώ3  mniSvneloba, romelic (p+p'/q+q') 

sinqronizacias Seesabameba. unda aRiniSnos, rom es aris feiris xis meSveobiT 

miRebuli racionaluri ricxvebis dalagebis wesi. 6.14 naxazi warmogvidgens aseT 

dalagebas arnoldis enebisaTvis.  

 

6.9 usasrulo wiladebi da fibanaCis ricxvebi 

 

Cven qvemoT ganvixilavT iseT SemTxvevebs, rodesac naxvevTa ricxvi 

iracionaluria (anu sistema ar uCvenebs sixSireTa sinqronizacias). kargi iqneba, Tu 

vipoviT raime gzas imisaTvis, rom ganisazRvros miaxloebiTi mniSvneloba mocemuli 

iracionaluri ricxvisa, warmodgenili rogorc racionaluri mimdevroba. erT-erTi 

aseTi gzaa usasrulo wiladebis meTodi. ganvixiloT konkretuli SemTxveva. 

iracionaluri ricxvi 

 

5 1
0.6180339...

2
G


                          (6.9-1)  

 

(xSirad `oqros kveTad~ wodebuli. Tu ratom, amas momavalSi ganvixilavT) 

SegviZlia Semdegnairad CavweroT: 

 

1
1

1
1

1
...

G 




                            (6.9-2) 

 

aq mravalwertili niSnavs, rom Cven usasrulod vagrZelebT mniSvnelSi 

wiladebis Seyvanas. Tu n raodenobis mniSvnelebiT SemovifarglebiT (anu n 

raodenobis wiladis xazi gvaqvs), maSin G-s n-rigis miaxloeba gveqneba, ramdenime 

sawyisi miaxloebaa: 
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                                 1

1
1

1
G    

 

2

3

4

5

1 1
1 21
1

1 2
1 31

1
1

1

3

5
5

8

G

G

G

G

 


 








                        (6.9-3) 

 

vityviT, rom racionaluri ricxvebis Gn mimdevroba krebadia G-Si, rodesac n _>∞. 

Gn-s G-s n rigis konvergenti ewodeba.  

SemoviRoT usasrulo wiladis Semdegi ori kompaqturi aRniSvna: 

 

0
1 2 3

0 1 2 3

1 1 1

( , , ...)

G a
a a a

a a a a

 
  

 
                    (6.9-4) 

 

G-sTvis a0=0 da an=1 nebismieri n>0-Tvis. 

zemoT moyvanili sqemis mixedviT vadgenT, rom  

 

  
1

1

1n
n

G
G 




                           (6.9-5) 

 

rodesac n _>∞, Gn–is mniSvnelobaTa mimdevroba miiswrafvis G -s zRvrul 

mniSvnelobisaken, romelic akmayofilebs Semdeg pirobas: 

 

1

1
G

G



                              (6.9-6) 

(6.9-6)-dan vRebulobT kvadratul gantolebas G-s mimarT: 
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2 1 0G G                              (6.9-7) 

amrigad G marTlac (6.9-1)-iT mocemuli sididea. 

 

savarjiSo 6.9-1. G ricxvs xSirad oqros kveTas uwodeben, radgan igi Semdegi 

geometriuli mosazrebidan gamomdinare miiReba: davyoT L sigrZis mqone monakveTi or 

(l1 da l2 sigrZis l1+l2=L) nawilad ise, rom l1/L da l2/l1 fardobebi erTmaneTis toli 

iyos. aRsaniSnavia, rom es fardoba (6.9-1)-T gansazRvruli G-s tolia. marTkuTxedi, 

romlis gverdebis sigrZeTa fardobac oqros kveTis tolia, vizualurad sakmaod 

STambeWdavia. yuradReba miaqcieT, rom literaturaSi zogjer oqros kveTas G-s 

Sebrunebul sidides (1/G=1.61803...) uwodeben. 

 

 albaT ukve SeamCnieT, rom Tu ukve miRebuli gvaqvs G1-isa da G2-is  

mniSvnelobebi, maSin G3, G4, G5... mimdevrobis miReba wina ori ricxvis mricxvelebisa 

da mniSvnelebis Sekrebis gziTac SegveZlo:   

 

1

2

3

4

5

1

1
1

2
1 1 2

1 2 3
1 2 3

2 3 5
2 3 5

3 5 8

G

G

G

G

G






 




 



 


                           (6.9-8) 

amgvari sqema ki feiris xis sqemas mohgavs.  

kidev erTi msgavs konstruqcia e.w. fibanaCis mimdevrobas iyenebs (fibanaCi, 

romelic pizeli leonardos saxeliTacaa cnobili, daaxloebiT 1200 wels, 

CrdiloeT afrikaSi, arabi mecnierebisgan ariTmetikas swavlobda. misma wignma Liber 

Abaci evropuli maTematikis ganviTarebaSi udidesi wvlili Seitana). fibanaCis 

mimdevroba sawyisi F0=0 da F1=1 mniSvnelobebisa da Semdegi rekurentuli furmulis 

gamoyenebiT ganisazRvreba: 

 

1 1n n nF F F                             (6.9-9) 
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anu mimdevrobis n-uri wevri ori wina wevris jamis tolia. amrigad, 0, 1, 1, 2, 3, 5, 

8, 13,... 0-sa da 1-ze damyarebuli fibanaCis mimdevrobaa. advili saCvenebelia, rom 

oqros kveTis i-uri miaxloeba Semdegnairad moicema: 

 

1
i

i

F
G

F 

                               (6.9-10) 

 

vxedavT, rom G mimdevrobis wevrTa mricxvelebi, iseve rogorc mniSvnelebi, fibanaCi 

mimdevrobis wevrebia.  

usasrulo wiladebi, rogorc es (6.9-4) gantolebebia,romlebic utoldebian 

mTel ricxvebs,  sakmaod martivi wiladebis meSveobiT warmoidginebian. Semdgom 

gamartivebas maSin aqvs adgili, rodesac a-s gansxvavebuli mniSvnelobebis mxolod 

sasruli raodenoba arsebobs da rodesac es mniSvnelobebi periodulad meordebian. 

usasrulo wiladi periodulad maSin iTvleba, rodesac   sruldeba Semdegi piroba  

 

m m ka a                                (6.9-11) 

 

zogierTi fiqsirebuli k-sTvis (wiladis periodad wodebuli) da zogierT M 

ricxvze ufro didi yvela m-isTvis usasrulo. perioduli wiladi warmoadgens 

iracionalur ricxvs, romelic mTeli koeficientebis mqone kvadratuli gantolebis 

amonaxsnis gziT SeiZleba gamoisaxos [magaliTad, gantoleba (6.9-7) G-sTvis]. 

samarTliania Sebrunebuli Teoremac: mTeli koeficientebis mqone nebismieri 

kvadratuli gantolebis amonaxsni periodulad usasrulo wiladis saxiT SeiZleba 

gamoisaxos. 

 

savarjiSo 6.9-2. aCveneT, rom qvemoT moyvanili usasrulo perioduli wiladebi 

mocemuli iracionaluri ricxvebis tolia: 

 

                              

1 1 1
( ) ... 2 1

2 2 2
1 1 1 1

( ) ... 3 1
1 2 1 2

a

b

 
  

 
   
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SeniSvna: (a)-s zogjer vercxlis Sualedsac uwodeben.  

 

amocana 6.9-3. nebismieri x ricxvis usasrulo wiladis meSveobiT warmodgena 

SegviZlia Semdegnairad ganvaxorcieloT: Tavdapirvelad ganvsazRvroT `udidesi 

mTeli funqcia~ y=INT(x), sadac y warmoadgens  x-ze nakleb udides mTel ricxvs. 

(6.9-4) warmodgena  miiReba a0=INT(x) pirobiT. SemoviRebT aRniSvnas b0=x_a0, Semdeg 

ki a1=INT(1/b0). Semdeg CavsvamT b1=(1/b0)_a1 da a2=INT(1/b1). sazogadod, an=INT(1/bn-

1) da bn=((1/bn-1)_an. algoriTmi manamde gagrZeldeba, vidre bn nulis toli ar 

gaxdeba. gamoiyeneT es meTodi, oqros kveTis, vercxlis kveTisa da π-s SemTxvevaSi. 

  

am paragrafSi moyvanili Sedegebis gamoyeneba mniSvnelovania kvaziperiodul 

dinamikaSi, radgan racionaluri ricxvebis mimdevrobebis meSveobiT, kvaziperioduli 

qmedebis Sesabamisi, sixSireTa iracionaluri fardobis miaxloebiTi saxiT 

warmodgenis saSualeba gveZleva. usasrulo wiladebis maTematikiT dainteresebuli 

mkiTxveli unda gaecnos [Wright da Hardy, 1980].  

 

6.10 qaosisa da universalobis Sesaxeb 

 

sixSireTa sinqronizaciis Sesaxeb warmodgenis Seqmnis Semdeg mzad varT, rom 

SevudgeT `qaosisaken mogzaurobas~ kvaziperioduli gziT. Tavdapirvelad yuradReba 

sinusoidur-wriul asaxvaze gavamaxviloT. sinusoidur-wriuli asaxvisTvis 

arawrfivobis kritikul mniSvnelobas K=1 SemTxvevaSi vaRwevT. ra aqvs 

gansakuTrebuli am mniSvnelobas? rodesac K<1,  f(θ)-s TiToeuli mniSvnelobisTvis 

arsebobs erTaderTi θ. am dros vambobT, rom asaxva Sebrunebadia anu θn+1 mocemuli 

mniSvnelobis meSveobiT misi  erTaderTi θn winasaxis povna SegviZlia. K>1 

SemTxvevaSi Sebrunebadoba ukve aRar arsebobs. am dros θn+1-is erTi da igive 

mniSvnelobis Sesabamisi ori an meti θn SesaZloa arsebobdes. es faqti qaoturi 

qmedebis SesaZleblobasTan aris dakavSirebuli, radgan igi qaosisTvis aucilebel 

wipirobas _ traeqtoriebis mokecvas iwvevs.  

K<1 SemTxvevaSi sinusoidur-wriuli asaxva gvaZlevs naxvevTa racionaluri 

raodenobiT gansazRvrul periodul  qmedebas (sixSireTa sinqronizacia) an saqme 

gvaqvs kvaziperioduli qmedebasTan, romelsac naxvevTa iracionaluri raodenoba 
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Seesabameba. rodesac K0, maSin Ώ RerZis is nawili, romelic sixSireTa 

sinqronizaciis safexurebs Seesabameba, aseve miiswrafvis nulisaken, anu Ώ-s TiTqmis 

yvela mniSvneloba kvaziperiodul qmedebasTan iqneba dakavSirebuli. K-s 1-Tan 

miaxloebisas sixSireTa sinqronizaciis safexurebi matulobs, xolo K=1-Tvis, 

rodesac SesaZlebelia qaosur qmedebas hqondes adgili, zemoT xsenebuli safexurebi 

Ώ RerZs mTlianad  ikavebs. 

K=1 SemTxvevaSi kvaziperioduli traeqtoriebis arseboba kvlav SesaZlebelia, 

oRond RerZis umcires nawilSi (kvaziperioduli qmedebis mier RerZze dakavebuli 

adgilis garkveva me-9 TavSi moyvanili fraqtaluri ganzomilebis cnebas moiTxovs. 

RerZis es nawili konkretuli wriuli asaxvisgan damoukidebelia da me-5 TavSi 

aRwerili erTganzomilebiani unimodaluri iteraciuli asaxvis funqciebis 

feigenbaumis universalobis analogiuri wriuli asaxvis Sesabamis universalur 

qmedebasTan gvaqvs saqme. RerZis am nawils globaluri universaluri maxasiaTebeli 

ewodeba, radgan igi Ώ RerZs mTlianad moicavs. K-s 0-Tan miaxlovebisas Ώ RerZis 

kvaziperioduli qmedebis Sesabamisi nawili, (JBB84)-Si moyvanili gamosaxulebis 

Tanaxmad, 1-s uaxlovdeba. 

 

(1 )qf c K                           (6.10-1) 

 

sadac c mudmivaa, xolo β≈.034 ki universaluri eqsponentaa wriuli asaxvebis 

farTo klasisTvis (rogorc qvemoT vnaxavT, asaxvaTa klasebi asaxvis funqciebis 

geometriuli maxasiaTeblebis safuZvelze ganisazRvreba). 

 K>1 SemTxvevaSi Ώ-s zogierTi mniSvneloba Seesabameba qaoss. am dros (6.7-3)-

is meSveobiT gansazRvruli naxvevTa ricxvi, ganmartebaSi gamoyenebuli zRvris 

ararsebobis gamo, ver ganisazRvreba. Ώ-s sxva mniSvnelobebi sinqronizebul 

sixSireTa momcvel qmedebas Seesabameba. areebi, sadac qmedebis es ori tipi vlindeba, 

K _ Ώ diagramaze erTimeoreSia `gadaxlarTuli~. Tu kvaziperioduli qmedebisas  K 

erTze meti gaxda, maSin mosalodnelia qaosSi gadasvla. Tu Ώ iseTia, rom K=1 

mniSvnelobisaTvis qmedeba sixSireTa sinqronizacias moicavs, maSin K>1-sTvis qmedeba 

K-s gamudmebuli zrdis pirobebSi, sazogadod, periodul saxes SeinarCunebs.  

globalur niSnebTan erTad, garkveuli lokaluri universaluri Tvisebebic 

arsebobs (magaliTad, is Tvisebebi, romlebic Ώ-s mniSvnelobebis mcire diapazonSi 

vlindebian). mocemuli Tvisebebidan yvelaze sainteresoa Ώ-s is mniSvnelobebi, 
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romlebic naxvevTa ricxvebis garkveul mimdevrobas qmnian (K≤1-sTvis). yvelaze metad 

Seswavlilia naxvevTa ricxvebis is  mimdevroba, romelic (6.9-10)-iT mocemuli 

fibanaCis ricxvebis fardobebis mimdevrobebis oqros kveTis naxvevTa ricxvisaken 

miiswrafvis. imis saCveneblad, Tu rogor ganisazRvreba es universaloba, 

SemovitanoT Ώn(K)-s iseTi mniSvneloba, romelic oqros kveTasTan n rigis 

miaxlovebis tol naxvevTa ricxvs iZleva da traeqtoriaze θ=0-is Sesabamis 

wertilSi gadis.   

 

1

( ) n
n

n

F
K

F 

                           (6.10-2) 

 

[θ=0-ze yuradReba imitomaa ganaxvilebuli, rom K=1 mniSvnelobisTvis f(θ)-s 

kuTxuri koeficienti nulis tolia, rac me-5 Tavidan gamomdinare, cikls 

superciklad aqcevs]. (6.10-2) gantolebaSi fibanaCis ricxvebTan dakavSirebiT wina 

paragrafis aRniSvnaTa sistema gvaqvs gamoyenebuli. SemoviyvanoT masStabTan 

dakavSirebuli ori iseTi eqsponenta, romlebic me-5 TavSi ganxiluli iteraciuli 

asaxvebisTvis feigenbaumis α-sa da δ-s msgavsad wriuli asaxvisTvis mniSvnelovan 

rols asruleben. pirveli maTgani gvaZlevs Ώ-s mniSvnelobaTa sxvaobis fardobas, 

rodesac naxvevTa ricxvi oqros kveTis mniSvnelobisaken miiswrafvis: 
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1
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n n
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n n

K K
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             (6.10-3) 

 

meore sidide ki θ=0 wertilsa da ciklis uaxloes elements Soris dn manZilebs 

Soris fardobas gansazRvravs:  

 

1

( )
( ) lim

( )
n

n
n

d K
K

d K





                     (6.10-4) 

 

δ(K)-sa da α(K)-s mniSvnelobebis dadgena feigenbaumis ricxvebis (FKS82 da ROS82) 

gansazRvrisas gamoyenebuli parametrebis meSveobiT SeiZleba. rodesac K=1, 

sinusoidur-wriuli asaxvisTvis gveqneba: 
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( ) 2.83360

( ) 1.28857

K

K




 
 

                        6.10-5) 

 

K<1-sTvis α(K)=_G-1 da  δ(K)=_G-2, sadac G oqros kveTaa.  

sxva iracionaluri mniSvnelobebis Sesabamisi racionaluri wiladebis 

mimdevrobaTa meSveobiT gansazRvrul Ώ-s mniSvnelobaTa mimdevrobebisTvis δ(K)-sa da 

α(K)-s mniSvnelobebi gansxvavebulia (SHE82). Tumca, rodesac K=1, yoveli maTganis 

msgavsi formiT gamosaxva SesaZlebelia. gvaqvs Semdegi kritikuli mniSvnelobebi: 
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( )

a

b

K N

K N









 

 
                          (6.10-6) 

 

sadac a da b mudmivebia, romlebic iracionaluri ricxvis mimarT Zalian sust 

damokidebulebas amJRavneben. magaliTad, oqros kveTis a=2.16443..., da b=0.52687..., 

xolo vercxlis kveTisaTvis a=2.1748..., da b=0.5239... (SHE82). N sidide 

ganisazRvreba, rogorc iracionalur ricxvebis miaxloebiTi saxiT warmodgenisas 

gamoyenebuli naxvevTa racionaluri ricxvebis sxvaobaTa  fardoba. Tu Wi 

warmoadgens mimdevrobis  i-ur racionaluri ricxvs, maSin N-s eqneba Semdegi saxe: 

 

2 1

1

lim i i
i

i i

W W
N

W W









                   (6.10-7) 

 

oqrosa da vercxlis kveTebisaTvis igi TavisTavad iracionalur ricxvs utoldeba. 

 

amocana 6.10-1. aCveneT, rom f(p)(0) gvaZlevs sixSireTa p:q sinqronizaciis Sesabamisi 

traeqtoriis im  mniSvnelobas, romelic  uaxloesia  θ=0-Tan. 

 

amocana 6.10-2. daamtkiceT, rom K<1 SemTxvevaSi (6.10-2)-iT mocemuli  Ώ-s 

mniSvnelobaTa mimdevrobisTvis gvaqvs α= _ G-1 da  δ= _ G-2.  

 

savarjiSo 6.10-3. aCveneT, rom (6.10-6)Si moyvanili a da b mniSvnelobebi gvaZleven 

(6.10-5) Sedegebs.  
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yuradReba miaqcieT, rom me-5 Tavsa da F danarTSi feigenbaumis `standartuli~ 

mniSvnelobebi mxolod im erTganzomilebiani iteraciuli asaxvis funqciebisTvis 

gamoiyeneba, romlebic TavianT maqsimalur mniSvnelobaTa midamoebSi kvadratul saxes 

Rebuloben. sxva funqciebis SemTxvevaSi, δ(K)-sa da α(K)-s mniSvnelobebi 

gansxvavebulia. amrigad, maqsimalur mniSvnelobaTa midamoebSi funqciaTa  saxis 

mixedviT aseTi erTganzomilebiani asaxvebi sxvadasxva universalurobis mqone 

klasebad iyofian. analogiuri wesiT SegviZlia wriuli asaxvebis Sesabamisi  

universalurobis klasebis gansazRvra. wriuli asaxvebisTvis θ=0 gaRunvis wertilis 

midamoSi asaxvis funqcionaluri damokidebuleba K=1 SemTxvevaSi mJRavndeba 

(gaixseneT, rom gadaRunvis wertilSi meore rigis warmoebuli nulis tolia.) hum, 

valiniam da pirom (HVP90)  δ(K)-sa da α(K)-s gamoTvlis gziT asaxvaTa 

funqciebisTvis Seiswavles universalurobis klasebi.  

 

1 1( ) 2 2z zf                           (6.10-8) 

 

 

aq θ gansazRvrulia [_1/2, 1/2] intervalSia z parametri gadaRunvis `xarisxs~ 

akontrolebs. z=3 pirobebSi e.w. kubur gadaRunvasTan gvaqvs saqme da (6.10-8)-iT 

gansazRvruli asaxvis funqcia sinusoidur-wriuli asaxvis Sesabamis δ(K)-sa da α(K)-

s mniSvnelobebs iZleva.  
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naxazi. 6.15. bifurkaciuli diagrama sinusoidur-wriuli asaxvisTvis, rodesac Ώ=0.5. 

θ-s sawyisi mniSvneloba nulis tolia. aRsaniSnavia, rom K=1 kritikuli 

mniSvnelobis Semdeg qaosuri qmedeba ar mJRavndeba. SeadareT periodis gaormagebaTa 

mimdevrobebi da qaosuri areebis TanakveTebi me-5 TavSi warmodgenil 

erTganzomilebiani iteraciuli asaxvebis periodis gaormagebaTa mimdevrobebsa da 

qaosur diapazonTa TanakveTebs. 

 

 

 

naxazi. 6.16. bifurkaciuli diagrama sinusoidur-wriuli asaxvisTvis, rodesac 

Ώ=0.606661. aRsaniSnavia, rom K=1.0 mniSvnelobis qvemoT qmedeba kvaziperiodulia. 

K=1 mniSvnelobis midamoSi saxezea qaosuri qmedeba, romelsac pirdapir perioduli 

qmedebis diapazonSi gadavyavarT. K=1 mniSvnelobis zemoT ki periodis gaormagebebi 

da meti qaosi vlindeba. 

HVP90  δ(K)-sa da α(K)-s mniSvnelobebs z -is sxvadasxva mniSvnelobebisas iTvlis. 

ufro meti z -is SemTxvevaSi es mniSvnelobebi erTi SexeedviT α(K)= _1.0 da δ(K)= 

_4.11 mniSvnelobebs gluvad uaxlovdeba (didi z niSnavs, rom gadaRunvis wertilis 

midamoSi asaxvis funqcia Zalze brtyelia.) 

amocana 6.10-4. (a) aCveneT, rom sinusoidur-wriul asaxvas K=1 SemTxvevaSi θ=0 

moxris wertilis midamoSi kuburi tipis qmedeba axasiaTebs. (b) sad mdebareobs 

(6.10-8)-iT mocemuli f(θ)-s gadRunvis wertili? darwmundiT, rom z marTlac 

gvaZlevs gadaRunvis xarisxs. 
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 rogorc ukve avRniSneT, Tu sinusoidur-wriuli asaxvis naxvevTa ricxvs 

oqros kveTis iracionalur mniSvnelobas SevusabamebT, maSin qaosi K=1 mniSvnelobaze 

iCens Tavs. meores mxriv, rodesac sixSireTa sinqronizaciis areSi K=1 

mniSvnelobisaken miviswrafviT, qaosur qmedebas ver vamCnevT, vidre K sagrZnoblad 

ar gaizrdeba. qaotur qmedebaSi  gadasvla periodis gaormagebis mimdevrobis 

meSveobiT xdeba.  

 K=1 mniSvnelobis zemoT sinusoidur-wriuli asaxvisaTvis bifurkaciuli 

diagrama sakmaod rTuldeba. 6.15 6.16 naxazebze didi K-sa da Ώ-s ori mniSvnelobis 

(0.5 da 0.606661) Sesabamisi bifurkaciuli diagramebia gamosaxuli.  

 

 

naxazi. 6.17. liapunovis eqsponentis saSualo mniSvneloba, rogorc  K-s funqcia 

Ώ=0.606661 SemTxvevaSi. 6.16 naxazTan Sedareba gvaZlevs, rom kvaziperioduli 

qmedebis SemTxvevaSi liapunovis eqsponenta nulis tolia, xolo qaosuri 

qmedebisaTvis ki dadebiTi sididea. 

 

 am diagramebidan sami mniSvnelovani daskvna gamogvaqvs. 1) wertilTa 

gadafarvas K<1 SemTxvevaSi (kvaziperioduloba) sxva xasiaTi aqvs K >1-is Sesabamis 

qaosur areebSi arsebulTan SedarebiT. mkiTxvelma SesaZloa SeamCnios 

kvaziperioduli qmedebis zoluri struqtura da Seadaros igi qaosuri areebis 

`SemTxveviTi xasiaTis gabnevas~. 2) rogorc ukve aRvniSneT, Ώ=0.5 SemTxvevaSi K=1 

mniSvneloba Seesabameba sixSiris sinqronizacias. qaosuri qmedeba uSualod K=1 

mniSvnelobaze ki ar aRiZvreba, aramed mxolod K=1 mniSvnelobis zemoT; 3) 

diagramebi Ώ -s mniSvnelobaze SesamCnevad aris damokidebuli. qmedeba traeqtoriis 
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sawyis wertilzec aris damokidebuli. K>1 SemTxvevaSi arnoldis enebi erTmaneTs 

gadafaravs da gansxvavebulma sawyisma wertilebma SeiZleba sixSireTa 

sinqronizaciis gansxvavebuli fardobebi mogvces.  

 K>1 SemTxvevaSi traeqtoriis wertilTa gabnevis areebis qaosurobis 

Semowmebis mizniT traeqtoriis liapunovis (saSualo) eqsponenta unda gamovTvaloT. 

6.17 naxazi iZleva aseTi SemTxvevis ilustracias. K>1 qaosuri areebSi  liapunovis 

eqsponenta dadebiTia, xolo kvaziperioduli diapazonebi ki nulis tol 

mniSvnelobas iZleva. amrigad, Cven SegviZlia liapunovis eqsponenta kvaziperiodul 

da qaosur qmedebaTa gansxvavebisTvis gamoviyenoT.  

 

 

6.11 zogierTi gamoyeneba 

 

am paragrafSi gakvriT SevexebiT zogierT fizikur sistemas, romlebic 

Cveulebrividan qaosur mdgomareobaSi gadasvlisas kvaziperioduli gardamaval 

stadiebs gadian. sinusoidur-wriuli asaxva SesaniSnavi nimuSia imisa, Tu rogoria 

sistemis maxasiaTeblebi parametris kritikulze (K=1 sinusoidur-wriuli 

asaxvisaTvis)  naklebi mniSvnelobebis SemTxvevaSi. kritikul mdgomareobamde  

SesaZlebelia qmedebis orad ori tipi _ sixSireTa sinqronizacia da  

kvaziperioduloba. kritikuli mdgomareobis Semdgom ki SesaZloa qaosi aRiZras. 

Cveulebrivi diferencialuri gantolebebis mier aRwerili fizikuri sistemisTvis 

viciT, rom qaosi mdgomareobaTa sivrcis minimum samganzomilebian traeqtoriebs 

saWiroebs. K>1 SemTxvevaSic ki sinusoidur-wriuli asaxva kvlav wreze moZraobas 

aRwers, rac Tavis mxriv, organzomilebian mdgomareobaTa sivrceSi myofi zedapiris 

puankares sibrtyesTan kveTas Seesabameba. Tu puankares kveTa Cveulebrivi 

diferencialuri gantolebebis mier aRwerili sistemisTvis wrea (an sxva Sekruli 

konturi), maSin moZraoba kvaziperioduli iqneba. Tu qaosur qmedebasTan gvaqvs saqme, 

maSin puankares kveTa martivi mrudi aRar iqneba. amrigad, sinusoidur-wriuli 

asaxvis Sesabamis qmedebas `kritikuli~ mdgomareobis Semdgom (K >1) mimdinare 

movlenebis aRsawerad ver gamoviyenebT. kritikulobis zRvris miRma myofi are 

faqtiurad gamoukvlevelia, rogorc Teoriulad, ise praqtikuli TvalsazrisiT. 

qvemoT moyvanili SemTxvevebi umeteswilad, kritikuli zRvris qvemoT myof 
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sixSireTa sinqronizacias areebis da naxvevTa iracionaluri ricxvis Sesabamis 

kvaziperioduli qmedebis gavliT qaosSi gadasvlas emyareba.  

 

naxazi 6.18. reili-benardis periodulad modulirebuli eqsperimentis sqematuri 

diagrama. siTxis saxiT gamoyenebulia vercxliswyali. isrebiT aRniSnuli (B) 

magnituri veli konveqciur kameraTa RerZebis paraleluradaa mimarTuli. 

periodulad cvladi eleqtruli deni miemarTeba ori konveqciuri koWis gamyof 

fenaSi. punqtiri eleqtruli denis ZiriTad mimarTulebas aRniSnavs. 

 

aseT eqsperimentebSi naxvevTa sasurveli ricxvis SesanarCuneblad ori parametri 

mainc unda regulirdebodes. 

 

reili-benardis iZulebiTi konveqcia   

 

pirvel TavSi, lorencis modelis ganxilvisas, warmovadgineT reili-benardis 

xsnaris konveqcia. rogorc ukve aRvniSneT, Tu kameris qveda da zeda nawilebs Soris 

temperaturuli sxvaoba sakmarisad didia, konveqciuri koWebi rxevas iwyeben. 

qmedebis amgvar tips mdgomareobaTa sivrceSi zRvruli cikli aRwers. stevansma, 

heslotma da libhaberma (SHL85) reili-benardis eqsperimenti vercxliswyliT 

(amgvarad, mxolod ori konveqciuri koWaa) gavsebul patara kameraSi Caatares. maT 

konveqciuri kamerebis RerZis paraleluri 200 gausi daZabulobis Sesabamisi mudmivi 

magnituri veli gamoiyenes (naxazi 6.18). ori konveqciuri koWis gamyof vertikalur 

sibrtyeSi periodulad cvladi denis gatarebis Sedegad mecnierebma xsnaris nakadis 
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periodul modulacias miaRwies (gaixseneT, rom damuxtuli nawilakis siCqare 

magnituri velis perpendikularuladaa mimarTuli). SesaZlebelia periodulad 

cvladi denis sixSirisa da amplitudis varireba. wriuli asaxvis SemTxvevaSi, 

xsnaris Tavisufali rxevis sixSiris Sefardeba periodulad cvladi denis 

sixSiresTan Ώ-s, xolo cvladi denis amplituda ki K-s Seesabameba.  

sinusoidur-wriuli asaxvis msgavsad, cvladi denis amplitudaTa mcire 

mniSvnelobebis (10 miliamperze naklebi) SemTxvevaSi sistema arnoldis enebiT 

gamosaxul sixSireTa sinqronizaciasa da kvaziperiodul qmedebas amJRavnebs. 6.10 

paragrafSi aRwerili meTodis meSveobiT fardobiT sixSireTa simravlis oqros 

kveTisaken krebadobis miRwevis Sedegad, SHL-ma miiRo│δ(K)│=2.8±0.3. es mniSvneloba 

TanxmobaSia universalurobis prognozTan. mecnierebma vercxlis kveTaSi krebadi 

fardobiT sixSireTa mniSvnelobebis mimdevrobisaTvisac gansazRvres │δ(K)│-s 

mniSvneloba da miiRes, rom │δ(K)│=7.0±0.7. garda amisa, mecnierebma zustad qaosis 

zRvarze myofi kvaziperioduli areebis e.w. fraqtaluri ganzomilebac gamoikvlies, 

romelsac me-9 TavSi davubrundebiT. 

 

periodulad SeSfoTebadi gulis ujredebi 

 

cocxal sistemaTa umravlesoba arsebobas rxeviT qmedebas unda umadlodes. 

adamianSi aSkarad gamoxatuli rxeviTi movlenebia gulis ganmeorebadi feTqva da 

filtvebis regularuli sunTqva. amas garda bevri sxva rxevac arsebobs, magaliTad 

tvinSi eleqtruli signalebis regularuli rxevebi da daaxloebiT 24 saaTis 

periodis mqone mravali qimiuri rxeva (am ukanasknelT dReRamur ritmebamde 

mivyavarT). sulac ar aris gasakviri, rom daaxloebiT ukanaskneli 15 wlis 

ganmavlobaSi bevri mecnieri merxevi sistemebis qmedebis kvlevisas arawrfivi 

dinamikis meTodologiis gamoyenebas Seudga. cocxal organizmSi merxevi sistemebi 

erTmaneTTan da garemosTan urTierTqmedebs. amrigad, Cven unda velodoT sixSireTa 

sinqronizaciis, kvaziperiodulobisa da qaosis fenomenis maTTvis gamoyenebas. 
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naxazi 6.19. periodulad stimulirebadi gulis ujredis dinamikis modelirebisTvis 

gamoyenebuli wriuli asaxvis grafikebi. marcxniv moyvanilia kvaziperioduli 

qmedebis gamomwvevi pirobebi, marjvniv ki _ qaosuri qmedebisa. SeniSneT, rom 

marjvniv asaxvis funqcia Sebrunebadi ar aris da traeqtoriebis mokecvas iwvevs. 

[(GSB86, gv. 248-249)] dayrdnobiT. 

 

 am sistemebis SeswavlisTvis arawrfivi dinamikis gamoyenebis magaliTia 

makgilis universitetSi Catarebuli eqsperimentebis seria [Glass da Mackey, 1988] 

(GGB84) (GSB86). l. glasma da misma TanamSromlebma frinvelis Canasaxis gulis 

ujredis gamosayvanad perioduli saxis eleqtruli gareSe stimulacia gamoiyenes. 

sacdeli masala Sedgeboda Svidi dRis embrionisgan miRebuli ujredebis mcire 

nawilakebisgan (TiToeuli daaxloebiT 100 μm diametriT). zrdasruli frinvelis 

gulis analogiurad, TiToeuli nawilaki daaxloebiT 0.5 wamis periodis sixSiriT 

feTqavda. eqsperimentSi ujredis Sida eleqtrodis gavliT, eleqtrul pulsad 

gamoyenebuli gare stimulaciis amplituda da sixSire icvleboda. 

 eqsperimentis ZiriTadi Sedegebi TanxmobaSia sinusoidur-wriuli asaxvis 

qmedebis Sesabamis prognozTan. zomieri amplitudis mqone stimulaciis SemTxvevaSi,  

ujredebi arnoldis enebis analogiur sixSireTa sinqronizaciasa da kvaziperiodul 

qmedebas uCvenebdnen. didi amplitudis mqone stimulaciis pirobebSi ki periodis 

gaormagebis gavliT miRebuli qaoturi qmedeba iqna dafiqsirebuli. am 

eqsperimentebSi cvladis saxiT gamoyenebulia gulis ujredis Tanmimdevrul feTqvebs 

Soris arsebuli drois intervali. qaosuri qmedeba niSnavs, rom drois mocemul 

intervalebs amoucnobi perioduloba axasiaTebs. amgvari qmedeba Tvisobrivad kvlav 

didi K-s mqone sinusoidur-wriuli asaxvis Sesabamisi qmedebis msgavsia (ix. 6.15 da 

6.16 naxazebi).  
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 glasma da misma TanamSromlebma gulis ujredTa sistemis dinamikuri qmedebis 

modelireba wriul asaxvasTan kavSiris damyarebis meSveobiT SeZles: gare  

SeSfoTebebi spontanuri rxevis ciklis θ kuTxuri cvladiT mocemul garkveul 

fazaze aRiZvreba, sadac 0<θ<1. pulsis SeSfoTebis efeqti oscilatoris axal 

' fazur mniSvnelobaze 'gadasvlaSi gamoixateba: 

 

' ( )g                                 (6.11-1) 

 

sadac g funqcia mocemulia e.w. fazaTa gardamavali mrudiT. es ukanaskneli 

sistemaze moqmedi θ-s sxvadasxva mniSvnelobebis Sesabamisi calkeuli pulsis 

gamoyenebiT SeiZleba gaizomos.  

 rodesac sistema stimulis pulsebis perioduli mimdevrobis zemoqmedebas 

ganicdis, zustad n rigis pulsamde arsebuli spontanuri rxevebis faza 

Semdegnairia:  

 

1( )n ng                            (6.11-2) 

 

sadac Ώ spontanuri rxevebis sixSiris stimulis sixSiresTan fardobaa. es ki 

zustad wriuli asaxvaa. 6.19 naxazis marcxena nawilSi naCvenebia gulis ujredis 

monacemebis mixedviT gansazRvruli wriuli asaxvis grafiki parametrTa im  

diapazonSi, sadac kvaziperioduli qmedeba aRiZvreba. marjvniv parametrTa im 

diapazonis Sesabamisi grafikia gamosaxuli, sadac qaosuri qmedeba vlindeba. aSkaraa 

sinusoidur-wriul asaxvasTan dakavSirebuli Tvisobrivi msgavsebebi.  

 

 

komentarebi biologiuri modelebis Sesaxeb  

 

gulis ujredis SemTxveva araerT mniSvnelovan meTodologiur (da 

filosofiur) SekiTxvas badebs. ras niSnavs, rom frinvelis gulis ujredis dinamika 

wriuli asaxvis mier aris modelirebuli? es xom ar niSnavs, rom gulis ujredebSi 

arsebobs kompiuteris analogiuri raRac, romelic wriuli asaxvis swraf iteracias 

axdens da gansazRvravs am ujredTa qmedebas? 



 310 

 erTi mxriv SegviZlia vTqvaT, rom fizikur, qimiur, Tu biologiur merxev 

sistemebSi, Cven mier Seswavlili arawrfivi dinamikidan gamomdinare, bevr 

universalur Tvisebas unda velodoT. rodesac aseTi Tvisebebi wriuli asaxvis 

msgavsi, martivi maTematikuri sqemebiTaa aRwerili, kvlevis gagrZelebaSi kvlavac 

wriuli asaxva dagvexmareba. rogorc vnaxeT, arawrfivi sistemebis qmedeba Zalian 

rTulia da qmedebaTa sistematizaciisaTvis garkveuli meTodika gvesaWiroeba. amasTan, 

Cven SeviswavleT, rom periodis gaormagebiT gamowveuli gardamaval stadiaTa 

zogierTi tipi, romlebic daikvirvebian sixSireTa sinqronizacias, 

kvaziperiodulobasa da qaosur qmedebas Soris, damaxasiaTebelia modelTa farTo 

klasisaTvis.  amrigad, `realur~ sistemasTan dakavSirebiT nebismieri aseTi modeliT 

SegviZlia visargebloT.  

 meore mxriv gvsurs, rom Cveni modelebi `realurad~ gamoiyurebodes (anu 

miviRoT informacia, Tu ra xdeba `sinamdvileSi~ frinvelis gulSi). eqsperimentis 

realuri aRwera savaraudod gagvagebinebs (rasac wriuli asaxva ver moaxerxebs), Tu 

ra mosdis gare stimulaciis zegavlenis qveS myofi ujredis membranis eleqtrul 

potencialebs. wriuli asaxva ar gvaZlevs informacias, Tu ra emarTebaT 

sinamdvileSi gulis ujredebs da umjobesi iqneboda, Tuki mecnierebi ganaviTarebdnen 

ufro realistur meTodebs. 

sistemaTa Soris da sistemis farglebSi mimdinare bunebrivi biologiuri 

cvalebadoba (e.w. biologiuri xmauri) niSnavs, rom gulis ujredis erTi 

nawilakisTvis gamoyenebuli wriuli asaxva gansxvavebulia meore nawilakis an 

garkveuli drois Semdeg imave nawilakis Sesabamisi wriuli asaxvisgan. sistema 

cocxlobs, izrdeba da kvdeba, amasTan ganuwyvetliv icvleba.  

Cven ar SevewinaaRmdegebiT sistemis qmedebis realuri suraTis miRebis mizans, 

magram vityviT, rom wriuli asaxvis msgavsi gamartivebuli modelebis meSveobiT 

maTematikuri modelireba biologiuri sistemis Secnobis Sualeduri safexuria. Tu 

maTematikuri modeli swored da didi dozebiT moicavs dinamikis Tvisebebs, maSin es 

qmedebis SeswavlaSi did daxmarebas gagviwevs. miuxedavad amisa, is ver Secvlis 

realur models, romelic sistemis detaluri biologiuri meqanizmebis Secnobis 

saSualebas gvaZlevs.  

biologiuri sistemebi uamravi fizikosisa Tu qimikosis mier Seswavlil 

sistemebTan SedarebiT rTulia. sakvirveli iqneba, Tu vinme am sistemebis qmedebis 

Sesaxeb amomwurav raodenobriv informacias mogvawvdis. albaT yvelaze mniSvnelovani 
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aRmoCena is aris, rom biologiuri dinamika SedarebiT martivi sistemebis 

(biologiuri sazomiT) SemTxvevaSi ki, SeiZleba Tavisuflebis mcire doneebis 

mixedviT aigos. [Glass da Mackey, 1988] da [Winfree, 1980] biologiuri rxevebis 

zogierTi aspeqtis Seswavlis mizniT arawrfivi dinamikis gamoyenebis SesaniSnavi 

magaliTia.  

 

periodulad marTuli relaqsaciuri oscilatori 

 

kvaziperioduli qmedebis bolo nimuSia I danarTSi warmodgenili van der 

polis oscilatoris rxeva. van der polis gantolebis (I-4) amonaxsnebi spontanurad 

warmoqmnil zRvrul ciklebs aRwers, anu droisgan damoukidebeli Zabvis pirobebSi 

van der polis gantolebiT aRwerili eleqtruli wredi asrulebs periodul 

rxevebs. I danarTis Tanaxmad, van der polis modelis dinamikuri SesaZleblobebi 

SezRudulia. dinamikuri SesaZleblobebis diapazonis zrdas gantolebaSi kidev erTi 

wevris SemotaniT vaxerxebT. es wevri wredis periodul modulacias gamoxatavs. 

modulacias SesaZloa sxvadasxva saxe hqondes, magram rogorc wesi gant. (I-4)-is 

marjvena nawilSi SemohyavT perioduli `Zalis~ gamomxatveli wevri:   

 

2
2

2
( ) cos(2 )

d Q dQ
R Q Q F f

d d
 

 
                   (6.11-3) 

 

sadac F Zalis absoluturi sididea, xolo f rxevis sixSirea.  

 van der polis Zalovan oscilators STambeWdavi istoria aqvs. 1928 wels van 

der polma da van der markma (VAV28) es gantoleba guliscemisa da ariTmiad 

cnobili gadaxris zogierTi aspeqtis modelirebisTvis gamoiyenes. radiolokaciis 

ganviTarebisTvis gamoyenebuli eleqtruli oscilatorebis Seswavlis intensivobis 

zrdis magaliTia meri kartraitis da j. liTlvudis mier 1945 wels gamoqveynebuli 

maTematikuri Teoria van der polis Zalovani oscilatoris Sesaxeb (CAL45). 

aSkaraa, rom am mecnierebma miagnes iseT SesaZleblobebs, rasac Cven dResdReobiT 

qaosur gadawyvetas vuwodebT (ix. agreTve CAR48). n. levinsonma (LEV49) 1949 

wels msgavsi Sedegebi gamoaqveyna [s. smeili nalis asaxvaSi (SMA63), levinsonis 

naSromiT xelmZRvanelobda]. qaosuri qmedebis cnebad Camoyalibebamde, mis Sesaxeb 

SedarebiT Tanamedrove naSromi [Hayashi, 1964]-ia. aRmoCnda, rom mdgradi 
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(gardamavalTan SedarebiT) qaosuri moZraoba ufro advilad dakvirvebadia, Tu 

perioduli Zalis nacvlad `siCqaris~ (dQ/dτ-s Semcveli) wevris perioduli 

modulaciiT visargeblebT. aseTi modeli guldasmiT Seiswavla r. Soum (SHA81). 

cota xnis win abrahamma da simom gareSe Zalis mier marTuli van der polis 

sistemebi asimetriuli Zalovani elementebis (romlebSic qaosi ufro advilad 

vlindeba) pirobebSi Seiswavles.  

gareSe Zalebis mier marTuli relaqsaciuri oscilatorebis Teoriuli 

kvlevebis mokle ganxilvis Semdeg, kvlav eqsperiments davubrundeT. operatiuli 

gamaZliereblis mqone relaqsaciur oscilatorze perioduli modulaciis mierTebiT 

qamingma da linseim (CUL88) qaosisken mimavali kvaziperioduli gza detalurad, 

raodenobrivad Seiswavles. maT daaxloebiT arnoldis 300 enis mdebareobis dadgena 

SeZles da sinusoidur-wriuli asaxvis mosalodnel universalobasTan  konfliqtSi 

myofi Sedegebi miiRes. gansakuTrebiT aRsaniSnavia, rom oqros kveTasTan  

miaxloebuli naxvevTa ricxvis mimdevrobis meSveobiT miRebuli δ(K)-s mniSvneloba 

erTi da igive ki ar aRmoCnda, aramed or _3.3±0.1 da _2.7±0.2 mniSvnelobas Soris 

meryeobda. metic, fraqtaluri ganzomileba sinusoidur-wriuli asaxvis mixedviT 

mosalodnel mniSvnelobasTan TanxmobaSi ar imyofeboda.  

amgvari gadaxrebis axsna elstromma, kristiansenma da levinsenma (ACL88) 

SeZles. maT zogierT relaqsaciur oscilatorSi sixSireTa sinqronizaciasa da 

qaosSi gadasvlebs Soris sxvaobis saCveneblad `integrebisa da cecxlis~ modeli 

gamoiyenes. sinusoidur-wriuli asaxvis modelebSi qaosi Tavdapirvelad K=1 

mniSvnelobis SemTxvevaSi aRiZvreba, rodesac arnoldis enebi mTeli Ώ RerZis 

gadafarvis tendencias avlens. amrigad, sinusoidur-wriul asaxvas ori identuri 

gardamavali stadia gaaCnia. ACL amtkicebs, rom periodulad modulirebuli 

integrebisa da cecxlis tipis relaqsaciuri oscilatorisaTvis, romelic 

operatiuli gamaZliereblis mqone relaqsaciur oscilatorze ukeTesi fizikuri 

modelia, gardamaval stadiaTa ori tipi SeiZleba ganisazRvros da amitom is 

sinusoidur-wriuli asaxvis raodenobrivi Tvisebebis gamoyenebas ar saWiroebs. isini 

aseve amtkiceben, rom realur sistemaSi integrebisa da cecxlis meTodTan 

dakavSirebuli xarvezis gadafarva xdeba da qaosSi gadasvlis maxasiaTeblebis 

ricxviTi mniSvnelobebi sinusoidur-wriuli asaxvis mier navaraudevisgan didad 

gansxvavebuli ar iqneba (biologiuri oscilatorebisa da integrebisa da cecxlis 
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modelebis Sesaxeb dawvrilebiTi informaciisaTvis mimarTeT [Glass da Mackey, 

1988].)  

ukanaskneli SemTxveva gvarwmunebs, rom martivi modelebisgan bevrs arafers 

unda velodoT. sinusoidur-wriuli asaxva kvaziperiodul qmedebasTan dakavSirebiT 

Zalian gvexmareba, magram igi misi bunebis srul SesaZleblobebs ar moicavs. 

arawrfivi dinamikis araerTi sferos analogiurad, Cven SesaZleblobebis sruli 

kategorizaciisa da Secnobis deficits ganvicdiT. 

 

6.12 damatebiTi literatura 

 

qaosSi gadasvlis kvaziperioduli gzebi ganxilulia arawrfivi sistemebis 

Sesaxeb naSromTa umravlesobaSi. ixile 1-li Tavis bolos literaturis sia. 

gansakuTrebiT, ki [Berge, Pomeau, and Vidal, 1984] and [Schuster, 1995]. 
T. W. Dixon, T. Gherghetta, and B. G. Kenny, "Universality in the quasiperiodic route to 

chaos," Chaos 6, 32-42 (1996).  
 

 
adreuli kvlevebi arawrfivi oscilatorebisa da sixSireTa sinqronizaciis Sesaxeb 

 
B.  Van der Pol and J. Van der Mark, 'The Heartbeat Considered as a Relaxation 

Oscillation and an Electrical Model of the Heart," Phil. Mag. 6,763-75 (1928). 
M. L. Cartwright and J. E. Littlewood, "On Nonlinear Differential Equations of the 

Second Order. I. The Equation ÿ-k (1-y2) ỷ + y = bλk cos (λt+α), k Large," J. London Math. Soc. 
20,180-89 (1945). 

M. L. Cartwright, "Forced Oscillations in Nearly Sinusoidal Systems," J. Inst. Electr. 
Eng. 95, 88-96 (1948). 

N. Levinson, "A Second-Order Differential Equation with Singular Solutions," Annals of 
Mathematics 50, 127-53 (1949). 

C. Hayashi, Nonlinear Oscillations in Physical Systems (McGraw-Hill, New York, 1964; 
reprinted by Princeton University Press, 1985). 
 
sixSireTa sinqronizacia biologiur sistemebSi 

A. T. Winfree, The Geometry of Biological Time (Springer-Verlag, New York, 1980). 
L. Glass and M. C. Mackey, From Clocks to Chaos (Princeton University Press, 

Princeton, NJ, 1988). 
 
qaosSi gadasvlis kvaziperioduli gza 

 D.  Ruelle and F. Takens, "On the Nature of Turbulence," Commun. Math. Phys. 20, 
167-92 (1971). statiaSi pirvelad vxvdebiT terminebs `qaosuri~ da ucnauri 
mimzidveli  arawrfivi sistemebis dinamikis konteqstSi.  

S. E. Newhouse, D. Ruelle, and R. Takens, "Occurence of Strange Axiom A Attractors 
near Quasi-Perioidc Flows on Tm (m = 3 or more)," Commun. Math. Phys. 64, 35 (1978). 
gvawvdis qaosSi gadasvlis kvaziperioduli gzebi maTematikur safuZvels.   

L. D. Landau, "On the Problem of Turbulence," Akad. Nauk. Doklady 44, 339 (1944). 
English translation reprinted in [Hao, 1984].  

R. W. Walden, P. Kolodner, A. Passner, and C. Surko, "Nonchaotic Rayleigh-Benard 
Convection with Four and Five Incommensurate Frequencies," Phys. Rev. Lett. 53,242^5 (1984). 



 314 

 
wriuli asaxvebi 

V. I. Arnold, Geometrical Methods in the Theory of Ordinary Differential Equations 
(Springer, New York, 1983).  

Universal features for circle maps at the critical point but with a focus on the Golden 
Mean: 

S. Shenker, "Scaling Behavior in a Map of a Circle onto Itself: Empirical Results," 
Physica D 5,405-11 (1982). (Reprinted in [Cvitanovic, 1984].) 

M. J. Feigenbaum, L. P. Kadanoff, and S. J. Shenker, "Quasiperiodicity in Dissipative 
Systems: A Renormalization Group Analysis," Physica D 5, 370-86 (1982). (Reprinted in [Hao, 
1984].) 

D. Rand, S. Ostlund, J. Sethna, and E. Siggia, "Universal Transition from Quasi-
Periodicity to Chaos in Dissipative Systems," Phys. Rev. Lett. 49, 132-35 (1982). (Reprinted in 
[Hao, 1984].) 

M. H. Jensen, P. Bak, and T. Bohr, 'Transition to Chaos by Interaction of Resonances in 
Dissipative Systems I, II," Phys. Rev. A 30, 1960-69 and 1970-81 (1984). 

sxva iracionalur ricxvTa universaluri Taviseburebebis Sesaxeb ix.:  
P. Cvitanovic, M. H. Jensen, L. P. Kadanoff, and I. Procaccia, "Renormalization, 

Unstable Manifolds, and the Fractal Structure of Mode Locking," Phys. Rev. Lett. 55, 343^6 
(1985). 

S. Kim and S. Ostlund, "Universal Scaling in Circle Maps," Physica D 39, 365-92 
(1989). 
B. Hu, A. Valinai, and O. Piro, "Universality and Asymptotic Limits of the Scaling Exponents in 
Circle Maps," Phys. Lett. B144,7-10 (1990). 
 
ricxvTa Teoria da usasrulo wiladebi 

H. E. Huntley, 77ie Divine Proportion (Dover, New York, 1970). oqros kveTis 

Sesaxeb informaciis araCveulebrivi wyaro.  
[Wright and Hardy, 1980] 
H. S. Zuckerman, H. L. Montgomery, I. M. Niven, and A. Niven, An Introduction to the 

Theory of Numbers, 5th ed. (John Wiley, New York, 1991). 
A. Ya Khinchin, Continued Fractions (The University of Chicago Press, Chicago, 1992). 
 

van der polis gantoleba iZulebiTi wevriT 
S. Smale, "Diffeomorphisms with many periodic points," in Differential and 

Combinatorial Topology, (S. S. Cairns, ed.) (Princeton University Press, Princeton, NJ, 1963). 
R. Shaw, "Strange Attractors, Chaotic Behavior, and Information Flow," Z Naturf. 36a, 

80-112 (1981). 
R. H. Abraham and C. Simo, "Bifurcations and Chaos in Forced van der Pol Systems," in 

Dynamical Systems and Singularities (S. Pnevmatikos, ed.) (North-Holland, Amsterdam, 1986). 
 
qaosSi gadasvlis kvaziperioduli gzebis gamoyeneba 

 J. Stavans, F. Heslot, and A. Libchaber, "Fixed Winding Number and the Quasiperiodic 
Route to Chaos in a Convective Fluid," Phys. Rev. Lett. 55, 596-99 (1985). 

M. H. Jensen, L. Kadanoff, A. Libchaber, I. Proccacia, and J. Stavans, "Global 
Universality at the Onset of Chaos: Results of a Forced Rayleigh-Benard Experiment," Phys. 
Rev. Lett. 55,2798-801 (1985). 

L. Glass, M. R. Guevar, J. Belair, and A. Shrier, "Global Bifucations and Chaos in a 
Periodically Forced Biological Oscillator," Phys. Rev. B 29, 1348-57 (1984). 

L. Glass, A. Shrier, and J. Belair, "Chaotic Cardiac Rhythms," in Chaos (A. V. Holden, 
ed.) (Princeton University Press, Princeton, NJ, 1986). 



 315

S. Martin and W. Martienssen, "Circle Maps and Mode Locking in the Driven Electrical 
Conductivity of Barium Sodium Niobate Crystals," Phys. Rev. Lett. 56, 1522-25 (1986). 

S. Martin and W. Martienssen, "Small-signal Amplification in the Electrical Conductivity 
of Barium Sodium Niobate Crystals," Phys. Rev. A 34, 4523-24 (1986). 

P. Bryant and C. Jeffries, 'The Dynamics of Phase Locking and Points of Resonance in a 
Forced Magnetic Oscillator," Physica D 25, 196-232 (1987). 

M. Courtemancho, L. Glass, J. Belari, D. Scagliotti, and D. Gordon, "A Circle Map in a 
Human Heart," Physica D 40,299-310 (1989). 

qvemoTmoyvanili ori naSromi gvTavazobs eqsperimentis Sedegebs romlebic  

erTi SexedviT arRveven qaosSi gadasvlis ruel-Takensis kvaziperiodul scenars:  
A. Cumming and P. S. Linsay, "Quasiperiodicity and Chaos in a System with Three 

Competing Frequencies," Phys. Rev. Lett. 60,2719-22 (1988). 
P. S. Linsay and A. W. Cumming, 'Three-Frequency Quasiperiodicity, Phase Locking, 

and the Onset of Chaos," Physica D 40,196-217 (1989). 
Ees Sedegebi axsnilia Semdeg naSromSi: P. Alstrom, B. Christiansen, and M. T. 

Levinsen, "Nonchaotic Transition from Quasiperiodicity to Complete Phase Locking," Phys. 
Rev. Lett. 61,1679-82 (1988). 
 

6.13 kompiuteruli savarjiSoebi 

 

CE6-1. gamoiyeneT Chaotic Mapper sinusoidur-wriuli asaxvis gamokvlevisTvis. 

moaxdineT grafikuli iteracia, aageT bifurkaciuli diagramaze da SeiswavleT 

liapunovis eqsponenta, rogorc  K parametris arawrfivi funqcia  Ώ-s sxvadasxva 

mniSvnelobis SemTxvevaSi.  

 

CE6-2. sinusoidur-wriuli asaxvisTvis dawereT eSmakis safexurebis gamomsaxveli 

kompiuteruli programa. 
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7 

 

wyveta da krizisebi 

 

qaosi uxeSi da mouwesrigebeli masaa. ovidiusi. metamorfozebi. 

 

7.1 Sesavali 

 

mocemul TavSi ganvixilavT disipaciur sistemebSi qaosisken mimaval gzebis 

kidev or SemTxvevas. erT-erTi moicavs wyvetad wodebul qmedebas, radgan sistema 

aSkarad Cveulebrivsa da qaosur qmedebebs Soris naxtomiseburad `gadarTva-

gadmorTvas~ uCvenebs. meore tipis qmedebis damaxasiaTebeli niSani ki e.w. krizisia, 

rodesac mdgomareobaTa sivrceSi ucnauri geometriis mqone mimzidveli zomas 

uecrad icvlis an saerTod qreba. qaosisken mimavali wyvetis gza Tavdapirvelad 

pomium da menvilma aRweres (MAP79 da POM80) da zogjer mas pomiu-menvilis 

scenars uwodeben. cneba krizisi, romliTac bifurkaciuli movlenebis kidev erT 

mniSvnelovani klass moixsenieben, Tavdapirvelad grebogim, otma da iorkma SemoiRes 

(GOY82 da GOY83). 

 orive scenari gamokvleulia sxvadasxva eqsperimentis SemTxvevaSi, magram 

qaosisken mimavali periodis gaormagebebisa Tu kvaziperioduli gzis analogiurad, 

wyvetisa da krizisis Teoria, upirveles yovlisa, iteraciuli asaxvebis safuZvelze 

iqna agebuli. rogorc wyvetis, aseve krizisis SemTxvevaSi, warmogidgenT qmedebis 

ZiriTad fenomenologias da Semdeg mokle Teoriul analizs SemogTavazebT.  

 

7.2 ra aris wyveta? 

 

wyveta vlindeba yvelgan, sadac sistemis qmedeba sagrZnobi gareSe xmauris 

ararsebobisa da makontrolebeli parametrebis mudmivobis pirobebSic ki or 

xarisxobrivad gansxvavebul qmedebas Soris naxtomiseburad icvleba. gadasvla 

`mouwesrigeblad~ xdeba im SemTxvevaSic ki, rodesac sistema deterministuli 

gantolebebiTaa aRwerili. yuradRebas gavamaxvilebT wyvetis or tipze (aseve 
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gakvriT SevexebiT danarCen or tips). pirveli saxeobis SemTxvevaSi sistema 

periodulsa da qaosur qmedebas Soris mimoiqceva. parametris zogierTi 

mniSvnelobisTvis sistemis qmedeba ZiriTadSi periodulia, magram drodadro qaosuri 

qmedebis `afeTqebebi~ iCenen Tavs. parametris cvlilebasTan erTad qaosur 

mdgomareobaSi yofnis xangrZlivoba matulobs da Sesabamisad periodul 

mdgomareobaSi yofnis dro mcirdeba, vidre sistemis qmedeba maradiul qaosSi ar 

gadaizrdeba. parametris sxva mimarTulebiT cvlilebisas periodul mdgomareobaSi 

yofnis dro garkveul Ac mniSvnelobamde matulobs da qmedebac samudamod 

periodulad darCeba. wyvetis meore tipis SemTxvevaSi, sistema periodul da 

kvaziperiodul qmedebebs Soris cirkulirebs.  

ra Tqma unda, parametrTa fiqsirebuli mniSvnelobebis SemTxvevaSi sistemis 

qmedeba praqtikulad araviTar naxtomisebr clilebas ar avlens, magram wyvetis 

SemTxvevaSi qmedebas didi xnis ganmavlobaSi ZiriTadi maxasiaTebeli (magaliTad 

perioduloba) gaaCnia, xolo Semdeg `uecrad~ xarisxobrivad gansxvavebuli saxeobis 

qmedebaSi (magaliTad qaosurSi) gadadis.  

 wyvetis arsis ukeT gasagebad 7.1 naxazze parametris ori gansxvavebuli 

mniSvnelobisTvis (1.4-5) lojistikuri asaxvis funqciis meSveobiT gamoTvlili 

`signalis~ xangrZlivi eskizi gamovsaxeT. marcxena naxazze moyvanilia periodi-5-is 

tipis perioduli qmedeba. marjvniv A parametris odnav mcire mniSvnelobis 

SemTxvevaSic ki qmedeba wyvetilia. aq aSkarad Cans, rom traeqtoria drois garkveul 

intervalSi periodul (periodi-5), xolo Semdeg araperiodul da qaosur qmedebas 

amJRavnebs. or qmedebas Soris gadasvla raime wesis gareSe xdeba. A parametris 

odnav SemcirebasTan erTad qaosuri areebi farTovdebian da perioduli areebi 

zomaSi Semcirebas iwyeben.  

 qmedebis daxasiaTebisas sifrTxile unda gamoviCinoT: Tu signali zustad 

periodulia, maSin qaosur qmedebaSi `gadasvlis~ SesaZlebloba ar arsebobs. amasTan 

`qaosuri~ nawili ki mohgavs  qaosurs, magram Cven ar dagvidgenia, aqvs Tu ara mas 

liapunovis dadebiTi eqsponenta. imis Tqma, rom TiToeuli qaosuri seqcia sakmaod 

gansxvavebuli xasiaTisa da xangrZlivobisaa, rodesac perioduli winapirobebi 

identuria, sakmaod damajerebelia, magram es imas ar niSnavs, rom arastandartuli 

qmedeba qaosur xasiaTs atarebs.  
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 wyveta diferencialuri gantolebebiT aRweril sistemebSic vlindeba. 7.2 

naxazi gviCvenebs lorencis modelis Z cvladze damokidebulebas (ix. gantolebebi 

1.5-1) r parametris ori gansxvavebuli mniSvnelobisTvis. 

 

 

 

naxazi 7.1. marcxniv gamosaxulia lojistikuri asaxvis funqciis Tanmimdevruli 

iteraciebis x mniSvnelobaTa mrudi, rodesac A=3.74. aSkaraa, rom saqme gvaqvs  

periodi-5-is tipis qmedebasTan. marjvniv A=3.7375 da qmedeba wyvetil xasiaTs 

atarebs. qmedebis calkeuli nawilebi periodi-5-is gamomxatvelia. sxva nawilebi ki 

qaosurobas amJRavnebs. qmedebebs Soris gadasvla raime wesis gareSe xdeba. 

 

 

 

naxazi 7.2. Z cvladis droze damokidebuleba lorencis (1.5-1) gantolebebSi. zemo  

naxazze parametrTa mniSvnelobebia r=165, b=8/3 da p=10. xanmokle sawyisi 

gardamavali stadiis Semdeg traeqtoria periodul qmedebas gviCvenebs. qveda nawilSi 
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r=167 da traeqtoria periodul qmedebasa da qaosuri qmedebis (Zalze) xanmokle 

gamovlinebebs Soris gadasvlis fonze wyvetil qmedebas (t=7.5 da t=11 siaxloves) 

amJRavnebs. wyveta ufro aSkaraa xangrZlivi Canaweris SemTxvevaSi. 

 

r parametris ufro mcire mniSvnelobebis SemTxvevaSi qmedeba periodulia, xolo 

odnav didi mniSvnelobebisas ki periodul da qaosur qmedebebs Soris 

arastandartuli gadasvlis mowmeni vxdebiT. r parametris Semdgom zrdasTan erTad 

qaosuri intervalebi TandaTanobiT farTovdeba da droTa ganmavlobaSi sabolood 

ivseba.  

 rogor davadginoT wyvetis gamomwvevi mizezebi? arsebobs Tu ara parametris 

cvlilebasTan erTad qaosuri qmedebis dominirebis amsaxveli raime ricxviTi 

maxasiaTebeli? arseboben Tu ara wyvetis sxvadasxva tipebi?  

 

7.3 wyvetis mizezebi 

 

wyvetis gziT qaosur qmedebaSi gadasvla kontrastSia qaosSi  periodis 

gaormagebebis da kvaziperiodulobis gavliT gadasvlasTan: orTave scenarSi sistemis 

xangrZliv  intervalze aRebuli qmedeba damokidebulia parametris mniSvnelobaze da 

mTlianad perioduli (an kvaziperioduli) an qaosuria.  

 

nax. 7.3. marcxniv gamosaxulia lojistikuri asaxvis funqciis mexuTe rigis 

iteraciis mrudi, rodesac A=3.74. marjvniv naCvenebia igive funqciis mrudi 

SedarebiT mcire A=3.72 mniSvnelobisTvis. marcxniv lojistikuri asaxvis funqciis 

iteracia periodi-5 tipis qmedebas gvaZlevs. marjvniv gamoyenebuli mniSvnelobis 

SemTxvevaSi wyvetil qmedebas viRebT. daakvirdiT funqciasa da periodi-5-is 

fiqsirebuli wertilebis maxloblad arsebul mcire `Cavardnebs~. wyvetili 

gadasvlisas mexuTe iteraciis funqcia diagonaluri wiris 5 wertils exeba.  
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wyvetis SemTxvevaSi qmedebebs Soris aSkara naxtomisebri gadasvla xdeba. 

yuradRebas sityva `aSkara~-ze vamaxvilebT, radgan vnaxavT, rom wyvetis pirveli 

tipis SemTxvevaSi qmedeba sruliad aperioduli (da qaosuria). Cven gvinda 

ganvmartoT, Tu ratom aris  qmedebis zogierTi nawili aSkarad perioduli.  

 ZiriTadi sqema Semdegnairia: parametris kritikul Ac -ze meti mniSvnelobis 

SemTxvevaSi sistemis qmedeba mTlianad periodulia. iteraciuli asaxvis funqciis 

SemTxvevaSi, Tu periodi-n-is tipis qmedeba arsebobs, qmedeba Sesabamisi n rigis 

iteraciuli fiqsirebuli wertilebis mixedviT ganisazRvreba. lorencis modeliT 

aRwerili sistemisTvis gamoviyenoT puankares kveTis meTodika da yuradReba 

gavamaxviloT puankares kveTis n raodenobis wertilebze, romlebic puankares 

asaxvis funqciis fiqsirebul wertilebs warmoadgenen. wyvetili qmedebis 

damaxasiaTebeli niSanTviseba parametris cvlilebasTan erTad fiqsirebuli 

wertilebis `gauCinarebaa~. periodis gaormagebisgan gansxvavebiT, aqamde arsebuli 

stabiluri fiqsirebuli wertilebi axali stabiluri fiqsirebuli wertilebiT 

aRar Seicvleba. amrigad, moZraoba arastandartul (faqtobrivad qaosur) xasiaTs 

iZens da traeqtoriebi mdgomareobaTa sivrcis sakmaod did areSi `xetials iwyeben~.  

 maS, raRa iwvevs aSkara perioduli qmedebis Sesabamisi epizodebis Seqmnas? Cven 

dagvWirdeba konkretuli magaliTis moyvana. 7.3 naxazi gviCvenebs lojistikuri 

asaxvis mexuTe rigis iteracias parametris ori sxvadasxva mniSvnelobisTvis. 

marcxniv periodi-5-is gamomwvevi A-s mniSvnelobaa warmodgenili. gardamavali 

stadiebis  dasrulebis Semdeg traeqtoriebi xuT stabilur fiqsirebul wertils 

Soris ganicdis cirkulacias (agreTve arsebobs stabiluri fiqsirebuli wertilebis 

maxloblad ganlagebuli xuTi  arastabiluri fiqsirebuli wertili da, garda amisa, 

kidev ori arastabiluri fiqsirebuli wertili: x=0 da x=1_A. isini asaxvis sawyisi 

funqciis arastabilur fiqsirebul wertilebs Seesabamebian). 

 

naxazi 7.4. lojistikuri asaxvis mexuTe rigis 

mrudis `xarvezi~ x=1/2 wertilis maxloblad. am 

SemTxvevaSi A=3.7375. grafikuli iteraciis meTodi 

gviCvenebs, rom traeqtoria sakmao dros `atarebs~ 

periodi-5-is fiqsirebuli wertilebis maxloblad. 

es wertilebi ki funqciis grafikis diagonalur 
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monakveTTan gadakveTisas A-s odnav didi mniSvnelobebis pirobebSi miiRebian. naxazze 

warmodgenil SemTxvevaSi, `xarvezis~ daZlevisTvis traeqtorias daaxloebiT oTxi 

safexuri sWirdeba. 

 

marjvniv, A-s odnav mcire mniSvnelobisTvis fiqsirebuli wertilebi ar arsebobs da 

qmedeba qaosuria.  

 aSkara periodulobas ufro detalurad, asaxvis funqciis Sesabamis iteraciasa 

da 450-ian wrfes Soris `xarvezebze~ gamavali traeqtoriebis qmedebaze dakvirvebis 

gziT vafiqsirebT. 7.4 naxazze moyvanilia lojistikuri asaxvisTvis erT-erTi aseTi 

xarvezi. grafikuli ganmeorebis meTodi gviCvenebs, rom traeqtoria sakmao drois 

ganmavlobaSi yovndeba periodi-5-is aqamde stabiluri fiqsirebuli wertilis 

maxloblad. sabolood traeqtoria am ares tovebs da mdgomareobaTa sivrcis sxva 

arisaken miemarTeba.  

 

amocana 7.3-1. f(5)(x)-sa da 450-ian diagonalur wrfes Soris arsebuli sxvadasxva 

zomis `xarvezebisaTvis~ SeasruleT grafikuli iteraciebi. darwmundiT, rom 

SedarebiT mcire zomis xarvezis gavlisaTvis meti droa saWiro. 

 

 xarvezis zomis SemcirebasTan erTad traeqtoria (saSualod) ufro didxans 

yovndeba am areSi. cxadia, rom kritikul Ac mniSvnelobasTan miaxloebasTan erTad, 

romlisTvisac xarvezi qreba da qmedeba perioduli xdeba, ufro meti dro 

`periodul~ qmedebaze ixarjeba. vinaidan asaxvis funqcia (an misi Sesabamisi 

iteracia) Ac-ze 450-iani diagonaluri wrfis mxebi xdeba, wyvetis dawyebas xSirad  

mxeb bifurkacias uwodeben. radganac aseT SemTxvevaSi stabiluri da arastabiluri 

fiqsirebuli wertilebi erTimeoris anihilacias axdenen, es movlena `unagiris~ 

wertili _ kvanZis tipis bifurkacias Seesabameba.  

 cxadia, `perioduli~ qmedebis SemTxvevaSi wyvetis ganmeorebisTvis 

`moxetiale~ traeqtoria kvlav viwro xarvezis siaxloves unda aRmoCndes. amis 

saCveneblad gamoviyenoT grafikuli iteraciis meTodi. Cven gvainteresebs, x RerZis 

romel areebs Seesabameba aseTi traeqtoriebi. 7.3 naxazis mixedviT, lojistikuri 

asaxvis SemTxvevaSi TiToeul xarvezs ori aseTi are Seesabameba (gaixseneT, rom Tu 

traeqtoriis mocemuli wertilisTvis erTze meti winasaxe arsebobs, vambobT, rom 

asaxvis funqcia ar aris Sebrunebadi). 
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Tu traeqtoria gavlis potenciuri areebidan erT-erTSi aRmoCndeba, Semdegi 

ciklis dros mas kvlav mcire xarvezis siaxloves vixilavT. ramdenime momdevno 

iteracia xarvezis siaxloves iqneba SemosazRvruli da qmedeba TiTqmis perioduli 

gaxdeba, radgan x-is mniSvnelobebis yoveli momdevno simravle TiTqmis erTi da igive 

iqneba. miuxedavad amisa, x-is mniSvnelobebi zustad erTi da igive ver iqnebian, 

radgan stabiluri fiqsirebuli wertili ar arsebobs da traeqtoria xarvezis 

gavliT `nel-nela gadis~ aridan. amisaTvis saWiro dro, traeqtoriis xelaxali 

gavlis adgilmdebareobazea damokidebuli, amitom `perioduli~ intervalebis mTel 

sigrZeze sakmaod arastandartul qmedebas unda velodoT.  

 Cveni msjelobis naklovaneba gamoixateba imis daSvebaSi, rom `moxetiale~ 

traeqtoria potenciuri gavlis areebidan erT-erTs `airCevs~. es Sedegi TiTqos 

mosalodnelia, magram amis damtkiceba sazogadod Znelia, radganac dagvWirdeba 

mdgomareobaTa mTeli im sivrcis ganxilva, sadac traeqtoria `mogzaurobs~. Cveneuli 

terminologiis gamoyenebiT vambobT, rom perioduli qmedeba xarvezebis maxloblad 

`lokaluri~ qmedebis meSveobiT ganisazRvreba, maSin rodesac `moxetiale~ 

traeqtoriis misi morigi gamoCena potenciuri gavlis areSi ganisazRvreba  misi 

`globaluri~ qmedebiT mdgomareobaTa sivrceSi. am procesis ufro detaluri 

gacnobisaTvis ixileT [Berge, Pomeau da Vidal, 1986] da [Schuster, 1995]. 

 wyvetis gamomwvevi mxebi bifurkaciebi sakmaod xSirad gvxdebian. lojistikuri 

asaxvis funqciisTvis A parametris zrdasTan erTad mxebi bifurkaciuli movlenebi 

periodul diapazonebs `warmoqmnis~. periodi-n diapazonisaTvis gveqneba: 

 

                                

( )

( )

( )
1

( )

n

n

df x

dx

f x x



 




                         (7.3-1) 

 

sadac meore gantoleba gvamcnobs, rom x* wertili asaxvis funqciis n rigis 

iteraciis fiqsirebuli wertilia. A parametris SemcirebasTan erTad, x* -is 

midamoSi f(n)-is kuTxuri koeficienti fiqsirebuli wertilis gaqrobisas +1-ze meti 

xdeba (amis sapirispirod gaixseneT, rom periodis gaormagebis SemTxvevaSi, asaxvis 

funqciis Sesabamisi iteraciis kuTxuri koeficienti _1-ze naklebi gaxda). 

 wyvetili qmedeba faqtiurad, arastandartulad aRZvradi perioduli qmedebis 

epizodebiT daxasiaTebuli araperioduli (qaosuri) qmedebaa. perioduli qmedebis 
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mizezi aris traeqtoriebis `moqceva~  diagonalur xazsa da Sesabamis iteracias 

Soris arsebul xarvezSi mxebi bifurkaciis Semdeg. 

 unda aRiniSnos aseve, rom sistemebSi, romlebic kvaziperiodulobasa da 

sixSireTa sinqronizacias amJRavneben, odnav gansxvavebuli saxis wyveta vlindeba. me-

6 Tavis Tanaxmad, sinusoidur-wriul asaxvisaTvis sixSireTa p: q sinqronizacia maSin 

daikvirveba, rodesac asaxvis funqciis q rigis iteracia xn+1=xn diagonalur wrfes 

gadafaravs. zemoT ganxiluli wyvetis analogiurad, mxebi bifurkaciebis arsebobasa 

da parametris cvlilebasTan erTad sixSireTa sinqronizacia raime winapirobis 

gareSe iwyeba da sruldeba. magram sinusoidur-wriuli asaxvisaTvis  K<1 SemTxvevaSi 

wyvetisaTvis damaxasiaTebeli qmedeba sixSireTa sinqronizaciasa da kvaziperiodul 

qmedebebs Soris cirkulaciaSi gamoixateba.  

aSkarad gamokveTili sixSireTa sinqronizacia maSin vlindeba, rodesac  

traeqtoria asaxvis funqciis q rigis iteraciasa da diagonalur wrfes Soris 

mdebare viwro xarvezSi droebiT moeqceva. unda iTqvas, rom qmedeba 

kvaziperiodulia, magram SesaZloa arsebobdes xangrZlivi intervalebi, romelTa 

SemTxvevaSic sixSireTa sinqronizacia vlindeba.   

 

wyveta da 1/f tipis xmauri 

 

uamravi fizikuri sistema, romlisTvisac xmaurs daaxloebiT identuri energetikuli 

speqtri gaaCnia, Semdegi saxis qmedebas amJRavnebs: speqtris sixSiris SemcirebasTan 

erTad xmauris intensivoba daaxloebiT 1/f saxiT icvleba (imedia, sixSirisTvis f 

simbolos gamoyeneba sxva paragrafebSi mocemuli simboloTi funqciis aRniSvnis gamo 

ar dagabnevT). am e.w. 1/f xmauris universaluroba aSkarad seriozul ganmartebas 

saWiroebs. miuxedavad imisa, rom 1/f tipis xmauris srulyofili axsna jerjerobiT 

ar arsebobs, SedarebiT bolodroindeli Sromebi gvamcnoben, rom wyvetili qmedeba  

iseTi niSanTvisebaa, romelic yvela amgvar sistemas erTmaneTTan akavSirebs. mTavari 

is aris, rom wyvetis gamorCeuli Tvisebaa aSkara mouwesrigeblobis fonze qmedebis 

or (an met) gansxvavebul saxeobas Soris cirkulacia. wyvetasa da 1/f tipis xmaurs 

Soris kavSiris ufro detaluri ganxilvisTvis ix. [Schuster, 1995], MAN80, PRS83 

da GWW85. 
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7.4 wyvetis ricxviTi Teoria 

 

mocemul paragrafSi gavecnobiT ramdenime meTods, romlebic gamoiyeneba qaosisken 

mimavali wyvetili gzis zogierTi universaluri Tvisebis dadgenaSi. Tavdapirvelad 

yuradReba gavamaxviloT erTganzomilebian iteraciul asaxvaze. gansakuTrebulad 

mivaqcioT yuradReba asaxvis funqciis Sesabamisi iteraciis Tvisebebs parametris im 

mniSvnelobebisTvis, romlebic axlosaa iseT mniSvnelobasTan, romlis SemTxvevaSic 

Tavs iCens mxebi bifurkacia areSi arsebul erT-erT stabilur fiqsirebul 

wertilSi (romelic axlosaa gaqrobasTan). mocemul areSi asaxvis funqciis n rigis 

iteracia SesaZlebelia miaxloebiT Semdegnairad aRiweros:  

 

( ) 2( ) ( ) ( ) ( )n
A cf x x x x a x x b A A                      (7.4-1) 

 

sadac a da b asaxvis funqciaze, iteraciasa da fiqsirebul wertilze damokidebuli 

mudmivebia. maTi zusti mniSvnelobebi CvenTvis amjerad araa aqtualuri. 

lojistikuri asaxvis parametrze damokidebuleba aseTia: A>Ac-Tvis gvaqvs 

perioduli qmedeba, xolo A<Ac SemTxvevaSi ki wyvetili (qaosuri) qmedeba vlindeba.  

 es gantoleba daiyvaneba standartul saxeze Semdegi cvladebis Semoyvanis 

gziT: y=(x_x*)/b, c=ab da μ=Ac_A. Sedegad fiqsirebuli wertilis mdebareoba y=0-

Si gadaaqvT. μ parametri isea SerCeuli, rom rodesac μ=0, mxeb bifurkacias aqvs 

adgili. rodesac μ<0, qmedeba periodulia, xolo μ>0-sTvis _ wyvetili. am 

SemTxvevaSi asaxvis funqciis miaxloebiTi saxe aseTi iqneba: 

 

2
1 ( )n n n ny h y y cy                           (7.4-2) 

 

(7.4-2) mrudi  gamosaxulia 7.4 naxazze. 

amocana 7.4-1. gaiareT (7.4-1)-is (7.4-2)-ad gardaqmnis procedura. 

 

dadebiTi mniSvnelobebis SemTxvevaSi perioduli afeTqebebis saSualo 

xangrZlivobis μ-ze damokidebulebis gasarkvevad mivmarTavT [Guckenheimer da 

Holmes, 1990]-s da renormalizaciis (masStabis) parametrs viyenebT. μ-s zrdasTan 

erTad mosalodnelia xangrZlivobis nulisaken miswrafeba, xolo rodesac μ0 
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zemodan, maSin xangrZlivoba miiswrafvis usasrulobisken. pirvel rigSi irkveva, rom 

perioduli afeTqebebis xangrZlivoba ganisazRvreba imis mixedviT, Tu ramdeni rigis 

iteracia sWirdeba  traeqtorias asaxvis funqciis grafiksa da diagonalur wrfes 

Soris arsebul xarvezis gasavlelad. es ricxvi aRvniSnoT n(μ)-iT. ra Tqma unda, 

n(μ) damokidebulia traeqtoriis mier xarvezis gavlis adgilze da imaze, Tu ras 

vgulisxmobT zustad am gavlaSi. amitom msjelobas sabolood saSualo 

mniSvnelobis dadgenamde mivyavarT. unda aRiniSnos, rom Tu h(2)(y)-s gamoviyenebT 

xarvezSi traeqtoriis msvlelobis gasazomad, maSin xarvezis gasavlelad 

dagvWirdeba mxolod n(μ)/2 raodenobis biji, radganac h(2)(y)-is TiToeuli biji 

h(y)-is ori bijis Sesabamisia.  

 rogorc vxedavT, Tu y RerZis mniSvnelobebis masStabirebas α, xolo μ 

parametris mniSvnelobisa _ δ koeficientebis mixedviT movaxdenT da Semdeg funqcias 

α-ze gavamravlebT (rogorc es F danarTSi periodis gaormagebisTvis 

renormalizaciis parametrebis SemTxvevaSi gavakeTeT), maSin h(2)(y)-is meore rigis 

iteracia zustad h(y)-is analogiuri iqneba. Sedegad SegveZleba μ-s cvlilebiT 

gamowveuli efeqtis dakavSireba xarvezis gavlisaTvis saWiro bijebis raodenobis 

cvlilebasTan. 

  ganvsazRvroT h(2)(y) Semdegnairad: 

  

(2) 2 2 2( ) ( )h y y cy y cy                         (7.4-3) 

 

Tu ukanasknel wevrs gaSlili saxiT warmovadgenT da mxolod μ-s wrfiv da y-is 

kvadratul wevrebs SevinarCunebT, maSin gveqneba 

 

(2) 2( ) 2 2h y y cy                         (7.4-4) 

 

amrigad, y-is Y=αy-iT da μ-is M=δμ-iT SecvlasTan erTad da funqciis α-jer 

gamravlebis Sedegad (rodesac α=2 da δ=4), zustad h(y) sawyisi funqciis 

analogiur axal funqciaze gadavdivarT: 

 

( 2)

/4

2( ) 2[ ( / 2)]
MMg Y h Y M Y cY                          (7.4-5) 
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zemoTmoyvanili msjelobidan SegviZlia davaskvnaT, rom meore rigis iteraciis  

funqciis cvlilebiT miRebuli Sedegi parametris mniSvnelobis 4-jer gamravlebis 

tolfasia.  

 davubrundeT xarvezis gasavlelad saWiro bijebis raodenobis dadgenis 

sakiTxs. wina abzacis bolo winadadeba gvamcnobs, rom n(μ)/2=n(4μ). ufro zogadad 

SegviZlia vTqvaT, rom n(μ)/2n=n(4nμ). es damokidebuleba ZalaSi iqneba, Tu 

 

1
( )n k


                             (7.4-6) 

 

sadac k mudmivaa. (7.4-6)-is mixedviT, μ-s nulTan miaxloebisas perioduli 

afeTqebebis saSualo xangrZlivoba sul ufro da ufro izrdeba μ-dan kvadratuli 

fesvis Sebrunebuli sididis proporciulad. magaliTad, Tu μ-s SevamcirebT oTxjer 

da, aqedan gamomdinare, SevamcirebT xarvezis geometriul zomebsac, maSin xarvezis 

areSi traeqtoria saSualod 2-jer metxans gaCerdeba. aseTi proporciuloba pirvel 

TavSi aRwerili naxevargamtaruli diodis wredze Catarebuli eqsperimentebis  

meSveobiTaa dadgenili(JEP82 da YEK83).  

 renormalizaciis Teoriis gamoyenebis Sedegad am mtkicebulebas ufro 

Zireulad gaviazrebT. masStabirebis parametrebze dayrdnobiT SegviZlia ganvacxadoT, 

rom unda arsebobdes universaluri funqcia, romelic Semdeg pirobas 

daakmayofilebs: 

 

 ( ) ( / )g x g g x                          (7.4-7) 

 

es gamosaxuleba identuria (5.6-3)-isa, magram minus niSnis gareSe. (5.6-3) 

gamosaxuleba mas periodis gaormagebis Semdeg arastabiluri fiqsirebuli wertilis 

sxvadasxva mxares traeqtoriis wertilebis xasiaTis cvalebadobis 

gasaTvaliswineblad iyenebda (gaixseneT, rom es cvalebadoba ukavSirdeboda 

bifurkaciul mniSvnelobasTan miaxloebuli parametris mniSvnelobebis Sesabamis 

fiqsirebul wertilSi gansazRvruli asaxvis funqciis warmoebulis uaryofiT 

mniSvnelobas). aq aRwerili mxebi bifurkaciisaTvis asaxvis funqciis warmoebuli 

daaxloebiT +1-is tolia. amgvarad, (7.4-7) gantoleba minus niSans ar saWiroebs. 
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 (7.4-7) gantoleba ori `sasazRvro pirobiT~ unda Seivsos: g(0)=0 da g (0)=1. 

renormalizaciis gantolebas gaaCnia zusti amonaxsni:  

 

( )
1

x
g x

cx



                             (7.4-8), 

 

rodesac α=2. x-is mcire mniSvnelobebis SemTxvevaSi (7.4-8) (7.4-2)-ze daiyvaneba. 

parametrebi me-5 Tavsa da F danarTSi moyvanilis msgavsia da gviCvenebs, rom δ=4. hum 

da rudnikma (HUR82) aRmoaCines, Tu rogor unda gavrceldes es parametrebi mxebi 

bifurkaciis midamoSi gansxvavebuli xarisxobrivi damokidebulebis mqone 

iteraciuli asaxvis funqciebisTvis. aq moyvanili Sedegebi im SemTxvevaSi gamoiyeneba, 

rodesac, (7.4-2)-is analogiurad, damokidebuleba kvadratulia. amrigad, periodis 

gaormagebis msgavsad, universalobis araerTi klasi gagvaCnia, magram kvadratul 

SemTxvevas yvelaze xSirad unda velodoT.  

 

amocana 7.4-2. (a) SeamowmeT, rom (7.4-6) gamosaxuleba akmayofilebs n(μ)-s mimarT 

zemoT moyvanil moTxovnebs; (b) SeamowmeT, rom (7.4-8) akmayofilebs 

renormalizaciis (7.4-7) pirobas, rodesac α=2. 

 

 

7.5 wyvetis tipebi da eqsperimentuli kvlevebi 

 

me-4 TavSi, qaosisken mimavali gzis ganxilvis sawyis etapze, Cven vaxseneT wyvetis 

oTxi gansxvavebuli tipi. aseTi klasificireba gavimeoreT 7.1 cxrilSic. brWyalebSi 

moyvanili dasaxelebebi wyvetis Tanmxlebi iteraciebis tipebs aRniSnavs.  

 flokes mamravlebis an erTganzomilebiani asaxvebis iteraciuli asaxvis 

funqciebisaTvis kuTxuri koeficientis TvisebaTa Sesabamisad arsebobs wyvetis oTxi 

tipi puankares asaxvis funqciisTvis (bifurkaciis SemTxvevaSi). 4.6 paragrafidan 

gaixseneT, rom zRvruli cikli arastabilur mdgomareobaSi ise gadadis, rom misi 

Sesabamisi flokes mamravlebis absoluturi mniSvneloba erTze metia. wyvetil 

qmedebasTan dakavSirebiT am movlenam 7.1 cxrilSi moyvanili oTxi tipis Sesabamisi 

oTxi gziT SeiZleba iCinos Tavi. 
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 I tipis wyvetis pirobebSi, romelic am Tavis sawyis paragrafebSi vixileT, 

flokes mamravli erTeulovan wres namdvili RerZis  gaswvriv, +1-Si gadakveTs(ix. 

nax. 4.7). rogorc vnaxeT, es movlena perioduli da qaosuri qmedebis 

arastandartul afeTqebebs iwvevs. amgvari afeTqebebis ganmavlobaSi moZraobis 

(ukusvla mdgomareobaTa sivrceSi sruli aRwerisaken) amplitudebi  stabiluria 

(saSualod). vinaidan bifurkacia mxebi an unagiris wertili-kvanZis tipisaa, Cven 

wyvetas stabilurs an mxebi bifurkaciis wyvetas vuwodeT. wyvetis aseT tips 

araerTi eqsperimenti avlens. am mxriv gansakuTrebiT aRsaniSnavia sistemebi, 

romlebic qaosSi periodis gaormagebis gziT gadadian.  

 Tu flokes ori mamravli kompleqsurad SeuRlebul wyvils adgens, maSin 

intuicia sistemis qmedebaSi meore sixSiris arsebobis Sesaxeb migvaniSnebs (pirveli 

sixSire sawyisi zRvruli ciklis Sesabamisia, romelic bifurkaciisas qreba).  meore 

sixSiris Sesabamisi zRvruli cikli bifurkaciis SemTxvevaSi arastabiluri xdeba da 

SegviZlia davakvirdeT qaosuri qmedebis intervalebTan Sereul orsixSirian qmedebas. 

amrigad, II tipis wyveta hopfis bifurkaciis erTerTi saxeobaa. II tipis wyveta 

eqsperimentulad naklebad aris Seswavlili ( HUK87, SEG89).  

 Tu flokes mamravli  naklebia _1-ze, maSin periodis gaormagebis bifurkacia 

iCens Tavs. bifurkaciis wertilSi warmoqmnili subharmonikis amplituda izrdeba 

maSin, rodesac sawyisi periodTan dakavSirebuli moZraobis amplituda klebulobs. 

amgvar periodul qmedebas arRvevs qaoturi qmedebis afeTqebebi. aqedan gamomdinare,  

am movlenas periodis gaormagebis wyvetas vuwodebT, vinaidan flokes mamravlebi 

icvleba isev imgvari saxiT, rogorc es xdeboda periodis gaormagebisas. magram 

bifurkaciis Semdeg qmedeba stabiluri aRar aris. 

 

 

 

III tipis wyveta duboisma, rubiom da bergma reili-benardis konveqciisaTvis 

(DRB83), tangma, puiolma da veisma amoniumis wriul lazerSi (TPW91), xolo 
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kimma, iimma, rium da parkma (KYR98) diodur-induqtorul wredSi eqsperimentulad 

gamoikvlies.  

wyvetis meoTxe tips reles tipis wyveta ewodeba, radgan sistemis qmedeba 

erTmaneTisgan Zalzed gansxvavebuli mSvidi qmedebisa da qaosuri afeTqebebis nazavia. 

wyvetis aseTi tipi III tipis wyvetis erT-erTi variantia  nulis toli `axali 

sixSiriT~, anu miaxloebiT miviReT `mdgradi mdgomareobis~ Sesabamisi qmedeba. 

amgvari kavSiris axsnisTvis unda warmovidginoT, rom saZiebeli cvladi, magaliTad 

xm, gansazRvrulia mdgomareobebis sivrcis im nawilSi, sadac mas gaaCnia fiqsirebuli 

wertili xm=0-Si (an mis midamoSi).. ufro zogadad rom vTqvaT, mdgomareobaTa 

sivrceSi SeiZleba arsebobdes iseTi x1=0, x2 =0, ... xk =0 hipersibrtye, rom  

sibrtyeSi sawyisis mqone traeqtoria amave sibrtyeSi darCes. Tu saZiebeli cvladi 

Seesabameba am sibrtyesTan dakavSirebul romelime {xi} cvlads an cvladTa wrfiv 

kombinacias, maSin am sibrtyis siaxloves traeqtoriis gavlisas sistema `mSvidad~ 

gamoiyureba. Tu traeqtoria sibrtyis siaxloves didxans yovndeba, maSin sistema 

`gamorTulia~. ra Tqma unda, sabolood  traeqtoria am sibrtyis `Semogarens~ 

datovebs. Tu SemdgomSi traeqtoria mdgomareobaTa sivrcis qaosur areSi `xetials 

iwyebs~, SesaZloa qaosuri qmedebis afeTqebamac iCinos Tavi (`CarTvis~ qmedeba). 

SegviZlia CavTvaloT, rom sistemis qmedeba  k ganzomilebian sibrtyeSi SeSfoTebulia 

Tavisuflebis iseT xarisxTa mier, romlebic ar arian sibrtyesTan kavSirSi. Tu 

Tavisuflebis danarCeni xarisxebis Sesabamisi qmedeba qaosuria, maSin hipersibrtyis 

siaxloves gatarebuli dro araprognozirebadia da `gamorTvisa~ da `CarTvis~ 

SemTxveviTi qmedebis intervalebi erTimeores cvlian.  

reles tipis wyvetis gamokvlevisas saZiebeli cvladebi garkveuli 

hipersibrtyis zogierT cvladTan SesabamisobaSi unda iyos. aSkaraa, rom cvladebs 

yovelTvis sworad ver SevarCevT. reles tipis wyvetis gamomxatveli zogierTi 

modeli da iteraciuli asaxvis modelebi PST93-Sia ganxiluli. HPH94 da RCB95 

reles tipis wyvetis maCvenebeli eqsperimentuli sistemebis Sesaxeb mogviTxroben. 

arsebuli hipoTezis Tanaxmad, reles tipis wyveta SesaZloa garkveul rols 

asrulebdes sxvadasxva bunebriv movlenebSi. amis magaliTia `afeTqeba~ xsnaris 

nakadSi, mzis laqis aqtiuroba da dedamiwis magnituri velis polusebis inversia. 
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7.6 krizisebi 

 

krizisi warmoadgens bifurkaciul movlenas, rodesac qaosuri mimzidveli (da misi 

mizidulobis are) qreba, an uecrad gafarToebas iwyebs (GOY82, GOY83). krizisis 

ukanasknel tips xSirad sasazRvro kriziss uwodeben (Tu ratom, amas momavalSi 

gavigebT). qaosuri mimzidvelis uecar gafarTovebas (an SekumSvas) Sida krizisi 

ewodeba. krizisis mizezi orive SemTxvevaSi sistemis romelime parametris 

cvlilebasTan erTad arastabiluri fiqsirebuli wertilis an  arastabiluri 

zRvruli ciklis qaosur mimzidvelTan `Sejaxeba~ gaxlavT. metamorfoza krizisis 

kidev erTi saxeobaa (GOY87) (ATY91). am dros mizidulobis aris sazRvarze 

fraqtaluri struqtura Cndeba an uecrad izrdeba. 

krizisis pirobebSi sistemis qmedebis warmodgenisTvis bifurkaciis aqamde 

ganxilul or diagramas davubrundeT. 1.14 naxazze lojistikuri asaxvis Sesabamisi 

bifurkaciuli diagrama A=4 mniSvnelobaze uecrad wydeba. A<4 mniSvnelobebisTvis 

arsebuli qaosuri mimzidveli sasazRvro krizisis SemTxvevaSi qreba. 1.8 naxazze 

diodis wredisTvis warmodgenili diagrama gviCvenebs sam qaosur diapazons, 

romlebic daaxloebiT V=0.4 voltze vlindebian (diagramaze ganvlili gzis 

daaxloebiT 2/3) da uecrad erT mozrdil qaotur diapazonad gardaiqmnebian. es 

Sida krizisis nimuSia. msgavsi tipis Sida krizisebis naxva, 5.15 da 5.17 naxazebze, 

gausis asaxvis bifurkaciul diagramazea SesaZlebeli. axla gavarkvioT, Tu rogor 

viTardeba amgvari krizisebi.  

 

sasazRvro krizisi 

Tavdapirvelad ganvixiloT sasazRvro krizisi lojistikuri asaxvisTvis, rodesac 

A=4. me-5 Tavidan gavixsenoT, rom lojistikuri asaxvis fiqsirebuli wertilia x=0 

da es fiqsirebuli wertili A>1-is SemTxvevaSi arastabiluri xdeba. A-s 4-Tan 

miaxloebisas qaosuri mimzidveli TandaTanobiT farTovdeba da A=4 mniSvnelobaze 

arastabilur fiqsirebul wertils exeba (ejaxeba). A>4-is SemTxvevaSi TiTqmis 

yvela sawyisi wertili x=_∞-ze dasrulebul traeqtoriebs iwvevs. Tu traeqtoria 

moZraobas iwyebs 0-sa da 1-s Soris im areSi, sadac A<4-sTvis qaosuri mimzidveli 

arsebobda, maSin traeqtoria _∞-Si myof sxva  mimzidvelisaken “wasvlamde” 

qaosurad `ixetialebs~ Zveli mimzidvelis garSemo. A>4-is SemTxvevaSi qaosuri 



 331

mimzidveli da misi mizidulobis are qreba da mdgomareobaTa sivrcis imave areSi 

axali mimzidveli ar daikvirveba. 

 

 

amocana 7.6-1. ganixileT 5.4-6 amocanaSi moyvanili kvadratuli asaxva da aCveneT, 

rom mas sasazRvro krizisi C=2-Tvis gaaCnia. daukavSireT es sasazRvro krizisi C= 

_1/4-ze `dabadebuli~ arastabiluri fiqsirebuli wertilis Tvisebebs. 

 

 

 A>4-is SemTxvevaSi qmedebis konkretuli dinamikis gaazrebas grafikuli 

iteraciis meTodis gamoyenebiT SevZlebT. 7.5 naxazi gviCvenebs A>4 mniSvnelobis 

Sesabamis lojistikur asaxvas. x=1/2-is mimarT centrirebul x mniSvnelobebis viwro 

diapazons `gadinebis are~ ewodeba. rodesac traeqtoria gadinebis areSi aRmoCndeba, 

Semdegi iteracia x-is 1-ze met mniSvnelobas gvaZlevs. momdevno iteraciebi 

traeqtorias swrafad waiyvans _∞-is mimarTulebiT. x-is im mniSvnelobebis povniT, 

romelTac x=1 SemTxvevisaken mivyavarT, ganvsazRvravT gadinebis aris sazRvrebs. 

wrfivi algebris mixedviT: 

 

 

1/2

1 1
4

2 2
x A

A
                              (7.6-1) 

 

 

amrigad, gadinebis aris zoma, romelic moicema ori sasazRvro mniSvnelobis 

sxvaobiT,  icvleba (A_4)1/2 saxiT. vinaidan 0-sa da 1-s Soris sawyisis mqone 

traeqtorias gadineba mxolod am areSi SeRwevis SemTxvevaSi SeuZlia, qaosuri 

gardamavali stadiis saSualo xangrZlivoba, vidre  _∞-is mimarTulebiT gadineba 

moxdebodes, (A_4)-1/2 kanoniT icvleba. amgvari qmedeba sxvadasxva asaxvis funqciebis 

mixedviT ricxobrivi eqsperimentebiT aris Semowmebuli (GOY83). 
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naxazi 7.5. lojistikuri asaxvis mrudi, rodesac A=4.2. `gadinebis aris~ farglebSi 

arsebuli x-ebisaTvis, romelic SemosazRvrulia vertikaluri monakveTebiT x=1/2 

mniSvnelobis garSemo, traeqtoriebi swrafad gaedineba x=_∞ mimarTulebiT. gadinebis 

areebis sazRvrebi x-is is mniSvnelobebia, romlebic x=1 mniSvnelobaSi aisaxebian. 0-

sa da 1-s Soris myofi x-is sxva mniSvnelobebSi dawyebuli traeqtoriebi qaosurad  

imoZraveben gadinebis areSi Sesvlamde. 

 

amgvari qmedeba universaluri iqneba nebismieri kvadratuli asaxvis funqciisTvis 

misi maqsimaluri mniSvnelobis midamoSi.  

 krizisi ufro meti ganzomilebis mqone asaxvis funqciebSic SeiZleba 

gamovlindes. henonis asaxvaSi sasazRvro krizisi 5.2-1 naxazze moyvanili saxiT 

daikvirveba. C=1.08 mniSvnelobis midamoSi, eqvsi nawilisgan Semdgari mimzidvelis 

qaosuri mxare mizidulobis ori aris sazRvarze mdebare “unagiris” wertils 

ejaxeba da myisierad qreba (GOY83).  

 

Sida krizisi 

amjerad ganvixiloT krizisis kidev erTi saxeoba _ Sida krizisi. bifurkaciis am 

tipisaTvis mizidulobis aris farglebSi arsebuli arastabiluri fiqsirebuli 

wertili an arastabiluri zRvruli cikli parametris cvlilebasTan erTad qaosur 

mimzidvels `ejaxeba~. 
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naxazi 7.6. lojistikuri asaxvisTvis bifurkaciuli diagrama periodi-3-s Sesabamisi 

Sida krizisis areSi. A=1+ 8 mniSvnelobis SemTxvevaSi mxebi bifurkacia periodi-3-is 

diapazons qmnis (garda amisa, SeniSneT, rom wyvetis efeqti mxebi bifurkaciis 

marcxniv mdebare sam diapazonSi mdebare traeqtoriis wertilebis grovaSi 

dakvirveba. aseve saxezea sami arastabiluri fiqsirebuli wertili. A parametris 

zrdisas stabiluri fiqsirebuli wertilebi periodis gaormagebas uCveneben da 

qaosur diapazons qmnian. periodi-3-is arastabiluri fiqsirebuli wertilebis 

mdebareoba punqtiriTaa aRniSnuli. A-s Semdgomi zrdisas  arastabiluri 

fiqsirebuli wertilebi qaosur diapazonebTan kontaqtSi Sedis da qaosuri 

mimzidvelis zoma myisierad matulobs. 

 

dajaxebisas qaosuri mimzidvelis zoma myisierad matulobs. gafarToebis mizezi 

imaSi mdgomareobs, rom traeqtoriebi qaosur mimzidvelze sabolood arastabilur 

fiqsirebul wertils (an arastabilur zRvrul cikls) uaxlovdebian da Semdeg 

fiqsirebuli wertilis mier mdgomareobaTa sivrcis im areebSi ganizidebian, sadac 

isini dajaxebamde ar yofilan. saboloo efeqti mdgomareobaTa sivrcis im aris 

gafarToebaa, sadac traeqtoriebi `moZraoben~.  

 wyvetisa da mxebi bifurkaciebis Sesaxeb zemoT moyvanili msjelobidan 

SegviZlia davaskvnaT, rom Sida krizisi perioduli fanjris warmomqmneli mxebi 

bifurkaciis `partnioria~, radgan rogorc  arastabiluri, ise stabiluri 
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fiqsirebuli wertilebi mxebi bifurkaciis SemTxvevaSi iCenen Tavs. magaliTad, 

lojistikuri asaxvisTvis periodi-5-is maCvenebeli 2.4 naxazi Sida kriziss periodi-

5-is periodis gaormagebis kaskadis marjvniv avlens. xuTi qaosuri diapazoni 

myisierad izrdeba da periodi-5-is traeqtoriebiT mocul x diapazons mTlianad 

avsebs. 7.6 naxazi lojistikuri asaxvis funqciisaTvis gviCvenebs Sida kriziss 

periodi-3-is SemTxvevaSi. 

 

 

 

naxazi 7.7. lojistikuri asaxvis funqciisa da misi mesame rigis iteraciis grafiki 

A*3 -ze didi A=3.86 mniSvnelobisaTvis. x*-iT aRniSnuli arastabiluri fiqsirebuli 

wertilebi x RerZis gaswvriv cifrebiT gamosaxul da msxvili xazebiT aRniSnul 

qaosur diapazonebSia moxvedrili. Xr-iT aRniSnulia `ganmeorebiT Semosvlis~ are. aq 

moxvedrili traeqtoriebi viwro zolovan diapazonebSi ganmeorebiT Cndebian. 

cifrebiT aRniSnuli wertilebi x=1/2 mniSvnelobaze dawyebuli mimdevrobiTi 

iteraciebis Sesabamisi traeqtoriis wertilebia.  

 

krizisis dawyebamde, mimzidveli sami gancalkevebuli diapazonisgan Sedgeba, rac 

periodi-3 tipis kaskadiT aris ganpirobebuli. A=A*3 mniSvnelobisaTvis vlindeba 

Sida krizisi, mimzidveli myisierad farTovdeba da diapazonebs Soris aqamde 

`auTvisebel~ areebs avsebs.  
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 Sida krizisis areSi traeqtoriebis qmedebas ramdenime universaluri Tviseba 

gaaCnia (CHW81, GOY83). lojistikuri asaxvis A*3 krizisuli mniSvnelobis  miRma 

myofi parametris mniSvnelobebisTvis periodi-3-is tipis Sida krizisis SemTxvevaSi 

traeqtoriebis mier viwro diapazonebSi gatarebuli saSualo dro (A _A*3)_1/2 

kanoniT icvleba. am SemTxvevaSi x=1/2 mniSvnelobis maxloblad arsebobs `gadinebis 

are~, romelic traeqtoriebs aqamde `akrZalul~ diapazonSi Sesvlis saSualebas 

aZlevs. am aris zoma (A _A*3)+1/2 kanonis mixedviT izrdeba da gadinebamde 

traeqtoriebis mier aq gatarebuli τ saSualo dro (A_A*3)_1/2 saxiT icvleba. aseTi 

qmedeba gamokvleulia naxevargamtarul diodebze Catarebuli eqsperimentebisa  da 

(GOY83)ricxviTi gamoTvlebis SemTxvevaSi. sistemebisTvis, romlebic saTanadod ar 

arian modelirebuli kvadratuli maqsimumis mqone erTganzomilebiani asaxvebiT, 

xarisxovani kanoniT gamoxatuli qmedebis Sesabamisi eqsponenta SeiZleba ar 

aRmoCndes 1/2-is toli (GOR87). rodesac qmedeba sawyis qaosur diapazonebze 

gavrcelebidan mdgomareobaTa sivrcis ufro did areSi moZraobad iqceva, mas zogjer 

krizisiT gamowveul wyvetas (GOR87) uwodeben.  

 universaluri qmedebis meore tipi mdgomareobaTa sivrcis aqamde akrZalul 

areebSi traeqtoriebis mier gatarebuli drois wilTanaa dakavSirebuli. Cven amgvari 

qmedebis gamomwvevi mizezis dadgena imitom gvsurs, rom igi Zalian kargad aCvenebs, 

Tu rogor SeiZleba martivma geometriulma mizezebma sistemis dinamikis Sesaxeb 

detaluri prognozirebis saSualeba mogvces. lojistikuri asaxvis funqcias Cven 

Sablonad gamoviyenebT, magram cxadia, rom Sedegebi kvadratuli maqsimumis mqone 

nebismier erTganzomilebian asaxvis funqcias Seesabameba.  

 aRniSvnaTa gamartivebisaTvis, SemovitanoT aRniSvna a=A _A*3. Semdeg SevniSnoT, 

rom a-s mcire mniSvnelobebisTvis akrZalul areebSi traeqtoriebis mier 

gatarebuli drois wili SeiZleba gamoisaxos F=tn/t0 saxiT, sadac tn  axal (aqamde 

akrZalul) areSi gatarebuli saSualo droa, xolo t0 _ Zvel, viwrozolovan areSi 

gatarebuli saSualo dro (davuSvaT, rom tn<<t0.) wina paragrafSi vaCveneT, rom 

t0Ra_1/2, amitomac amjerad saWiroa tn-is gamoTvla. 

 tn-is dasadgenad gadavavloT Tvali 7.7 naxazs. viwro qaosuri diapazonebi x 

RerZis gaswvriv msxvili monakveTebiTaa aRniSnuli. qaosuri diapazonebis sazRvrebi 

1-dan 6-is CaTvliT cifrebiTaa aRniSnuli. es wertilebi f-is x =1/2–is mimarT n-

jer gamoyenebis Sedegia, anu, xn=f(n)(1/2) (me-5 Tavidan gaixseneT, rom mimdevrobiTi 

iteraciebi x=1/2 kritikuli wertilis mimarT gamoyofs mocemuli traeqtoriis 
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eqstremalur mniSvnelobebs). A>A*3-sTvis x*-iT aRniSnuli periodi-3-is Sesabamisi 

arastabiluri fiqsirebuli wertilebi qaosur diapazonebSia gadaadgilebuli. erT-

erTi fiqsirebuli wertilis midamoSi gamavali traeqtoria Tavdapirvelad 

akrZaluli aris mimarTulebiT ganizideba. erT-erT aseT akrZalul areSi Xr-iT 

aRniSnul intervals `ganmeorebiT Semosvlis~ are ewodeba. akrZalul areSi 

moxvedris SemTxvevaSi traeqtoria SemdgomSi Tavs iCens swored am areSi. amrigad,  

tn imis mixedviT ganisazRvreba, Tu saSualod ra dro dasWirda traeqtorias 

akrZaluli aridan Xr-Si gadasvlaSi.   

 

savarjiSo 7.6-2. aCveneT, rom lojistikuri asaxvisaTvis periodi-3-is tipis Sida 

krizisi A=3.8568 mniSvnelobaze iCens Tavs. miniSneba: rodesac A=A*3, periodi-3-is 

arastabiluri fiqsirebuli wertilebi zustad 7.7 naxazze aRniSnul qaosur 

diapazonebSi gadanacvldebian. amrigad, x4-iT aRniSnuli wertili igivea, rac x7 

iqneboda (es ukanaskneli x6 wertilis mimarT asaxvis funqciis gamoyenebis Sedegad 

miiReba). amgvarad, A=A*3 mniSvnelobisTvis f(4)(1/2)= f(7)(1/2). 

  

ganvixiloT x=1/2 midamoSi dawyebuli traeqtoria. asaxvis funqciis eqvsjer 

gamoyenebis Semdeg (an f(3)-is orjer gamoyenebiT) traeqtoria 7.7 naxazze x6-iT 

aRniSnul wertilSi aRmoCndeba. SeniSneT, rom x6 erT-erT arastabilur fiqsirebul 

wertilTan axlos mdebareobs. faqtobrivad, a-s mcire mniSvnelobebisaTvis x6_x* 

manZili a-sadmi proporciulia (ix. amocana 7.6-3). rodesac traeqtoria 

arastabiluri fiqsirebuli wertilis siaxlovesaa, f(3)-is Semdgomi iteraciisas, 

traeqtoriasa da arastabilur fiqsirebul wertils Soris manZili  gaizrdeba M-

jer, romelic f(3)-is maxasiaTebeli mamravlia krizisis wertilSi. (M=eλ, sadac λ 

liapunovis eqsponentia f(3)-sTvis krizisis wertilSi). amrigad, traeqtorias 

esaWiroeba f(3)-is n-gzis iteracia x*-dan Xr-mde arsebuli d manZilis gasavlelad, 

sadac n akmayofilebs Seemdeg pirobas: 

 

nd kaM                                (7.6-2) 

 

da k mudmivaa. (7.6-2) gantolebis orive mxris mimarT naturaluri logariTmis 

gamoyenebiT SegviZlia n -is mniSvnelobis povna: 
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In In( )

In In

d ka
n

M M
                            (7.6-3) 

 

aRsaniSnavia, rom (7.6-3) gantolebis marjvena nawilis pirveli wevri asaxvis 

konkretuli funqciisTvis a-sgan TiTqmis damoukidebelia.  

 vinaidan iteraciaTa n ricxvi akrZalul areSi gatarebuli drois 

proporciulia, problemis gadaWra TiTqmis mTlianad xerxdeba. miuxedavad amisa, 

arsebobs garkveuli sirTule: davuSvaT, rom A-s garkveuli mniSvnelobisTvis f(3)-is 

n-iteracia gvaZlevs Xr-ken mimarTul traeqtorias. A-s Semdgom zrdasTan erTad 

SeiZleba warmoiqmnas A-s iseTi diapazoni, romlisTvisac n-iteracia traeqtorias  

Xr-is gareT gansazRvravs, maSin roca (n-1)-e iteracia Xr-Si ar aris jer 

moxvedrili. am SemTxvevaSi traeqtoria ares ganmeorebiT aRar daubrundeba da 

akrZalul areSi gatarebuli dro gaizrdeba. Tu A kvlav ganagrZobs zrdas, 

sabolood n-uri iteracia Xr-Si moxvdeba da akrZalul areSi gatarebuli dro 

Semcirdeba. amitom mosalodnelia, rom tn iyos lna-s perioduli funqcia. 

 lna-ze damokidebulebis mizezisa da periodis xangrZlivobis dasadgenad 

aRvniSnoT an-iT a-s is mniSvneloba, romlisTvisac n-uri iteracia Xr-Si gamaval 

traeqtorias gvaZlevs, xolo an_1 ki iyos mniSvneloba, romelic (n-1)-e iteracias   

Xr-mde miiyvans. am orma mniSvnelobam unda daakmayofilos Semdegi piroba: 

 

1
1

n n
n na M a M 

                           (7.6-4) 

 

Tu (7.6-4) gantolebis orive mxris mimarT naturalur logariTms gamoviyenebT, 

miviRebT  

 

1In In Inn na a M                          (7.6-5) 

 

aqedan vadgenT, rom qmedebis es cikli damokidebulia a-s mniSvnelobebis naturalur 

logariTmebze da misi  periodi lnM gaxlavT. SeniSneT, rom Cvens mier gamotanili 

daskvnis meSveobiT ver varkvevT, Tu konkretulad ra saxe aqvs periodul funqcias. 

araa aucilebeli igi maincdamainc sinusoiduri iyos. 

 saboloo jamSi vadgenT, rom akrZalul areebSi gatarebuli drois wili a 

parametris mixedviT Semdegnairad icvleba: 
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In
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F a K a constant P a

M

 
   

 
               (7.6-6) 

 

sadac P lnM periodis mqone ucnobi perioduli funqciaa, xolo K _ a-sagan 

damoukidebeli mudmivaa. es sakmaod rTuli Sedegi kvadratuli asaxvis (GOY83) 

ricxviTi gamoTvlebisa da naxevargamtarul diodebze Catarebuli eqsperimentebis 

mixedviT aris gadamowmebuli (HIL85). gakvirvebas iwvevs SedarebiT martivi 

geometriuli argumentebi, romlebic Sida krizisiT mocul midamoSi traeqtoriebis 

Sesaxeb sakmaod detaluri raodenobrivi prognozirebis saSualebas gvaZleven.  

 

amocana 7.6-3. zemoT davuSviT, rom x6-sa da x*-s Soris manZili a parametris 

sxvaobis proporciulia. kerZod, vTqvaT es manZili ap-sadmi proporciulia, sadac p 

raRac eqsponentaa. vaCvenoT, rom axali damokidebuleba (7.6-6) gantolebis identur 

Sedegs gvaZlevs. 

 

xmauriT gamowveuli krizisi  

 

wina paragrafSi davuSviT, rom Cvens winaSea idealurad deterministuli sistema da 

ar arsebobs gareSe xmauri. winaaRmdeg SemTxvevaSi sistema, romelic axlosaa, magram 

ar imyofeba krizisis areSi, SesaZloa krizisis areSi myisierad `Sevides~ da 

`gamovides~. qaosur diapazonebs Soris arsebul acilebis areebs Soris  moZraobis 

saSualo τ dro saSualo dro masStabirebis wesis meSveobiT aRiwereba (SOG91): 

y A A
K g 


   

  
 

                        (7.6-7) 

 

sadac σ xmauris `simZlavris~ sazomia (e.w. standartuli gadaxra), xolo A* 

parametris is mniSvnelobaa, romlisTvisac krizisi xmauris gareSe vlindeba, γ ki 

masStabirebis eqsponentia τ s-Tvis xmauris da krizisis ararsebobis pirobebSi,  g 

sakvlev sistemaze damokidebuli garkveuli funqcia da xmauris sixSiris 

ganawilebis maxasiaTebelia. kavSiri arawrfivad marTul merxev sistemaze 

Catarebuli eqsperimentis (SDG91) meSveobiTaa gadamowmebuli.  
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ormagi krizisi 

 

Tu sistemis ori parametri erTdroulad icvleba, orze meti rTuli krizisuli 

movlenaa mosalodneli, [romelTac rogorc Sida da sasazRvro krizisi, aseve Sida 

krizisi da aris sazRvris metamorfoza SeiZleba aCvenon.] aseTi rTuli SemTxvevebi 

GGY93-sa da SUG95-Sia ganxiluli.  

 

7.7 zogierTi daskvna 

 

mocemul TavSi gamovikvlieT qaosisken mimavali ramdenime gza da qaosuri 

mimzidvelebis Sesabamisi bifurkaciebi. wyveta da krizisi iseTive xSiria, rogorc 

periodis gaormageba. Rrmad Caxeduli qaosologi aseTi movlenebis Secnobas maTi 

warmoSobisTanave unda axerxebdes. yvela SemTxvevaSi saqme gvaqvs martiv geometriul 

da renormalizaciis winapirobebTan, romlebic erTganzomilebiani asaxvebis mier 

modelirebadi dinamikis mqone sistemebis qmedebis Sesaxeb seriozuli universaluri 

winaswari daskvnebis gamotanis saSualebas gvaZleven. ufro meti ganzomilebis mqone 

asaxvebisa da dinamikuri sistemebis ufro zogadi saxeobebis mimarT am ideebis 

morgebis procesi kvlav sawyis etapzea.  
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7.9 kompiuteruli savarjiSoebi 

 

CE7-1. gamoikvlieT lojistikuri asaxvis funqciis iteraciaTa wyveta, rogorc 

A=3.7375-is siaxloves myof periodi-5-is, aseve A=3.8391 midamoSi arsebul periodi-

3-is areSi. amisTvis x-is, rogorc iteraciis rigis funqciis saxiT gamomsaxveli 

programa daixmareT. 

 

CE7-2. ufro rTuli winaaRmdegoba: lojistikuri asaxvis SemTxvevaSi (7.4-7) 

gantolebaSi mocemuli perioduli `afeTqebebis~ saSualo xangrZlivobisTvis 

masStabis prognozireba ricxviTi saxiT moaxdineT.  

 

 

CE7-3. gamoikvlieT krizisis areebi lojistikuri asaxvisTvis A=3.86 midamoSi da 
me-5 TavSi warmodgenili gausis asaxvis funqciisTvis da am areebis Sesabamisi 

bifurkaciuli diagramebi aageT. 

 

CE7-4. SeiswavleT lojistikuri asaxvis iteraciaTa gardamavali qmedeba A>4 
pirobebSi, 1-1/A fiqsirebuli wertilis midamoSi dawyebuli traeqtoriebisaTvis. 

SegiZliaT gansazRvroT A-4 sxvaobaze damokidebuli gardamavali stadiebis saSualo 

xangrZlivoba? 
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8 

hamiltoniseuli sistemebi 

 

`fizika aris iq, sadac qmedebaa~  

 

8.1 Sesavali 

 

aqamde arawrfiv dinamikas mxolod disipaciuri sistemebisTvis ganvixilavdiT. 

mdgomareobaTa sivrcis TvalsazrisiT, disipaciuri sistemis mTavari Tviseba am 

sivrceSi arsebuli sawyisi pirobebis Sesabamisi moculobis `kolafsSi~ gamoixateba. 

mravali mizezis gamo, yuradRebas mimzidvelis (an, sazogadod, mimzidvelebis), anu im 

`aris~ mimarT gavamaxvilebT, romliskenac sxvadasxva sawyisi pirobebis mqone 

traeqtoriebi miiswrafvian. aqedan gamomdinare, drois xangrZlivi intervalisaTvis 

aRebuli sistemis dinamikis SecnobisTvis mxedvelobaSi mxolod mimzidvelebis 

miRebaa saWiro.  

 ra xdeba, rodesac disipacia TandaTan mcirdeba? am SemTxvevaSi traeqtorias 

sul ufro da ufro meti dro Wirdeba  mimzidvelamde miRwevisaTvis. igive iTqmis 

sawyisi pirobebis Sesabamisi moculobis kolafsTan dakavSirebiTac da zRvrul 

SemTxvevaSi, rodesac disipacia saerTod ar arsebobs, unda velodoT, rom 

zemoxsenebuli moculoba ucvleli darCeba da traeqtoriebisTvis mimzidvelebi aRar 

iarsebeben.  

 disipaciis gareSe sistemebs konservatiul an hamiltoniseul sistemebs 

uwodeben. konservatiuli niSnavs, rom sistemis ZiriTadi fizikuri parametrebi 

(rogoricaa sruli meqanikuri energia, kuTxuri momenti da a.S.) droSi ucvlelia. 

Cven vambobT, rom es parametrebi mudmivia. Tu sistemas qmedebis dasawyisSi energiis 

garkveuli raodenoba gaaCnia, igi samudamod ucvleli iqneba. am tipis sistemebs 

`hamiltoniseuli~ ewodebaT, radganac maTi  dinamika e.w. hamiltonis gantolebebis 

meSveobiT aRiwereba (gamoCenili Sotlandieli maTematikosis _ ser uiliam 

hamiltonis (1805-1865) pativsacemad). am gantolebebis Sesaxeb momdevno paragrafSi 

vimsjelebT.  

 gvxvdeba Tu ara konservatiuli sistemebi bunebaSi? am SekiTxvis pasuxi Cven 

mier sistemis `aRweris donezea~ damokidebuli. rogorc viciT, izolirebuli 
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sistemis sruli energia mudmivia, Tumca energiam SeiZleba Seicvalos forma. ase rom 

SegviZlia davaskvnaT, rom hamiltonis modelebi erTaderTi Sesaferisi modelebia. 

praqtikaSi maTi srulad aRwera xSirad rTulia da amitom yuradRebas calkeul 

qvesistemaze vamaxvilebT. sistemis danarCeni nawilebi ki energiis  generaciis an 

disipaciis wyaroebs warmoadgenen. am SemTxvevaSi disipaciuri modelis gamoyeneba 

mizanSewonilia. 

bunebaSi bevri sistema konservatiulTan miaxloebul qmedebas amJRavnebs. 

yvelaze cnobili konservatiuli sistema mzis sistemaa. faqtobrivad, mzis sistemis 

dinamikiT dainteresebam ganapiroba puankares mier arawrfivi dinamikis aRmweri 

mravali meTodis ganviTareba. mzis sistemis SemTxvevaSi (romelic milionobiT da 

miliardobiT wlisaa) SegviZlia disipaciis uamravi aspeqtis ugulvebelyofa. mzis 

sistemaSi arsebobs disipaciis iseTi efeqtebi, rogoricaa mimoqceviTi Zalebi, 

romlebic planetebsa da mTvareze moqmedeben da aseve mzis mier gamosxivebuli  

nawilakebis nakadis mier warmoqmnili `mzis qari~. magaliTad, disipaciuri 

mimoqceviTi Zalebis damsaxurebaa  mTvaris sakuTari RerZis irgvlis brunvis 

siCqaris sinqronizacia mis orbitul periodTan ise, rom dedamiwidan mTvaris 

mxolod erTi da igive mxaris danaxvaa SesaZlebeli. ufro maRali donis miaxlovebis 

SemTxvevaSi, Tu ramdenime milioni weliwadiT SemovifarglebiT, disipaciuri 

efeqtebis ugulvebelyofa SesaZlebeli xdeba. amgvar msjelobaze dayrdnobiT mzis 

sistemis dinamikis modelis Seqmnas disipaciisagan Tavisufali konservatiuli 

(hamiltonis) modelis meSveobiT SevZlebT.  

 hamiltonis modelebi agreTve mniSvnelovan rols asrulebs maRalenergiul 

nawilakTa aCqarebisas protonTa mimarTuli gamosxivebis swavlebaSi kvantur 

meqanikaSi, (ufro vrclad me-12 TavSi visaubrebT) da aseve sainteresoni arian, 

rogorc gamoyenebiTi maTematikis erT-erTi ganStoebis nawilebi da a.S. am TavSi 

aRvwerT, Tu rogor iCens Tavs qaosi hamiltonis sistemebSi. amasTan, maTematikur 

detalebs mkacrad SevzRudavT da yuradRebas gaamaxvilebT imaze, Tu rogor 

gansxvavdeba hamiltonis sistemebi disipaciuri sistemebisgan zogierT SemTxvevaSi 

magram msgavsia sxva SemTxvevebSi. cvladi disipaciis modelze dakvirvebiT SegviZlia 

vnaxoT, Tu rogoraa sistemaTa es ori tipi erTmaneTTan dakavSirebuli. 

mniSvnelovani Teoriuli Sedegebis umravlesoba sinamdvilesTan sakmaod axlosaa. 

Cveni mizania gadmogceT hamiltonis sistemebis qmedebis sakmaod rTuli suraTi. 
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maTematikiT dainteresebulma mkiTxvelma sasurvelia am Tavis boloSi mowodebuli 

literaturis nusxiT ixelmZRvanelos.  

 Tavdapirvelad warmogidgenT zogierT ZiriTad cnebas hamiltonis sistemebis 

Sesaxeb, Semdeg ki maT mniSvnelovan,magram SezRudul, e.w. integrebad qvekategorias 

ganvixilavT. integrebadi sistemebi qaosur qmedebas ver avlenen. amitom unda 

davadginoT ra xdeba, rodesac hamiltonis sistemebi araintegrebadi xdeba.  

 

8.2 hamiltonis gantolebebi da hamiltonis funqcia 

 

Cven hamiltonis gantolebebis gamoyenebis farTo speqtrze ar SevCerdebiT da maT 

Sesaxeb mokled visaubrebT. klasikuri (niutonis) meqanikis hamiltoniseuli 

formulirebis mixedviT, sistemis dinamikas misi Semadgeneli nawilakTa radius-

veqtorebi (koordinatebi) da impulsebis  simravle aRwers. koordinatebi 

aRiniSnebian qi simboloTi, xolo impulsi pi-Ti. indeqsi calkeuli nawilakis radius-

veqtorisa da impulisis veqtoris calkeuli komponentis aRsaniSnavad gamoiyeneba. 

Tu sistema N rodenobis materialur wertils Seicavs da TiToeul maTgans 

sakuTari radius-veqtorisa da impulsis veqtoris sam-sami mdgeneli gaaCnia, i indeqsi 

miiRebs mniSvnelobebs 1-dan 3N -mde. magaliTad, SeiZleba gvqondes q1= ( 1q

)x da p1= 

( 1p

)x. am SemTxvevaSi q1 wertili #1 nawilakis radius-veqtoris x mdgenels, xolo 

p1 - impulsis veqtoris Sesabamis x mdgenels warmoadgens. iiqp wyvili 

hamiltoniseul sistemaSi `Tavisuflebis xarisxs~ Seesabameba (gaixseneT 3.2 

paragrafSi Tavisuflebis xarisxis gansxvavebuli gamoyenebis Sesaxeb.)  

 hamiltoniseuli sistemis dinamika srulad aris aRwerili, Tu q -sa da p-is 

droze damokidebuleba cnobilia anu Tu yoveli t-isa da i-sTvis viciT qi(t) da pi(t), 

maSin sistemis qmedebis Sesaxeb yvelaferi gvecodineba. q-sa da p-s droze 

damokidebulebis gansazRvra H(q, p) hamiltonis funqciis (an, ubralod, 

hamiltonianis) warmoebulebis meSveobiT Sedgenili hamiltonis  gantolebebis 

amonaxsnis gziTaa SesaZlebeli, sadac uindeqso q da p simboloebi niSnavs, rom H 

sazogadod damokidebulia yovel qi -sa da pi -ze. umartives SemTxvevebSi hamiltonis 

funqcia sistemis q da p cvladebze damokidebuli sruli meqanikuri (kinetikurs 

damatebuli potencialuri) energiaa. nebismier SemTxvevaSi hamiltonis  gantolebebi  
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diferencialuri gantolebebaTa 2N raodenobis wyvilisagan Semdgari simravlea (N 

Tavisuflebis xarisxis mqone sistemisTvis). 

 

( , )

( , )
1,...,

i

i

i

i

dq H q p

dt p

dp H q p
i N

dt q







  



                   (8.2-1) 

amocana 8.2-1. davuSvaT, rom m masis mqone wertils gadaadgileba mxolod x RerZis 

gaswvriv SeuZlia. misi hamiltonis H=px
2/2m+U(qx) funqcia kinetikuri energiis da 

U potencialuri energiis jamia. aCveneT, rom hamiltonis  gantolebebi mocemuli 

sistemisTvis niutonis kanonebis eqvivalenturia. miniSneba: sistemaze moqmedi Zalis 

x  Semadgeneli mocemulia F = _ dU/dx potencialuri energiis funqciis uaryofiTi  

gradientiT (x mimarTulebiT). Sema 

 

 SeniSneT, rom hamiltonis gantolebebis forma mdgomareobaTa sivrceSi 

sxvadasxva sistemebis dinamikis aRwerisTvis gamoyenebuli pirveli rigis 

diferencialuri gantolebebis msgavsia. msgavseba mdgomareobaTa sivrcis x1=q1, x2=p1, 

x3=q2 da a.S. cvladebis identifikaciis Semdeg kidev ufro aSkara xdeba. hamiltonis 

sistemisTvis mdgomareobaTa sivrcis cvladebis droze damokidebulebis funqciebi 

Cveulebrivi funqciis, magaliTad, hamiltonianis, (kerZo) warmoebulebis meSveobiT 

SeiZleba Caiweros. momdevno paragrafSi vixilavT, rom es umniSvnelovanesi Tviseba 

hamiltonis sistemebis gamorCeul bunebas ganapirobebs.  q-sa da p-s da hamiltonis 

funqciis kerZo warmoebulebs Soris kavSiri hamiltoniseul meqanikas simpleqsur 

struqturad wodebul gansakuTrebul maTematikur formas aniWebs. misi gamoyeneba 

qmedebis bevri maxasiaTebeli TvisebisTvis martivad Semowmebis saSualebas gvaZlevs 

(ix. magaliTad [Goldstein, 1980]). 

hamiltonis gantolebebidan vRebulobT mniSvnelovan Sedegs:  hamiltonis 

funqciis mniSvneloba mudmivia da igi droSi ar icvleba. mravalcvladis funqciis 

diferencirebis wesis Tanaxmad: 

 

 

( , ) i i

i i

dp dqdH q p H H H

dt p dt q dt t

   
      
                (8.2-2) 



 346 

 

 

aq  figurul frCxilebSi Casmuli wevrebi gvamcnoben, rom,  radganac H 

damokidebulia q-sa da p-ze, xolo q da p (zogadad) damokidebulia droze, amitom 

H-ic damokidebuli iqneba droze. gamosaxulebis es nawili gamosaxavs H -is e.w. 

aracxadi saxiT damokidebulebas droze. (8.2-2)-is bolo wevri ki H -is droze cxad 

damokidebulebas gviCvenebs. aSkara damokidebuleba droze maSin gvaqvs, rodesac 

sistemaze moqmedebs droze damokidebuli gareSe Zala. Cven amjerad aseT SemTxvevebs 

ar ganvixilavT anu vuSvebT, rom (8.2-2)-is ukanaskneli wevri nulis tolia.  

  

 (8.2-1)-is (8.2-2)-Si CasmiT miviRebT:  

 

0
i i i i

H H H H

p q q p

    
       

                     (8.2-3) 

 

amrigad, H -is warmoebuli drois mimarT nulis tolia (Tu H droze cxadi saxiT 

damokidebuli ar aris). amrigad, H mudmiv sidides warmoadgens. Tu H warmoadgens 

sistemis srul energias, maSin vambobT, rom hamiltoniseuli sistemisTvis sruli 

energia mudmivia. sxvagvarad rom vTqvaT,  sruli energia, `moZraobis mudmivaa.~ 

 

amocana 8.2-2. martiv SemTxvevebSi sistemis hamiltoniani kinetikuri da 

potencialuri energiebis jamis saxiT SeiZleba gamoisaxos, romlebic, Tavis mxriv,  

impulsisa da radius-veqtoris funqciebs warmoadgenen. x RerZis gaswvriv moZravi  m 

masis mqone wertilisTvis kinetikuri energia (1/2)mvx
2 xolo impulsi px

2/2m saxiT  

Caiweros (sadac  px = mvx gamoyenebiT vx nawilakis siCqaris x mdgenelia). idealuri 

zambaraze modebuli merxevi wertilovani masisTvis (romelzec Fx=_kx hukis kanoniT 

mocemuli Zala moqmedebs) aCvenebs, rom hamiltonis funqcias iqneba Semdegi saxe: 

H(q, p) = p2/2m + (1/2)kq2, sadac q=x nawilakis koordinatia, xolo p=px  - 

Sesabamisi impulsi. harmoniulad merxevi martivi sistemisTvis dinamikuri 

gantolebebis Sesadgenad gamoiyeneT hamiltonis gantolebebi. 
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8.3. fazuri sivrce 

 

rogorc vxedavT, mdgomareobaTa sivrcis geometriuli aRwera aucilebeli Tu ara, 

sasurveli mainc aris raTa gavigoT, Tu rogor warmoiSoba hamiltoniseul 

sistemebSi qaosi. hamiltoniseuli sistemebisTvis mdgomareobaTa sivrces fazur 

sivrces uwodeben. fazur sivrceSi vagebT q-ebisa da p-ebi Sesabamis sakoordinato 

RerZebs. amrigad, Tu sistemas gaaCnia Tavisuflebis N xarisxi, maSin iarsebebs  q-sa 

da p-s N raodenobis wyvili da fazuri sivrcec 2N-ganzomilebiani iqneba. 

hamiltoniseuli sistemisTvis (H-s droze aracxadi damokidebulebis SemTxvevaSic 

ki) fazur sivrces ramdenime ganzomileba mainc eqneba. aseT mravalganzomilebian 

fazur sivrceebze dakvirveba rTulia, amitom suraTis gamartivebisTvis gegmilebiTa 

da puankares kveTebiT unda visargebloT. 

 radgan hamiltonis funqciis mniSvneloba (anu sistemis energia) moZraobis 

mudmivaa, hamiltoniseuli sistemisTvis fazur sivrceSi traeqtoria nebismieri 

mimarTulebiT ver gadaadgildeba. mas mxolod traeqtoriis sawyisi wertilis toli 

energiis mqone (q, p) aris mimarTulebiT SeuZlia gadaadgileba. amrigad, vityviT, 

rom traeqtoriebi fazur sivrceSi 2N _1 ganzomilebis mqone mudmivi energiis 

zedapirSi arian Caketili (ra Tqma unda, es `zedapiri~ mravalganzomilebiani 

geometriuli obieqtic SeiZleba aRmoCndes.) 

 disipaciur sistemebisaTvis gamoyenebuli msgavsi meTodiT SegviZlia vaCvenoT, 

rom fazur sivrceSi sawyisi pirobebis simravlis Sesabamisi moculoba hamiltonis 

sistemis ganviTarebasTan erTad ucvleli rCeba. me-3 TavSi davadgineT, rom 

mdgomareobaTa sivrceSi sawyisi pirobebis simravlis Sesabamisi V moculobis droze 

damokidebuleba Semdegnairad moicema: 

 

1 i

i i

fdV

V dt x




                             (8.3-1) 

 

imis saCveneblad, rom es warmoebuli nulis tolia, (8.3-1) unda 

`gadavTargmnoT~  hamiltoniseuli dinamikis `enaze~. amisaTvis x1 gavaigivoT q1-Tan, 

x2 - p1-Tan,  x3 - q2-Tan, x4 - p2-Tan da a.S. agreTve gavixsenoT, rom x-ebis droze 

damokidebuleba SeiZleba Caiweros Semdegi saxiT: 
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1 2( , ,...)i ix f x x                          (8.3-2) 

 

Tu fazur sivrces gaaCnia 2N ganzomileba, maSin i indeqsi `gairbens~ 1-dan 2N -mde. 

Semdeg x-s, q-s da p-s Soris arsebuli kavSiris gamoyenebis Sedegad gveqneba:   

 

1 1 1 1,...
1

( )
H

q x f x
p


  


                           (8.3-3) 

1 2 2 1
1

( ,...)
H

p x f x
q


   


                        (8.3-4) 

 

 ganvixiloT (8.3-1)-is marjvena mxareSi myofi wevrebi, kerZod,  yuradReba 

mivaqcioT pirvel or wevrs da CavsvaT (8.3-3) da (8.3-4) mniSvnelobebi: 

 

1 2

1 2 1 1 1 1

2 2

1 1 1 1

0

f f H H H

x x q p p q

H H

q p p q

        
              

 
 
   



                      (8.3-5) 

 

es Sedegi gamomdinareobs im faqtidan, rom Sereuli warmoebulis mniSvneloba 

diferencirebisas cvladebis rigze araa damokidebuli.  

 nulTan gatoleba gveqneba q-sa da p-s yovel wyvilisaTvis. aqedan gamomdinare 

vaskvniT, rom hamiltonis sistemisTvis sawyisi pirobebis simravlis Sesabamisi 

moculoba sistemis ganviTarebasTan erTad droSi ar icvleba. mudmivi moculobis 

praqtikuli mniSvneloba is aris, rom hamiltoniseul sistemebs fazur sivrceSi 

mimzidvelebi ar gaaCnia, rogorc es disipaciuri sistemebis SemTxvevaSi iyo.rogorc 

vnaxavT, mimzidvelebis amgvari deficiti gamartivebasTan erTad garkveul 

sirTuleebs qmnis. mimzidvelebis ararsebobisas aRar dagvWirdeba gardamavali 

sidideebis ganxilva, rac amonaxsnebis povnis process amartivebs. meores mxriv, 

gansxvavebuli sawyisi pirobebis mqone traeqtoriebma droSi SeiZleba sakmaod 

gansxvavebuli qmedeba gamoavlinon, radgan ar iarsebebs are, sadac isini “Tavs 

moiyrian”. 
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luivilis Teorema da fazuri sivrcis ganawilebebi 

 

Cveni mizania ganvazogadoT fazuri sivrcis moculobisa da misi droSi 

evoluciisaTvis miRebuli Sedegebi, rac gansakuTrebul mniSvnelobas me-12 TavSi 

moyvanil kvantur meqanikaSi qaosis sakiTxis ganxilvisas iZens. davuSvaT, rom fazur 

sivrceSi  sawyisi pirobebis ganawilebas vsazRvravT albaTobis simkvrivis  ρ(q, p) 

funqciis daxmarebiT, sadac q da p simboloebi kvlav (qi, pi) simravles aRniSnaven. 

albaTobis funqcia ganisazRvreba imgvarad, rom  (q, p) centris mqone mcire dV 

moculobaSi traeqtoriis moxvedris albaToba mocemulia 

 

( , )probability p q p dV                        (8.3-6) 

 

amasTan erTad davuSvaT, rom sawyisi pirobebis Sesabamis wertilTa simravle 

fazur sivrceSi SemosazRvravs garkveul V moculobas. sistemis ganviTarebasTan 

erTad V moculobac wanacvldeba  fazur sivrceSi. sasazRvro zedapiri sabolood 

jamSi deformacias ganicdis, Tumca mis mier SemosazRvruli sivrcis moculoba 

ucvleli darCeba. ra emarTeba am dros albaTobis simkvrives? visargebloT H-is 

droze zemoganxiluli damokidebulebiT, ris Sedegadac miviRebT: 

 

 ,

i i

i i i

i i i i i

dq dpd

dt q dt p dt t

H H

q p p q t

H
t

   

  



   
      

                   


 




                  (8.3-7) 

 

ukanaskneli igiveoba gansazRvravs puasonis frCxilebad cnobil {ρ,H} sidides. 

figurul frCxilebSi myofi wevrebi `gvamcnoben~, Tu rogor icvleba ρ  q-sa da p-s 

mixedviT,  bolo wevri gvauwyebs, Tu rogor icvleba igi drois mixedviT fazuri 

sivrcis fiqsirebul wertilSi. mravalganzomilebian fazur sivrceSi albaTobis 

simkvrivis cvlileba  arakumSvadi xsnaris moZraobas waagavs. xsnarebis meqanikaSi e.w. 

lagranJiseuli midgoma ganixilavs xsnaris mcire elementis traeqtorias da 
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yuradRebas amaxvilebs, Tu rogor Seicvleba am elementis Tvisebebi misi 

moZraobisas. am SemTxvevaSi srul dρ/dt warmoebuls materialuri warmoebuli an 

hidrodinamikuri warmoebuli ewodeba. gvaqvs e. w. eileriseuli midgoma _ xdeba 

fazuri sivrcis fiqsirebul wertilSi drois mixedviT cvalebadobaze dakvirveba.  

 luivilis Teorema (ix. magaliTad, [Goldstein, 1980]) gvamcnobs, rom albaTobis 

simkvrivis drois mixedviT sruli warmoebuli dρ/dt =0 anu traeqtoriis Semcveli 

fazuri sivrcis simkvrive droSi ucvleli rCeba.  

 Teorema miiReba martivi argumentis safuZvelze. gansazRvrebis Tanaxmad, 

hamiltoniseuli sistemisTvis garkveuli `sawyisi pirobebis zedapiriT~ 

SemosazRvruli fazuri sivrcis moculoba droSi mudmivia. vTqvaT, am zedapiris 

SigniT gvaqvs  M raodenobis sawyisi wertilebi, romlebic raRac albaTobis ρ(q, p) 

simkvrivis mixedviT arian ganawilebuli.  droTa ganmavlobaSi zedapiris SigniT 

myofi traeqtoriis wertilebis raodenoba ar unda Seicvalos, radgan M -is 

cvlileba niSnavs, rom traeqtoria sasazRvro zedapirs kveTs, rac araTanakveTadobis 

Teoremis darRvevaa. fazur sivrceSi, rogorc moculobis, aseve M mudmivobis 

pirobebi SegviZlia gamoviyenoT Zalze mcire dV moculobebisa da dM raodenobis 

mimarTac. amrigad,  fardoba dM/dV = ρ ucvlelia. swored es gaxlavT luivilis 

Teoremis safuZveli. 

 gvinda aRvniSnoT, rom luivilis Teoremis ganzogadeba disipaciuri sistemebis 

SemTxvevaSic SeiZleba. sakmaod amomwuravi, magram martivi gamoTvlebi [Jackson, 1989, 

gv. 44-45 da C damateba] gviCvenebs, rom ρ(q, p) akmayofilebs Semdeg 

diferencialur gantolebas: 

 

 ( , , ) ( , ) 0i
i i

q p t f q p
t q

  
 

                  (8.3-8) 

 

sadac fi sidideebi gansazRvrulia (8.3-3) da (8.3-4) damokidebulebebis mixedviT. 

hamiltonis sistemebisTvis `divergenciis aucilebeli pirobaa~ 

 

0i

i i

f

x




                              (8.3-9) 

 

ase rom, hamiltonis sistemebisTvis (8.3-8) gantoleba daiyvaneba Semdeg saxeze: 
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( , ) 0i
i i

f q p
t x

  
 

                          (8.3-10) 

 

xi-ebis   q-ebTan da p-ebTan Sesabamisobis gamoyenebis Sedegad vadgenT, rom (8.3-10) 

identuria (8.3-7) gantolebisa.  

 mocemuli msjelobis arsi mdgomareobs imaSi, rom rogorc (8.3-6), ise (8.3-7) 

gantolebebebi  ρ-s mimarT wrfivia. amrigad, zemomoyvanili mizezebidan gamomdinare, 

ρ-s droSi cvlileba qaosuri ver iqneba. miuxedavad imisa, rom calkeuli 

traeqtoriebi SeiZleba qaosur qmedebas gviCvenebdes, traeqtoriis wertilebis 

ganawilebis albaToba ar iqneba qaosuri. Tu aviRebT odnav gansxvavebul  albaTobis 

sawyisi ganawilebas, mis cvlilebaze dakvirvebis Sedegad vadgenT, rom sxvaoba 

mocemul da Tavdapirvel ganawilebebs Soris eqsponencialurad ar izrdeba. ase rom, 

ar arsebobs albaTobis ganawilebis mgrZnobiare damokidebuleba sawyisi pirobebis 

mimarT. sxva sityvebiT rom vTqvaT, qaosuri qmedebis kvlevisas simkvrivis albaTobis 

ganawilebasa da mis droSi cvlilebas ver davakvirdebiT. erTi SexedviT, Cven unda 

SeviswavloT konkretuli traeqtoriebi. am Sexedulebas kvanturi meqanikis Sesaxeb 

msjelobisas me-12 TavSi davubrundebiT. 8-8 paragrafSi moyvanili e.w. arnoldis 

katis asaxva hamiltoniseuli qaosuri sistemebisTvis fazur sivrceSi ganawilebis 

martivi nimuSia.  

 

8.4 moZraobis mudmivebi da integrebadi hamiltonianebi 

 

8.2 paragrafSi vnaxeT, rom hamiltonis funqciiT warmodgenili sistemis energia 

mudmivia, Tu es funqcia droze aSkarad damokidebuli ar aris. Tu fazur sivrceSi 

traeqtoria (q0, p0) wertilSi iRebs saTaves, sadac q da p 2N fazuri sivrcis 

koordinatebis sruli simravlea, sistemis energia iqneba H(q0, p0). q-ebi da p-ebi 

droSi icvlebian, magram nebismieri momentisaTvis energia erTi da igive sididisaa: 

 

0 0( ( ), ( )) ( , )H q t p t H q p                        (8.4-1) 

 

sadac (q(t), p(t)) warmoadgens fazuri sivrcis (q0, p0) wertilSi dawyebul 

traeqtorias. amrigad, hamiltonis sistemisTvis SesaZlo nebismieri traeqtoria am 
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traeqtoriis `Sesabamisi~ energiis meSveobiT SeiZleba aRiniSnos. Sebrunebuli 

mtkiceba, sazogadod, samarTliani araa: energiis erTsa da imave mniSvnelobas 

SesaZlebelia bevri gansxvavebuli traeqtoria Seesabamebodes. 

zogierTi hamiltoniseuli sistemsaTvis damatebiT arseboben iseTi sidideebi, 

romelTa mniSvnelobebi traeqtoriebis evoluciasTan erTad ucvlelia. vnaxoT, Tu 

ratom aris mniSvnelovani amgvari SemTxvevebis Seswvla. davuSvaT, rom romeliRac qj- 

droSi ucvlelia: 

 

0j
j

H
p

q


  


                           (8.4-2) 

 

yoveli (q(t), p(t))-s mniSvnelobisTvis traeqtoriis gaswvriv (8.4-2) gantolebis 

bolo Sesakrebi mxolod im SemTxvevaSi iqneba nulis toli, rodesac H(q, p) araa 

damokidebuli qj-ze! arsebobs saerTo wesi: pj impulsi maSin da mxolod maSin iqneba 

moZraobis mudmiva, Tu sistemis hamiltoniani qj-ze cxadi saxiT damokidebuli ar 

aris. am SemTxvevaSi traeqtoria rogorc pj=pj0 mniSvnelobis, aseve H(q0, p0) 

energiis meSveobiT SegviZlia aRvniSnoT. am dros traeqtoriebi Caketilia aramarto  

fazuri sivrcis garkveuli energiis Sesabamis areebSi, aramed SezRudulia pj 

mniSvnelobis mxrivac. amrigad, traeqtoriebma unda `iarsebon~ fazuri sivrcis 2N_k 

ganzomilebian `zedapirze~, sadac k mudmivi sidideebis raodenobaa.  

 hamiltonis sistemebis gamorCeuli (Zalian SezRuduli, magram Teoriuli 

TvalsazrisiT metad mniSvnelovani) klasisTvis moZraobis mudmivebis raodenoba 

Tavisuflebis xarisxebis tolia. aseT sistemebs integrebadi ewodeba. umetes 

SemTxvevaSi moZraobis mudmivebi ar warmoadgens im p-ebs im pirobebSi, 

romelTaTvisac hamiltonis funqciebi ganvsazRvreT. moZraobis mudmivebi yovelTvis 

SeiZleba sawyisi q-ebisa da p-ebis funqciis saxiT gamoisaxos. moZraobis mudmivebs 

qmedebis cvladebi ewodeba da maT Cveulebriv Ji(q, p), i =1, 2, ... , N formiT 

gamosaxaven. hamiltonis integrebadi sistemisTvis fazuri sivrcis traeqtoriebi am 

sivrcis N-ganzomilebian zedapirzea Caketili.  

 arsebobs TiToeuli Ji(q, p)-s Sesabamisi meore θi(q, p) cvladic, romelsac 

Sesabamisi kuTxuri cvladi ewodeba. Ji-ebi da θ i-ebi isea SerCeuli, rom maTi 

meSveobiT gamosaxul hamiltonis gantolebebs q-ebiT da p-ebiT gamosaxuli 

Tavdapirveli gantolebebis identuri forma gaaCniaT:  
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H J
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
                          (8.4-3) 

 

(radgan kuTxur cvlads ganzomileba ar gaaCnia; qmedebis energiis erTeulebi  

gamravlebuli droze, igivea,  rac impulsi gamravlebuli manzilze). Tu (8.4-3) 

ZalaSia, (θ, J) cvladebi (q, p) cvladebTan kanonikuri gardaqmniT arian 

dakavSirebulni (aq kanonikuri `zogierTi kanonis an wesis Sesrulebas~ niSnavs). 

rogorc qvemoT vnaxavT, fazur sivrceSi perioduli traeqtoriisTvis  qmedeba 

iZleva Semdeg geometriul interpretacias: perioduli traeqtoriis Sesabamisi 

qmedeba proporciulia am traeqtoriis mier SemosazRvruli fazuri sivrcis aris 

farTobisa.  

 CvenTvis sainteresoa mxolod is kanonikuri gardaqmna, romlis Sedegad 

miRebuli hamiltoniani damokidebulia Ji-ebze da ara θi-ebze am dros yoveli i =1, 2, 

... , N-Tvis gvaqvs: 

 

0iJ                              (8.4-4) 

 

sadac e.w. Ji ( i =1,...,N) moZraobis integralia. 

(8.4-3) da (8.4-4) gantolebebis damakmayofilebel hamiltoniseul sistemas 

integrebadi sistema ewodeba. termini integrebadi gamomdinareobs im Sexedulebidan, 

rom Ji qmedeba sistemis moZraobis gaswvriv aRebuli integralis saxiT SeiZleba 

gamoisaxos da θ i-is Sesabamisi gantolebis integrireba advilad SesaZlebelia.  

 

termini integrebadi albaT garkveulwilad damabnevelia, radgan TiTqos 

gulisxmobs, rom sistemis xasiaTi Sesabamisi kanonikuri gardaqmnis dadgenis 

an saWiro integralis gamoyvanis Cveneul unarzea damokidebuli. 

literaturaSi SeiZleba Segvxvdes aseTi frazebi: `sistema integrebadia, Tu 

SegviZlia kanonikuri gardaqmnis dadgena. . .~. sinamdvileSi, sistemis xasiaTi 

(moZraobis mudmivebis raodenoba) Cvens mier Sesabamisi kanonikuri gardaqmnis 

povnis unarze damokidebuli ar aris.  
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mcire teqnikuri momenti: sistemis integrebadobisa da martivi maxasiaTeblebis  

qonisaTvis moZraobis mudmivebi unda akmayofilebdnen pirobas:  {Ji, Jj}=0 

nebismieri  i-sa da j-sTvis. am pirobis Sesrulebis SemTxvevaSi amboben, rom 

sistemas gaaCnia moZraobis N integrali. 

 

sasurveli kanonikuri gardaqmnis e.w. birhofis mimdevrobebis meSveobiT 

gamosaxviT da am mimdevrobebis krebadobis sakiTxis gansazRvris gziT SesaZlebelia  

hamiltonis sistemis integrebadobisa Tu araintegrebadobis sakiTxis garkvevac 

(HEL80). Tu sistema araintegrebadia, mas Tavisuflebis xarisxebze mcire 

raodenobis moZraobis integrali aRmoaCndeba.  

 axla warmogidgenT ramdenime Sedegs (damtkicebis gareSe). isini gvamcnoben 

hamiltonis sistemebis romeli tipebia integrebadi (HEL80).  

 

1. Tavisuflebis erTi xarisxis mqone nebismieri hamiltoniseuli sistema, 

romlisTvisac H-s q-sa da p-s mimarT sasrulo warmoebuli gaaCnia (anu igi  

`analizuri~ funqciaa) integrebadia da Sesabamisi J akmayofilebs H=ωj 

pirobas, sadac ω=∂H/∂j.  

2. hamiltonis sistema, romlisTvisac hamiltonis gantolebebi q-sa da p-s 

mimarT wrfivia, integrebadia (e.w. normaluri gardaqmnebis gziT).  

3. arawrfivi gantolebebiT gamosaxuli hamiltonis nebismieri sistema, romelic 

Tavisuflebis erTi xarisxis mqone araSeuRlebad sistemebad SegviZlia 

davSaloT, integrebadia.  

 

gamovikvlioT hamiltonis integrebadi funqcia, romlisTvisac yoveli  Ji 

moZraobis integraliaa. am SemTxvevaSi θi sididis droze damokidebulebis saxis 

dadgena advilia: 

 

( )i i
i

H
J

J
 
 


                         (8.4-5) 

 

am gantolebis marjvena mxare moZraobis e.w. kuTxur sixSires gansazRvravs. 

integrebadi sistemisTvis ωi  damokidebulia  yvela  Ji-ur mniSvnelobaze, magram 
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radgan Ji-ebi drois mimarT damoukidebeli sidideebia, ωi-ic ar iqneba droze 

damokidebuli. amrigad, SegviZlia davweroT 

  

( ) (0)t i it t                           (8.4-6) 

 

amrigad, Tu sistema integrebadia da (8.4-3) da (8.4-4) gantolebebiT 

mocemuli kanonikuri gardaqmnebis dadgena SesaZlebelia, maSin sistemis dinamika 

mTlianobaSi detereministuria.  

 Tu sistemis qmedebis dadgena sawyis q-ebsa da p-ebze dayrdnobiT gvsurs, 

maSin kanonikuri gardaqmnebis mimarT Sebrunebuli gardaqmnebis meSveobiT miviRebT:   

 

( ) ( , )

( ) ( , )
i

i

q t f J

p t g J
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


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                        (8.4-7) 

 

sivrciTi TvalsazrisiT SemosazRvruli sistemis SemTxvevaSi, rodesac θi(t) 

ganusazRvrelad izrdeba t_>∞ pirobebSi,  q-ebi da p-ebi θi-is perioduli funqciebi 

unda iyos.  

 fazuri integralis kuTxuri cvladis gardaqmnebis dadgenis maTematikur 

proceduras SeSfoTebaTa kanonikuri Teoria ewodeba. aq sawyisi q-ebi da p -ebi j da 

θ axali cvladebis xarisxobrivi funqciebis mwkrivebis saxiTaa gamosaxuli. rigebis 

mwkrivebis ganSladobis SemTxvevaSi sistema araintegrebadia.  

 amjerad gavecnoT Tavisuflebis erTi xarisxis mqone hamiltonianis mqone 

sistemebsa da maTi Sesabamisi fazuri sivrcis Tvisebebs  ori magaliTis safuZvelze. 

 

martivi harmoniuli oscilatori 

8.2-2 amocanidan viciT, rom m masisa da k mudmivas zambaris mqone 

erTganzomilebiani martivi harmoniuli oscilatorisaTvis hamiltonians eqneba 

Semdegi saxe: 

 

2
21

2( , )
2

p
H q p kq

m
                        (8.4-8) 
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sadac q warmoadgens oscilatoris wanacvlebas wonasworuli mdgomareobidan. am 

SemTxvevaSi hamiltonis funqciis ricxviTi mniSvneloba sistemis sruli meqanikuri 

energiis tolia. drois mimarT damokidebuli hamiltonis gantolebebi Semdeg saxes 

miiReben:  

 

naxazi 8.1. marcxniv gamosaxulia martivi harmoniuli oscilatoris traeqtoria 

fazur sivrceSi. TiToeuli elifsi energiis garkveul mniSvnelobas Seesabameba. 

ufro didi elifsi energiis ufro didi mniSvnelobis Sesabamisia. cvladebis 

saTanado gardaqmniT traeqtoriebi wreiul saxes miiReben da maTi radiusi J -is 

toli iqneba, sadac J mocemuli traeqtoriis Sesabamisi qmedebis sididea. θ kuTxuri 

cvladi gansazRvravs wertilis  mdebareobas traeqtoriaze.      

  

H p
q

p m

H
p kq

q


 


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




                            (8.4-9) 

 

erTganzomilebiani martivi harmoniuli oscilatoris models Tavisuflebis erTi 

xarisxi gaaCnia, xolo misi fazuri sivrce organzomilebiania. rodesac hamiltonis 

funqcia droisagan damoukidebelia, traeqtoriebi fazuri sivrcis 2N_1=1 

ganzomilebis `zedapirze~ (anu mrudze) mdebareobs. moZraobis periodulobis gamo 

traeqtoriebi Caketili mrudebia. energiis TiToeuli mniSvneloba konkretul  

Caketil mruds Seesabameba.  

  martivi harmoniuli oscilatorisaTvis fazuri sivrcis traeqtoriebi 

sistemis energiis (hamiltonis funqciis) ufro didi mniSvnelobisaTvis elifsia. Tu 

8.1 naxazze fazuri sivrcis koordinatebi saTanado saxiT arian gardaqmnilni, maSin 

traeqtoriebi wreebad gadaiqcevian. TiToeuli wris radiusi traeqtoriis Sesabamisi 
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moqmedebis sididis kvadratuli fesvis tolia. Sesabamisi kuTxuri cvladi ki wreze 

traeqtoriis wertilis adgilmdebareobas gansazRvravs.  

 aRsaniSnavia, rom martivi harmoniuli oscilatoris models mxolod erTi 

fiqsirebuli wertili gaaCnia, kerZod (p=0, q=0). hamiltonis dinamikis 

TvalsazrisiT, fiqsirebuli wertilis am tips elifsuri wertili ewodeba, radgan 

fiqsirebuli wertilis maxloblad mdebare traeqtoriebi elifsebs warmoadgenen.  

  martivi harmoniuli oscilatoris modelisaTvis viciT, rom rxeviTi 

moZraobis kuTxuri sixSirea m

k


. radganac saqme gvaqvs Tavisuflebis erTi 

xarisxis mqone sistemasTan an radganac hamiltonis gantolebebi wrfivia, unda 

velodoT, rom sistema integrebadia.  

 

 

moZraobis erTi mudmiva hamiltonis funqcia (energia) an misi jeradi sididea. aqedan 

gamomdinare, J qmedeba 

 

2 2

2 2

H p kq
J

m  
                            (8.4-10) 

 

Tu p/ m2 -sa da q/ 2/m -s fazuri sivrcis cvladebad gamoviyenebT, maSin 

traeqtoriebi J  radiusis mqone wreebi iqnebian. saqmis bolomde misayvanad 

SegviZlian sawyisi fazuri sivrcis Sesabamisi  p da q cvladebi polaruli 

koordinatebis saxiT gamovsaxoT :  

 

2 sin

2 / ( ) cos

p m J

q J m

 

 




                        (8.4-11) 

 

 

sadac θ dadebiTi q RerZidan saaTis isris moZraobis sapirispiro mimarTulebiT 

Rebulobs dadebiT mniSvnelobebs. 
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amocana 8.4-1. (a) aCveneT, rom Tu fazuri sivrcis koordinatebis gardaqmna teqstSi 

aRwerili saxiT moxdeba, maSin martivi harmoniuli oscilatoris traeqtoriebi 

fazur sivrceSi wreebs warmoadgenen. (b) aCveneT, rom wriuli traeqtoriis radiusi 

J -s tolia. (c) aCveneT, rom sawyis fazur sivrceSi elifsis mier SemosazRvruli 

aris farTobi 2πJ-s tolia.  

 

8.4-1 amocana gviCvenebs, rom Caketili traeqtoriis Sesabamisi qmedeba 

dakavSirebulia traeqtoriis mier SemosazRvrul fazuri sivrcis aresTan. 

sazogadod, SegviZlia davweroT: 

 

1

2
J p dq


                               (8.4-12) 

 

sadac φ simbolo niSnavs, rom integrali Caketili traeqtoriis gaswvrivaa aRebuli. 

 

maTematikuri qanqara 

 

hamiltonis sistemebidan yvelaze didi istoriis mqone da xSirad (safuZvlianad) 

Seswavlili magaliTi maTematikuri qanqaraa. sistema L sigrZis mqone ara 

deformirebadi (masis armqone)  Reros boloSi dakiduli m wertilovani masaa. 

Reros SeuZlia Tavisuflad rxeva mis meore boloSo myofi RerZis mimarT. am 

sistemis hamiltoniseul sistemad warmodgenisTvis yovelgvar disipacias 

ugulebelvyofT, rac Tavis mxriv dakavSirebulia Reros rxevisas moqmed xaxunis 

ZalasTan da haeris winaRobasTan. aseTi sistema 8-2 naxazzea naCvenebi. 

 mocemuli sistemisTvis hamiltonis funqcia rxevis  kinetikuri energiisa da 

gravitaciuli potencialuri energiis jamis tolia:  

 

2

2
(1 cos )

2

p
H mgL

mL
                        (8.4-13) 

 

sadac pθ rxevasTan dakavSirebuli kinetikuri momentia, xolo g _ mizidulobis 

(Tavisufali vardnis) aCqarebaa. amrigad, maTematikuri qanqara Tavisuflebis erTi 

xarisxis mqone sistemaa (ori ganzomilebis mqone fazuri sivrciT).  
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naxazi 8.2. qanqaris sqema. θ kuTxe aiTvleba stabiluri 

wonasworobis wertilis mimarT. mizidulobis Zala 

mimarTulia qvemoT. 

 

 

 

 

 

 

amrigad, zemoT warmodgenili argumentebis Tanaxmad, es sistema moZraobis erTi 

integralis (sruli meqanikuri E energiis) mqone integrebadi sistemaa. 

 E energiis mocemuli mniSvnelobisTvis (8.4-13) –dan vRebulobT: 

 

22 [ (1 cos )]p mL E mgL                       (8.4-14) 

 

daSvebis Tanaxmad, momenti dadebiTia, rodesac qanqara saaTis isris sawinaaRmdego 

mimarTulebiT moZraobs, xolo winaaRmdeg SemTxvevaSi – uaryofiTia. (8.4-14) 

gantolebidan gamomdinareobs, rom impulss maqsimaluri mniSvneloba θ=0 

mniSvnelobisaTvis gaaCnia. 2mgL-ze naklebi energiebis SemTxvevaSi gadaxris 

maqsimaluri kuTxe pθ=0 pirobebSi, anu E=mgL(1_cosθ)-Tvis gveqneba. sakmarisi 

energiis (2mgL-ze meti) miniWebis SemTxvevaSi qanqaras impulsis minimaluri 

mniSvneloba θ =π mniSvnelobisaTvis fiqsirdeba. 8.3 naxazze warmodgenili fazuri 

sivrcis traeqtoriebis gamosaxvisTvis gamoyenebulia(8.4-14) damokidebuleba.  

 sistemis Sesabamisi J qmedebis dadgenas rxevis erTi ciklis gaswvriv 

impulsis integrebis meSveobiT SevZlebT: 

 

21
2 [ (1 cos)]

2
J d mL E mgL


                     (8.4-15) 

 

miRebuli integrali elifsuri integralis saxeliT aris cnobili da igi mravali 

maTematikuri kursis farglebSi ganixileba. aq mniSvnelovania, rom moZraobis 

sixSiris gansazRvra, (8.4-15) da (8.4-5) gantolebebis meSveobiT ricxobrivad 
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SegviZlia. qanqarisTvis 8.3 naxazze gamosaxuli fazuri sivrcis diagrama hamiltonis 

mravali integrebadi sistemisTvis damaxasiaTebeli tipiuri diagramaa. energiis 

SedarebiT mcire mniSvnelobebisaTvis fazuri sivrcis traeqtoriebi koordinatTa 

saTavis mimarT centrirebuli `elifsebia~. 

 

 

naxazi 8.3. fazuri diagrama qanqarisaTvis. kuTxuri siCqare (vertikaluri RerZi) 

warmoadgens kuTxuri daSorebis funqcias (horizontaluri RerZi). TiToeuli 

traeqtoria Seesabameba sistemis sruli meqanikuri energiis garkveul mniSvnelobas. 

elifsuri fiqsirebuli wertilebi gvxvdebian koordinatTa saTaveSi da ± n2π 

kuTxuri manZilis SemTxvevaSi, sadac n-is dadebiTi an uaryofiTi mTeli ricxvebia. 

hiperboluri (`unagiris~) wertilebi θ=±π -Tvis iCenen Tavs. isini mcire zomis 

wreebiTaa aRniSnuli. traeqtoriebi, romlebic gadian hiperbolur wertilebSi, 

separatrisebia. separatrisebis SigniT moZraoba perioduli da rxeviTia. rac Seexeba 

separatrisebis miRma mdebare traeqtoriebs, gvaqvs perioduli moZraoba saaTis isris 

sawinaaRmdego mimarTulebiT >0-isaTvis, xolo <0-SemTxvevaSi ki _ saaTis isris 

moZraobis mimarTulebiT.  

 

koordinatTa sistemis saTaveSi mdebareobs sistemis elifsuri fiqsirebuli 

wertili: Tu sistema starts aiRebs pθ=0 da θ=0-is pirobebSi, maSin igi samudamod 

iqve darCeba. elifsebi am SemTxvevaSi warmoadgenen `organzomilebian Torebs~, 

romlebzec traeqtoriebi organzomilebian fazur sivrceSi `arseboben~.  
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amocana 8.4-2. mcire energiebisaTvis (rxevis mcire kuTxeebi) sinθ SegviZlia θ 

radianiT SevcvaloT. gamoiyeneT es miaxloeba J-s gansazRvrisTvis da aCveneT, rom 

rxevis sixSirea ω=g/L.  

 

 fiqsirebuli wertilebi gveqneba pθ=0 da θ=±nπ SemTxvevebSic, sadac n mTeli 

kenti ricxvia. fiqsirebuli wertilebi brunvis wertilis mimarT vertikalurad 

zemoT myof mdebareobas Seesabamebian. aRsaniSnavia, rom θ=±π fizikurad 

eqvivalenturi wertilebia, radganac orive maTgani qanqaris vertikalur mdebareobas 

Seesabameba. qanqaras moZraobis zogierTi aspeqtis vizualizaciisTvis xandaxan 

sasurvelia kuTxis sididis SeuzRudavad gazrda an Semcireba. Tu θ-s RerZis 

gaswvriv 2π-is jeradi erTeuliT gadavanacvlebT, maSin mdgomareobaTa sivrceSi 

mdebare traeqtoriebis nimuSebis periodulobaSi fizikuri ekvivalenturoba 

gamovlindeba.  

 

`amoyiravebuli~ (θ=±π) mdebareobis Sesabamisi fiqsirebuli wertilebi 

arastabiluria, radgan am mdgomareobidan umciresi gadaxrac ki qanqaris 

vertikaluri mdebareobidan `gaqcevas~ iwvevs. am fiqsirebul wertilebs hamiltonis 

sistemebisTvis hiperbolur wertilebs uwodeben, radgan maT midamoSi mdebare 

traeqtoriebi hiperbolebis msgavsia. ra Tqma unda, fiqsirebuli wertilebi, me-3 

TavSi moyvanili terminologiis Tanaxmad, `unagiris~ wertilebia. traeqtoriebi 

hiperbolur wertils erTi mxridan uaxlovdebian, xolo meore mxridan ki 

Sordebian.  

Semdeg hiperboluri wertilSi Semaval an misgan gamomaval traeqtoriebs 

separatrisebi ewodeba, vinaidan isini fazur sivrces Tvisobrivad gansxvavebuli 

qmedebis areebad yofen (separatrisebi warmoadgenen stabilur an arastabilur 

mravalsaxeobebs, romelTa ganmartebebi wina TavebSi moviyvaneT). qanqaras SemTxvevaSi 

separatrisebis SigniT mdebare traeqtoriebi Seesabamebian rxeviT moZraobas qveda 

vertikaluri wonasworobis wertilis maxloblad. maT gareT myofi traeqtoriebi ki 

asaxaven iseT mdgomareobebs, rodesac qanqaras sakmarisi energia gaaCnia rom 

gadaixaros didi kuTxiT. am dros kuTxuri siCqare dadebiTia (moZraoba saaTis isris 

sapirispiro mimarTulebiT) an uaryofiTi (saaTis isris moZraobis mimarTulebiT). 

orive SemTxvevaSi θ kuTxe droSi izrdeba. 
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hamiltonis integrebadi sistemebisaTvis damaxasiaTebelia elifsuri tipis 

wertilebiT Sedgenili fazuri sivrce, romelic SemosazRvrulia hiperbolur 

wertilebTan dakavSirebuli separatrisebiT. separatrisebi erTmaneTisagan gaoyofen 

fazuri sivrcis im areebs, romlebic moZraobis Tvisobrivad gansxvavebul tipebs 

Seesabamebian.  

 

Tavisuflebis N xarisxis mqone sistemebi 

Tu martivi harmoniuli oscilatorisaTvis miRebul  Sedegebs (8.4-5) da (8.4-6) 

gantolebebs SevadarebT, aRmoCndeba, rom kuTxuri cvladebis TvalsazrisiT,  

Tavisuflebis N xarisxis mqone integrebadi sistema N raodenobis arakoherentul 

oscilatorTa simravlis eqvivalenturia (oscilatorebi warmoadgenen martiv 

harmonikebs, Tu ωi mniSvnelobebi J-ebisagan damoukideblebia. sxvagvarad miviRebdiT 

arawrfiv oscilatorebs, rodesac ω damokidebulia J-ze). amgvari kavSiri cxadhyofs, 

Tu ratom eTmoba merxev sistemebs dinamikaSi didi yuradReba. 

 rodesac Tavisuflebis N xarisxis mqone integrebadi sistemisTvis moZraobis 

N integrali arsebobs, mdgomareobaTa sivrceSi traeqtoriebi metad SezRudulia. 

magaliTad, Tavisuflebis ori xarisxis mqone integrebad sistemas gaaCnia fazuri 

sivrcis organzomilebian zedapirze Caketili traeqtoriebi. es zedapiri, sazogadod, 

warmoadgens oTxganzomilebian fazur sivrceSi myofi Toris zedapirs. me-6 TavSi 

Seswavlili kvaziperioduli moZraobis analogiurad, traeqtoriebs axasiaTeben 

orgvari sixSiris meSveobiT:  

 

1 2
1 2

H H

J J
  

 
 

                      (8.4-16) 

 

naxazi 8.4. kuTxe-qmedebis diagrama Tavisuflebis 

erTi xarisxis mqone integrebadi hamiltoniseuli 

sistemisTvis. TiToeuli traeqtoria `moicavs~ 

mudmiv qmedebas da amgvarad  kuTxe-qmedebis sivrcis 

horizontalur wrfes Seesabameba. periodi-n-is tipis 

periodul traeqtorias Seesabameba n raodenobis 
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wertili horizontalur wrfeze. kvaziperioduli traeqtoria saboloo jamSi 

mTlianad Seavsebs horizontalur wrfes. 

 

 ganzogadebulad rom vTqvaT, Tavisuflebis N xarisxis mqone integrebadi 

sistemisTvis traeqtoria SezRudulia Toris N ganzomilebiani zedapirze (romelic 

mdebareobs 2N-ganzomilebian fazur sivrceSi). imis gamo, rom moZraoba yovelTvis am 

zedapirebze xdeba, maT invariantul Torebsac uwodeben.  

 Tu sxvadasxva ωi sixSireebi araTanazomadia, xolo moZraoba _  

kvaziperioduli, maSin traeqtoria saboloo jamSi Toris zedapiris yvela nawils 

`estumreba~. aseT sistemas ergoduli ewodeba, radgan misi nebismieri parametris 

saSualo mniSvnelobis gamoTvla xdeba an droSi (rac sakmaod rTulia) an zedapiris 

Sesabamisi q da p sidideebis mixedviT gasaSualoebis Sedegad (SedarebiT iolia da 

umeteswilad am xerxs mimarTaven). 

  

kuTxe-qmedebis sivrce 

Cveulebrivi pq fazuri sivrcis nacvlad mdgomareobaTa sivrcis gansxvavebuli 

interpretacia iyenebs kuTxe-qmedeba cvladebs. amisTvis sammagi motivacia arsebobs. 

pirveli mdgomareobs imaSi, rom integrebadi sistemisTvis nebismieri traeqtoria 

qmedebis Sesabamis cvladTa fiqsirebuli mniSvnelobebiT SegviZlia davaxasiaToT. 

magaliTad, martivi harmoniuli oscilatorisaTvis pq fazur sivrceSi TiToeuli 

traeqtoria (8.4-10)-iT mocemul fiqsirebul qmedebas Seesabameba.  

kuTxe-qmedebis sivrceSi integrebadi sistemis Sesabamisi traeqtoriebi mudmivi 

qmedebis horizontalur wrfeebze mdebareobs. 8.4 naxazze TiToeuli horizontaluri 

wrfe sawyisi pq fazuri sivrcis `Tors~ Seesabameba.  

kuTxe-qmedebis diagramis agebis meore motivacia araintegrebadi sistemebs 

ukavSirdeba. momdevno paragrafSi vnaxavT, rom rodesac hamiltoniseuli sistema 

araintegrebadi xdeba, traeqtoriis Sesabamisi qmedeba ukve sazogadod mudmivi aRar 

aris. gansakuTrebiT aSkarad es faqti kuTxe-qmedebis diagramaze vlindeba, sadac 

traeqtoria vertikalurad `moZraobs~.  

kuTxe-qmedebis sivrcis Semoyvanis mesame mizezi dakavSirebulia kvantur 

meqanikaSi arsebul qmedebebTan. me-12 TavSi vnaxavT, rom TiToeuli dasaSvebi 

kvanturi mdgomareoba qmedebis fundamenturi erTeulis mTel ricxvze namravls  

Seesabameba.  
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naxazi 8.5. Tavisuflebis ori xarisxis mqone integrebadi sistemis SemTxvevaSi 

traeqtoriebi Caketilia koncentruli Torebis zedapirebze. TiToeuli zedapiri 

Seesabameba moZraobis ori mudmivas mniSvnelobaTa sxvadasxva simravles. Tu sistema 

araintegrebadi xdeba, maSin traeqtoriebs SeuZliaT gavidnen Toris zedapiridan.  

 

amrigad, dasaSvebi kvanturi mdgomareobebi Seesabamebian kuTxe-qmedebis diagramaze 

qmedebis Sesabamisi cvladis mixedviT Tanabrad ganawilebul traeqtoriebs. 

 

8.5 araintegrebadi sistemebi, KAM Teorema da periodis gaormageba  

 

rodesac hamiltonis integrebadi sistemis qmedeba yovelTvis perioduli an 

kvaziperiodulia, maSin integrebadi sistema qaosur qmedebas ver amJRavnebs. Cven  

garkveuli dro davuTmeT integrebadi sistemebis aRweras, radganac hamiltoniseuli 

sistemebis qaosuri qmedebis Sesaxeb arsebuli literatura fokusirebulia mcired  

araintegrebad sistemebze. SemdgomSi SevZlebT pasuxis gacemas, Tu ramdenad 

gansxavebuli xdeba araintegrebadi sistemis qmedeba araintegrebadobis zrdasTan 

erTad. 

araintegrebadi sistemebis SemTxvevaSi Cven vdgavarT traeqtoriebis 

vizualizaciis problemis winaSe, radgan araintegrebad sistemas Tavisuflebis ori 

xarisxi mainc unda hqondes. sistema integrebadi rom yofiliyo, maSin traeqtoriebi 

Toris organzomilebian zedapirze gadaadgildeboda da periodulobas an 

kvaziperiodulobas gamoavlenda. Tu sistema araintegrebadia, maSin traeqtoriebs 

gadaadgileba SeuZliaT oTxganzomilebian fazur sivrceSi mdebare samganzomilebian 
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zedapirze (am SemTxvevaSi energia kvlav mudmivia da xdeba traeqtoriaTa SezRudva). 

aseTi samganzomilebiani moZraoba qmnis qaosis SesaZleblobas.  

 Tavisuflebis ori xarisxis mqone integrebad sistemisaTvis fazuri sivrce 

SegviZlia warmovidginoT rogorc koncentrul TorTa simravle (ix. naxazi 8.5). 

moZraobis ori mudmivas fiqsirebuli mniSvnelobebisTvis traeqtoriebi erT-erTi 

Toris zedapirzea Caketili. rodesac sistema umniSvnelod araintegrebadi xdeba, 

traeqtoriebi Toris zedapiridan gadis. aseT SemTxvevaSi amboben, rom Tori irRveva.  

 suraTis gasamartiveblad gamoviyenoT puankares kveTebi. jer SevarCevT fazuri 

sivrcis iseT sibrtyes, romelsac traeqtoriebi `ganivad~ kveTen, xolo Semdeg 

traeqtoriebisa da sibrtyis gadakveTis wertilebs movniSnavT. amgvarad, 

Tavisuflebis ori xarisxis mqone sistemis aRweras organzomilebiani sibrtyis 

Semadgenel wertilebis simravlemde daviyvanT. 

 sazogadod, Tavisuflebis ori xarisxis mqone sistemisTvis puankares sibrtye 

qanqaras fazuri sivrcis (gamrudebuli) diagramis analogiuria: arsebobs elifsuri 

orbitebi, romlebic elifsuri wertilebis garSemo Caketil konturebs qmnian 

(rogorc me-6 TavSi aRvniSneT, perioduli moZraobis SemTxvevaSi konturebi 

diskretuli wertilebis usazRvro raodenobas moicaven. kvaziperioduli 

moZraobisas ki kveTis wertilebi uwyvet mruds Seavseben puankares sibrtyeSi). 

hiperboluri tipis wertilebis midamoebSi iarsebeben hiperboluri orbitebic, 

romelTagan zogierTi erTmaneTs gadakveTs am (`unagiris~ tipis) wertilebSi. 8.6 

naxazi warmogvidgens puankares sibrtyes henon-heilsis sistemisTvis. ufro 

detalurad mas 8.6 paragrafSi ganvixilavT. 

 Tu sistema araintegrebadi gaxdeba, maSin traeqtoriebi SezRudvisgan 

Tavisufldebian da fazur sivrceSi ufro Tavisuflad gadaadgildebian. amrigad, 

Tamamad SegviZlia ganvacxadoT, rom mosalodnelia integrebadi sistemisaTvis 

damaxasiaTebeli kargad organizebuli puankares kveTis `gaqroba~. axlavs Tu ara am 

process Tan wertilebis SemTxveviTi saxiT gabneva? am kiTxvaze pasuxi 

kolmogorovi-arnoldi-moseris (KAM) cnobilma Teoremam [Arnold, 1978] gasca.  

 KAM Teorema amtkicebs, rom (zogierTi teqnikuri xasiaTis pirobebis 

Sesrulebis SemTxvevaSi romelTac aq ar ganvixilavT) fazuri sivrcis zogierTi 

Tori, kerZod isini, romlebic dakavSirebuli arian naxvevTa iracionaluri ricxvis 

mqone kvaziperiodul moZraobasTan, `gadarCeba~ (magram odnav deformirdeba)  im 

SemTxvevaSi, Tu integrebadi sistema umniSvnelod araintegrebadi gaxdeba. es Sedegi 
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ufro formaluri saxiT SegviZlia ase CamovayaliboT: Tavdapirvelad integrebadi 

sistemis Sesabamisi hamiltoniani SeiZleba H0(J) funqciis saxiT CavweroT. sistemas 

araintegrebads H0(J)-saTvis meore wevris  damatebiT gavxdiT. hamiltonis sruli 

funqcia iqneba 

 

1( , ) ( ) ( , )oH J H J H J                       (8.5-1) 

 

sadac ε parametri gvaZlevs araintegrebadobis xarisxs. (8.5-1) gantolebis meore 

wevrs zogjer hamiltonis sawyisi funqciis `SeSfoTebas~ uwodeben, xolo 

traeqtoriis xasiaTze am wevris zegavlenis gansazRvrisTvis gamoiyeneba 

`SeSfoTebaTa Teoria~. KAM Teorema amtkicebs, rom rodesac ε<<1 (anu sistema 

TiTqmis integrebadia) qmedebasTan dakavSirebuli, sixSireTa iracionaluri fardobis 

mqone Tori `gadarCeba~. 

 

 

naxazi 8.6. puankares kveTa Tavisuflebis ori xarisxis mqone (TiTqmis) integrebadi 

sistemisTvis (8.6 paragrafSi moyvanili henon-heilsis sistema), energiis 

fiqsirebuli mniSvnelobiT. TiToeuli traeqtoria moZraobis mudmivas gansxvavebul 

mniSvnelobas Seesabameba. e-iT aRniSnuli ori elifsuri tipis wertili `elifsuri~ 

orbitebiTaa garSemortymuli. h-iT aRniSnuli sami hiperboluri wertili sibrtyis 

gansxvavebul areebad damyof separatrisebTanaa dakavSirebuli.  
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maT KAM Torebs uwodeben. ε-is zrdasTan erTad Torebi erTimeoris miyolebiT 

`nadgurdebian~. gadarCeba mxolod erTi Tori, romelsac oqros Sualedis toli 

(`yvelaze iracionaluri~ iracionalur ricxvTa Soris) naxvevTa ricxvi gaaCnia.  

 rodesac ε izrdeba, naxvevTa racionaluri ricxvis Sesabamisi Tori 

`nadgurdeba~. puankares kveTis TvalsazrisiT, wertilebi puankares sibrtyis garSemo 

ganibnevian. swrafi `ganadgureba~ me-6 TavSi ganxiluli rezonansis efeqtiT SeiZleba 

aixsnas. hamiltonis funqciis araintegrebadi nawili `awyvilebs~ iseT rxevebs, 

romlebic damoukidebeli arian integrebadobis SemTxvevaSi. rodesac TorisTvis 

fardobiTi sixSire racionaluria, maSin adgili aqvs TiToeuli rxevis Sesabamisi 

harmonikebis mier erTmaneTis gadafarvas. amgvari gadafarva damaxasiaTebelia `Zlieri 

rezonansisaTvis,~ romelsac mivyavarT rxevis amplitudis swraf zrdisken fazur 

sivrceSi da Toris zedapiridan traeqtoriebis swrafi dacilebisken. rodesac 

fardobiTi sixSire iracionaluria, harmonikebis mier erTimeoris gadafarva aRar 

aris mosalodneli da Sesabamisi Toris `gadarCenas~ ε-s ufro didi mniSvnelobebis 

SemTxvevaSic ki unda velodoT.  

 KAM Teorema amtkicebs, rom araintegrebadobis mocemuli maCveneblis 

SemTxvevaSi `gadarCenil~ Tors Seesabameba naxvevTa iseTi ω ricxvi, romelic 

akmayofilebs Semdeg utolobas [Schuster, 1995]:   

 

2.5

( )m g
w

n n


                              (8.5-2) 

 

sadac vuSvebT, rom mTeli dadebiTi ricxvebis m/n fardoba umartives saxezea 

dayvanili. g(ε) koeficienti, romelic araintegrebadobis maCveneblis zrdasTan erTad 

izrdeba, m/n-is yoveli mniSvnelobisTvis ucvlelia. rogorc vxedavT, iseTi ω-ebis 

SemTxvevaSi, romelTac gaaCniaT mcire mniSvnelebi (magaliTad, 1/4 an 1/3) Tori 

yvelaze axlosaa `ganadgurebasTan~. winaaRmdeg SemTxvevaSi Torebi ε-s SedarebiT 

didi mniSvnelobebisaTvisac ki `gadarCebian~ (magaliTad, oqros kveTis SemTxveva).  

 Toris `ganadgurebis~ sailustraciod avagoT TiToeuli m/n racionaluri 

wiladis Semcveli g(ε)/n2.5 zomis mqone warmosaxviTi areebi. yovel aseT areSi 

moxvedrili naxvevTa iracionaluri ricxvis Sesabamisi nebismieri Tori `nadgurdeba~. 

kuTxe-qmedebis Sesabamis diagramaze TiToeuli are naxvevTa racionaluri ricxvis 

mqone J-s horizontaluri wrfis garSemo mdebare horizontaluri diapazonebisgan 
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Sedgeba. am diapazonebs, romlebic J-s mniSvnelobebis Sesabamisi hiperboluri 

wertilebisagan Sedgenili separatrisebiT arian SemosazRvrulni, rezonansuli 

struqturebi ewodebaT. araintegrebadobis maCveneblis zrdasTan erTad rezonansebi 

erTimeoris gadafarvas iwyeben da maT Soris arsebul areebSi mdebare iracionalur 

Torebs `anadgureben~. rezonansuli gadafarvis cneba saSualebas gvaZlevs 

miaxloebiT ganvsazRvroT, Tu araintegrebadobis romeli maCveneblisaTvis 

“nadgurdebian” yvela amgvari Torebi da iwyeba qaosuri qmedeba (CHI79).  

 ra aris KAM Toris dinamikuri mniSvneloba? integrebadobis SemTxvevaSi 

traeqtoriebi fazur sivrceSi Torebis zedapirebze arian Caketilni. sistemis 

araintegrebadobis SemTxvevaSi traeqtoriebs Torebidan gasvlis unari uCndebaT. 

“gadarCenili” KAM Torebis SemTxvevaSi traeqtoriebi kvlav maT zedapirebzea 

Caketili. amrigad, KAM Torebi kvlav `Rebuloben  monawileobas~ fazuri sivrcis 

traeqtoriaTa organizebaSi.  

 SevamowmoT, Tu rogor aris amgvari organizaciis unari damokidebuli fazuri 

sivrcis ganzomilebaze (anu sistemis Tavisuflebis xarisxebis raodenobaze). 2N 

ganzomilebis mqone fazur sivrceSi mudivi energiis mqone `zedapiri~ 2N_1 

ganzomilebisaa. zemomoyvanili daSvebis Tanaxmad, integrebad sistemebSi Torebs N 

ganzomileba gaaCniaT. amrigad, TorebisTvis fazuri sivrcis dasayofad SeiZleba 

gvqondes rogorc N=1, aseve N=2. sxvagvarad rom vTqvaT, Torebs fazuri sivrcis 

areebad dayofa SeuZliaT mxolod Tavisuflebis erTi an ori xarisxis mqone 

sistemebisaTvis. ufro meti ganzomilebis mqone sistemebSi, sadac Torebi sistemis 

araintegrebad mdgomareobaSi gadasvlasTan erTad “ganadgurebas” iwyeben, warmoiqmneba 

e.w. stoxastikuri qseli. am SemTxvevaSi traeqtoriebi moZraoben mdgomareobaTa 

sivrcis dasaSvebi energiis Sesabamisi aris umetes nawilSi. [Zaslevsky, Sagdeev, 

Usikov and Chernikov, 1991] gviqmnis sakmaod srulyofil warmodgenas stoqastikuri 

qselis warmoSobis Sesaxeb. 

 

puankare-birhofis Teorema 

ra emarTebaT fazuri sivrcis traeqtoriebs hamiltonis funqciis araintegrebad 

mdgomareobaSi gadasvlisas da racionaluri fardobis mqone Torebis 

“ganagurebisas”? am kiTxvaze pasuxs puankare-birhofis (BIR35) (HEL80) cnobili 

Teorema gagvcems.  
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naxazi 8.7. naxvevTa racionaluri ricxvis mqone Toris rRvevis (uwyveti wrfe 

marcxniv) amsaxveli kuTxe-qmedebis diagrama, rodesac integrebadi sistema (marjvniv) 

xdeba umniSvnelod araintegrebadi (marcxniv). elifsuri tipis wertilebi wreebiTaa 

aRniSnuli. maT Soris mdebareoben hiperboluri wertilebi, romelTa Sida da gare 

simravleebi uwyveti mrudebis meSveobiTaa gamosaxuli. axlad warmoqmnili 

hiperboluri wertilebis Sida da gare simravleebi unda “eridon” naxvevTa 

iracionaluri ricxvis Sesabamis narCen (KAM) TorebTan (wyvetili mrudebi) 

TanakveTas. elifsuri wertilebis yoveli simravle Sesabamisi hiperbolur 

wertilebTan da am ukanasknelTa Sida da gare simravleebi erTad amyareben 

`rezonanss~.  

 

rodesac sistema integrebadia, Torze mdebare, naxvevTa m/n racionaluri ricxvis 

Sesabamisi TiToeuli wertili perioduli orbitis nawilia. me-6 Tavis Tanaxmad, 

Torze ganlagebuli TiToeuli orbita gadis Toris puankares kveTaSi myof n 

raodenobis wertils. puankare-birhofis Teoremis Tanaxmad, rodesac sistema 

araintegrebadi xdeba, Tori iSleba n raodenobis elifsuri da hiperboluri 

wertilebis mimdevrobebad. TiToeuli elifsuri wertilis irgvliv elifsur 

orbitaTa mimdevrobebi warmoiqmneba. hiperbolur wertilebTan dakavSirebulia 

homoklinikuri orbita, romelic erTmaneTTan aerTebs `unagiris~ tipis wertilebis 

stabilur (Sida simravle) da arastabilur (gare simravle) mravalsaxeobebs. Sida 

da gare simravleebi unda `eridon~ narCen TorebTan TanakveTas. amrigad, sruliadac 

araa gasakviri, rom Sida da gare simravleebs hqondeT `Caxveuli~ Fforma. vinaidan 

axlomdebare traeqtoriebi am Sida da gare simravleebis gavlenas ganicdian, maT 

midamoSi mdebare traeqtoriebs SesaZloa metad rTuli forma gaaCndeT. am mizeziT 



 370 

mosalodnelia, rom naxvevTa racionaluri ricxvis mqone Torebis rRveva 

homoklinikur da heteroklinikur diapazonebs gamoiwvevs, rac Tavis mxriv qaosuri 

qmedebis `mizezia~.   

 detaluri struqtura kidev ufro rTulia. TiToeuli axlad warmoqmnili 

elifsuri orbitis maxloblad, puankare-birhofis Teoremis Tanaxmad, unda 

arsebobdes elifsuri da hiperboluri wertilebis mimdevroba.  

amrigad, arsebobs elifsuri da hiperboluri wertilebis `jaWviT~ 

garSemortymuli koncentruli KAM Torebis rTuli struqtura. amgvar `jaWvTa~ 

umravlesoba iseTi mcire masStabisaa, rom ricxviTi gamoTvlebis meSveobiT maTi 

dadgena rTulia (ixileT magaliTad, 8.6 paragrafi).  

 Cven ukve SegviZlia disipaciur  da hamiltonis sistemebSi arsebul qaosur 

qmedebebs Soris arsebuli mniSvnelovani gansxvavebis gaazreba. disipaciur sistemebSi 

sawyisi pirobebi mniSvnelovani ar aris, radgan sabolood traeqtoriebi mimzidvelze 

sruldebian (Tumca unda gvaxsovdes, rom parametris mniSvnelobaTa mocemuli 

simravlisTvis bevri mimzidveli SeiZleba arsebobdes, xolo gansxvavebulma sawyisma 

pirobebma ki SeiZleba traeqtoriebis sxvadasxva mimzidvelze dasruleba gamoiwvios). 

hamiltonis sistemebSi sawyisi pirobebi gadamwyvet rols asrulebs. sawyisi 

pirobebis zogierTi simravle Cveulebriv qmedebas, xolo sxvebi ki qaosur qmedebas 

Seesabamebian. yvela maTgans parametris mniSvnelobaTa erTi da igive simravle gaaCnia. 

araintegrebadobis maCveneblis zrdasTan erTad qaosuri areebi Cveulebrivi “areebis 

Seviwroebas” iwyeben (an naxvevTa iracionaluri ricxvebis mqone Torebis Sesabamisi 

Cveulebrivi areebi mcirdebian, rac qaosur areebs zrdis saSualebas aZlevs). 

 8.7 naxazi sqematurad aRwers, Tu rogor `nadgurdebian~ puankares kveTis 

Sesabamisi Torebi sistemis araintegrebad mdgomareobaSi gadasvlisas. wyvetili 

mrudebiT aRniSnuli racionaluri ricxvebis Sesabamisi Torebi elifsur da 

hiperbolur tipis wertilebad iSlebian (uwyveti wrfeebi). hiperboluri 

wertilebis Sida da gare simravleebi “garemoicaven” axlad warmoqmnil elifsebs da 

narCen KAM Torebs `gaeridebian~.  

 Tu sawyis integrebad sistemas gaaCnia hiperboluri wertilebi, maTi Sida da 

gare simravleebi sistemis odnav araintegrebad mdgomareobaSi gadasvlasTan erTad 

unda qrebodnen. (HEL80, gv. 433)-is Tanaxmad, aseTi Sida da gare simravleebi 

homoklinikur da heteroklinikur keTxeebs qmnian, romlebic, Tavis mxriv, 

araintegrebadi sistemisTvis qaosuri qmedebis sawyisebs warmoadgenen. 
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qaosuri qmedebisa da fazuri sivrcis narevi 

araintegrebad mdgomareobaSi gadasuli, Tavisuflebis ori xarisxis mqone 

sistemisTvis qaosuri qmedeba naxvevTa racionaluri ricxvis mqone Torebis 

`ganadgurebis~ Sedegad Seqmnil homoklinikur kuTxeebs Seesabameba. Tumca, qaosuri 

traeqtoriebi SezRudulni arian fazuri sivrcis SedarebiT mcire areebSi narCeni 

KAM Torebis mier. araintegrebadobis mcire maCveneblebis SemTxvevaSi qaosuri 

qmedeba praqtikulad SeumCneveli unda darCes. araintegrebadobis maCveneblis 

zrdasTan erTad KAM Torebis sakmarisad didi raodenoba `nadgurdeba~ da qaosur 

qmedebas fazuri sivrcis sul ufro da ufro met areSi `SeWris~ saSualeba eZleva 

da sabolod calkeul qaosur traeqtorias  SeuZlia  fazuri sivrcis dasaSvebi 

aris udides nawils `estumros~.  

 Tu sistemas sami (an meti) Tavisuflebis xarisxi gaaCnia da araintegrebadi 

xdeba, (2N_1) ganzomilebis mqone mravalsaxeobebi, romlebic KAM Torebis 

zedapirebs warmoadgenen, qaosuri traeqtoriebis sazRvrebi aRar iqnebian da 

mocemuli qaosuri traeqtoria fazuri sivrcis vrcel nawilSi SeZlebs 

gadaadgilebas. fazur sivrceSi amgvar `xetials~ arnoldis difuzia ewodeba. igi, 

qaosis gamo, statistikur narevs warmoadgens. Tumca, Tavisuflebis ori xarisxis 

mqone sistemebisTvis KAM Torebi kvlav icaven  fazuri sivrcis garkveul areebs 

(vidre maTi `ganadgureba~ ar moxdeba). 

 

liapunovis eqsponentebi 

hamiltonis sistemis araintegrebad mdgomareobaSi gadasvlasTan erTad, rogor unda 

SevityoT sistemaSi qaosuri qmedebis arsebobis Sesaxeb? am SekiTxvaze pasuxis 

gasacemad kvlav unda davubrundeT liapunovis eqsponentebs. liapunovis 

eqsponentebis raodenoba fazuri sivrcis ganzomilebis tolia. liapunovis 

eqsponentebis gamoTvla me-9 da me-10 TavebSi mocemuli meTodis mixedviT aris 

SesaZlebeli. araintegrebadi sistemisTvis hiperboluri wertilebis irgvliv 

arsebul areebSi gamavali traeqtoriebisTvis liapunovis erT-erTi eqsponenti mainc 

dadebiTia. hamiltoniseuli sistemisTvis liapunovis eqsponentebis jami (vinaidan 

fazuri sivrcis moculoba mudmivia) nulis toli unda iyos. Tavisuflebis ori 

xarisxis mqone sistemisTvis (qaosis aRZvrisaTvis saWiro minimaluri ganzomileba) 
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liapunovis oTxi eqsponenta arsebobs. qaosuri traeqtoriebis SemTxvevaSi erT-erTi 

maTgani dadebiTia, ori _ nulis toli, xolo erTi _ uaryofiTi.  

 Cven umeteswilad periodul traeqtoriebTan axlos myofi traeqtoriebis 

qmedeba gvainteresebs (romelTagan zogierTi stabiluria, zogierTi ki _ 

arastabiluri). Tu fazur sivrceSi amgvari traeqtoriis gamosaxvisTvis  tz


, xolo 

gansaxilvel traeqtoriasa da periodul orbitas Soris manZilis aRsaniSnavad δ  tz


 

simboloebs gamoviyenebT, ukananeli sidide e.w. monodromiis M

 matricis meSveobiT 

aRiwereba:  

 

( ) (0)z t M z 
 

                        (8.5-3) 

 

monodromiis matricis maxasiaTebel ricxvebs gaaCniaT λ da 1/λ mniSvnelobebi (am 

sidideTa namravli erTis toli unda iyos fazuri sivrcis mudmivobis gamo). 

 

 

periodis gaormageba hamiltoniseuli sistemebisaTvis  

 

rodesac integrebadi sistema araintegrebadi xdeba, puankare-birhofis Teoremis 

ZaliT, puankares kveTa (elifsi), romelic Seesabameba naxvevTa m/n ricxvis mqone 

Tors, iSleba erTnairi raodenobis SedarebiT mcire zomis elifsebad da 

hiperbolur wertilebad. mcire elifsebi Seesabamebian naxvevTa 2m/2n ricxvis mqone 

Torebs. araintegrebadobis maCveneblis zrdasTan erTad TiToeuli elifsi elifsebis 

(da hiperboluri wertilebis) wyvilebis mimdevrobad iSleba, rac mogvagonebs 

periodis gaormagebis bifurkacias disipaciuri sistemebisaTvis. renormalizaciis 

tipis argumentebis gamoyenebis Sedegad ganisazRvreba feigenbaumis ricxvebi. 

hamiltonis sistemebis SemTxvevaSi:  

 

8.721097 ... 4.01807...H H                    (8.5-4) 

 

sadac H indeqsi gviCvenebs, rom es ricxvebi gansazRvrulia hamiltoniseuli 

sistemebisaTvis. periodis gaormagebis aseTi tipi damaxasiaTebelia bevri 

maTematikuri modelisaTvis (ix. 8.6 da 8.7 paragrafebi), magram Cven am sakiTxs ar 
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CavuRrmavdebiT, radgan realuri fizikuri sistemebisTvis igi jer-jerobiT ar 

gamoyenebula.  

 

hamiltonis sistemebSi n >2 SemTxvevaSi  n-jeradi periodebi iCenen Tavs. magaliTad, 

periodi-2-is tipis ciklma SeiZleba periodis gaxuTmageba ganicados da gadaizardos 

periodi-10-is Sesabamis ciklSi. martivad rom vTqvaT, maRali rigis periodebSi 

amgvari gadasvlebi sistemisTvis damaxasiaTebel arawrfiv rxevebs Soris arsebuli 

`rezonansebidan~ gamomdinareobs (ix. magaliTad, GMV81).  

 arsebobs dakvirvebuli faqtebi, rom hamiltoniseul sistemebSi perioduli 

orbitebis bifurkaciebi xSirad organizebuli jgufebisaTvis vlindeba. `normaluri 

formis Teoria~ (ix. B danarTi) gvaZlevs amgvari organizebis kvlevis meTods 

(SSD95). maieris Teorema (Meyer and Hall, 1992] amtkicebs, rom perioduli orbitebi 

mxolod xuTi tipis bifurkaciebs ganicdian.  

 meti sicxadisaTvis gavixsenoT, rom hamiltonis sistemebs axasiaTebT qaosuri 

qmedebis gamomxatveli traeqtoriebi ara maTi araintegrebadobidan gamomdinare, 

aramed imitom, rom hamiltonians gaaCnia singularuli wertilebi, romlebSic igi 

araa diferencirebadi. amgvari Taviseburebebi, magaliTad, biliardis myari 

burTulebis Sejaxebis modelebSi vlindeba. uxeSad rom vTqvaT, es modelebi 

analogiuria mexuTe TavSi ganxiluli uban-uban wrfivi iteraciuli funqciebisa da  

uban-uban wrfivi diferencialur gantolebebze damyarebuli modelebisa, romlebic 

me-12 TavSi iqnebian ganxiluli. 

 hamiltonis sistemebis Sesaxeb msjeloba aqamde sakmaod abstraqtuli da 

zogadi iyo. momdevno or paragrafSi warmogidgenT hamiltoniseuli sistemebis or 

nimuSs, romelTa zogadi Tvisebebi zemoaRwerilis analogiuria.  

 

8.6 henon-heilsis hamiltoniani 

 

hamiltonis sistemebis dinamikis ilustaciis mizniT, am paragrafSi hamiltonis 

funqciis konkretuli nimuSis Tvisebebs gamovikvlevT. es funqcia Tavdapirvelad 

henonma da heilsma (HEH64) galaqtikaSi varskvlavis moZraobis modelirebisaTvis 

warmoadgines. hamiltonians Tavisuflebis ori xarisxi gaaCnia (p-ebisa da q-ebis or-

ori wyvili) da Semdeg formas Rebulobs: 
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2 2 2 2 2 31 1 1 1 1
1 1 2 2 1 2 22 2 2 2 3H p q p q q q q                       (8.6-1) 

 

am tipis hamiltoniani warmoadgens or martiv  harmoniul oscilators, romlebic 

Sedian kubur wevrSi. es ukanaskneli hamiltonians araintegrebads xdis (SeadareT 

amocana 8.2-2-s). Tu davuSvebT, rom q1=x, q2=y, p1=px, da p2=py, maSin hamiltoniani 

SegviZlia warmovidginoT or ganzomilebaSi moZravi erTi nawilakis meSveobiT, 

romelzec moqmedebs sistemis potencialuri energiis meSveobiT gamosaxuli Zala: 

 

2 2 2 31 1 1
2 2 3( , )V x y x y x y y                      (8.6-2) 

 

potencialuri energiis am funqcias lokaluri minimumi koordinatTa sistemis 

saTaveSi (x=0, y=0) aqvs. 8.8 naxazi potencialuri energiis funqciis 

samganzomilebian mruds gviCvenebs.  

 

naxazi 8.8. marcxniv henon-heilsis modelis Sesabamisi potencialuri energiis 

funqciis samganzomilebiani mrudia naCvenebi. marjvniv amave funqciis konturul 

mruds vxedavT. Cven gvainteresebs nawilakis gadaadgileba saTavis midamoSi arsebul 

mcire zomis RrmulSi. Tu nawilakis energia 1/6-ze naklebia, maSin is saTavis 

maxloblad mdebare samkuTxa regionSi aRmoCndeba `momwyvdeuli~. SedarebiT maRali 

energiebis SemTxvevaSi nawilaks potencialuri energiis lokaluri minimumidan Tavis 

daRwevas SeZlebs. 

 

8.8 naxazis marjvena nawili amave potencialuri energiis funqciis konturul mruds 

warmogvidgens.  

 Tu saTavis siaxloves myof nawilaks gaaCnia 1/6-ze naklebi energia, maSin igi 

samudamod saTavis maxloblad ganlagebul `orbitaze~ darCeba. Tu energiis sidide 
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1/6-s aWarbebs, maSin nawilaks potencialuri energiis lokaluri minimumis daZleva 

da usasrulobisken moZraoba SeuZlia. Tu energia Zalzed mcirea, maSin nawilaki 

saTavis midamoSi moZraobs da traeqtoriebi organzomilebiani martivi harmoniuli 

rxevis msgavsia. 

 am sistemis aRmweri hamiltonis gantolebebi Semdegnairia: 
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                           (8.6-3) 

 

rogorc vxedavT, sistema `arsebobs~ oTxganzomilebian fazur sivrceSi. magram, 

rodesac sistema hamiltoniseulia, maSin energiis mudmivobis kanonis ZaliT, 

traeqtoriebi unda mdebareobdnen am oTxganzomilebiani sivrcis samganzomilebian 

moculobaSi. traeqtoriis moniSnuli wertilebis organzomilebian sibrtyeze 

datanisaTvis kvlav gamoviyenebT puankares kveTis meTods. 

 

amocana 8.6-1. SeamowmeT, rom hamiltonis gantolebebi gvaZleven (8.6-3) gantolebebs, 

xolo es ukanasknelni  ar aweseben moculobis mimarT raime SezRudvas fazur 

sivrceSi. 

 

ganvixiloT detalurad, Tu rogori iqneba puankares kveTa am SemTxvevaSi. 

rogorc wesi, traeqtoriis mdebareobas gamosaxaven (y, py) sibrtyeze, rodesac x=0. 

am tradicias arc Cven vuRalatebT. puankares kveTis gansazRvrisas upirveles 

yovlisa E energiis mniSvnelobas, xolo Semdeg puankares sibrtyeze am energiis 

mniSvnelobis Sesabamis raime sawyis wertils SevarCevT. x=0 SemTxvevaSi (y, py) 

mniSvnelobebi unda akmayofilebdnen Semdeg pirobas: 

 

2 2 2 31 1 1 1

2 2 2 3x yE P P y y                             (8.6-4) 
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amgvarad, px-sTvis fiqsirebuli energiisa da calkeuli sawyisi 

mniSvnelobisTvis (y, py) sibrtyeze iarsebebs puankares kveTis wertilebis Semcveli 

sasruli are. Semdeg vaxdenT (8.6-3)  gantolebis integrebas da puankares kveTis 

wertilebs ganvsazRvravT. 8.9 naxazze marxniv naCvenebia erT-erTi aseTi orbita xy  

sibrtyeze. marjvniv gamosaxulia Sesabamisi puankares kveTa. puankares kveTis 

wertilebi moxvdebian samganzomilebiani Toris zedapiris puankares sibrtyesTan 

gadakveTis Sedegad miRebul or `elifsze~ (SeniSneT, rom Toris ganivkveTi 

deformirebulia da y-is uaryofiTi da dadebiTi mniSvnelobebisaTvis  sibrtyis 

gadamkveTi Toris nawilebs gansxvavebuli formebi gaaCniaT). amrigad, vaskvniT, rom 

saqme gvaqvs periodul an kvaziperiodul orbitasTan. TiToeuli elifsis 

daaxloebiT centrSi mdebareobs elifsuri tipis wertili, romelic 8.9 naxazze ar 

Cans.  

 

amocana 8.6-2. detalurad axseniT 8.9 naxazze warmodgenil xy traeqtoriebsa da 

puankares kveTas Soris kavSiri.  

 

 

naxazi 8.9. marcxniv moyvanilia henon-heilsis E=0.06 mniSvnelobis Sesabamis 

potencialur velSi gadaadgilebadi nawilakis  xy traeqtoria. orbita starts 

iRebs, rodesac x=0, y=_0.1475, px=0,3101, xolo py=0. marjvniv Sesabamisi py_y 

puankares kveTaa warmodgenili, rodesac x=0. `elifsebi~ warmoiqmnebian 

samganzomilebiani Toris zedapiris puankares sibrtyesTan kveTis Sedegad. 

 

KAM Teoriis Tanaxmad, Tu hamiltonis funqcia araintegrebadia, maSin mxolod 

`gadarCenili~ araqaosuri orbitebi iqnebian kvaziperiodulni (naxvevTa 
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iracionaluri ricxviT). aqedan gamomdinare, puankares kveTaSi, am orbitebisa da 

puankares sibrtyis gadakveTis adgilebSi gluvi mrudebis naxva SegveZleba. 8.9 da 

8.10 naxazebze naCvenebi gadakveTebi wertilebis zRvrul srul raodenobas 

gviCveneben, romelTa interpretacia periodul orbitebze dayrdnobiT SeiZleba. 

wertilebis zRvruli raodenoba Sedegia ori artefaqtisa: (1) traeqtoriebze 

dakvirveba mxolod sasruli drois ganmavlobaSi SegviZlia. Tu calkeuli 

orbitisTvis naxvevTa iracionaluri ricxvi axlosaa dabali rigis racionalur 

ricxvTan (magaliTad 1/4), puankares sibrtyeze mrudis `Sevsebas~ didi dro 

dasWirdeba; (2) ricxviTi gamoTvlebis cdomilebebma SesaZloa moCvenebiTi 

perioduli orbitebi mogvces.  

SeniSneT, rom 8.9 naxazze gamosaxuli traeqtoria energiis mocemuli 

mniSvnelobis Sesabamis mraval traeqtoriaTagan erT-erTia. puankares kveTis 

SevsebisaTvis erTi da imave energiis Sesabamisi sxvadasxva sawyisi pirobebis SerCeva 

gvesaWiroeba. 8.10 naxazi gviCvenebs kidev erT orbitas da Sesabamis puankares kveTas, 

romelsac energiis igive mniSvneloba Seesabameba, romelic 8.9 naxazze gvqonda 

gamoyenebuli. es orbita warmosaxviTi gadakveTis areebTan axlomdebare sam 

hiperbolur wertils jer uaxlovdeba, Semdeg ki Sordeba. hiperboluri wertilebis 

maxloblad traeqtoriis wertilebi gadRabnilia, rac imis maniSnebelia, rom qmedeba 

qaosuria. qaosuri qmedeba puankares sibrtyis mxolod mcire areebSia 

lokalizebuli. amrigad, hamiltoniseul sistemebSi energiis erTi da imave 

mniSvnelobebisaTvis saxezea qaosuri da kvaziperioduli orbitebis Tanaarseboba. 

zogierTi sawyisi piroba qaosur, xolo sxva ki kvaziperiodul orbitas gvaZlevs.  

 

amocana 8.6-3. detalurad axseniT 8.10 naxazze naCveneb xy traeqtoriebsa da 

puankares kveTas Soris kavSiri.   

 

 

naxazi 8.11 gviCvenebs SedarebiT srulyofil puankares kveTas, sadac sxvadasxva 

traeqtoriebis SeqmnisTvis gamoyenebuli sxvadasxva sawyisi pirobebi, yvela 

SemTxvevaSi E=0.06-ia. SeniSneT, rom (y, py) sibrtyeze (x=0 pirobiT) kveTis 

dasaSvebi wertilebisaTvis arsebobs gare zRvari.  
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naxazi. 8.10. marcxniv -  henon-heilsis potencialis Sesabamisi  kidev erTi orbita 

E=0.06 mniSvnelobisaTvis, magram misi sawyisi pirobebi 8.9 naxazze moyvanili 

SemTxvevisagan gansxvavdeba. marjvniv Sesabamisi (y, py) puankares kveTaa naCvenebi.  

 

 

naxazi 8.11. marcxniv gamosaxulia (y, py) puankares kveTa henon-heilsis sistemisTvis, 

rodesac E=0.06. marjvniv naCvenebia hiperboluri wertilis maxloblad arsebuli 

erT-erTi aris gadidebuli xedi. kveTis wertilebis (umniSvnelo) gadRabna qaosuri 

orbitis arsebobis maniSnebelia.  

 

am zRvris gareT mdebare wertilebi E=0.06-gan gansxvavebuli energiis mqone 

traeqtoriebs Seesabameba. 8.11 naxazis marjvena nawilSi naCvenebia qveda hiperboluri 

wertilis maxloblad mdebare aris gadidebuli xedi. aq kveTis wertilebis qaosuri 

xasiaTi ufro TvalsaCinoa. hiperboluri wertilebis Sesabamis qaosur areebs 

zogjer stoxastikur fenebs an stoxastikur qselebs uwodeben. amgvari fenebi 

miiRebian homoklinikuri da heteroklinikuri kuTxeebis meSveobiT, romlebic, Tavis 
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mxriv, viTardebian `unagiris~ tipis wertilebTan dakavSirebuli stabiluri da 

arastabiluri mravalsaxeobidan. 

hiperboluri wertilebis midamoebSi gamavali orbitebi am wertilebTan 

dakavSirebuli separatrisebis siaxloves `moZraoben~. hamiltonis sistemebis 

umravlesobisTvis separatrisebi Tvisobrivad gansxvavebuli qmedebis mqone areebs 

erTmaneTisagan acalkeveben. 

 

 

 

naxazi 8.12. marcxniv gamosaxulia henon-heilsis modelis Sesabamisi xy traeqtoria 

E=0.06 mniSvnelobisTvis marjvniv ki – puankares kveTa. kveTis wertilebi imyofebian 

energiis dasaSvebi mniSvnelobebis aris gareT. Sedegad xy traeqtoria Tvisobrivad 

gansxvavebulia separatrisebis SigniT mdebare puankares mrudebis Sesabamisi (8.9 

naxazi) traeqtoriebisgan. 

 

 

 

naxazi 8.13. marcxniv gamosaxulia henon-heilsis modelis Sesabamisi puankares kveTa, 

rodesac E=0.10. marjvniv naCvenebia KAM Torisgan miRebuli elifsuri da 
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hiperboluri wertilebisagan Semdgari `kunZulebis~ erT-erTi `arqipelagis~ jaWvis 

gadidebuli xedi. es jaWvi garemoculia `gadarCenili~ KAM TorebiT.  

 

henon-heilsis sistemis SemTxvevaSi, puankares kveTis `mrudebTan~ 

dakavSirebuli separatrisebis miRma mdebare traeqtoriebi Seesabamebian y RerZis 

siaxloves  arsebul moZraobas realur fizikur sivrceSi. 8.12 naxazi gviCvenebs 

puankares kveTis mrudTan dakavSirebul traeqtorias, romelic warmoadgens 

dasaSvebi aris zRvars. larnakisebri formis mqone realuri sivrcis traeqtoria 

Tvisobrivad gansxvavdeba puankares kveTebSi mdebare Seda elifsebTan dakavSirebuli 

traeqtoriebisgan (8.9 da 8.10 naxazebi). rodesac separatrisebis siaxloves myofi 

orbitebi qmedebis or tips Soris arsebul zRvarze mdebareoben, isini 

mouwesrigeblobisken midrekilebas amJRavneben da sistemis araintegrebad 

mdgomareobaSi gadasvlas, qaosuri qmedebis niSnebs pirvelebi avlenen.  

gavzardoT nawilakis energia da davakvirdeT, Tu rogor icvleba puankares 

kveTa. energiis SedarebiT didi mniSvnelobebis SemTxvevaSi mosalodnelia, rom  

nawilaki gaivlis xy mniSvnelobaTa ufro farTo diapazons da, aqedan gamomdinare,  

araintegrebadobis gamomwvevi kuburi wevri SesaZloa ufro mniSvnelovani gaxdes.  

8.13 naxazze gamosaxulia puankares kveTa (kvlav x=0-Tvis), rodesac E=0.10. 

puankares kveTis zogadi struqtura igevea, rac 8.11 naxazis SemTxvevaSi: saxezea 

elifsTa ori simravle ori elifsuri tipis wertilis irgvliv da CaxlarTuli 

traeqtoria, romelic gaivlis sami hiperboluri wertilis siaxloves. miuxedavad 

amisa, am SemTxvevaSi hiperbolur wertilebTan dakavSirebuli orbita gacilebiT 

qaosuria. faqtiurad, wertilebis mTeli qaosuri simravle erT-erTi hiperboluri 

wertilis maxloblad gamavali gancalkevebuli traeqtoriisagan iqmneba.  

garda amisa, Tavs iCens axali Tviseba. 8.13 naxazis marcxena nawilSi TiToeuli 

elifsuri tipis wertilis irgvliv mdebare elifsuri formis mqone are 

gadRabnilia. 8.13 naxazis marjvena nawilSi, erT-erTi aseTi kvanZis gadidebuli xedi 

gviCvenebs, rom es are praqtikulad xuTi hiperboluri wertilis maxloblad 

gamaval orbitis garSemo ganlagebuli xuTi elifsuri mrudis simravlea 

(`arqipelagi~). aRsaniSnavia, rom xuTi elifsuri mrudi miRebulia erTi 

traeqtoriisagan da isini garemoculi arian `gadarCenili~ KAM Torebis mier.   
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naxazi 8.14. marcxniv gamosaxulia henon-heilsis modelis Sesabamisi puankares kveTis 

(x=0) (y, py) sibrtye, rodesac E=0.14. marjvniv gvaqvs E=0.16 SemTxveva. orive 

SemTxvevaSi gabneuli wertilebi miiReba fazuri sivrcis dasaSveb areSi qaosurad 

moZravi erTi traeqtoriisagan.   

 

amgvari struqturis arseboba, puankare-birhofis Teoremidan gamomdinare 

savsebiT mosalodnelia. sistemis energiis zrdasTan erTad hamiltonis funqciis 

araintegrebadi nawili ufro arsebiTi xdeba da adgili aqvs naxvevTa iracionaluri 

ricxvis Sesabamisi KAM Torebis daSlas zemomoyvanili `arqipelagis~ analogiur 

struqturebad (`kunZulebi~ da maTTan dakavSirebuli hiperboluri tipis wertilebi 

erTdroulad `ibadebian~). 

 erT arqipelagTan dakavSirebuli qaosuri traeqtoria hiperboluri 

wertilebis sxva simravleebTan dakavSirebul traeqtoriebTan kavSirSi ar aris. 

warmovidginoT, rom `gadarCenili~ KAM Torebi barierebis rols asruleben da 

xels uSlian qaosis gavrcelebas fazuri sivrcis danarCen nawilSi (kvlav unda 

gavixsenoT, rom aseTi Tviseba axasiaTebT mxolod Tavisuflebis ori xarisxis mqone 

sistemebs). 

 energiis Semdgom zrdasTan erTad KAM Torebis `likvidacia~ grZeldeba da 

calkeuli qaosuri traeqtoria sabolood puankares kveTis dasaSvebi aris (romlis 

sididec TanxmobaSia energiis mudmivobis kanonTan) TiTqmis mTlian nawilSi 

“mogzaurobs”. 8.14 naxazi warmogvidgens puankares kveTebs, rodesac E=0.14 

(marcxniv) da E=0.16 (marjvniv). gabneuli wertilebi Seesabameba fazuri sivrcis am 

areSi qaosurad moZrav calkeul traeqtorias. KAM Torebis garkveuli narCenebis 

danaxva kvlav SesaZlebelia, magram isini fazuri sivrcis gacilebiT mcire ares 
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ikaveben. qaosuri traeqtoriisTvis liapunovis eqsponentebis gamoTvla gviCvenebs, 

rom erTi eqsponenti dadebiTia, ori nulis tolia da erTic uaryofiTia.  

 SevajamoT henon-heilsis modelis safuZvelze miRebuli Sedegebi. energiis 

mcire mniSvnelobebis SemTxvevaSi traeqtoriebis umravlesoba kvaziperiodulia 

(KAM Torebi). qaosuri qmedeba saxezea, magram odnav SesamCnevia, radgan fazuri 

sivrcis Zalze mcire areSi vrceldeba.   

 

naxazi 8.15. henon-heilsis modelis Sesabamisi puankares 

kveTis (y, py) sibrtye (x=0 pirobiT), rodesac 

E=0.16666. yvela KAM Tori `likvidirebulia~ da 

calkeuli qaosuri traeqtoria fazuri sivrcis 

TiTqmis mTel dasaSveb areSi `daexeteba~.  

 

 

energiis zrdasTan erTad KAM Torebi arqipelagis warmoqmnis gziT qrebian. 

qaosuri areebi gafarToebas iwyeben. Tavisuflebis ori xarisxis mqone sistemebis 

SemTxvevaSi, `gadarCenili~ KAM Torebi mocemul qaosur traeqtorias fazuri 

sivrcis mTel dasaSveb areSi gadaadgilebas xels uSlian. ukanaskneli (naxvevTa 

oqros SualedTan asocirebuli ricxvis mqone) KAM Toris gaqrobis Semdeg erTi 

qaosuri traeqtoria fazuri sivrcis TiTqmis mTel dasaSveb ares faravs (8.15 

naxazi).  

 

amocana 8.6-4. am paragrafSi warmodgenili meTodebis gamoyenebiT daadgineT 

nawilakis dinamika Semdeg potencialur velSi:  

 

2 2 21 1
2 2( , ) ( 2 )V x y y x x            

daadgineT msgavsebebi da gansxvavebebi henon-heilsis modelTan mimarTebaSi 

 

8.7 Cirikovis standartuli asaxva 

 

hamiltonis araintegrebadi sistemebis universalobasTan dakavSirebuli araerTi 

Teorias daedo safuZvlad farTobis mudmivobaze damyarebuli iteraciuli asaxvebis 
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kvlevebi. aseTi asaxvebis gamoyeneba moxda hamiltoniseuli sistemebis puankares 

kveTis wertilebis qmedebis modelirebaSi. mocemul paragrafSi Cirikovis (CHI79) 

mier warmodgenil erT-erT aseT asaxvas ganvixilavT. Cirikovis asaxvam imdenad 

farTo gamoyeneba hpova, rom mas standartuli asaxva uwodes. Cveni miznebidan 

gamomdinare, standartuli asaxva me-6 TavSi Seswavlili wriuli asaxvebis or 

ganzomilebiani ganzogadebis saxiT SegviZlia aRviqvaT. Cven vimedovnebT, rom amgvari 

asaxvis gamoyeneba mizanSewonili iqneba hamiltoniseul sistemebisTvisac. am  

sistemebisaTvis fazuri sivrcis moculobis mudmivobis Tviseba Sesabamisi 

organzomilebiani asaxvebis SemTxvevaSi farTobis mudmivobis Tvisebad gadaiqceva. 

momdevno paragrafSi standartul asaxvas davumatebT disipaciur wevrs, raTa 

davadginoT kavSiri hamiltonis (konservaciul) sistemebsa da disipaciur sistemebs 

Soris.  

Cirikovis standartuli asaxvis funqcia Cveulebriv r da θ cvladebis 

(romelTa interpretacia SesaZlebelia puankares organzomilebian sibrtyesTan 

traeqtoriis gadakveTis wertilis polaruli koordinatebis meSveobiT) funqcias 

warmoadgens: 

 

1

1 1

sin 2 mod[1]
2

mod [1]

n n n

n n n

K
r r

r




 



 

 

 
                 (8.7-1) 

 

θ kuTxe da r cvladi, wriuli asaxvebis msgavsad, [0,1] monakveTzea gansazRvruli. K 

arawrfivobis maCvenebeli dadebiTi parametria.  

arawrfivi dinamikisadmi miZRvnil literaturaSi standartuli asaxva xSirad (8.7-1) 

gantolebaSi `_~ niSnis nacvlad `+~ niSniT aris gansazRvruli. es θ-s mniSvnelobis 

0.5-iT (π - radianebSi) wanacvlebis tolfasia, rasac gadamwyveti mniSvneloba ar 

aqvs. sinusoidur-wriul asaxvasTan kavSiris cxadad warmodgenisTvis Cven `_~ niSans 

gamoviyenebT.  

 Tu r-s fiqsirebuls gavxdiT da moviTxovT, rom kuTxuri cvladi 

akmayofilebdes Semdeg pirobas 

 

1 ( )n n g r                           (8.7-2) 
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maSin standartuli asaxva e.w. mozeris spiralur asaxvamde [Moser, 1973] daiyvaneba. 

Tu g(r) racionaluri ricxvia, maSin spiraluri asaxvis Sesabamisi traeqtoriebi 

periodulebi iqnebian. Tu g(r) iracionaluri ricxvia, maSin traeqtoriebs xy 

sibrtyeze r radiusis mqone wreebis (Torebis) saxe eqnebaT. Tu  g(r) = r = Ώ, maSin 

spiraluri asaxva me-6 TavSi ganxilul sinusoidur-wriul asaxvamde (K=0) 

daiyvaneba.  

 aseve xSiria rn cvladis Jn-iT Secvla. aseT SemTxvevaSi standartuli asaxvis 

Sesabamisi mrudi hamiltoniseuli sistemis kuTxe-qmedebis cvladebiT gamosaxul 

puankares kveTas Seesabameba.  

 

amocana 8.7-1. SeamowmeT, rom standartuli asaxva aradisipaciuri (farTobis 

mudmivoba!) asaxvis funqcias Seesabameba. miniSneba: ixelmZRvaneleT  4.6 paragrafiT. 

 

 Tavdapirvelad davadginoT standartuli asaxvis fiqsirebuli wertilebi. (8.7-

1) gantolebaSi r cvladis J-iT Secvlis Semdeg, es xerxdeba θ =0 an θ =0.5 da J 

=0 an J =1 pirobebSi (gaixseneT, rom J =0 da J =1 eqvivalenturia mod[1] 

operaciisa) 4.6 paragrafis Sedegebis gamoyenebiT ioli saCvenebelia, rom 

koordinatTa sistemis saTaveSi mdebare fiqsirebuli wertili stabiluri 

fiqsirebuli wertilia K<4-Tvis, magram erT-erTi wertili (θ =0.5 SemTxvevaSi) 

arastabiluria nebismieri K>0-sTvis.  

 

amocana 8.7-2. ganixileT standartuli asaxva, rodesac arawrfivobis maCvenebeli  

parametri K=0. (a) aCveneT, rom am SemTxvevaSi standartuli asaxvis iteraciebi θ-J 

sibrtyeze horizontaluri wrfeebia. axseniT am diagramasa da kuTxe-qmedebis 

sivrceSi integrebadi hamiltonis sistemis qmedebas Soris kavSiri. (b) aCveneT, rom 

traeqtoriebi kvaziperiodulia, Tu J(0,1) iracionaluri xolo Tu J(0,1) 

racionaluri ricxvia - perioduli.  

 

amocana 8.7-2. (gagrZeleba) (c) aCveneT, rom K=0 SemTxvevaSi θ-J sibrtyeze J=1/2 

mniSvnelobis Sesabamisi nebismieri wertili periodi-2-is fiqsirebuli wertilia. (d) 

daadgineT periodi-3-is fiqsirebuli wertilebi K=0 SemTxvevaSi.  
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amocana 8.7-3. aCveneT, rom standartuli asaxvis fiqsirebul wertilebs gaaCniaT 

wina paragrafSi aRwerili stabilurobis Tvisebebi.  

 

amocana 8.7-4. aCveneT, rom organzomilebiani konservaciuli asaxvis SemTxvevaSi 

fiqsirebuli wertilis stabilurobis piroba SeiZleba |TrJ|<2 saxiT iqnas mocemuli, 

sadac TrJ warmoebulebisagan Sedgenili iakobis (an flokes) matricis Sesabamisi 

mrudia.  

 

 standartuli asaxvis Sesabamisi traeqtoriebis Tvisebebis ilustraciis 

mizniT 8.16 naxazze  gamosaxulia traeqtoriis wertilebi 50 gansxvavebuli sawyisi 

pirobis SemTxvevaSi, rodesac K =0.2 θ =0. J icvleba nulsa da erTs Soris 50 

Tanabari bijiT. TiToeuli sawyisi wertilis SemTxvevaSi standartuli asaxvis 

Sesabamisi iteracia 500-jer xdeba da traeqtoriis TiToeuli wertili datanilia 

θ-J sibrtyeze.  

 ganvixiloT 8.16 naxazi detalurad. J =0 da θ =0 fiqsirebuli wertilebis 

garSemo daikvirveba elifsuri orbitebis mimdevroba  θ =0.5 da J =0 (an J =1) 

mniSvnelobebis siaxloves hiperboluri (sayrdeni) wertilebi mdebareoben. aqve 

vxedavT horizontalur wyvetil kvaziperioduli  da perioduli (mcire raodenobis 

wertilebi)  orbitebis Sesabamis mrudebs. gaixseneT, rom kuTxe-qmedeba sivrceSi 

fazuri sivrcis Torebis zedapirebi met-naklebad horizontaluri mrudebis 

meSveobiT gamoisaxeba. mrudebi, romlebic uaxlovdebian an Sordebian J =0 (an J =1) 

da θ =0.5 arastabilur fiqsirebul wertils, warmoadgenen hiperboluri orbitis 

nawilebs.  

 8.16 naxazidan traeqtoriebis qmedebis mTel sirTules ver aRviqvamT. ufro 

faqizi detalebis dakvirvebis Sedegad irkveva, rom hiperbolur wertilebTan 

dakavSirebul traeqtoriebs Tan axlavT mcire kunZulTa krialosnebi (es aris 

magaliTi imisa, rom Cveni gamoTvlebis Sesabamisma sasrulma sizustem SesaZloa 

araswor daskvnamde migviyvanos). 8.17 naxazi warmoadgens 8.16-is Sua nawilis 

gadidebul xeds. mrudis centris maxloblad mdebareobs asaxvis funqciis meore 

rigis iteraciis fiqsirebuli wertili (amave iteraciis kidev erTi fiqsirebuli 

wertili gvxvdeba θ =0, J =0.5 midamoSi). mis garSemo ganlagebulia elifsuri 

orbitebi, romlebic periodi-2-is nawilebia. 
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amocana 8.7-5. ganixileT standartuli asaxva K=0 SemTxvevaSi da ipoveT periodi-3-

is wertilebi da elifsebi 8.16 naxazze.  

 

 

 

naxazi. 8.16. standartuli asaxvis traeqtoriebi, rodesac K=0.2. gamosaxulia 

ormocdaaTi traeqtoria, romelTagan TiToeuli 500 wertilisgan Sedgeba. 

 

K parametris zrdisas qaosi TandaTan matulobs. 8.18 naxazi gviCvenebs 

standartuli asaxvis iteraciebs, rodesac K=0.26 (marcxniv) da K=0.28 (marjvniv). 

mrudis centris siaxloves periodi-2 wertilebis garSemo myofi `kunZulebis~ 

mwkrivebia (periodi-2-is stabiluri wertilebi kvlav arseboben, rodesac J=0.5, θ 

=0 da θ =0.5). `kunZulTa~ Soris periodi-2-is Sesabamisi hiperboluri wertilebia, 

xolo maT siaxloves gamaval orbitebTan, viwro stoqastikuri zolebia. am ori 

naxazis SedarebiT Cans, rom kunZulovani struqtura maSin yalibdeba, rodesac 

separatrisebTan dakavSirebuli sxvadasxva periodulobis Sesabamisi zolebi 

erTmaneTs exeba.   

 KAM Torebi arawrfivobis zrdasTan erTad likvidacias ganicdis. amrigad, 

hiperbolur wertilebTan dakavSirebuli qaosuri areebi SesaZlebelia gafarTovdnen 

da maTi danaxva ufro adviladaa SesaZlebeli. Cirikovis rezonansuli gadafarvis 

kriteriumis (CHI79) meSveobiT SegviZlia SevafasoT K-s is mniSvneloba,  
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romlisTvisac rezonansuli struqturebi maT Soris arsebul KAM Torebs 

`anadgureben~ da erTmaneTs gadafaraven. 

 amrigad, arawrfivobis zrdasTan erTad standartuli asaxva henon-heilsis 

sistemis msgavs mraval Tvisebas avlens. K-s mcire mniSvnelobebis SemTxvevaSi 

stabiluri fiqsirebuli wertilebis garSemo metwilad Cveulebrivi elifsuri 

orbitebia, xolo kuTxe-qmedebis sivrceSi TiTqmis horizontalur Torebi.  

 

naxazi. 8.17. standartuli asaxvis iteraciebis gadidebuli xedi, rodesac K=0.2. 

periodi-2-is fiqsirebuli wertili centris siaxloves, (J=0.5, θ =0.5) wertilis 

midamoSi vlindeba. fiqsirebul wertili garemoculia periodi-2-is Sesabamisi 

elifsuri orbitebiT. am masStabebSi TvalSisacemia garkveuli qaosuri qmedeba. 

 

daikvirvebian. arawrfivobis zrdasTan erTad sxvadasxva perioduli wertilebis 

irgvliv kunZulovani struqturebi iwyeben maT Soris arsebul KAM Torebis 

`ganadgurebasa~ da erTmaneTis gadafarvas. 

 

naxazi. 8.18. marcxniv naCvenebia traeqtoriis wertilebi standartuli 

asaxvisTvis, rodesac K=0.26. marjvniv K=0.28. rogorc vxedavT, rodesac 
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separatrisebTan dakavSirebuli sxvadasxva periodulobis Sesabamisi zolebi 

erTmaneTs exebian, yalibdebian kunZulovani struqturebi.   

 

 

8.8 arnoldis katis asaxva 

 

(farTobis TvalsazrisiT) konservaciuli asaxvis kidev erTi magaliTi e.w. arnoldis 

katis asaxvaa. damaintrigebeli saxelwodeba arnoldis [Arnold and Aves, 1968] mier 

asaxvis funqciis Tvisebebis vizualizaciis mizniT katis suraTis gamoyenebidan 

gamomdinareobs. katis asaxva Semdegi saxiT gansazRvruli organzomilebiani asaxvaa 

(p da q fazuri sivrcis cvladebia)  

 

1

1

mod [1]

2 mod [1]
n n n

n n n

q q p

p q p




 
 

                    (8.8-1) 

 

saZiebelia nulsa da erTs Soris myofi q0-isa da p0-is koordinatebis sawyisi wyvili. 

SeniSneT, rom cvladebis mod [1] saxiT aReba maT mniSvnelobebs SezRudavs fazur 

sivrceSi arsebuli erTeulovani kvadratis farglebSi. 

 

amocana 8.8-1. (a) (8.8-1) gantolebaSi gamoTvaleT asaxvis funqciis iakobianis 

(flokes) determinanti da darwmundiT, rom asaxvis funqcia konservaciulia 

(farTobis TvalsazrisiT). (b) daadgineT (8.8-1) asaxvis funqciis maxasiaTebeli 

mniSvnelobebi da aCveneT, rom erT-erTi maTgani 1-ze metia. (c) aCveneT, rom (0,0) 

wertili katis asaxvis pirveli rigis iteraciis fiqsirebuli wertilia, xolo (2/5, 

1/5) da (3/5, 4/5) wertilebi _ meore rigis iteraciisa. (d) aCveneT, rom 

fiqsirebuli wertilebi arastabiluria. 

 

 8.8-1 amocanis Tanaxmad, katis asaxvis fiqsirebuli wertilebi racionaluri 

wiladebiT gamosaxuli koordinatebis mqone sawyis wertilebTan arian 

dakavSirebulni. (nulsa da erTs Soris myofi) iracionaluri ricxvebiT gamosaxuli 

koordinatebis mqone sawyisi wertilebi qaosur traeqtoriebs aZleven dasabams. 

amrigad, sawyis pirobaTa `umravlesoba~ (nulsa da 1-s Soris intervalSi 

iracionaluri ricxvebi sWarbobs racionalurs) qaosur orbitebs Seesabameba. me-5 
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TavSi aRwerili karvis asaxvis analogiurad, katis asaxva gvaZlevs modelur 

sistemas, romlisTvisac traeqtoriebis umetesoba qaosuria. katis asaxvis 

SemTxvevaSi sawyisi pirobebis simravlis fazuri sivrcis moculoba mudmivia.  

 katis asaxva hamiltonis qaosur sistemebSi albaTobebis ganawilebis 

SedarebiT martivi gziT interpretaciisaTvis SegviZlia gamoviyenoT (FOR88). vTqvaT, 

katis asaxvis albaTobaTa sawyisi ganawilebaa ρ(q0, p0,t=0). vinaidan katis asaxva 

konservaciulia, ganawileba ubralod traeqtoriis wertilebis `gaswvriv~ xdeba da 

formalurad SegviZlia davweroT 

 

0 0,( , , ) ( , 0)n nq p t n q p t                       (8.8-2) 

 

 albaTobaTa ganawilebis sivrciTi evoluciis aRwerisTvis viyenebT furies 

analizs (ix. A damateba). t = n da t = n +1 SemTxvevebSi furies gardaqmnis meSveobiT 

miviRebT: 

 

1 1
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,
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
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             (8.8-3) 

 

furies 
)(

,
n
kjA koeficientebi, sazogadod, damokidebuli arian drois n-ur 

mniSvnelobaze. j da k dadebiTi mTeli simboloebi furies sxvadasxva modebs 

Seesabamebian (maT xandaxan talRur ricxvebsac uwodeben).  

 rodesac fazuri sivrcis ganawileba akmayofilebs (8.8-2) pirobas, maSin (8.8-

3)-is marjvena mxareTa erTmaneTTan gatolebac SegviZlia. Tu SemdgomSi q -ebisa da 

p -ebis dakavSirebisaTvis (8.8-1) gantolebaSi mocemul asaxvis funqcias gamoviyenebT, 

vpoulobT, rom fazuri sivrcis ganawilebaTa tolobisTvis koeficientebma Semdegi 

piroba unda daakmayofilon: 

 

( 1) ( )
, 2 ,

n n
j k j k j kA A
                             (8.8-4) 

 

 ukanaskneli gantoleba fazuri sivrcis ganawilebis Sesaxeb mravlismTqmelia. 

ganvixiloT konkretuli (da arc Tu realuri) SemTxveva: davuSvaT, t=0 SemTxvevaSi 
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furies mxolod erTi amplitudaa mniSvnelovani aranulovani j -sa da k –saTvis, 

magram (8.8-4) gantolebis Tanaxmad, talRuri ricxvebi (qveda simboloebi) swrafad 

izrdeba. radganac didi talRuri ricxvi maCvenebelia imisa, rom parametris 

mniSvneloba swrafad icvleba sivrcis erTi wertilidan meoreSi gadasvlisas, 

vaskvniT, rom katis asaxvis Sesabamisi albaTobebis  ganawileba sivrculi 

TvalsazrisiT swrafad cvladi funqciaa. Tu daviwyebT SedarebiT bunebrivi 

ganawilebiT (romelsac talRur ricxvTa farTo diapazoni Seesabameba), maSin katis 

asaxvis yoveli iteraciisaTvis mcire talRuri ricxvebi myisve umniSvnelo xdeba da 

ganawilebac sivrculi TvalsazrisiT Zalzed rTuli da swrafad cvalebadi iqneba.  

 

amocana 8.8-2. CaatareT saTanado algebruli gardaqmnebi (8.8-3)-dan (8.8-4)-is 

misaRebad. 

 

 arsebiTia is faqti, rom katis asaxvis Sesabamisi traeqtoriebis qaosuri 

buneba vlindeba albaTobis SedarebiT gluvi ganawilebidan albaTobebis simkvrivis 

ganawilebis metad rTul saxeSi gadasvlisas. magram Tu furies koeficientebis 

umniSvnelo gansxvavebebis mqone, odnav gansxvavebuli ganawilebiT daviwyebT, gant. 

(8.8-3)-is Tanaxmad, mocemuli furies koeficientebi droTa ganmavlobaSi miiReben 

iseT mniSvnelobebs, romlebic sawyisi ganawilebisaTvis arsebuli mniSvnelobebisgan 

didad ar gansxvavdebidan. erTi sityviT, albaTobaTa ganawilebebi sawyis pirobebis 

mimarT mgrZnobiarobas ar amJRavneben. es momenti gansakuTrebiT mniSvnelovani iqneba 

me-12 TavSi, kvantur meqanikaSi arsebuli qaosis Sesaxeb msjelobisas.  

 

8.9 disipaciuri standartuli asaxva 

 

hamiltonis sistemebSi SesaZlo qaosis Seswavlisas mniSvnelovania davadginoT 

kavSiri am da adre Seswavlil disipaciur sistemebs Soris. amisaTvis mizanSewonilia 

ganvixiloT iteraciuli asaxvis kidev erTi magaliTi  e.w. disipaciuri 

standartuli asaxva (SCW85)(SCH88). igi Zalian gavs 8.7-paragrafSi aRweril 

standartul asaxvas, oRond igi marTvad disipaciur koeficientzea damyarebuli. am 

ukanasknelis varirebis meSveobiT SevZlebT disipaciur da hamiltoniseul 

(konservatiul) sistemebs Soris interpolaciis damyarebas. disipaciuri 

standartuli asaxva Semdegnairad Caiwereba: 
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1 1
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                   (8.9-1) 

 

sadac JD asaxvis funqciaTa iakobianis determinantia. Tu JD =1, maSin asaxvis 

funqciebi standartul asaxvaze daiyvaneba, xolo Tu JD =0, maSin Cvens winaSea 

sinusoidur-wriuli asaxvis tolfasi erTganzomilebian iteraciul asaxvaTa sistema, 

rodesac Ώ=0.  

 rodesac JD =0, vcvliT K parametrs da vikvlevT qaosis gamomwvev Cveulebriv 

periodis gaormagebaTa mimdevrobasa da qaosur diapazonebs. Smidtma da vangma 

(SCW85) Seiswavles, Tu ra emarTebaT am maxasiaTeblebs JD -is 1-sken miswrafebisas. 

maTi kvlevis Sedegi 8.19 naxazzea gamosaxuli. Tu naxazis ukidures marjvena nawils 

davakvirdebiT, sadac JD =0, davinaxavT Cveulebriv periodis gaormagebis kaskads 

periodi-1-dan periodi-2-mde. es procesi ggvaZlevs usasrulo periods, rodesac K = 

K∞. K = K∞ mniSvnelobis Semdgom daikvirvebian perioduli zolebi da areebi 

(romlebic naxazze p2/ da p3/  siboloebiT aRniSnulia). 

 rodesac JD 1, disipaciis sidide klebulobs da mimzidvelze krebadobisaTvis 

gacilebiT meti iteraciaa saWiro. sistemis ZiriTadi maxasiaTeblebi SenarCunebulia, 

magram maTi mdebareobebi  JDK sibrtyeze icvleba. JD =1 SemTxvevaSi bevri `arxi~ 

axdens erTimeoris gadafarvas da gansxvavebuli sawyisi pirobebi  konservaciuli 

asaxvisaTvis (an hamiltoniseuli sistemisaTvis) orbitaTa gansxvavebul tipebs 

gvaZlevs. hamiltonis sistemis periodi 2n-is mqone bifurkaciuli orbitebi 

(romlebic warmoiqmnebian SedarebiT mcire periodis mqone orbitebis gadagvarebis 

Sedegad) korelaciaSi imyofebian  sinusoidur-wriuli asaxvis periodis gaormagebis 

mimdevrobis 2n stabilur orbitebTan. hamiltoniseuli sistemis sxva perioduli 

orbitebi sinusoidur-wriuli asaxvisTvis K > K∞ pirobebSi aRZrul periodul 

areebTan amyareben korelacias. or ukidures SemTxvevas Soris, rodesac 0< JD <1, 

mocemuli (JD, K) wyvilisTvis erTdroulad ramdenime mimzidveli arsebobs, 

romelTagan TiToeuls mizidulobis sakuTari are gaaCnia.  

 JD =0 pirobebSi arsebuli 2n tipis qaosuri zolebi JD _>1 SemTxvevaSi 

TandaTan qreba. (SCH88) Tanaxmad, JD-is is mniSvnelobebi, romlebzec calkeuli 

qaosuri zolebi qreba, sistemaTa farTo speqtrisaTvis universaluri ricxvebia.  
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 disipaciuri standartuli asaxvis zemomoyvanili mcire mimoxilvidan 

gamomdinare,  hamiltonisa da disipaciuri sistemebis qmedebas Soris mravali 

gansxvavebis miuxedavad, zogierT SemTxvevaSi mainc SegviZlia gansxvavebul qmedebebs 

Soris arsebuli garkveuli korelaciis dadgena.  

 

naxazi. 8.19. disipaciuri standartuli asaxvis qmedebis gamomxatveli mrudi, sadac 

argumentebs warmoadgenen K  da  JD. JD =1 SemTxvevaSi asaxvis funqcia 

konservaciulia da eqvivalenturia hamiltoniseuli sistemisa.  rodesac JD =0,  

qmedeba erTganzomilebiani iteraciuli asaxvis ekvivalenturia. p1 da p2 

simboloebiT aRniSnulia periodi-1-isa da periodi-2-is Sesabamisi orbitebi.  K∞ 

warmoadgens K -s iseT mniSvnelobas, rodesac periodis gaormagebis mimdevroba 

qaosSi gadadis. p3/ periodi-3-is Sesabamisi aris aRmniSvnelia. 

 

rogorc Cans, arsebobs garkveuli universaloba Zlieri disipaciidan hamiltoniseul 

pirobebSi gadasvlisas. 

 

8.10 hamiltoniseuli dinamikis gamoyeneba 

 

biliardi da sxva TamaSebi 

daviwyoT hamiltonis funqciis modelebis klasiT, sadac gamoiyeneba sagnis 

idealurad drekadi dajaxebebi rogorc SemomsazRvrel kedlebTan, aseve sxva 

sagnebTan. aseTi modelebi hamiltonis sistemebis Teoriis did nawils warmoadgens. 

maTi erT-erTi klasi Seiswavlis raime organzomilebian SemosazRvrul areSi 

horizontalurad moZravi burTis gadaadgilebas, rac praqtikulad, biliardis 

idealizirebuli variantia. Tu SemosazRvruli are marTkuTxa an wriulia, maSin 
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yoveli orbita perioduli an kvaziperioduli iqneba. Tu sazRvars swori gverdiTi 

kedlebisa da naxevrad momrgvalebuli boloebis mqone stadionis msgavsi forma aqvs 

an Tu mrgvali dabrkoleba marTkuTxa sazRvris SigniT mdebareobs (sinais biliardi), 

maSin zogierTi traeqtoriis SemTxvevaSi moZraoba SeiZleba qaosuri iyos.  

 am kategoriis kidev erTi nimuSia ori burTula. burTulebis moZraoba  

imgvaradaa SezRuduli, rom isini gadadgildebian mxolod vertikaluri 

mimarTulebiT mizidulobis Zalis zemoqmedebis pirobebSi  da urTierTqmedeben 

idealurad drekadi dajaxebebis saxiT `miwasTan~ da erTmaneTTan (WGC90). Cvenda 

gasaocrad,  aseTi martivi modeli kompleqsuri qmedebis mTel speqtrs asaxavs. 

 modelTa es tipebi nawilobriv wrfivia, radgan dajaxebebs Soris moZraoba 

wrfivi gantolebebiT aRiwereba. biliardis SemTxvevaSi moZraoba praqtikulad 

mudmivi siCqariT xdeba, xolo dajaxebebi garkveulwilad arawrfivobisa da qaosuri 

qmedebis dakvirvebis SesaZleblobas gvaZlevs. me-12 TavSi nawilobriv wrfiv 

modelebs ufro detalurad ganvixilavT. aseve vnaxavT, rom biliardis tipis 

modelebi kvanturi qaosis SecnobisTvis kargi `sacdeli stendebia~. 

 

astronomiuli dinamika 

planetebis moZraobis Seswavlam da mzis sistemis xangrZlivi stabilurobis sakiTxma 

me-18 da me-19 saukunis klasikuri meqanikis ganviTarebaSi udidesi wvlili Seitana. 

puankare mzis sistemis dinamikiT dainteresda, ramac mis araerT naSromSi dinamikis i 

analizuri mxaris daxvewa ganapiroba. meorexarisxovani perioduli Zalebisa da mzis 

qaris ugulebelyofis SemTxvevaSi mzis sistema hamiltoniseuli konservaciuli 

sistemaa. arsebobs Sexeduleba (WIS87, KER88), romlis Tanaxmad, plutonisa da 

zogierTi asteroidis orbitebi SesaZloa qaosuri iyos.  

 

nawilakebis amaCqareblis dinamika 

elementuri nawilakebis Tanamedrove fizikaSi didi energiis mqone amaCqarebeli 

materiis fundamenturi struqturis Seswavlis umniSvnelovanesi saSualebaa. 

protonebisa da eleqtronebis aCqareba, uZraobis energiebze asjer an aTasjer meti 

energiebis miniWebiT araa trivialuri amocana, radgan  amaCqareblebSi mdebare 

nawilakebis orbitebi arastabilur pirobebs da mraval winaaRmdegobas iwvevs. meti 

sicxadisaTvis, orbitebis ganxilvisas disipacia SegviZlia ugulebelvyoT da 

hamiltoniseuli dinamikis meTodikac gamoviyenoT. arawrfivi dinamika nawilakis 
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orbitebis SesaZlo arastabilurobebis Seswavlis didi `leqsikonia~ da 

arastabiluri orbitebis SesaZlo amridi amaCqareblebis SemuSavebisTvis aucilebel 

saSualebebs gvaZlevs.  

 

zegamtaroba 

rodesac maRali gamtarobis mqone masalaze gare magnituri veli moqmedebs, 

eleqtronebis moZraoba grigalisebr xasiaTs Rebulobs. gare Zalebis zegavleniT 

amgvarma grigalebma SeiZleba sxvadasxva saxe miiRos da dadgenilia, rom fazaTa 

sinqronizacia, arnoldis enebi, feiris xeebi da eSmakis safexurebi aseTi qmedebis 

daxasiaTebisTvis SegviZlia gamoviyenoT (REN99).  

 

optika 

sinaTlis erTgvarovan dieleqtrikul masalaSi gavrcelebisas, fotonTa dinamika 

samganzomilebiani SemosazRvruli sivrcis farglebSi Tavisuflad moZravi 

wertilovani masis hamiltoniseuli funqciis dinamikis msgavsia. es analogia, mcire 

zomis dieleqtrikul sferoebSi sinaTlis qmedebis Sesaswavlad SegviZlia 

gamoviyenoT. sferos odnavi deformirebis SemTxvevaSi fotonTa traeqtoriebi 

qaosur saxes Rebulobs (MNC95). 
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8.12 kompiuteruli amocanebi 

 

CE8-1. gamoiyeneT Chaos Demonstrations-is modeli 10 da gamoikvlieT Cirikovis 

standartuli asaxvis qmedeba, rodesac K-s sxvadasxva mniSvnelobebi aqvs. 

gamoikvlieT kunZulTa jaWvebi, Torebis likvidacia da am TavSi ganxiluli sxva 

Tvisebebi.  

 

CE8-2. gamoiyeneT Chaos Demonstrations-is modeli 5 da  gamoikvlieT sami sxeulis 

SezRuduli amocana. axlomdebare traeqtoriebis eqsponencialuri divergenciis 

Seswavlis mizniT erTmaneTis axlos mdebare sawyisi wertilebis mqone ramdenime 

`planeta~ SegiZliaT gamoiyenoT. 

 

CE8-3. gamoiyeneT Chaotic Dinamics Workbrench da SeiswavleT henon-heilsis sistema 

kunZulTa jaWvebis, Torebis likvidaciisa da hamiltonis araintegrebadi sistemebis 

sxva maxasiaTebeli Tvisebebis TvalsazrisiT. gamoiyeneT ramdenime gansxvavebuli  

puankares kveTa da mTliani fazuri sivrcis Tvisebebis vizualizacia moaxdineT.  

 

CE8-4. SeamowmeT srivastavas, kaufmanisa da miuleris 8.11 paragrafSi citirebul 

publikaciebSi moyvanili zogierTi programuli amocana.  
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III 

qaosis zomebi 

9 

qaosis gazomva 

vaqcioT qaosi qariSxlad, davayenoT Rrublebis grova! me veli formas. Robert Frost. 

Pertinax 

 

9.1 Sesavali 

 

ramdenad qaosuria sistemis qaosuri qmedeba? me-9 TavSi am SekiTxvaze raodenobrivi 

TvalsazrisiT pasuxis gacemis sxvadasxva gzebs ganvixilavT. vidre sakiTxs 

detalurad CavuRrmavdebiT, albaT unda vikiTxoT, Tu ratom gvsurs qaosis gazomva. 

pirveli mizezi is aris, rom gvsurs sistemis erTi SexedviT gardamavali stadiisa 

da WeSmaritad qaosuri qmedebis erTimeorisagan garCeva. rogorc vnaxeT, Cveni mizania  

vipovoT qaosis kvlevis raime raodenobrivi meTodi da `WeSmariti qaosisa~ da 

kompleqsuri anu unda SegveZlos Tavisuflebis didi raodenobis xarisxis mqone 

xmauriani  qmedebis erTimeorisgan gansxvaveba. garda amisa, rogorc amas momdevno 

TavSi vnaxavT, rom zogierTma am ricxviTma meTodma SeiZleba sistemis Tavisuflebis 

(aqtiuri) xarisxebis raodenobis gansazRvris saSualebac mogvces. qaosuri qmedebis 

raodenobrivi kvlevis mesame mizezi is aris, rom regularuli da qaosuri qcevebis 

damakavSirebeli scenarebis universalobaze Cven mier Catarebuli eqsperimentebis 

safuZvelze SeiZleba vivaraudoT, rom sistemis parametrebis cvlasTan erTad 

savaraudod unda arsebobdes misi qaosuri qmedebis cvlilebis amsaxveli 

universaluri Tvisebebi. vnaxavT, rom zogierTi amgvari universaluri Tviseba 

marTlac napovnia da isini sistemis qmedebas sakmaod kargad aRweren. aseve 

savaraudoa, rom unda arsebobdes korelacia qaosis raodenobriv maxasiaTeblebisa da 

sistemis fizikuri parametrebis cvlilebebs Soris. magaliTad, arsebobs Tu ara 

raime raodenobrivi maxasiaTebeli, romlis cvlilebebic dakavSirebulia gulis 

ariTmiasTan, xsnarSi turbulentobis aRZvrasTan an naxevargamtarul wredSi 

arsebul xmaurTan? 
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 qaosuri sistemebis calkeul raodenobriv maxasiaTebelTa gamoTvlasTan erTad 

maTTan dakavSirebuli cdomilebebis Sefasebac unda SegveZlos. Cven am cdomilebaTa 

gansazRvris ramdenime meTods SemogTavazebT.  

 amrigad, arsebobs qaosuri qmedebis ricxviTi kvlevis sammagi motivacia: 

 

1. raodenobrivi maxasiaTeblebi SesaZloa qaosur da xmaurian qmedebebs Soris 

gansxvavebis povnaSi dagvexmaroas. 

2. SesaZloa raodenobriv maxasiaTeblebi sistemis dinamikis modelirebisTvis 

saWiro cvladebis raodenobis dadgenis TvalsazrisiTac sasargeblo iyos.   

3. isini  SesaZloa sistemebis universalobis klasebad dayofaSi dagvexmaron.  

4. raodenobriv maxasiaTebelTa cvlilebebma SesaZloa sistemis dinamikaSi 

mniSvnelovani cvlilebebi gamoiwvios.  

 

 

9.2 dinamikuri cvladebis droiTi mwkrivebi 

 

qaosis raodenobrivi kvlevis mTavari Teoriuli iaraRi sistemis mniSvnelobaTa 

droiTi mwkrivis cnebaa. Cven mas naxevargamtaruli diodis wredis stroboskopuli 

gamonasaxisa da, mogvianebiT, mdgomareobaTa sivrceSi puankares kveTebis zogadi 

formis daxmarebiT gavecaniT. mocemul TavSi sistemis (SesaZlo) qaosuri qmedebis 

raodenobrivi kvlevisas yuradRebas gavamaxvilebT sistemis maxasiaTebeli calkeuli 

cvladis (vTqvaT x(t)) mniSvnelobebis droiTi mwkrivis saxiT warmodgenaze. vTqvaT, 

gvaqvs x(t0), x(t1), x(t2),... mimdevroba, sadac t0< t1< t2 da a.S., rogorc es 9.1 naxazzea 

naCvenebi. aq drois mniSvnelobebi SesaZloa sakmaod axlos iyos erTmaneTTan an 

gvqondes romelime cvladis puankares kveTis mniSvnelobaTa mwkrivi, romelTa 

Sesabamisi drois momentebi erTmaneTisagan sakmaod daSoriSorebulia. 

 magram erTi cvladis SerCeuli mniSvnelobebis aseTi simravle SesaZloa 

sakmarisi ar aRmoCndes sakvlevi Tvisebebis Sesaswavlad. momdevno TavSi vaCvenebT, 

rom Tu SerCeva drois Sesabamis intervalebSia Catarebuli,  maSin mdgomareobaTa 

sivrceSi dinamikis ZiriTadi Tvisebebis `rekonstruqcias~ marTlac SevZlebT. me-10 

TavSi vnaxavT, rom xSir SemTxvevaSi SegviZlia erTi cvladis droiTi Canaweris 

mixedviT sistemis mdgomareobis dadgenisTvis saWiro cvladebis raodenobis 

gansazRvra.  
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 rasakvirvelia, erTi cvladis SerCeuli mniSvnelobebi bolomde ver (an 

saerTod arafers) gvatyobinebs danarCeni cvladebis Sesaxeb. magram, Tu 

SemovifarglebiT sistemis qmedebis bifurkaciebis gansazRvriTa da amgvarad 

warmodgenas SeviqmniT sistemis qaosurobis Sesaxeb, maSin irkveva, rom zemoxsenebuli 

mimdevroba am mxriv savsebiT sakmarisia (rasakvirvelia, garkveul doneze) 

 amrigad, Cven sistemis dinamikur parametrebs arapirdapiri gziT ganvsazRvravT. 

magaliTad, Tu gvainteresebs temperatura, SegviZlia gavzomoT sistemasTan 

kontaqtSi myof Termoelementze arsebuli Zabva.  

 

 

nax. 9.1. dinamikuri cvladis SerCevis sqema. gazomili mniSvnelobebis mixedviT xdeba 

droiTi mwkrivis Sedgena, romelTa analizsac SemdegSi vatarebT. aq mniSvnelobaTa 

SerCeva xdeba drois t=0, 1, 2,... da a.S. momentebSi. 

 

SegviZlia vTqvaT, rom Cven vaxdenT ara sistemis dinamikis, aramed sakvlevi  

funqciis monitorings. 

 erTi SexedviT SeiZleba mogveCvenos, rom umjobesi iqneba, Tu sistemis 

qmedebis analizs uwyveti funqciis (aRvniSnoT igi pirobiTad  tx


 veqtoruli saxiT, 

sadac veqtori moicavs dinamikur cvladTa srul simravles) meSveobiT CavatarebdiT. 

magram realur eqspeimentebSi, rogorc wesi, xdeba drois diskretuli momentebis 

SerCeva da ricxviTi gamoTvlebi  raRac droiTi bijis arCeviT warmoebs.  amgvarad, 

rogorc wesi, saqme gvaqvs diskretul droiT mwkrivebTan. 
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 saTanado drois intervalebis (t1 _ t0, t2 _ t1 da a.S.) SerCevas didi 

mniSvneloba aqvs. Tu xelmisawvdomia xmaurisgan Tavisufali mniSvnelobebis 

usasrulo raodenoba, maSin droiTi intervalebis SerCvevis mxriv SezRuduli ar 

varT. magram realur situaciebSi, rodesac mniSvnelobaTa sasrul simravles zed 

edeba raime tipis xmauri, Zalian didi sifrTxile unda gamoviCinoT. momdevno TavSi 

mniSvnelobebis drois intervalebisa da sxva maxasiaTeblebis SerCevasTan 

dakavSirebiT garkveul `empiriul wesebs~ gavecnobiT. monacemebis analizis Catarebis 

msurvelebs detalur konsultacias me-10 Tavi da am Tavis boloSi citirebuli 

literatura gauwevs.  

davuSvaT, rom gagvaCnia drois intervalebis SerCevis `saTanado~  sqema. 

qaosis raodenobrivi daxasiaTebisaTvis gansazRvris or gansxvavebul, magram 

erTmaneTTan dakavSirebul midgomas viyenebT. pirveli midgoma aqcents akeTebs 

qaosuri qmedebis dinamikaze (droze damokidebulebaze). liapunovis eqsponenta 

amgvari tipis raodenobrivi maxasiaTebelia. Cven agreTve SemoviyvanT `entropiis~ 

sxvadasxva saxeobas, romlebic msgavs funqcias asruleben. es maxasiaTeblebi gviqmnian 

warmodgenas imis Sesaxeb, Tu rogor viTardeba sistema droSi da ra emarTebaT 

axlomdebare traeqtoriebs droTa ganmavlobaSi. raodenobrriv maxasiaTebelTa meore 

tipi aqcents akeTebs mdgomareobaTa sivrceSi arsebul  traeqtoriaTa geometriul 

Tvisebebze drois sakmarisad didi intervalebis ganmavlobaSi (magaliTad, 

SezRudulia Tu ara traeqtoriebi mdgomareobaTa sivrceSi arsebul raime  

zedapirze? faraven Tu ara isini aseT SemTxvevaSi mTlian zedapirs da a. S.).  

amgvari geometriuli kvlevisas Cven fraqtalebis mniSvnelovan da damaintrigebel 

cnebasac SevxvdebiT.  

 ricxviT maxasiaTebelTa zemoaRwerili ori tipi amomwuravia. magaliTad, 

Tavdapirvelad yuradRebas gavamaxvilebT traeqtoriaTa divergenciis drois mimarT 

damokidebulebaze. Semdeg gamovikvlevT am traeqtoriebis `nakvalevebs~. intuicia 

gveubneba, rom aRweris am or tips Soris garkveuli kavSiri unda arsebobdes, magram 

dReisaTvis es umniSvnelo saxiT da umeteswilad hipoTetur xasiaTs atarebs. 

miuxedavad imisa, rom zogierTi ricxviTi da eqsperimentuli niuansi am hipoTezebs 

zurgs umagrebs, jer kidev uamravi samuSaoa Casatarebeli dinamikur da geometriul 

midgomebs Soris kavSiris saTanado doneze Sesaswavlad. 

 momdevno paragrafebSi ganvixilavT qaosis oTx ricxviT maxasiaTebels: (1) 

liapunovis eqsponentebi; (2) kolmogorovis entropia, (3) fraqtaluri 
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ganzomilebebi da (4) korelaciuli ganzomileba. me-5 Tavis analogiurad, davuSvebT, 

rom Cven winaSea efeqturad `erTganzomilebiani~ sistema. momdevno TavSi vnaxavT, 

rom rogor mivuyenoT es daSveba mravalganzomilebiani sistemebs da ra gziT 

miviRoT erTi cvladis droiTi mwkrivebis meSveobiT `mravalganzomilebiani 

informacia~. 

 Cven SevexebiT disipaciur (anu iseT sistemebs, romelTa SemTxvevaSic sawyis 

pirobebTan dakavSirebuli gardamavali stadiebi qreba da drois xangrZliv 

intervalze aRebuli qmedeba ukavSirdeba mdgomareobaTa sivrceSi arsebul 

mizidulobis ares (an areebs). qmedebis raodenobrivi aRweris procesSi mxolod 

mimzidvelebze mdebare traeqtoriebs gaviTvaliswinebT.  aradisipaciuri sistemebis 

SemTxvevaSi (me-8 TavSi ganxiluli hamiltonis sistemebi) mimzidvelebi ar arseboben 

da saqme gveqneba im sirTulesTan, rom parametrebis mniSvnelobaTa erTsa da imave 

simravlis SemTxvevaSi zogierTi traeqtoria perioduli da zogic qaosuri SeiZleba 

iyos. am TavSi ganxiluli zogierTi raodenobrivi maxasiaTebeli SeiZleba 

hamiltoniseuli sistemebis traeqtoriaTa gansazRvrisTvis gamoviyenoT, magram 

mdgomareobaTa sivrceSi axlomdebare traeqtoriebs SeiZleba sruliad gansxvavebuli 

xasiaTi aRmoaCndeT. rasakvirvelia, erTze meti mimzidvelis mqone disipaciur 

sistemebs (parametris mniSvnelobaTa mocemuli simravlisTvis) erTi da igive tipis 

sirTuleebi axasiaTebT. 

 

gardamavali tipis traeqtoriebma (romlebic iwyebian mimzidvelisagan Sors, magram 

droTa ganmavlobaSi misken miiswrafvian) sistemis dinamikis Sesaxeb sasargeblo 

informacia SeiZleba mogvawodon. radgan aseTi traeqtoriebi rogorc 

eqsperimentuli, ise ricxviTi gamoTvlebis TvalsazrisiT xSirad metad 

`mouxerxeblebia~, Cven SegviZlia msjeloba daviyvanoT xangrZlivi intervalisaTvis 

aRebul qmedebaze, rac disipaciuri sistemis mxolod im traeqtoriebs gulisxmobs, 

romlebic mdgomareobaTa sivrceSi mxolod mimzidvelis zedapirze mdebareoben. 

qaosur gadasvlebTan dakavSirebiT droiTi mwkrivebis Seswavlis analizuri meTodi 

JAT94-Sia mocemuli. 
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9.3. liapunovis eqsponentebi 

 

meoTxe TavSi, axlomdebare traeqtoriebis divergenciis gansazRvris mizniT 

liapunovis (saSualo) eqsponentas cneba SemoviyvaneT. Cven davamtkiceT, rom sistemis 

qmedeba qaosuria, Tu misi Sesabamisi liapunovis saSualo eqsponenta dadebiTi 

ricxvia. mexuTe TavSi vnaxeT, Tu rogor gamovTvaloT liapunovis eqsponenta 

erTganzomilebiani iteraciuli asaxvis funqciisTvis. am paragrafSi, liapunovis 

eqsponentis gamoTvlis meTodikas mniSvnelobaTa erTganzomilebiani droiTi 

mwkrivebis TvalsazrisiT aRvwerT. x(t0), x(t1), x(t2),... sidideebs SemdgomSi x0, x1, x2,... 

saxiT aRvniSnavT. simartivisTvis davuSvebT, rom maT Soris arsebuli drois 

intervalebi Tanabaria. amitom, SegviZlia davweroT:  

 

0nt t n                                 (9.3-1) 

 

sadac τ mwkrivis or momdevno wevrs Soris arsebuli drois intervalia.  

 Tu sistema qaosurad iqceva, axlomdebare traeqtoriebis divergencia 

Semdegnairad iCens Tavs: Tu x-ebis mimdevrobebidan SevarCevT romelime xi-s da Semdeg 

movZebniT x-is sxva iseT mimdevrobas, romelic Seicavs xi –gan mcired gansxvavebul 

xj wevrs, maSin sxvaobaTa Semdegi mimdevroba:  
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 

 



                           (9.3-2) 

 

n-is zrdasTan erTad eqsponencialuri saxiT unda izrdebodes, yovel SemTxvevaSi, 

saSualod mainc. formalurad SegviZlia es aseTi saxiT CavweroT: 

 

0
n

nd d e                               (9.3-3) 

 

orive mxaris galogariTmebis Semdeg miviRebT: 
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0

1
In nd

n d
                              (9.3-4) 

 

amrigad, miviReT liapunovis eqsponentis praqtikulad gansazRvrisaTvis saWiro 

formula. Tu λ dadebiTi ricxvia, maSin qmedeba qaosuria.  

 

zogierTi teqnikuri detali 

praqtikaSi droiTi mwkrivebis mixedviT liapunovis eqsponentis dadgena 

SesaZlebelia. aqve aucilebelia ramdenime komentaris gakeTeba: 

1. Cven davuSviT ori traeqtoriis erTmaneTisagan daSorebis eqsponencialuri 

saxiT cvlileba. mocemuli droiTi mwkrivebisTvis am daSvebis WeSmaritebis 

Semowmeba sifrTxiles moiTxovs. es SesaZlebelia gakeTdes dm sxvaobis 

(naturaluri) logariTmis mrudis, rogorc m indeqsis funqciis, agebis gziT. 

Tu divergencia eqsponencialuria, wertilebi ganlagdebian wrfeze (an mis 

maxloblad) romelTa kuTxuri koeficienti liapunovis eqsponentis tolia. am 

(wrfis gavleba SegviZlia umcires kvadratTa meTodis meSveobiT). Tu 

wertilebi wrfis maxloblad ar ganlagdebian, maSin liapunovis eqsponenti 

azrs kargavs. 

2. λ-s mniSvneloba SesaZlebelia (da sazogadod asec xdeba) sawyis mniSvnelobad 

arCeuli xi-is mniSvnelobaze iyos damokidebuli. amrigad, SegveZlo dagvewera 

λ(xi). mimzidvelis daxasiaTebisTvis gvesaWiroeba λ -s saSualo mniSvneloba, 

romelsac mimzidvelze ganawilebuli sawyisi mniSvnelobebis sakmarisad didi 

N raodenobisTvis (praqtikaSi _ 30 an 40) λ(xi)-is gamoTvliT vpoulobT. 

Semdeg mimzidvelis Sesabamis liapunovis saSualo eqsponentas Semdegi 

formulis gamoyenebiT vpoulobT: 

 

 
1

1
( )

N

i
i

x
N

 


                            (9.3-5) 

 

SegviZlia λ(xi) mniSvnelobaTa gamoTvla, rac saSualo mniSvnelobasTan dakavSirebuli 

cdomilebis dadgenaSi dagvexmareba. momdevno TavSi vnaxavT, rom λ -ebis saSualo 
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mniSvnelobis aramdgradobasTan dakavSirebuli saintereso universaluri Tvisebebi 

SesaZlebelia arsebobdes.  

 

SeniSvna: Cven gvsurs λ sidide asaxavdes im faqts, rom xi-is zogierTi 

mniSvnelobasTan `Sexvedris~ albaToba sxvebTan SedarebiT didia: traeqtoriebi 

mdgomareobaTa sivrcis zogierT ares gacilebiT xSirad stumroben sxvebTan 

SedarebiT. am pirobis dakmayofilebis umartivesi xerxi didi raodenobiT i indeqsis 

mqone sawyisi wertilebis SerCevaa.  

3. gansaxilveli SemosazRvruli sistemebis SemTxvevaSi, n ricxvi (9.3-2)-Si 

Zalian didi ver iqneba. radgan SemosazRvruli sistemis zoma SezRudulia, di 

sxvaobebi x-is udides da umcires mniSvnelobebs Soris sxvaobaze meti ver iqneba. 

amrigad, d-is mixedviT eqsponencialuri zrda samudamod ver gagrZeldeba da Cven n 

unda SevzRudoT. di-ebis mimdevroba gvaZlevs imis Sefasebis saSualebas, Tu ramdenad 

didi SeiZleba iyos n (ix. nax. 9.2). n aseve damokidebulia λ-sa da d0-ze. Tu aviRebT 

mcire d0-s (e.i. moviTxovT, rom xi axlos iyos xi-sTan maSin eqsponencialuri 

divergencia n -is ufro didi mniSvnelobebis drosac gagrZeldeba. 

4. Tu x-is mniSvnelobaTa mimdevroba periodul qmedebas esabameba, maSin d-is 

mniSvnelobebi Zalian mcire an nulis toli unda iyos, radgan traeqtoriebi 

mniSvnelobaTa zustad imave simravles ubrundeba. amrigad, traeqtoriaTa meTodma 

unda mogvces λ=0, rac asaxavs im faqts, rom d-ebi arc izrdeba da arc mcirdeba. es 

Sedegi gvamcnobs, rom periodul orbitaze traeqtoriis wertilebi erTimeoris 

mimarT arc miizidebian da arc ganizidebian. mdgomareobaTa sivrcis im mimarTulebiT, 

romelic perpendikularulia stabiluri perioduli traeqtoriisa, liapunovis 

eqsponenta uaryofiTi unda iyos, rac imis maCvenebelia, rom axlomdebare 

traeqtoriebi miizidebian stabiluri orbitebisaken. miuxedavad amisa, TviT 

traeqtoriis mixedviT aRebul mniSvnelobaTa droiTi mwkrivebi verafers `gvetyvian~ 

imis Sesaxeb, Tu ratom miiswrafvian traeqtoriebi mimzidvelisaken. zogadi meTodebi, 

romlebic aRwerilia me-5 TavSi an mocemuli Tavis bolos citirebul 

literaturaSi, unda gamoviyenoT liapunovis eqsponentis gansazRvris mizniT, 

rodesac es ukanaskneli uaryofiTi sididea.  

5. arsebobs garkveuli SezRudvebi j-is im mniSvnelobaTa dakavSirebiT, romelic 

unda gamoviyenoT   mocemuli xi –is mimarT. Tu droiTi mwkrivebi Seicaven raime 

Tanabrad cvladi sididis (vTqvaT, pirvel TavSi moyvanil diodis wredSi gamavali 
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deni) erTmaneTisagan mcired gansxvavebul mniSvnelobebs, maSin ver aviRebT i-sTan 

Zalian axlos “myof” j-s, radgan Sesabamisi drois momentebi erTmaneTTan Zalian 

mcired iqnebian gansxvavebuli. Sesabamisad, qmedebebic TiTqmis erTnairi xasiaTisa 

iqneba da saboloo jamSi miviRebT Zalian mcire λ(xi)-s. arsebobs araerTi kriteriumi 

minimaluri droiTi intervalis SerCevisTvis, romelTac amjerad ar ganvixilavT. 

xi(t) grafiki misi miaxloebiT gansazRvris saSualebas mogvcems. Tu mwkrivis wevrebi 

warmoadgenen puankares kveTidan aRebul wertilebs, romlis drosac droiTi 

intervalebi isedac didia, maSin, rasakvirvelia, zemoxsenebuli problema aRar 

gveqneba.  

6. zogierTi avtori λ -s gansazRvras  Semdegi formulis gamoyenebiT amjobinebs 

 

2
0 2n

nd d   

λ2 ganisazRvreba, rogorc divergenciis siCqare, gamosaxuli `drois erTeulSi 

aRebuli bitebis raodenobiT~. ricxvi 2 ki aRebulia orobiT sistemasTan 

dakavSirebiT (analogourad me-5 TavSi aRwerili bernulis wanacvlebis asaxvisa).  

λ2 gviCvenebs, Tu ra siCqariT vkargavT (biti/wamSi) x -is sawyis mniSvnelobaSi 

Semaval informacias (gamosaxuls orobiT formaSi).  

savarjiSo 9.3-1. aCveneT, rom λ2=λ/ln2. 

 

7. arsebobs d0-is qveda zRvris gamoTvlis praqtikuli gzebi. vinaidan x -ebi 

Caiwereba mZimis Semdeg sasruli raodenobis cifrebiT an eqsperimentis dros 

ganisazRvrebian sasruli sizustiT, mZimis Semdeg arsebul cifrTa raodenoba 

gviqmnis warmodgenas zemoxsenebul zRvarze. magaliTad, Tu mniSvnelobebi Seicaven 

mZimis Semdeg sam cifrs, maSin 0.001-ze mcire sxvaobis aReba SeuZlebelia. ra Tqma 

unda, Tu monacemTa raodenoba sakmarisad didia, maSin, sistemis qaosurobis 

SemTxvevaSic ki, gveqneba ganmeorebadi mniSvnelobebi, Tundac maTi zRvruli sizustis 

gamo. 
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nax. 9.2. traeqtoriaTa divergencia, rogorc iteraciaTa rigis funqcia 

lojistikuri asaxvisTvis, rodesac A=3.99 da xi=0.1. d0=0.0001. marcxniv 

gamoyenebulia 15, marjvniv ki 25 iteracia. eqsponencialuri divergenciis SemTxvevaSi 

mosalodnelia wrfis miReba. marcxniv, wrfis kuTxuri koeficienti liapunovis 

eqsponentas gvaZlevs. marcxniv es sidide  axlosaa  ln2-Tan, rac Seesabameba 

logikur asaxvas A=4 pirobebSi. marjvniv, saxezea `gajereba~, rodesac  

traeqtoriaTa Soris arsebuli daSorebebi miiswrafvian mimzidvelis zomisaken.  

 

magaliTi 

moviyvanoT droiTi mwkrivebis meSveobiT liapunovis eqsponentebis dadgenis magaliTi. 

9.2 naxazze moyvanilia traeqtoriaTa divergencia, rogorc iteraciaTa rigis 

funqcia lojistikuri asaxvisTvis iteraciebis ori gansxvavebuli rigis SemTxvevaSi, 

romelTac  erTi da igive sawyisi xi wertilSi gaaCniaT. aq saxezea wertilTa gabneva 

saSualo wrfeebis mimarT. amrigad, SegviZlia vTqvaT, rom axlomdebare 

traeqtoriebis divergencia eqsponencialurad mimdinareobs, magram SesaZloa 

mniSvnelovan fluqtuaciebs adgili hqondeT. amasTan erTad, sakmarisad xangrZlivi 

drois Semdeg divergencia ukve aRar mimdinareobs eqsponencialurad. amgvari 

`gajereba~ yvelgan vlindeba, sadac or traeqtorias Soris arsebuli manZili 

mimzidvelis zomas uaxlovdeba da aWarbebs mas. rodesac sistema SemosazRvrulia, 

traeqtoriebs Soris gansxvaveba am zomas ver gadaaWarbebs da dn sidideebi aRar 

izrdebian (piriqiT, SesaZlebelia Semcirdnen kidec). amrigad, wrfivi ubnis 

qonisaTvis  drois (an iteraciaTa) diapazoni unda SevzRudoT. 

 droiTi mwkrivebis meSveobiT liapunovis eqsponentis gamoTvlis gansxvavebuli 

meTodic arsebobs. Tu monacemebi efeqturad erTganzomilebiania, maSin xn+1-isa da xn-

is damokidebulebis grafikma SesaZlebelia gluvi mrudiT dakavSirebuli wertilebis 



 407

mimdevroba mogvces. am mrudis miaxloebiTi analizuri gamosaxulebis dasadgenad 

`mrudTa morgebis~ sxvadasxva midgoma SegviZlia gamoviyenoT. rodesac aseTi 

analizuri miaxloeba gvaqvs mocemuli, liapunovis saSualo eqsponentis dasadgenad 

(5.4-12) gamosaxulebis diferencirebis meTodi SegviZlia gamoviyenoT. am Tavis 

boloSi citirebuli literatura liapunovis eqsponentebis gansazRvris 

procedurebis detalebs gvaZlevs.  

 

savarjiSo 9.3-2. gamoiyeneT 1.2 cxrilis monacemebi da aageT traeqtoriaTa 

divergenciis, rogorc iteraciaTa rigis funqciis grafiki. am grafikis wertilebze 

gaavleT wrfe da kuTxuri koeficientis meSveobiT daadgineT liapunovis eqsponenta. 

SeadareT miRebuli mniSvneloba 9.2 naxazze moyvanils. amasTan erTad, dawereT 

kompiuteruli programa liapunovis eqsponentis dasadgenad.  

 

 

9.4 liapunovis eqsponentis universaluri normireba 

 

Tu disipaciuri sistema periodis gaormagebis gziT xdeba qaosuri, maSin SegviZlia 

vivaraudoT, Tu rogor icvleba liapunovis eqsponenti. kontrolis parametris 

cvlilebasTan erTad 9.3 naxazi warmogvidgens liapunovis saSualo eqsponentas, 

rogorc A parametris funqcias lojistikuri asaxvisTvis. rodesac A < 3.5699. . . 

= A∞, liapunovis eqsponenta iqneba uaryofiTi garda bifurkaciis wertilebisa, 

sadac periodis gaormageba iCens Tavs. am wertilebSi liapunovis eqsponenti nulis 

tolia. A > A∞  pirobebSi eqsponenta dadebiTia, oRond drodadro uaryofiTi xdeba 

periodul diapazonebSi. Tu am `vardnebs~  ugulebelvyofT, maSin davinaxavT, rom A 

-s zrdasTan erTad liapunovis eqsponenta Tanabrad izrdeba da vambobT, rom sistema 

ufro da ufro qaosuri xdeba anu (axlomdebare traeqtoriebis divergenciiT 

gamoxatuli) `qaosurobis xarisxi~ A -sTan erTad izrdeba.  

 1980 wels hubermanma da rudnikma (HUR80) daamtkices, rom aseT SemTxvevaSi 

unda arsebobdes liapunovis eqsponentis parametruli damokidebulebis 

universaluri gamosaxuleba. ganvixiloT Semdegi gamosaxuleba: 
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In2

In
0

0.445...
0

( ) ( )

( )

A A A

A A

 






 

 
                        (9.4-1) 

 

sadac λ0 mudmivi ricxvia, romlis mniSvnelobasac SemdgomSi davadgenT, xolo δ 

feigenbaumis δ =4.669.... ricxvia (δ -s sxva mniSvnelobebi im SemTxvevaSi gamoiyeneba, 

rodesac asaxvis funqcias maqsimaluri mniSvnelobis siaxloves kvadratulisagan 

gansxvavebuli damokidebuleba gaaCnia). 

 

nax. 9.3. zeda naxazi warmogvidgens A lojistikuri asaxvis funqciis liapunovis 

eqsponentas, rogorc A parametris funqciis, (gamoTvla emyareba (5.4-12)-s). qveda 

naxazi gviCvenebs bifurkaciul diagramas. rodesac λ uaryofiTia, qmedeba 

periodulia. rodesac eqsponenti  nulis tolia, saxezea bifurkacia. rodesac 

eqsponenta dadebiTia, qmedeba qaosuria. 

 

 (9.4-1) gamosaxuleba mniSvnelovani mtkicebulebis moyvanis SesaZleblobas 

gvaZlevs: Tu sistema qaosur mdgomareobaSi periodis gaormagebis mimdevrobis gziT 

gadadis, liapunovis saSualo eqsponentis, rogorc parametris funqciis meSveobiT 

SegviZlia ganvsazRvroT, Tu ra doneze iqneba sistema qaosuri. pirvel TavSi 
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aRwerili naxevargamtaruli diodis wredisaTvis Catarebulma eqsperimentebma 

gviCvena, rom normirebis amgvari wesi sakmaod kargad muSaobs periodis gaormagebis 

zRvruli wertilis midamodan aRebuli parametris mniSvnelobebisTvis da realuri 

eqsperimentuli mniSvnelobebis (JOH88) mixedviT gamoTvlili liapunovis 

eqsponentis Tvisebebis aRwerisas.  

 unda aRiniSnos aseve, rom (9.4-1) saxiT gamosaxul normirebis wess igive 

forma aqvs, rac meore rigis fazuri gadasvlis siaxloves arsebuli fizikuri 

maxasiaTeblebis qmedebis amsaxvel normirebis wesebs siTbur fizikaSi, rogoricaa 

feromagnitis damagnitebis procesis dawyeba. liapunovis eqsponenta e.w. dalagebis 

parametris rols asrulebs, xolo A _ A∞ sxvaoba realuri da kritikuli 

(romelzec fazuri gadasvla vlindeba) temperaturebis sxvaobis analogiuria. 

dalagebis parametrebis temperaturaze damokidebuleba normirebis eqsponentebis 

meSveobiT msgavsi xarisxovani funqciebis meSveobiT aRiwereba. statistikur 

meqanikasa da dinamikas Soris arsebul sxva msgavsebebs me-10 TavSi gamovikvlevT.  

 

 

* normirebis universaluri wesis miReba liapunovis eqsponentis meSveobiT 

 

normirebis (9.4-1) wesi SesaZlebelia Semdegi faqtebis meSveobiT iqnes miRebuli: (1) 

A > A∞ SemTxvevaSi arsebuli qaosuri diapazonebis (ix. nax. 9.3, nax. 2.1 da nax. 

5.9) A kontrolis parametris momdevno zrdasTan erTad bifurkaciebis mimdevrobaSi 

erTmaneTs erwymian: rva diapazonis gaerTianeba iZleva oTxs, oTxisa- ors da 

sabolod A -s zrdasTan erTad ori diapazonis Serwyma iZleva erT gancalkevebul 

diapazons. (2) qaosuri diapazonebis Serwymis procesi A∞-gan mcired gansxvavebuli 

A -s mniSvnelobebisTvis aRiwereba krebadobis koeficientis meSveobiT, romelsac 

igive ricxviTi mniSvneloba gaaCnia rac feigenbaumis krebadobis δ koeficients 

periodis gaormagebis mimdevrobis SemTxvevaSi. amrigad, arsebobs kavSiri parametris 

calkeuli mniSvnelobisTvis arsebuli qaosuri diapazonebis raodenobasa da 

periodis gaormagebis zRvruli wertilis mniSvnelobidan parametris daSorebas 

Soris. parametris is mniSvneloba, romlisTvisac 2m diapazonebi erTmaneTs erwymian 

da gvaZlevs 2m-1 raodenobis diapazons, aRvniSnoT A 
m simboloTi. magaliTad,  A 

2 

mniSvnelobaze A -s zrdasTan erTad oTxi diapazoni erTiandeba da gvaZlevs ors.  
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 ganvixiloT erT-erTi qaosuri diapazonis farglebSi mdebare, d0 manZiliT 

erTmaneTisagan daSorebuli ori traeqtoria. qaosurobis gamo es manZili 

eqsponencialurad gaizrdeba: 

 

 0
n

nd d e                              (9.4-2) 

 

sadac n iteraciaTa raodenobaa. ganvixiloT SemTxveva, rodesac traeqtoriebi 

ciklurad icvlebian 2m diapazonebs Soris. Tu ori traeqtoria iwyeba erTsa da 

imave diapazonSi, 2m iteraciis Semdeg isini sawyis diapazons daubrundebian. am dros 

traeqtoriaTa Soris manZili: 

   

2
02

m

md d e                             (9.4-3) 

 

dgeba gadamwyveti momenti: Cven SegviZlia es divergencia CavTvaloT, rogorc Sedegi 

liapunovis efeqturi λ0 eqsponentis (romelic romelime qaosur diapazons 

Seesabameba) mqone f(2m) funqciis erTi rigis iteraciad amrigad, SegviZlia davweroT:  

 

02
0 02

m

md d e d e                          (9.4-4) 

 

Tu davuSvebT, rom λ0 mudmivia (anu yoveli qaosuri diapazonisTvis erTi da igivea), 

(9.4-4)-is mixedviT SegviZlia davweroT: 

 

0( )
2m m

A
                              (9.4-5) 

 

m indeqsi A∞_sgan daSorebis gansazRvris mizniT SegviZlia gamoviyenoT. 2.4-1 

amocanis Sedegs viyenebT  Semdegi saxiT: 

 

1
m

mA A A

    
 

                        (9.4-6) 

sadac 
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2

1 2( )
1

A A A



  


                       (9.4-7) 

 

 (9.4-6) gantolebis m –is mimarT amoxsniT miviRebT: 

 

 In ( ) /

In
mA A A

m

 

                       (9.4-8) 

 

CavsvaT miRebuli Sedegi (9.4-5) gamosaxulebaSi. gveqneba: 

 

0( ) 2A                             (9.4-9) 

sadac 

 In ( ) /

In

A A A



 

                       (9.4-10) 

 

(9.4-9) eqvivalenturia (9.4-1) normirebis wesisa. 

 

savarjiSo 9.4-1. aCveneT, rom (9.4-9) eqvivalenturia (9.4-1)-isa. miniSneba: 

gamoTvaleT orive gamosaxulebis naturaluri logariTmi. 

 

 aqve mniSvnelovania aRvniSnoT, rom liapunovis eqsponentis universaluri 

normirebis wesi gamomdinareobs qaosuri diapazonebis gaerTianebebis normirebidan da 

TiToeuli qaosuri diapazonisTvis liapunovis λ0  efeqturi eqsponentis mudmivobis 

daSvebidan. 

 

9.5 invariantuli zoma 

 

mimzidvelis daxasiaTebis kidev erTi mniSvnelovani meTodi albaTobebis ganawilebis 

funqciis gamoyenebas emyareba. es sakiTxi aqtualobas iZens mdgomareobaTa sivrcis 

ganzomilebebis raodenobis zrdasTan erTad. rogorc vnaxeT, ufro didi raodenobis 

ganzomilebis mqone mdgomareobaTa sivrceebSi mimzidvelebs meti geometriuli 

`SesaZleblobebi~ gaaCniaT. aseT sivrceebSi mimzidvelis daxasiaTebisTvis metad 

abstraqtuli da naklebad geometriuli meTodebi gagvaCnia. am SemTxvevaSi albaTobis 
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ganawilebis sxvadasxva saxeebi dagvWirdeba. ra igulisxmeba mdgomareobaTa sivrcis 

raime calkeul areSi  dinamikuri sistemis Sesabamisi traeqtoriis wertilis 

moxvedris albaTobaSi? 

 

albaTobis gansazRvra 

 

Cven sifrTxile unda gamoviCinoT, rodesac termin albaTobas viyenebT. am termins 

`eqsperimentis~ mravaljeradi gameorebis Sedegad miRebuli fardobiTi sixSiris 

TvalsazrisiT viyenebT, anu Tu N SesaZlo Sedegis mqone eqsperiments M-jer 

vatarebT (M didi ricxvia), maSin i-uri Sedegis miRebis albaToba : 

 

i
i

m
p

M
                              (9.5-1) 

cxadia, 

1

N

i
i

m M


                             (9.5-2) 

 

amasTan, Tu cdebis M raodenoba sakmarisad didia, mosalodnelia, rom pi iqneba 

movlenebis fardobiTi ricxvis sakmaod kargi winaswarmetyveli.  

 rodesac vsaubrobT albaTobebis Sesaxeb mdgomareobaTa sivrceSi, sazogadod, 

ar SegviZlia davsvaT kiTxva imis albaTobis Sesaxeb, gaivlis Tu ara traeqtoria 

mdgomareobaTa sivrcis raime konkretul wertilSi, radganac wertilTa ricxvi 

usasruloa. 

 praqtikaSi am problemas Tavs varidebT SesaZlo SedegTa diapazonis 

intervalebad (an `yuTebad”, rogorc maT statistikosebi uwodeben) dayofiTa da 

calkeul intervalSi sasurveli Sedegis  miRebis albaTobis gamoTvlis gziT. am 

meTods nebismieri realuri gazomvisa Tu gamoTvlis zRvruli sizustis avtomaturi 

identificirebis Tviseba gaaCnia. 
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invariantuli zoma 

 

davyoT mdgomareobaTa sivrceSi mimzidvelis mier dakavebuli are intervalebad (erT 

ganzomilebaSi) ujredebad an `blokebad~ (or an met ganzomilebaSi) da gamovTvaloT 

imis albaToba, rom traeqtoria romelime intervals an ujreds `estumreba~. Tu 

aviRebT M raodenobis intervals da da davadgenT, rom i-ur intervals traeqtoria 

mi -jer `akiTxavs~, maSin pi = mi/M.  

 i funqciis saxiT gamosaxuli pi -is grafiki mogvcems albaTobebis ganawilebas 

mimzidvelisTvis. bevr qaosur sistemaSi  pi -ebi araa imaze, Tu sad iwyeba  

traeqtoria.  

 

xdomilebaTa raodenoba 

 

 

 

naxazi. 9.4. lojistikuri asaxvis mudmivi ganawilebis mrudi, rodesac A=4.0. 

vertikaluri zolebi gvaZlevs x RerZis Tanabrad damyof 20 `yuTSi~ ganTavsebuli  

traeqtoriis 1024 wertilis histogramul mniSvnelobebs. uwyveti wrfe (9.5-5) 

gantolebis Tanaxmad, albaTobis Teoriuli ganawilebaa. 

 

aseT SemTxvevebSi pi -ebis simravles albaTobis bunebriv zomas vuwodebT (arsebobs 

gamonaklisebi: Tu traeqtoria iwyeba arastabilur periodul orbitaze, misi zoma 

gansxvavebulia qaosuri traeqtoriis sawyisi wertiliT miRebuli zomisagan). cneba 

`zoma~ gamoiyeneba wonis an aqcentis azriT. rac ufro metjer gadis ujreds 

traeqtoria miT ufro metia misi zoma anu wona.  
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 erTganzomilebiani sistemisaTvis albaTobis zomas μ(x)-is saxiT vadgenT. Tu 

sistemis dinamika asaxvis f(x) funqciiTaa mocemuli da μ(x) = μ(f(x)), maSin vambobT, 

rom μ(x) aris albaTobis invariantuli zoma. aq termini invariantuli niSnavs, rom 

saboloo ganawileba sistemis dinamikis procesSi ucvlelia.  

 albaTobebis daxasiaTebisTvis zogjer uwyveti funqciis gamoyenebac  

SegviZlia. Tu mdgomareobaTa sivrces davyofT mcire intervalebad (romelic aqamde 

zustad x RerZs emTxveoda), maSin SegviZlia ganvacxadoT, rom i-ur ujredSi 

traeqtoriis moxvedris albaToba moicema albaTobis ganawilebis raime uwyveti p(x) 

funqciis meSveobiT Semdegnairad: 

 

( ) ( )i i

cell i

p x p x dx                         (9.5-3) 

 

ganmartebis mixedviT,  p(x)dx warmoadgens imis albaTobas, rom traeqtoria moxvdeba 

x-sa da x + dx -s Soris.  

 pi -is vizualizaciis kidev erTi meTodi SemdegSi mdgomareobs:  mdgomareobaTa 

sivrceSi arsebul mimzidvels mivaweroT M masa. SemoviRoT masis simkvrivis ρ(x) 

funqcia, ise rom  ρ(x)dx  x-sa da x + dx -s Soris arsebuli mimzidvelis masis 

toli iyos. am SemTxvevaSi vambobT, rom mi=piM i-ur ujredTan dakavSirebuli masaa, 

xolo pi  i-ur ujredSi moxvedrili mimzidvelis masuri wilia.  

 9.4 naxazze gamosaxulia lojistikuri asaxvis Sesabamisi traeqtoriis 

mniSvnelobaTa histograma, rodesac A=4.0. monacemebi x=0 da x =1 mniSvnelobebs 

Soris Tanabrad danawilebul 20 `yuTSia~ dakompleqtebuli. rogorc xedavT, 

histograma garCevis aseT doneze  SedarebiT  gluvia, sadac albaToba izrdeba x 

mniSvnelobebisaTvis nulisa da erTis siaxloves.  

 dinamikuri sistemebis umravlesobisTvis albaTobis ganawileba Sesabamisi 

traeqtoriebis ricxviTi gamoTvlebiT unda dadgindes. gansakuTrebul SemTxvevaSi, 

rodesac A=4, albaTobis invariantuli ganawilebis zusti saxiT gamoTvla 

SegviZlia. amisTvis lojistikur asaxvas da bernulis wanacvlebas Soris 6.8 

paragrafSi moyvanili kavSiri unda gamoviyenoT. lojistikuri asaxvisTvis p(x) da 

(5.8-3)-is meSveobiT Semoyvanili θ cvladis  P  ganawilebebs Soris kavSiri aseTia 

(rodesac A=4): 
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( ) ( )p x dx P d                          (9.5-4) 

 

es damokidebuleba gvamcnobs, rom x-sa da x + dx -s Soris x-is moxvedris albaToba 

lojistikuri asaxvisTvis igive unda iyos, rac bernulis asaxvisTvis θ -s Sesabamisi 

mniSvnelobis SemTxvevaSi. bernulis wanacvlebis asaxvisTvis traeqtoriis 

mniSvnelobebi erTgvarovnadaa ganawilebuli 0 ≤ θ ≤ 1 diapazonSi. amrigad, gveqneba 

P(θ)=1. (5.8-3) gantolebis gamoyenebiT SegviZlia dx davukavSiroT dθ –s. Sedegad 

miviRebT: 

 

1
( )

(1 )
p x

x x



                       (9.5-5) 

 

9.4 naxazze gamosaxuli uwyveti wrfe gviCvenebs mocemul ganawilebas (saTanado 

normalizaciis SemTxvevaSi). histogramis mniSvnelobebi am mrudTan sakmaod axlosaa 

(rodesac histograma 20 `yuTSi~ dakompleqtebuli mniSvnelobebis 1024 wertiliTaa 

Seqmnili, rasakvirvelia, or histogramas  Soris gansxvavebis arseboba savsebiT 

mosalodnelia) 

 

amocana 9.5-1. miiReT (9.5-5) detaluri gamoTvlebis meSveobiT. 

 

ergoduli qmedeba 

 

mudmiv ganawilebaze yuradRebis gamaxvilebis erT-erTi mizezi is aris, rom igi 

sistemis gasaSualoebuli maxasiaTeblebis gamoTvlis gansxvavebul (xSirad ufro 

martiv) xerxebs gvawvdis. magaliTad, Tu sistemis mdgomareobaTa sivrcis x cvladis 

mniSvnelobaze damokidebul raime B maxasiaTebels ganvixilavT, B -s saSualo 

droiTi mniSvneloba SegviZlia Semdegnairad ganvsazRvroT: 

 

0

1
( ( ))

T

t
B B x t dt

T
                         (9.5-6a) 

1

1
( ( ))

N

it
i

B B x t
N 
                         (9.5-6b) 
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integraluri forma saWiroa, rodesac x(t) -s drois uwyveti funqciaa (analizuri 

Sedegi). jamuri forma ki diskretuli droiTi mwkrivebisTvis gamogvadgeba. 

ukanasknel SemTxvevaSi t1= T/N da tN = T. B -s orive SemTxvevaSi drois funqciis 

saxiT ganvixilavT. rasakvirvelia, T drois intervali sakmarisad didi unda iyos, 

raTa sistemis qmedebaTa yvela saxe SevarCioT. amrigad, xSirad vamatebT zRvars 

T_>∞. 

 sxvanairad, saSualo B -s gansazRvra B –s, rogorc  x -is funqciis dadgena 

da am mniSvnelobis [x, x + dx] intervalSi moxvedris albaTobaze gamravlebis 

saSualebiT SegveZlo:  

 

1

( ) ( )

( )

p

M

i i
i

B B x p x

B x p









                         (9.5-7) 

 

integraluri formis SemTxvevaSi gansazRvruli gvaqvs (uwyveti) p(x) albaTobis 

ganawileba. jamuri formis SemTxvevaSi mdgomareobaTa sivrceSi vaxdenT ajamvas  

mimzidvelis aris M intervalebis (an blokebis) mixedviT (uwyveti ganawileba 

maTematikurad zogjer SesaZloa ar arsebobdes. ix. [Ott, 1993, gv. 51-55]). 

 Tu (9.5-6) gamosaxulebis saSualo mniSvneloba (9.5-7)-is tolia, maSin 

vityviT, rom sistema ergodulia (anu drois mixedviT gasaSualoebiT igive Sedegs 

vRebulobT, rogorc mdgomareobaTa sivrcis mixedviT GgasaSualebisas, sadac 

mdgomareobaTa sivrcis sxvadasxva ares gansxvavebuli wonebi gaaCniaT maTSi 

traeqtoriis moxvedris albaTobis mixedviT). tradiciul statistikur meqanikaSi, 

amgvari eqvivalentoba SesaZlebelia e.w. ergodul hipoTezad miviRoT. (albaT 

gaxsovT, rom ergodulobis cneba me-8 TavSi moyvanil hamiltoniseul sistemebTan 

dakavSirebiTac Segvxvda). 

 am tipis sistemis SemTxvevaSi gamovTvaloT liapunovis saSualo eqsponenta 

lojistikuri asaxvis funqciisTvis, rodesac parametris mniSvneloba A=4. A -s am 

mniSvnelobisas, albaTobis simkvrive mocemulia (9.5-5) formuliT )1,0(x -Tvis. 

(5.4-11)-is ZaliT, liapunovis eqsponentis `lokaluri~ mniSvnelobaa  

 

( ) In '( )x f x                              (9.5-8) 
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liapunovis saSualo eqsponentis gamoTvla albaTobis ganawilebis meSveobiTac 

SegviZlia: 

 

1 1

0 0

In 4(1 2 )1
( ) In '( )

(1 )

x
p x f x dx dx

x x





 
                   (9.5-9) 

 

Tu x = sin2(πy/2) Casmas ganvaxorcielebT, gveqneba 

 

1

0
In 4cos( )

In 2

y dy 


                         (9.5-10) 

 

arsebobs mocemuli integralis  mniSvnelobebis Sesabamisi cxrili. aq mTavari is 

aris, rom liapunovis eqsponenti dadebiTia da faqtobrivad ln2-is tolia, rac (5.9-

1) gantolebis mixedviT, bernulis wanacvlebis asaxvisa da karvis asaxvis 

SemTxvevaSi miRebuli mniSvnelobis tolia, rodesac r=1.  

  miRebuli Sedegi gvamcnobs, rom liapunovis eqsponenta cvladebis 

cvlilebisgan gardaqmnis mimarT. ratom aris amgvari damoukidebloba mniSvnelovani? 

eqsperimentuli kvlevisas Cven mier Cawerili signali xSirad uSualod dinamikur 

cvlads ar warmoadgens. magaliTad, Tu lorencis tipis sistemis xsnaris 

temperaturas vakontrolebT, maSin eleqtrul signals vafiqsirebT Termistoris an 

Termoelementis temperaturis mixedviT. Cawerili eleqtruli signalebis gamoyeneba 

sistemis liapunovis eqsponentis gamosaTvlelad gamogvadgeba, radganac eqsponenta 

temperaturulidan Zabvis Sesabamis cvladze gardasvlis mimarT damoukidebelia.  

 

amocana 9.5-2. daiwyeT (9.3-4) gantolebaSi liapunovis eqsponentis gansazRvriT da 

aCveneT, rom cvladebis u = ax + b wrfivi gardaqmna liapunovis eqsponents ar 

cvlis. cvladebis gardaqmnebis ra zogadi klasebi iwvevs λ-s ucvlelobas? 
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9.6 kolmogorov-sinais entropia 

 

am paragrafSi warmogidgenT Termodinamikidan da statistikuri meqanikidan CvenTvis 

kargad cnobil entropiis cnebaze agebuli qaosuri qmedebis amsaxvel ramdenime 

meTods.  rogorc me-10 TavSi vnaxavT, entropias gamoyenebaze damyarebuli meTodebis 

dinamikuri sistemebis aRwerasTan dakavSirebuli formalizmis miRwevis saSualebas 

gvaZlevs.  

 

 

 

 

entropiis mokle mimoxilva 

 

Tavdapirvelad entropiis cnebas statistikuri meqanikis TvalsazrisiT ganvixilavT. 

yvelaze fundamenturi gansazRvrebis Tanaxmad, entropia sakvlevi sistemis `dasaSveb 

mdgomareobaTa~ ricxvia. statistikuri meqanika sistemis makroskopul 

(msxvilmasStabian) Tvisebebs, rogoricaa wneva, moculoba da airis temperatura, 

ukavSirebs airis Semadgeneli atomebisa da molekulebis mdebareobebsa da siCqareebs. 

TiTqmis yvela SemTxvevaSi, erTi da igive makroskopul mdgomareobas (anu 

mdgomareoba, romlisTvisac gvaqvs temperaturisa da wnevis konkretuli 

mniSvnelobebi) Seesabameba mikroskopul mdgomareobaTa (individualuri atomebisa da 

molekulebis mdebareobebi da siCqareebi warmoadgens drois funqcias) didi  

raodenoba. Sedegad sistemis S entropias ase ganvsazRvravT:  

 

InS k N                              (9.6-1) 

 

sadac N miRebuli mocemuli makroskopuli mdgomareobis Sesabamisi mikro-

mdgomareobaTa raodenobaa; k e.w. bolcmanis mudmivaa da gansazRvravs im erTeulebs, 

romelSic entropia izomeba (SI sistemaSi k = 1.38. . . X10-23 jouli/kelvini).  

 Termodinamikis meore kanonis Tanaxmad, spontanuri siTburi procesebis 

momcveli izolirebuli sistemis entropia mudmivia da an izrdeba. meore kanoni 

gvamcnobs, rom sistema im makroskopul mdgomareobaTa gavliT ganicdis evolucias, 
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romelTaTvisac mocemuli maxasiaTeblebis Sesabamisi dasaSveb mdgomareobaTa 

raodenoba udidesia.   

 albaT SeniSneT, rom Cven gverdi avuareT rTul sakiTxs, Tu rogor unda 

gamovTvaloT dasaSveb mdgomareobaTa raodenoba. am mizniT ganvixiloT SemTxveva, 

romelic gviCvenebs arawrfiv dinamikasTan dakavSirebiT entropiis gamoyenebis 

meTodikas. kvantur statistikur meqanikaSi, sadac kvantur meqanikas mikroskopuli 

sistemis aRwerisTvis viyenebT, gamoTvlis procedura sruliad gansazRvrulia, 

vinaidan kvanturi meqanika avtomaturad gulisxmobs dasaSveb mdgomareobaTa 

diskretul simravles SemosazRvruli sistemisaTvis.  

 Tu sistema izolirebuli ar aris an Termodinamikur wonasworobaSi ar 

imyofeba, yoveli mdgomareobis albaToba Tanabari araa. entropiis gansazRvrebis 

ganzogadeba am SemTxvevasTan dakavSirebiTac SegviZlia. amisTvis (9.6-1) gamosaxuleba 

gadavweroT TiTqmis Tanabari SemTxvevisaTvis da CavTvaloT, rom ganawilebis 

sistemis i-ur dasaSveb mdgomareobaSi yofnas Seesabameba pi albaToba. Tanabar 

albaTobis SemTxvevaSi nebismieri dasaSvebi mdgomareobisTvis pi=p=1/N. ganvixiloT  

sistemaTa iseTi simravle, romelTac makroskopuli maxasiaTeblebis erTi da igive 

mniSvnelobebi Seesabameba. Semdeg varkvevT ras udris erT-erTi aseTi sistemis 

konkretul mikromdgomareobaSi moxvedris albaToba. am albaTobaTa mixedviT 

miRebuli entropiis gamosaxuleba Semdegia: 

 

InS k p                               (9.6-2) 

 

SeniSneT, rom S kvlav arauaryofiTia, vinaidan  p≤1. 

 

naxazi. 9.5. organzomilebiani mdgomareobaTa sivrce dayofilia L zomis mqone mcire 

zomis ujredebad. 
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 Tu yoveli albaToba erTi da igive ar aris, maSin (9.6-2) gantolebis 

ganzogadeba iqneba 

 

Inr r
r

S k p p                         (9.6-3) 

 

sadac pr sistemis r-mikromdgomareobaSi yofnis albaTobaa. (9.6-3)-is damtkicebisTvis 

ixileT magaliTad [Chandler, 1987].) jami sistemis yoveli mdgomareobis mixedviT 

unda aviRoT (im pirobiT, rom mdgomareobaTa zRvruli raodenoba arsebobs). Tu 

mdgomareoba ar aris dasaSvebi, maSin pr=0 da am SemTxvevaSi mdgomareoba entropiaSi 

raime rols aRar asrulebs.  

 

amocana 9.6-1. (a) aCveneT, rom rodesac pr _>0, maSin pr ln pr _>0. (b) aCveneT, rom 

rodesac N raodenobis dasaSveb mdgomareobebisaTvis pr=1/N da nebismieri 

aradasaSvebi mdgomareobisaTvis pr=0, (9.6-3) daiyvaneba (9.6-2) saxeze. 

 

entropia mdgomareobaTa sivrcis dinamikis SemTxvevaSi 

 

amjerad entropias mdgomareobaTa sivrceSi dinamikuri sistemis qmedebis 

aRwerisaTvis gamoviyenebT. Tavdapirvelad gvsurs gavarkvioT, Tu raSia `Tvladi 

mdgomareobebis~ arsi. aseT `daTvlas~ sivrcis Tanabari zomis ujredebad dayofis 

gziT vawarmoebT. disipaciuri sistemis SemTxvevaSi (romlisTvisac mimzidveli 

arsebobs), mxolod mimzidvelis Semcveli aris dayofa gvesaWiroeba (konservatiuli 

sistemis SemTxvevaSi, traeqtoriebis SesaZlo moxvedris mTlian ares davyofT.) 9.5 

naxazi warmogvidgens aseT dayofas organzomilebiani mdgomareobaTa sivrcisaTvis.  

 amis Semdeg erTi ujredis farglebSi ganTavsebuli sawyisi pirobebis 

garkveuli simravlis mqone sistemis dinamikas SeviswavliT. droTa ganmavlobaSi 

traeqtoriebi ujredebis ufro da ufro met raodenobaze `gavrceldebian~. drois n 

erTeulis (TiToeuli τ xangrZlivobisaa) gasvlis Semdeg viTvliT fardobiT pr 

sixSires (albaTobas), romliTac sistema TiToeul ujreds `akiTxavs~. Semdeg Sn 

entropias amgvarad vsazRvravT 

 

Inn r r
r

S k p p                          (9.6-4) 
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SeniSneT, rom pr drois  n erTeulis gasvlis Semdeg Tavdapirvel ujredSi 

dawyebuli traeqtoriis r-ul ujredSi moxvedris albaTobaa (momavalSi aRniSvnis 

simartivisTvis CavTvliT, rom k=1). 

 albaTobis arsTan dakavSirebiT kvlav sifrTxile gvmarTebs. kerZod, 

ganvixiloT traeqtoriis Semadgeneli M raodenobis wertili sawyis ujredSi. 

drois  n erTeulis gasvlis Semdeg miviRebT r-ul ujredSi traeqtoriis Sesabamis Mr 

wertilebs. Semdeg albaTobas pr = Mr /M saxiT ganvsazRvravT anu pr iqneba am  

droisTvis r-ul ujredSi moxvedrili traeqtoriis wertilebis wili.  

 vidre am ideebis Semdgom ganviTarebaze gadavidodeT, ganvixiloT ramdenime 

martivi SemTxveva imis saCveneblad, Tu ramdenad vargisia entropiis zemoT moyvanili 

gansazRvreba. Tavdapirvelad davuSvaT, rom droTa ganmavlobaSi traeqtoriebi erTi 

ujredidan momdevnosaken erTad “miemarTebian”. maSin pr = 1 dakavebuli ujredisTvis 

da pr = 0 Tavisufali ujredebisTvis. am SemTxvevaSi yoveli n-isTvis Sn  = 0. 

amrigad, mudmivi entropia Seesabameba regularul moZraobas (vTqvaT, zRvruli 

ciklis gaswvriv). meore SemTxvevaSi davuSvaT, rom droTa ganmavlobaSi dakavebuli 

ujredebis Nn ricxvi matulobs da yovel dakavebul ujreds erTi da igive 

albaToba, kerZod 1/Nn, gaaCnia. maSin entropia iqneba 

 

Inn nS N                             (9.6-5) 

 

dakavebuli ujredebis raodenobis naturaluri logariTmis zrdasTan erTad 

entropiac izrdeba. 

 sruliad uwesrigos tipis sistemis SemTxvevaSi traeqtoriis Semadgeneli M 

raodenobis wertilebidan TiToeuli sakuTar ujredSi `Caxteba~ (im pirobiT, rom 

ujredebi sakmarisad mcirea traeqtoriis sxvadasxva wertilis garCevisTvis). am 

SemTxvevaSi Sn  = lnM. mniSvnelovania, rom M -is zrdasTan erTad es ricxvi 

usazRvrod matulobs. mdgomareobaTa sivrcis cvladebis mcire raodenobis mqone, 

Cveulebrivi an qaosuri deterministuli sistemisTvis da didi M -is SemTxvevaSi, 

entropia M -sgan damoukidebeli xdeba. 

 am magaliTebidan erTi mniSvnelovani daskvna SesaZlebelia  gavakeToT: Cven ara 

TviT entropiis mniSvnelobiT, aramed  entropiis cvlilebebiT vinteresdebiT. 

magaliTad, Tu ori ujredis mixedviT sawyisi pirobebis simravles virCevT da U Tu 
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moZraoba regularulia, maSin entropiis mniSvneloba ver iqneba nulis toli, magram 

sistemis ganviTarebasTan erTad igi ucvleli darCeba. entropiis kolmogorov-sinais 

siCqare (zogjer K_ S entropiad wodebuli) aRwers entropiis cvlilebis siCqares 

sistemis ganviTarebasTan erTad. drois  n erTeulis gasvlis Semdeg K_ S entropia 

amgvarad ganisazRvreba:  

 

1

1
( )n n nK S S

                             (9.6-6) 

 

 

anu Kn entropiis cvlilebis siCqarea drois  (nτ,(n+1) τ) intervalSi.  

 realurad gvWirdeba saSualo K_ S entropiis mniSvneloba mimzidvelze. K-s 

saSualo mniSvnelobas ganvsazRvravT Semdegnairad: 

 

1

1
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0

1
lim ( )

1
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NN
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










 

 


                    (9.6-7) 

 

N-is Zalian didi mniSvnelobis aReba niSnavs traeqtoriebis xangrZliv evolucias da 

mTliani mimzidvelis dafarvisaTvis  `saSualebis micemas~.  

amjerad SemovitanT or damatebiT zRvars: pirveli maTganis SemTxvevaSi 

ujredis zoma nulisaken miiswrafvis, ase rom mdgomareobaTa sivrcis sul 

ufrodaufro faqiz dayofas mivmarTavT. am proceduram K mdgomareobaTa sivrcis 

dayofis detalebisgan damoukidebeli unda gaxados. meore zRvari miiReba, rodesac 

drois τ intervali nulisaken miiswrafvis anu viyenebT sul ufrodaufro mcire 

drois intervalebs da dinamikas ufro faqizad aRvwerT. yvela zRvarze 

erTdroulad gadasvliT miviRebT K_ S entropiis Semdeg gansazRvrebas:    

 

0
0 0

1
lim lim lim [ ]N

L N
K S S

N   
                      (9.6-8) 

 

K_S entropiis puankares kveTebTan da iteraciul asaxvebTan dakavSirebisas vuSvebT, 

rom τ=1 da gadavdivarT zRvarze, rodesac τ _>0.  
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 moviyvanoT kidev erTi magaliTi. davuSvaT, rom dakavebuli Nn ujredebis 

ricxvi droSi eqsponencialurad izrdeba 

 

0
n

nN N e                          (9.6-9) 

 

da rom yovel ujreds erTidaigive pr=1/Nn albaToba gaaCnia. am SemTxvevaSi K_ S 

entropia dakavebuli ujredebis raodenobis eqsponencialuri zrdis  λ parametris 

tolia. dakavebuli ujredebis raodenoba, Tavdapirvelad erTi ujredis damkavebel 

traeqtoriebs Soris arsebul manZilisadmi proporciulia. amrigad λ liapunovis 

(saSualo) eqsponentaa sistemisaTvis. dakavebuli ujredebis raodenobis 

eqsponencialuri zrdisa da dakavebuli ujredebis Tanabari albaTobis SemTxvevaSi 

K_ S entropia da liapunovis eqsponenta erTi da igive sididea. erTze meti 

liapunovis eqsponentis arsebobis SemTxvevaSi aRmoCnda, rom  K_ S entropia 

liapunovis dadebiTi eqsponentebis jamis tolia. es Sedegi pesinis igiveobis 

saxeliTaa aris cnobili (PES77)(PPV86)(GER90). 

 

amocana 9.6-1. aCveneT, rom wina paragrafSi moyvanili pirobebis SemTxvevaSi Kn = λ. 

 

K_ S entropiis alternatiuli gansazRvreba 

 

arawrfivi dinamikisadmi miZRvnil literaturaSi zogjer K_S entropiis 

gansxvavebuli gansazRvreba gamoiyeneba (ix. magaliTad, [Schuster, 1995]). amgvari 

gansazRvrebis mniSvneloba me-10 TavSi gaxdeba cxadi. mdgomareobaTa sivrcis 

mizidulobis ares ujredebiT vfaravT. Semdeg erT-erT ujredSi traeqtorias 

sawyiss mivaniWebT da am ujreds b(0)-iT aRvniSnavT. τ drois Semdeg traeqtoriis 

wertili b(1) ujredSi, t = 2τ momentisaTvis b(2) ujredSi da a.S. iqneba, xolo 

sabolood t =Nτ ujredSi aRmoCndeba. amrigad miviRebT ujredebis garkveul b(0), 

b(1), ....,b(N) mimdevrobas 

 Semdeg imave sawyisi ujredidan meore traeqtorias `vuSvebT~. radgan zusti 

sawyisi pirobebi erTmaneTisgan odnav gansxvavebulia, meore mimdevrobisTvis ujredTa 

aRniSvnebis gansxvavebuli mimdevroba gveqneba. am process mravaljer vimeorebT da 

mimdevrobebis did raodenobas vqmniT.  
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 Semdeg viTvliT i -uri mimdevrobis fardobiT p(i) sixSires. Sn entropia 

iqneba 

 

( )In ( )n
i

S p i p i                      (9.6-10) 

 

sadac jami aRebulia  b(0)-iT dawyebuli yoveli mimdevrobis mixedviT. frCxilebi < 

> niSnavs, rom miRebul jams vasaSualoebT. 

 sabolood K_S entropias vsazRvravT, rogorc mimdevrobis sigrZeze 

damokidebuli entropiis zrdis saSualo siCqares: 

 

0

1
lim ( )N
N

K S S
N

                      (9.6-11) 

 

SevamowmoT mocemuli gansazRvreba zogierT gansakuTrebul SemTxvevaSi. 

Tavdapirvelad davuSvaT, rom erTsa da imave sawyis ujredSi sawyisis mqone yoveli 

mimdevroba erTi da igivea anu Cvens winaSea regularuli moZraoba. erTsa da imave 

ujredSi sawyisis mqone yoveli traeqtoria droTa danarCenebis `kvals gahyveba~. 

maSin nebismieri yoveli N -sTvis SN = 0 da rodesac S ucvlelia, K = 0. meore 

ukiduresobis saxiT davuSvaT, rom M raodenobis mimdevrobebidan  TiToeuli 

mxolod erTxel vlindeba (anu sistema `ukiduresad SemTxveviTia~). am SemTxvevaSi 

p(i) = 1/M, Sn = lnM da M -is zrdasTan erTad, aRiniSneba usazRvro zrda. amrigad 

vxedavT, rom SerCeuli traeqtoriebis raodenobis zrdasTan erTad, K_ S entropiac 

izrdeba.  

 amjerad davuSvaT, rom mimdevrobebaTa Mseq raodenoba N-Tan erTad 

eqsponencialurad izrdeba: 

 

N
seqM e                          (9.6-12) 

 

cxadia, λ sistemis liapunovis eqsponentaa. Tu davuSvebT, rom nebismieri mimdevroba 

erTi da igive p(j) =1/Mseq albaTobiT vlindeba, maSin K_ S entropiisaTvis miviRebT, 

rom K = λ.  
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amrigad, kidev erTxel varT K_S entropiisa da liapunovis (dadebiTi)  

eqsponentis tolobis mimswreni. K_S entropias, liapunovis eqsponentasa da 

tradiiul Termodinamikul entropias Soris kavSiri mravali Termodinamikuri 

sistemisaTvis aris Semowmebuli. sabolood vaskvniT, rom mravali garemoebis 

SemTxvevaSi isini erTmaneTTan proporciul damokidebulebaSi imyofebian. magaliTad 

ixileT BLR95, DAV98 da LAB99. 

 amjerad K_ S entropiis gamoTvlas me-10 TavisTvis gadavdebT, sadac K_ S 

entropiis dadgenis xerxebs zogadi da mZlavri gamoTvliTi sqemebis gamoyenebiT 

ganvixilavT.  

 

 

 

9.7 Ffraqtaluri ganzomilebebi 

 

wina paragrafSi aRwerili qaosis raodenobrivi warmodgenis orive meTodi 

traeqtoriebis dinamikur (droze damokidebul) aspeqtebs iTvaliswinebs. ricxviTi 

maxasiaTeblebis meore kategoria yuradRebas mimzidvelebis geometriul aspeqtebze 

amaxvilebs. traeqtoriebs didi xnis ganmavlobaSi gadaadgilebis “saSualebas 

vaZlevT” da monacemTa xangrZliv droiT mwkrivebs vadgenT. amrigad, am mwkrivebis 

mdgomareobaTa sivrceSi ganawilebasTan dakavSirebiT geometriuli Sinaarsis 

SekiTxvebis dasma SegviZlia. Cvenda moulodnelad, geometria traeqtoriis dinamikis 

bunebis kvlevis mZlavri saSualeba aRmoCnda.  

 ra aris mimzidvelis efeqturi ganzomileba? magaliTad, Tu mimzidveli 

fiqsirebuli wertilia, vambobT, rom radgan geometriaSi wertili nulovani 

ganzomilebis mqone sxeulia, ganzomileba nulis tolia. Tu mimzidveli wrfe an 

ubralo Caketili mrudia, vambobT, rom radgan wrfe an Caketili mrudi 

erTganzomilebiani sxeulia, ganzomileba erTis tolia. wrfe Tu zedapiri 

organzomilebiania, myari sxeulis moculobis ganzomileba 3-is toli iqneba. amasTan 

erTad, Cven ufro meti ganzomilebis mqone `hiperareebze~ SegviZlia visaubroT.  

 ratom aris ganzomileba mniSvnelovani? rogorc me-3, me-4 da me-8 TavebSi 

vnaxeT, mdgomareobaTa sivrcis ganzomileba mWidro kavSirSia dinamikasTan. 

ganzomileba mniSvnelovan rols asrulebs SesaZlo dinamikuri qmedebis diapazonis 

gansazRvraSi. mimzidvelis ganzomileba xangrZlivi periodis dinamikis Sesaxeb 
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gvaZlevs informacias. magaliTad, mimzidvelis ganzomileba sistemis Tavisuflebis 

moqmedi xarisxebis `nusxas gvawvdis~.  

 aRsaniSnavia ori momenti: (1) disipaciuri dinamikuri sistemisTvis 

mimzidvelis D ganzomileba mdgomareobaTa sivrcis d ganzomilebaze naklebi unda 

iyos, radgan viciT, rom sawyisi pirobebis Sesabamisi d ganzomilebis mqone 

mdgomareobaTa sivrcis moculoba nulamde ganicdis kolafss (gavixsenoT, rom 

mdgomareobaTa sivrcis d ganzomileba sistemis mdgomareobis aRwerisTvis saWiro 

cvladebis minimaluri raodenobiT ganisazRvreba). mimzidveli d _ 1 ganzomilebis 

mqone `zedapiri~ an raime ufro mcire ganzomilebis sagani SesaZlebelia iyos. Cven 

mxolod gvesaWiroeba, rom mdgomareobaTa sivrceSi mimzidvelma nulis toli 

moculoba daikavos. (2) Tu vikvlevT puankares kveTas, maSin mimzidvelis puankares 

kveTis D* ganzomileba mTliani mdgomareobaTa sivrcis mimzidvelis D ganzomilebaze  

1-iT naklebi iqneba (D = D* +1). 

hamiltonis sistemisaTvis traeqtoriis mier Seqmnili wertilebis simravlis 

ganzomileba d _ 1 -ze meti ar unda iyos, radgan me-8 TavSi moyvanili argumentis 

Tanaxmad, traeqtoriebi mdgomareobaTa sivrceSi mudmivi energiis `zedapiris~ 

farglebSi imyofebian. puankares kveTis gamoyenebisas udidesi SesaZlo ganzomileba 

mcirdeba. moZraobis mudmivebis damatebiTi raodenobis mqone sistemebSi ganzomileba 

kidev ufro Semcirebulia.  

 ganzomilebaTa Sesaxeb zemoTmoyvanili argumentebis dasamtkiceblad 

ganvixiloT mdgomareobaTa samganzomilebiani sivrce. vTqvaT, f

 warmoadgens sistemis 

Sesabamis droze damokidebul funqciaTa simravles (ix. paragrafi 4.4). Tu 

mdgomareobaTa sivrcis nebismieri wertilisTvis div f


 <0, maSin mimzidveli 

daiyvaneba wertilamde an mrudamde. aseT sistemaSi xangrZlivi qmedeba kvazi-

perioduli ver iqneba, radgan kvaziperioduli traeqtoriebi Toris zedapirze 

`cxovroben~. ratom xdeba ase? Tu Toris SigniT ganawilebuli sawyisi wertilebis 

simravles ganvixilavT da yvelgan div f


 <0 maSin am wertilebis mier dakavebuli 

moculoba nulamde unda davides, xolo Tori ki unda gaqres. es argumenti 

gvamcnobs, rom pirvel TavSi aRwerili lorencis modeli ver aRwers kvazi-

periodul qmedebas, radganac  mdgomareobaTa sivrcis nebismieri wertilisTvis  

div f

<0.  
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 mecnierebisTvis da maTematikosebisTvis did gamocanaa, rom aramTeli 

ganzomilebis mqone geometriuli sxeulebi qaosuri sistemebis dinamikaSi 

fundamentur rols asrulebs. am geometriul sxeulebs fraqtalebi [Mandlebrot, 

1982] ewodeba, radgan maTi ganzomileba, mTeli ricxvi ar aris. aseTi fraqtaluri 

ganzomilebebis Sesaxeb saubrisas ganzomilebis raodenobrivad ganmsazRvreli 

saSualo sidideebi unda davadginoT. 

 

Tu disipaciuri sistemisTvis mimzidvels fraqtaluri ganzomileba aqvs, maSin 

vambobT, rom sistemas ucnauri mimzidveli gaaCnia.  

 

arawrfivi dinamikis Seswavlis damwyebTaTvis avRniSnavT, rom dResdReisobiT 

ganzomilebis araerTi sxvadasxva gansazRvreba arsebobs. miuxedavad imisa, 

romTiToeuli maTgani ganzomilebis gansxvavebul ricxviT mniSvnelobebs gvawvdis, 

zogjer es cifrebi erTmaneTTan daaxloebulia. sirTuleebs kidev ufro amZafrebs 

termin fraqtaluri ganzomilebis uazrod da umisamarTod gamoyeneba. Cven mxolod 

im ganzomilebebis Sesaxeb msjelobiT SemovifarglebiT, romlebic dinamikuri 

sistemis kvlevas yvelaze metad miesadagebian. sxvadasxva saxis ganzomilebaTa Sesaxeb 

safuZvlian informacias FOY83-Si SevxvdebiT. daviwyoT msjeloba e.w. ujredebis 

mTvleli ganzomilebis (moculobiTi ganzomilebis) meSveobiT, radgan ujredebis 

simravle gamoTvlebSi xSirad gamoiyeneba. es ganzomileba gasagebad SedarebiT 

advilia, magram irkveva, rom maRali ganzomilebebis mqone mdgomareobaTa 

sivrceebisTvis misi gamoyeneba did sargebels ver mogvitans. es sazomi 

Tavdapirvelad dinamikasTan dakavSirebiT gamoiyena kolmogorovma (KOL58). 

 geometruli sxeulis ujredebis mTvleli Db ganzomileba sakvlevi 

geometriuli obieqtis mier dakavebuli sivrcis damfaravi da R sigrZis mqone 

`ujredebis~ konstruqciaa. erTganzomilebiani simravlis SemTxvevaSi (rogoricaa 

mdgomareobaTa erTganzomilebiani sivrcis traeqtoriis x mniSvnelobaTa mwkrivi) 

ujredebi praqtikulad wrfeze ganlagebuli R sigrZis mqone monakveTebia. ori 

ganzomilebis SemTxvevaSi isini kvadratebi, samis SemTxvevaSi _ kubebi da a.S. 

iqnebian. Semdeg daviTvliT geometriuli sxeulis yvela wertilis `datevisaTvis~ 

saWiro ujredebis N(R) minimalur raodenobas. rodesac TiToeuli ujredis zomas 

Semcirebis saSualebas mivcemT, R -is SemcirebasTan erTad N(R) -is zrdas veliT,.  

ujredTa mTvleli Db ganzomileba ase ganisazRvreba  
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0
( ) lim bD

R
N R kR


 N                         (9.7-1) 

 

sadac k proporciulobis koeficientia. (9.7-1)-is orive mxris galogariTmebis gziT 

miviRebT: 

0

log ( ) log
lim

log logb
R

N R k
D

R R

 
   

 
                 (9.7-2) 

 

rodesac R Zalian mcirdeba, (9.7-2)-is ukanaskneli wevri nulisaken miiswrafvis da 

gveqneba 

 

0

log ( )
lim

logb
R

N R
D

R
                         (9.7-3) 

 

rom davrwmundeT (9.7-3) gansazRvrebis mizanSewonilobaSi,  igi konkretul 

magaliTTan dakavSirebiT gamoviyenoT. Tavdapirvelad organzomilebiani sivrce 

ganvixiloT da geometriuli obieqti wertilad CavTvaloT. am SemTxvevaSi ujredi R 

gverdis mqone kvadratia. wertilis Sesadgenad erTaderTi ujredi sakmarisia, amitom 

R -is nebismieri mniSvnelobisTvis N(R)=1. am Sedegis (9.7-3)-Si CasmiT miviRebT, rom 

Db =0, rasac Cven wertilis SemTxvevaSi velodiT.  

 ra xdeba, rodesac obieqti izolirebuli wertilebisagan Sedgeba? am 

SemTxvevaSi Db kvlav 0-is tolia. Tu N izolirebuli wertilebis raodenobaa da R 

sakmarisad mcirea, nebismieri wertilis garSemo erTi ujredi iarsebebs. rodesac R 

am mniSvnelobaze mcire gaxdeba, (9.7-3)-is mricxveli kvlav igive iqneba, xolo 

mniSvneli usasrulod gaizrdeba. amrigad, Db =0. 

 

amocana 9.7-1. albaT dagafiqraT faqtma, rom (9.7-3) gantoleba sigrZis logariTms 

Seicavs, romelic sxvadasxva erTeuliT izomeba (mag. metri, furlongi (1/8 

mili=201m.). aCveneT, rom R-sTvis erTeulebis SerCevas Db -s ricxviT mniSvnelobaze 

gavlena ar aqvs.  
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 meore SemTxvevaSi ganvixiloT L sigrZis mqone wrfis monakveTi. aq monakveTis 

dafarvas N(R)= L/R ujredi sWirdeba [rodesac N sakmarisad didia, N(R)-is 

gamoTvlisas ujredis nebismieri wili SegviZlia ugulvebelvyoT. Tu am mniSvnelobas 

(9.7-3)-Si CavsvamT, miviRebT: 

 

0 0

log( / ) log log
lim lim 1

log logb
R R

L R L R
D

R R 


                  (9.7-4) 

 

rogorc velodiT, wrfis segmentis ujredTa mTvleli ganzomileba erTis toli 

aRmoCnda. 

 

amocana 9.7-2. aCveneT, rom izolirebuli monakveTebis sasruli raodenobisgan 

Semdgari sxeulisTvis Db =1.  

 

amocana 9.7-3. aCveneT, rom Tu geometriuli obieqti zedapiria, maSin Db =2. 

 

davrwmundiT ra, rom (9.7-3) ganzomilebis safuZvlian gansazRvrebas gvaZlevs, 

gamoviyenoT igi wiladi ricxvis mqone Sedegis SemTxvevaSi. pirvel magaliTad 

kantoris cnobil simravles moviyvanT [germanelma maTematikosma georg kantorma 

(1845-1918) aseTi simravle termin fraqtalis gamogonebamde didi xniT adre 

SemogvTavaza.] kantoris simravle Sedgeba safexurebisagan, romelic erTis toli 

sigrZis mqone monakveTiTaa dawyebuli. konstruqciis pirveli safexurze monakveTs 

Sua  mesameds movacilebT da dagvrCeba 1/3 sigrZis mqone ori monakveTi. meore 

safexurze, TiToeul am monakveTs SuaSi mesameds movacilebT ris Sedegadac 1/9 

sigrZis mqone oTxi monakveTi dagvrCeba. M rigis safexurze, nebismieri darCenili 

monakveTis Sua mesameds (1/3)M sigrZis mqone 2M monakveTis warmoqmnisTvis 

movacilebT. Tu M _>∞ -Tan erTad  miviRebT kantoris simravles. es procesi 9.6 

naxazzea warmodgenili.  

 gamovTvaloT am simravlis ujredTa mTvleli ganzomileba. aq sifrTxili 

gamoCena gvmarTebs: Tu monakveTis nawilis mocilebis romelime sasrul etapze 

SevCerdebiT, dagvrCeba wrfis 2M monakveTebis mwkrivebi, romelTaTvisac Db =1. M 

_>∞ SemTxvevaSi TiTqos wertilebis mwkrivebiRa gvrCeba da amrigad unda velodoT, 

rom Db =0. amitom M _>∞ da R_>0  erTdroulad unda Sesruldes. amas Cven 



 430 

vaxerxebT N(R)-sTvis konstruqciis mocemul safexurze sxeulis dafaravisTvis 

aucilebeli ujredebis minimaluri raodenobis miniWebis saSualebiT. Semdeg N(R)-sa 

da R -is M -ze damokidebulebis xasiaTs vsazRvravT. R -is Zlier SemcirebasTan 

erTad M Zalian izrdeba da orive zRvrze erTdroulad gadasvlis saSualeba 

gveZleva.  

 kantoris simravlis agebisaTvis M-rigis safexurze R =(1/3) M-is mqone 

ujredebTa 2M minimumaluri raodenoba gvesaWiroeba. (9.7-3)-is gamoyenebiT miviRebT:  

 

log 2 log 2
0.63...

log(1/ 3) log 3

M

b M
D                    (9.7-5) 

 

 

 

monakveTebis raodenoba 

 

 

 

naxazi. 9.6., kantoris simravlis pirveli oTxi konstruqciis safexurebis 

gamosaxuleba. konstruqciis M- rigis safexurze (1/3)M sigrZis mqone 2M monakveTi 

arsebobs. 
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kantoris simravlisTvis Db 0-sa da 1-s Soris myofi wiladi ricxvia. kantoris 

simravle ufro metia vidre wertilTa erToblioba, magram igi  monakveTze naklebia. 

igi fraqtaluri obieqtia. 

 

amocana 9.7-4. daadgineT wrfis monakveTis 1/n Sualedis mocilebiT awyobili 

kantoris simravlis Db  (rodesac n >1).  

 

ramdeni monakveTi dagvrCeba kantoris konstruqciis SemTxvevaSi, rodesac M_>∞? am 

sigrZes kantoris simravlis zoma ewodeba. zomis gamoTvla SesaZlebelia Tu 

gaviTvaliswinebT, rom konstruqciis M rigis safexurze monakveTebis sigrZe:  

 

       2 32 11 1 1 1
3 3 3 31 1 2 2 ... 2

MMlength                  (9.7-6) 

 

zRvarSi darCenili sigrZe iqneba 

 

 2
3

0

1
1

3

t

i

length




     
                       (9.7-7) 

 

mwkrivis wevrebi qmnian geometriuli progresias da jami zRvarSi miiswrafvis 3-ken. 

amrigad vxedavT, rom kantoris simravlis zoma nulis tolia.  

 

amocana 9.7-5. aageT fraqtaluri simravle konstruqciis M rigis safexurze 

darCenili wrfis monakveTebis Sua (1/3)M nawilis mocilebiT (M, raTqmaunda, 

dadebiTi mTeli ricxvia.) ras udris miRebuli simravlis ujredTa mTvleli 

ganzomileba? ra sigrZisaa darCenili monakveTebi?, am simravles msxvil fraqtals 

uwodeben, radganac monakveTebis zoma nuls aRemateba. msxvili fraqtalebi mraval 

dinamikur sistemaSi aRZruli qaosuri diapazonebis mniSvnelovan maxasiaTebels 

warmoadgens (ix. UMF85 da EYU86). 

 

 amjerad davakvirdeT erTze meti ujredTa mTvleli ganzomilebis mqone 

fraqtals. am fraqtals  koxis mrudi ewodeba. igi uwyveti, magram usazRvro 

sigrZis mqone aradiferencirebadi mrudia! konstruqcia ase igeba: viwyebT 
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erTeulovani sigrZis mqone monakveTiT. Semdeg monakveTis Sualedis 1/3-s movacilebT 

da mas 1/3 sigrZis mqone ori monakveTiT SevcvliT (ix. nax. 9.7). meore etapze 

SedarebiT mcire monakveTebs Sualedis 1/3-s movacilebT da ufro didi raodenobiT 

karvis asagebad maT kvlav ori monakveTiT SevcvliT. konstruqciis M rigis 

safexurze (1/3)M sigrZis mqone 4M monakveTi iarsebebs. 

 Tu koxis mrudisTvis Db -s dasadgenad (9.7-3) gamosaxulemiT visargeblebT, 

vnaxavT, rom Db = log4/log3 = 1.26... amgvarad vxedavT, rom koxis mrudi Cveulebriv 

mruds (romlis ganzomilebac erTis toli iqneba) aRemateba, magram 2-is toli 

ganzomilebis mqone zedapirze naklebia. advili misaxvedria, rom koxis mruds 

kuTxuri koeficientis cvlilebis usasrulo raodenoba gaaCnia. igi arsadaa 

diferencirebadi. 

 

 

naxazi. 9.7. koxis mrudis konstruqciis sawyisi safexurebi. nebismier safexurze 

monakveTis Sua 1/3 nawili mocilebulia da karvis asagebad ori monakveTiT aris 

Secvlili. 

 

amocana 9.7-6. CaatareT gamoTvlebi, romlebic gviCveneben, rom koxis mrudisTvis Db 

= 1.26... aCveneT, rom koxis mrudi usazRvro sigrZisaa. 

 

amocana 9.7-7. daiwyeT tolferda samkuTxediT da am samkuTxedis yovel gverdze 

aageT koxis mrudi. miRebul Sedegs koxis fifqi  ewodeba. aCveneT, rom misi 

sazRvari usasrulo sigrZisaa, magram SemosazRvrul sivrces moicavs.  
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aqamde gansazRvruli yvela fraqtalur obieqts gaaCnia e.w. avtomodelurobis 

Tviseba. aseTi avtomodeluri sagnebi fraqtalebis gamorCeul klass qmnis, magram 

nebismieri fraqtali avtomodeluri ar aris. fraqtalebis kidev erT klass TviT-

afinuri ewodeba (MAN85). maTi `avtomodeluroba~ mxolod maSin vlindeba, rodesac 

sxvadasxva mimarTulebiT gadidebis gansxvavebuli koeficientebi gamoiyeneba. 

dabolos, gamovyofT iseT fraqtalebs, rogoricaa stoxastikuri procesebiT 

miRebuli SemTxveviTi fraqtalebisagan [Mandlebrot, 1982] deterministuli gziT 

agebuli kantoris simravle. SemTxveviTi fraqtalebis avtomodeluroba statistikur 

aRweras moiTxovs. me-11 TavSi sxvadasxvagvar SemTxveviT fraqtalebs SevxvdebiT. 

SemTxveviTi fraqtalebi xmauris, musikisa da sxva realuri obieqtebis zogierTi 

aspeqtis gagebaSi gvexmareba (VOS89).  

 

mdgomareobaTa sivrcis mimzidvelebis fraqtaluri ganzomilebebi 

 

amjerad yuradReba davuTmoT dinamikuri sistemebis mimzidvelebis geometriul 

maxasiaTeblebs. Tu ujredTa daTvlis proceduras eqsperimentuli an Teoriuli 

dinamikuri sistemidan aRebuli traeqtoriis mniSvnelobebTan dakavSirebiT viyenebT, 

maSin sistemisaTvis ujredTa mTvleli ganzomilebis gansazRvrasac SevZlebT. Tu 

mimzidvelis ganzomileba mTeli ricxvi ar aris, maSin vityviT, rom am sistemisTvis 

arsebobs ucnauri mimzidveli. ganzomilebis gansazRvreba pirdapir ar unda gavigoT. 

magaliTad praqtikaSi monacemTa zRvruli sizustis gamo Tqven ver aiRebT R_>0 

zRvars. 9.8 paragrafSi SemoviyvanT kidev erT ganzomilebas, romlis gansazRvra 

ufro advilia eqsperimentul mniSvnelobebze dayrdnobiT. 

 ujredTa mTvleli ganzomileba lojistikuri asaxvisTvis periodis 

gaormagebis A∞ zRvrul wertilSi me-5 TavSi moyvanili renormalizaciis 

argumentebis mixedviT iqna gamoTvlili (GRA81). igi 0.5388...-is tolia, romelic,  

renormalizaciuri gamoTvlebis Tanaxmad, SesaZloa kvadratuli maqsimumis mqone 

nebismieri erTganzomilebiani unimodaluri iteraciuli asaxvis funqciis 

universaluri ricxvi iyos.  

 Cven SegviZlia lojistikuri asaxvis funqciis, ujredTa mTvleli 

ganzomilebis gamoTvla A _> A∞ pirobebSi Tu ganvixilavT daSlad qaosur 

diapazonebs (ix. nax. 2.1 da nax. 9.3). parametris mocemuli mniSvnelobisTvis vTvliT, 

rom diapazoni vyofT monakveTebad (vTvliT, rom TiToeul diapazonSi wertilebis 
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albaTuri ganawileba TiTqmis erTgvarovani da uwyvetia). rodesac A _> A∞  ,  

diapazonebis simravle orjer izrdeba, SesaZlebelia vifiqroT kantoris 

konstruqciis gamoyenebaze TiToeuli qaosuri diapazonis garkveuli Sida nawilis 

mocilebis gziT. diapazonebis zoma ganisazRvreba feigenbaumis normirebis imave 

wesiT, romelsac gavecaniT periodis gaormagebis mimdevrobasTan dakavSirebiT A< A∞ 

pirobebSi da (ix. nax. 2.3), sadac yoveli monakveTis sigrZe 1/α -jer mcirea winasTan 

SedarebiT.   

 vTqvaT, parametris mocemuli mniSvnelobis SemTxvevaSi gvWirdeba R 

minimaluri sigrZis mqone 2n raodenobis monakveTi 2n diapazonis dasafarad. maSin 

Semdgom safexurze agebuli diapazonebis dasafarad R/α sigrZis mqone 2n+1 monakveTi 

dagvWirdeba. maSasadame, SegviZlia davadginoT Db-c: 

 

1log(2 / 2 )
0.4498...

log

n n

bD




                       (9.7-8) 

 

romelic naklebia (GRA81)-is Sedegze..  

 Db -is ufro maRali sizustiT gansazRvras kantoris ufro rTuli simravlis 

agebis gziT vaRwevT, romelic lojistikuri asaxvisaTvis diapazonebis daSlis wess 

ufro waagavs. axali proceduris pirobebSi 1 da 1/α sigrZis mqone ori monakveTiT 

viwyebT da pirvels vacilebT 1/α sigrZis mqone monakveTs, xolo 1/α2-is sigrZisas ki  

- meores. konstruqciis  n-ur safexurze diapazonebis dasafarad Rn sigrZis mqone 

2n monakveTi dagvWirdeba. (n+1) rigis safexurze - 2n+1 monakveTi, romelTa sigrZea 

    

1 2

1 1
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n
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R
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 
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                         (9.7-9) 

am gamosaxulebis (9.7-3)-Si CasmiT miviRebT: 
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 
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               (9.7-10) 

 

rac axlosaa zemoT miRebul SedegTan. 

 rodesac fraqtalur simravles ubralo avtomodeluri struqtura ar gaaCnia, 

maSin ujredTa mTvleli ganzomilebis mniSvneloba ujredis dafarvis gamoyenebul 
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procedurazea  damokidebuli. Cven vvaraudobT, rom SedarebiT zogadi obieqtebis  

daxasiaTebisTvis ganzomilebis erTze meti sazomi dagvWirdeba. am sakiTxs me-10 

TavSi davubrundebiT.  

 

 

 

 

 araerTgvarovani fraqtalebis msgavsebis ganzomileba 

 

wina paragrafSi moyvanil magaliTSi vnaxeT, rom  Tu mocemul fraqtalur 

simravles erTgvarovani struqtura ar gaaCnia, maSin ujredTa mTvleli 

ganzomilebis mniSvneloba simravlis mimarT gamoyenebul dafarvazea damokidebuli. am 

paragrafSi ujredTa mTvleli ganzomilebis ganzogadebis xerxebs ganvixilavT. 

ganzomilebis axal tips Ds msgavsebis ganzomilebas vuwodebT. ganzogadeba periodis 

gaormagebis zRvrul wertilze lojistikuri asaxvis mimzidvelisa da sinusoidur-

wriul asaxvis Sesabamisi kvaziperioduli qmedebis  daxasiaTebisaTvis saWiro 

ganzomilebas mogvawvdis.  

araerTgvarovani fraqtalis SemTxvevaSi sagnebis sxvadasxva ri zomis ujredebiT 

dafarviT varT dainteresebulni. davuSvaT, fraqtaluri simravlis konstruqciis 

garkveul safexurze viyenebT TiToeul ujredSi Ni wertilebisagan Semdgari ri 

zomis mqone Mi ujreds. am meTodis Tanaxmad, wertilebis gansxvavebuli raodenobis 

Semcvel da erTi da igive r zomis mqone sxvadasxva ujredebs sxvadasxva indeqsebi 

mieniWebaT. pi = Ni/N erT-erT i-ur ujredSi myofi wertilebis fardobiTi raodenoba 

iyos. maSin miviRebT:    

  

1i i
i

M p                             (9.7-11) 

 

 konstruqciis erTi safexuridan meoreze gadasvlisas vuSvebT, rom arsebobs 

normirebis iseTi si koeficienti, romelic gvaZlevs ujredTa i-uri simravlis ri 

zomas manZilis garkveuli R erTeulTan mimarTebaSi anu ri = R/si, sadac si >1. Tu es 

konstruqcia d ganzomilebis mqone mdgomareobaTa sivrceSia agebuli, maSin 
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ujredebis nebismieri i-uri simravlis moculoba (R/si)
d iqneba da gamoyenebuli 

ujredebis mTlianma raodenobam unda daakmayofilos Semdegi piroba: 
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                         (9.7-12) 

anu  

                                 1d
i i

i

M S                            (9.7-13) 

rodesac gansaxilveli fraqtaluri simravlis moculoba d ganzomilebis mqone 

mdgomareobaTa sivrceSi nulis tolia. Ds msgavsebis ganzomileba iseTi ricxvia, 

romelic akmayofilebs Semdeg pirobas: 

 

1sD

i i
i

M S


                             (9.7-14) 

 

(9.7-14) gantolebidan Cans, rom Ds d. es ganzomileba kavSirSia hausdorfis 

ganzomilebasTan, romelic cvladi zomebis mqone ujredebs iyenebs da nulze meti 

jamis momcem udides qveda D sazRvars moiTxovs. am SemTxvevaSi vvaraudobT, rom 

fraqtali msgavsebis normirebas akmayofilebs, amitom normirebis koeficientebsa da 

garkveuli zomis ujredebis raodenobas Soris garkveuli damokidebuleba unda 

arsebobdes. SemdgomSi  amgvari varaudi msgavsebis Ds ganzomilebasTan dakavSirebiT 

aracxadi saxis (9.7-14)  gamosaxulebas gvaZlevs. 

 

amocana 9.7-8. aCveneT, rom Tu gvaqvs normirebis mxolod erTi koeficienti (vTqvaT 

s1) da fraqtalis dafarvisTvis saWiroa M1 raodenobis ujredi,  maSin (9.7-14)-iT 

gansazRvruli msgavsebis ganzomileba da ujredTa mTvleli Db ganzomileba erTi da 

igive iqneba. 

 

 zogierTi mimzidvelisTvis miRebuli Sedegis gamoyenebamde vnaxoT, Tu rogor 

ganvavrcobT Ds-is zemoTmoyvanil gansazRvrebas ujredTa mTvleli ganzomilebisTvis 

gamoyenebuli argumentebis analogiurad. davuSvaT, mTliani fraqtaluri obieqti Rd 

moculobis mqone ujreds avsebs, sadac d kvlav mTeli sivrcis ganzomilebaa aseve 

davuSvaT, rom obieqts r zomis ujredebiT vfaravT. TiToeul ujreds eqneba rd 
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moculoba. konstruqciis calkeul safexurze mimzidvelis dafaavisTvis saWiro r 

zomis mqone nb ujredebis ricxvi normirebis si koeficientebze  iqneba 

damokidebuli. amitomac vwerT 

 

( , ) ,b i b
i i

R
n R r M n r

S

 
  

 
                            (9.7-15) 

 

gamoviyenoT normirebasTan dakavSirebuli or mniSvnelovan damokidebuleba. 

fraqtaluri obieqtis avtomodelurobis daSvebis gamo: 

 

, ( , )b b i
i

R
n r n R s r

S

 
 

 
                       (9.7-16) 

 

avtomodeluri fraqtalebisTvis ujredTa mTvleli ganzomileba akmayofilebs Semdeg 

pirobas 

 

( , ) ( ) D
b bn R r n R r                         (9.7-17) 

 

pirvel rigSi vuSvebT, rom normirebis yvela koeficientisTvis mizanSewonilia imave 

D-s gamoyeneba, romelsac SemdgomSi Ds vuwodeT. (9.7-16) da (9.7-17) 

damokidebulebebis (9.7-15)-Si Casma mogvcems: 

 

( ) ( )s s sD D D
b i b i

i

n R r M n R s r                     (9.7-18) 

 

am gamosaxulebis nb(R)r
-Ds-ze gayofa gvaZlevs (9.7-14)-s. 

 gamoviyenoT (9.7-14) gamosaxuleba periodis gaormagebis zRvrul wertilSi 

lojistikuri asaxvis mimzidvelisaTvis. Tavdapirvelad normirebis Sesabamisi 

koeficientebis dadgena gvWirdeba. mtkicdeba, rom periodis gaormagebis zRvruli 

wertilis midamoSi arsebobs normirebis ori koeficienti. Cven am koeficientebis 

dadgenas me-5 Tavsa da F damatebaSi moyvanili g(y) universaluri funqciis 

gamoyenebiT SevZlebT. ganvixiloT y =0 mniSvnelobiT dawyebul g(y) funqciis 

ramdenime mimdevrobiTi iteracia [gaixseneT, rom g(y) funqciis maqsimumi y =0 
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wertilSia]. 5.5 paragrafis Tanaxmad, mocemuli traeqtoriis wertilebi qmnian im 

areTa sazRvrebs, romelTa farglebSic mimzidvelis nebismieri wertili aRmoCndeba. 

g(y) funqciisTvis gveqneba: 

 

1

2

3

4

(0) 1

( (0)) 1/

( 1/ )

1/

y g

y g g

y g

y






 
  
 


                       (9.7-19) 

 

amrigad, im ori intervalis sigrZeebi, romelebSic mimzidveli mdebareobs, aris y1_y3 

= 1_g(_1/α) da y4_y2 = 1/α
2 +1/α. mimzidvelis mTliani zomaa y1_y2 =1 +1/α. amrigad, 

normirebis ori koeficienti iqneba 

 

1 2

2

1 1/
2.503...

1/ 1/
1 1/

5.805...
1 ( 1/ )

s

s
g

 
 





  




 
 

                    (9.7-20) 

 

D ganzomilebas Semdegi gantolebis damakmayofilebeli ricxviTi mniSvnelobis 

povnis gziT vsazRvravT: 

 

(2.503...) (5.805...) 1s sD D                        (9.7-21) 

 

miviRebT, rom Ds = 0.537. unda aRvniSnoT, rom feigenbaumis mimzidveli zustad ar 

gamoxatsvs Ds -is gamoTvlisaTvis saWiro normirebis maxasiaTeblebs. Tumca, es 

gadaxra mcirea da mocemuli gziT miRebuli Sedegi bevrad rTuli meTodebiT 

gamoTvlil SedegebTan axlosaa (GRA81).  

 am argumentidan gamomdinare, normirebis koeficientebia α  da α2. SeniSneT, 

rom Cvens mier lojistikuri asaxvis mimarT gamoyenebuli saSualo manZilis meTodi 

ricxviTi TvalsazrisiT ganzomilebis ufro zust mniSvnelobasTan daaxloebul 

Sedegs gvaZlevs, magram Tanxvedra SemTxveviTia. ganzomilebis gamoTvlisas saSualo 

manZilis gamoyenebis Teoriuli mtkicebuleba ar arsebobs. 
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amocana 9.7-9. F damatebis (F.1-21) gantolebaSi mocemuli universaluri funqciis 

polinomuri formis gamoyenebiT CaatareT g(y)-is dawyebuli pirveli oTxi iteracia 

y0 =0 sawyisi mniSvnelobiT. Semdeg teqstSi gamoyenebuli normirebis koeficientebis 

ricxviTi mniSvnelobebi SeamowmeT da (9.7-21)-iT gansazRvrul Ds -is ricxviT 

mniSvnelobas SeadareT. 

  

sinusoidur-wriul asaxvasTan dakavSirebuli msgavsebis ganzomilebis 

miaxloebiTi mniSvnelobis dadgena (9.7-14) formulis gamoyenebiTac SegviZlia. me-6 

Tavis Tanaxmad, arawrfivobis parametris K = 1 kritikul mniSvnelobaze sixSireTa 

sinqronizaciis intervalebi savaraudod mTlian Ώ RerZs avseben. miuxedavad amisa, 

kvaziperioduloba kvlav vlindeba da amitom kvaziperioduli intervalebis 

msgavsebis ganzomilebis mniSvnelobis Sesaxeb SegviZlia davinteresdeT. es 

ganzomileba dakavSirebul sixSireTa sinqronizaciis `enebs~ Soris arsebuli 

xarvezebis zomebze dayrdnobiTa da normirebis mxolod ori ricxvis Semcveli (9.7-

14) formulis gamoyenebiT zustad SegviZlia gamovTvaloT. kerZod, viyenebT Semdeg 

xarvezebs  p: q, p' : q' da (p + p'):(q + q'), romlebic 6.14 naxazzea naCvenebi. 

magaliTad, aviRebT 1/(2π)-Si arsebul 0:1 enasa da  0.464-ze 1:2 enis marcxena kides 

Soris manZils. Semdeg s1=1.71-isa da s2=3.14-is gansazRvris mizniT 1:3 enis kides 

gamoviyenebT, romlebic Ώ = 0.337-dan 0.367-mde (±0.0005 cdomilebiT) vrceldebian. 

am SedegebiT (9.7-14) formula gvaZlevs Ds = 0.857±0.001. miRebuli Sedegi, 

miuxedavad imisa, rom ganzomilebis gamoTvlisTvis mxolod or enas iyenebs, 

saTanadod axlosaa iensenis, bakisa da boris (JBB83) mier gansazRvrul, 0.87-is 

tol mniSvnelobasTan. 

 

 

amocana 9.7-10. gamoiyeneT winamdebare paragrafSi moyvanili ricxviTi mniSvnelobebi 

da gansazRvreT Ds mniSvnelobebi sinusoidur-wriuli asaxvisTvis.  

 

 

 sixSireTa sinqronizaciis intervalebis Ds ganzomileba sinusoidur-wriuli 

asaxviT modelirebuli sistemebis eqsperimentuli  mniSvnelobebis mixedviT aris 

dadgenili. Tu diodis wredi sinusoidurad marTulia, gveqneba `konkurencia~ diodis 
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agznebis sixSiresa da Tavisufali rxevis sixSires Soris. SesaZlebelia gamovlindes 

sixSireTa sinqronizacia da kvaziperioduli qmedeba. msgavsebis ganzomileba iseTi 

sistemisTvis aris gansazRvruli (TES85), romlis mniSvnelobac axlosaa zemoT 

moyvanil mniSvnelobasTan. kontrolis parametris kritikul mniSvnelobis 

SemTxvevaSi marTul milevad generatorze (CUL87) Catarebulma eqsperimentma mogvca 

msgavsebis ganzomilebis miaxloebiT 0.795±0.005-is toli mniSvneloba, rac 0.87-

isagan sakmaod gansxvavebulia. amgvari cdomileba `integrebisa da cecxlis~ modelis 

(ACL88) gamoyenebiT aixsneba, romelic gviCvenebs, rom eqsperimentiT dadgenili 

ganzomilebis mniSvneloba universalurad mosalodneli ar yofila. aqedan vaskvniT, 

rom arsebobs kvaziperioduli sistemebis sxvadasxva klasebi. nebismieri 

kvaziperioduli sistema sinusoidur-wriuli asaxvebis klass ar ganekuTvneba.  

 

fraqtaluri ganzomilebebi da mizidulobis aris sazRvrebi 

fraqtaluri ganzomilebebi arawrfivi dinamikis kidev erT aspeqtSi vlindebian. 

rogorc zemoT vaxseneT, mravali arawrfivi sistema sawyisi pirobebis mimarT 

mgrZnobiarobas iCens da mdgomareobaTa sivrceSi Tavdapirvelad axlomdebare 

traeqtoriebi disipaciuri sistemebisTvis gansxvavebuli mimzidvelebis mimarT 

SeiZleba miiswrafodnen. zogjer mimzidvelebi  fiqsirebuli wertilebs an zRvrul 

ciklebs warmoadgenen. sxva SemTxvevaSi ki isini qaosur mimzidvelebia. rogorc 

viciT, calkeul mimzidvelze traeqtoriebis krebadobis ganmapirobebeli sawyisi 

pirobebis simravle qmnis mizidulobis ares. mraval arawrfiv sistemaSi am aris 

sazRvrebi fraqtaluri ganzomilebebis mqone sakmaod rTuli geometriuli 

obieqtebia. sawyisi pirobebis mimarT mgrZnobiarobis gamomwvev areTa sazRvrebis 

buneba gansakuTrebulia: sawyisi pirobebis mcire cvlilebamac ki traeqtoria 

mizidvis erTi aridan meoreSi gansakuTrebulad araprognozirebadi gziT 

SesaZlebelia gadaaadgilos.  

 moviyvanoT fraqtaluri aris sazRvrebis or SemTxveva. pirveli maTgani 

CvenTvis kargad nacnobi milevadi qanqaraa. sakmarisad didi gare momentebis 

SemTxvevaSi qanqaras SeuZlia saaTis isris an sawinaaRmdego mimarTulebiT brunva. 

ibadeba sruliad bunebrivi kiTxva: romeli sawyisi pirobebi iwvevs saaTis isris 

mimarTulebiT da romeli saaTis isris sawinaaRmdego mimarTulebiT brunvas? am 

SekiTxvaze pasuxis gacema sakmaod rTulia, radgan mizidvis or ares Soris sazRvari 

fraqtaluri obieqtia (GWW85, GWW86).  
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naxazi. 9.8. Julies (Julia) simravle, rodesac c = 0 + i1.0. centraluri 

`dendrituli~ wertilebi Seesabamebian im sawyis pirobebs, romlebic gvaZleven 

SemosazRvrul traeqtoriebs. danarCeni  nebismieri wertili usasrulobisken 

mimavali orbitebis Sesabamisia.  

 

 fraqtaluri aris sazRvris meore magaliTia, frangi maTematikosis _ gaston 

Julies mier aRmoCenili Julies simravle. Julies simravle adgens sazRvars 

organzomilebiani iteraciuli asaxvis funqciis sawyis pirobaTa im simravleebs 

Soris, romelTagan erTi gvaZlevs usasrulobaSi mimaval traeqtoriebs, meore ki 

mdgomareobaTa sivrcis sasrul areSi Caketil traeqtoriebs. Cveulebrivi Julies 

simravle z kompleqsuri cvladis iteraciuli asaxvis funqciazea damyarebuli: 

 

2
1n nZ Z C                               (9.7-22) 

 

sadac C kompleqsuri parametria. 9.8 naxazi  Julies simravles c = 0 + i 1.0 

SemTxvevaSi warmogvidgens.  

 Julies simravlis analogiuri da aranakleb cnobili mandlebros simravle 

msgavs sazRvars iZleva, oRond parametrTa sivrceSi. Julies da mandlebros 
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simravleebis Sesaxeb meti informaciis misaRebad mkiTxveli am Tavis boloSi 

moyvanili kursebsa da statiebs unda gaecnos.  

 fraqtaluri aris sazRvrebTan dakavSirebiT SesaZlebelia Segvxdes iseTi 

situaciebi, rodesac sxvadasxva mimzidvelebTan dakavSirebuli areebi erTmaneTs 

nawilobriv faraven (e.w. mesrisebri areebi). am SemTxvevaSi mizidulobis ares 

fraqtaluri struqtura SesaZlebelia aRmoaCndes(mimzidvelisgan gansxvavebiT; ix. 

magaliTad, (SOO93a) da (LAW94). 

 

komentarebi da daskvnebi fraqtaluri ganzomilebebis Sesaxeb  

 

fraqtaluri ganzomilebebis Sesaxeb daskvnis gamosatanad seriozuli gavakeToT erTi 

mniSvnelovani daskvna. Cven erTimeorisgan ganvasxvavoT unda mimzidvelis 

geometriuli maxasiaTeblebi da misken miswrafebadi traeqtoriasTan dakavSirebul 

monacemTa zRvruli simravle.  magaliTad A=3.58 mniSvnelobis mqone lojistikuri 

asaxvisTvis mimzidveli x RerZis oTxi gansxvavebuli intervalis Sesabamisi qaosuri 

diapazonebisagan Sedgeba. TiToeul diapazonSi nebismieri wertili  mimzidvels 

ekuTvnis (arastabiluri perioduli wertilebis garda). amrigad, mimzidvelis 

ganzomileba erTis tolia, rac monakveTis ganzomilebis tolia. meore mxriv, Tu 

A=3.58 mniSvnelobis traeqtoriis Sesabamis wertilTa simravlis ganzomilebas 

vsazRvravT, es ukanaskneli ki mTeli ricxvi ar aris.  

 fraqtaluri ganzomilebebis Sesaxeb aqamde miRebuli nebismieri gansazRvrebis 

sruliad gansxvavebulia e.w. topologiuri ganzomilebisagan. topologiuri 

ganzomileba yovelTvis mTeli ricxvia da wertilis an wertilTa simravlisTvis igi 

yovelTvis nulis tolia, xolo monakveTis an mrudisTvis _ erTis da a.S. 

topologiuri ganzomileba yovelTvis ujredTa mTvlel (an sxva) fraqtalur 

ganzomilebaze naklebi an tolia. magaliTad, koxis mrudis topologiuri 

ganzomileba erTis tolia, radgan igi mrudia (an texili). meores mxriv viciT, rom 

koxis mrudisTvis ujredTa mTvleli ganzomileba erTze metia.  

 aqve unda aRiniSnos, rom kidev erTi, kerZod hausdorfis DH ganzomilebis 

gansazRvreba msgavsebis ganzomilebis tipisaa. hausdorfis ganzomileba gvaZlevs 

cvalebadi zomis ujredebis meSveobiT simravlis dafarvis saSualebas da ara gvaqvs 

msgavsebis ganzomilebiT SemTxvevaSi normirebis mimarT dawesebuli SezRudvebi. 

msgavsebis ganzomilebis gamoTvlisas simravlis dafarvisaTvis gamoyenebuli R sidide 
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udidesi zomis mqone ujredis sigrZea. sigrZes vzrdiT D-s xarisxovani funqciis 

mixedviT da vkrebT yvela sigrZes simravlis `sazomis~ dasadgenad. DH, romelic 

warmoadgens  D-ebis simravlis udidesi qveda sazRvars, gvaZlevs, nulis tol 

ganzomilebas R _>0 zRvarSi. detalebisTvis ixileT FOY83 da ESN90.   

 

9.8 korelaciuri ganzomileba  

 

miuxedavad imisa, rom wina paragrafSi ganxiluli ujredTa mTvleli procedura 

konceptualurad mniSvnelovania, misi gamoyeneba realur mniSvnelobebTan da 

gansakuTrebiT meti ganzomilebis mqone mdgomareobaTa sivrceebTan dakavSirebiT  

winaaRmdegobebiT aRsavsea. ujredTa mTvleli procedurisTvis aucilebeli 

gamoTvlebis ricxvi mdgomareobaTa sivrcis ganzomilebasTan erTad eqsponencialurad 

izrdeba.  

 

ujredTa daTvlis procedura iTxovs mdgomareobaTa sivrcis ujredebad dayofas da 

Semdeg traeqtoriis wertilebis ujredebSi ganlagebas, rac did dros moiTxovs. 

grasbergerma da prokakiam (GRP83a) e.w. korelaciuri jamis (an korelaciuri 

integralis) Tvisebebze damyarebuli ufro martivi ganzomileba SemoiRes. es 

ganzomileba e.w. Dc korelaciuri ganzomilebaa da qaosuri mimzidvelebis 

daxasiaTebisTvis farTod gamoiyeneba. mas upiratesoba gaaCnia gamoTvliTi 

TvalsazrisiT, radgan igi pirdapir traeqtoriis wertilebs iyenebs da 

mdgomareobaTa sivrcis nawilebad dayofas ar saWiroebs.  

 am paragrafSi warmovadgenT erTganzomilebiani mniSvnelobebisTvis 

korelaciur ganzomilebas. Semdeg ganvixilavT gamoTvlis istorias monacemTa 

sxvadasxva simravlisTvis. am TavSi vecadeT, rom qaosuri qmedebis nebismier 

raodenobriv sazomTan dakavSirebuli ricxviTi Sedegebis sandoobis dadgenis mizniT 

yuradReba gagvemaxvilebina garkveuli intuiciis gamomuSavebis mniSvnelobaze. Cven 

gvWirdeba rogorc sandoobis, aseve cdomilebis dadgena, raTa Cveni Sedegebi sxva 

eqsperimentebis mixedviT miRebul Sedegebs SevadaroT da sistemis qmedeba 

vakontroloT.  

 korelaciuri ganzomilebis gansazRvrisTvis traeqtoriis konkretul nawils 

N raodenobis wertilTa Sesabamisi mniSvnelobebis simravlis saxiT warmovadgenT. 

momdevno safexurze traeqtoriaze mdebare TiToeuli i wertilidan R manZilis 
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farglebSi mdebare  wertilebis raodenobiT da TviT i wertils amovagdebT. am 

ricxvs Ni(R)-iT aRvniSnavT da  pi(R)-iT aRvniSnavT maT fardobiT raodenobas: pi(R)= 

Ni/(N_1) (N_1-ze imitom vyofT, rom i wertilis maxloblad araumetes N_1 wertili 

arsebobs.) sabolood korelaciur jams C(R) Semdegnairad warmovadgenT: 

 

1

1
( ) ( )

N

i
i

C R p R
N 

                             (9.8-1) 

 

SeniSneT, rom C(R) isea gansazRvruli, rom C(R)=1, Tu nebismieri wertili 

erTimeorisgan R manZilis farglebSi aRmoCndeba. Tu R traeqtoriis wertilebs 

Soris umcires manZilze naklebia, maSin nebismieri i -sTvis pi=0 da C(R)=0.  

C(R)-is umciresi aranulovani mniSvneloba SesaZlebelia 2/[N(N_1)] 

iyos, Tu wertilebi erTimeorisgan R manZilis farglebSia ganlagebuli. Tu  

wertilebs erTi da igive ricxviTi mniSvnelobebi SeesabamebaT (magaliTad, 

damrgvalebis gamo), maSin C(R)-is umciresi mniSvneloba N*(N*_1)/[N(N_1)] 

iqneba, sadac N* am mniSvnelobis mqone wertilTa raodenobaa (Tu 

traeqtoriis nebismieri sxva wertili gansxvavebulia). 

 

amasTan erTad unda aRiniSnos, rom R monakveTis  farglebSi myofi 

wertilebis simravleSi TviT i wertilis CarTvis SemTxvevaSi C(R) 

korelaciuri jami sakmarisad mcire R-isTvis 1/N-is toli iqneboda.  

i-uri wertilis gamoricxvasTan dakavSirebiT  arsebobs garkveuli stimuli 

ricxviTi gamoTvlebis TvalsazrisiT . 

 

 pi fardobiTi sidide Θ hevisaidis safexura funqciis SemoRebiT ufro 

formalurad SesaZlebelia Semdegnairad gamoisaxos: 

 

( ) 0 if 0

( ) 1 if 0

x x

x x

  
  

                          (9.8-2) 

 

am funqciis gamoyenebiT SesaZlebelia davweroT: 
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1,

1
( ) ( )

1

N

i i j
j j i

p R R x x
N  

   
                      (9.8-3) 

 

hevisaidis safexura funqciis daxmarebiT korelaciuri jami SesaZlebelia ase 

gamoisaxos: 

 

1 1,

1
( ) ( )

( 1)

N N

i j
i j j i

C R R x x
N N   

   
                   (9.8-4) 

 

xSirad am gamosaxulebaSi gadavdivarT zRvarze, rodesac N _>∞, radganac Cven 

mTlian mimzidvels vaxasiaTebT.  

 am SemTxvevaSi Dc korelaciuri akmayofilebs Semdeg pirobas: 

 

0
( ) lim cD

R
C R kR


                             (9.8-5) 

 

galogariTmebis Semdeg gveqneba: 

 

0

log ( )
lim

logc
R

C R
D

R
                             (9.8-6) 

 

simartivisTvis aTobiT logariTmebs viyenebT. zogierTi mkvlevari 2-is fuZis mqone 

logariTmebis gamoyenebas amjobinebs. 

 

terminologiis gaurkvevlobis Tavidan acilebis mizniT vamjobinebT, rom Dc -

s korelaciuri normirebis indeqsi vuwodoT (da ara korelaciuri 

ganzomileba), radgan igi ricxvia, romelic gvamcnobs, Tu rogor normirdeba 

C(R) sidide R-is meSveobiT. miuxedavad amisa, termini korelaciuri 

ganzomileba literaturaSi safuZvlianad aris damkvidrebuli. Dc -sa da sxva 

`ganzomilebebs~ Soris kavSiri me-10 TavSi iqneba ganxiluli.  

 

korelaciuri ganzomilebis gansazRvrasTan dakavSirebiT (9.8-6) ganmosaxulebas 

aSkara winaaRmdegoba axasiaTebs: SeuZlebelia zRvarze gadasvla R _>0 saxiT. 
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realuri mniSvnelobebis nebismieri simravle wertilebis zRvrul raodenobas 

moicavs. amrigad, traeqtoriis wertilebs Soris garkveuli minimaluri manZili 

arsebobs. rodesac R am minimalur manZilze naklebia, korelaciuri jami nulis 

tolia (9.8-5) aRar kmayofildeba.  

 

 

naxazi. 9.9. logC(R)-is mrudi lojistikuri asaxvis traeqtoriebisTvis, rodesac 

A=3.56995. analizis procesSi gamoyenebulia asi wertili. R-is didi 

mniSvnelobebisTvis mimzidvelis zRvruli zoma C(R) `gajerebas~ ganapirobebs. R -is 

mcire  mniSvnelobebisTvis wertilebi lnC(R)-is mniSvnelovan uaryofiT gadaxras 

iwvevs. Sualedur regions, sadac mrudi TiTqmis wrfea (naxazze mrgvali 

wertilebiT SemosazRvruli), normirebis are ewodeba. normirebis aris kuTxuri 

koeficienti gvaZlevs Dc korelaciur ganzomilebas. 

 

praqtikulad SesaZlebelia R-is mniSvnelobebis garkveul diapazonSi C(R)-is 

gamoTvla da Semdeg 9.9 naxazis mixedviT, logC(R)-is mrudis, rogorc logR cvladis 

funqciis saxiT gamosaxva.  

 gamovikvlioT 9.9 naxazi, romelic lojistikuri asaxvis Sesabamisi 

traeqtoriisaTvis C(R) sididis gamoTvlis Sedegebs gviCvenebs, rodesac A=3.56995, 

rac periodis gaormagebis zRvruli wertilis mniSvnelobasTan axlosaa. am naxazze 

gamoyenebuli lojistikuri asaxvis Sesabamisi mniSvnelobebi miaxloebiT 0.90-sa da 

0.33-s Sorisaa. amrigad R kvlav aRemateba 0.57-s da gveqneba C(R)=1. am SemTxvevas 

naxazis marjvena zeda nawili Seesabameba. am mniSvnelobaze ufro didi R-is 

SemTxvevaSi C(R)=1 damoukideblad R-is nebismieri mniSvnelobisaTvis.  
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  R -is mcire mniSvnelobebisaTvis korelaciuri jami nulis tolia (9.9 

naxazze es SemTxveva gamosaxuli ar aris). naxazze gamoyenebulia 100 wertili. 

zemoT moyvanili argumentis Tanaxmad, C(R)-is umciresi aranulovani mniSvneloba 

miaxloebiT 2/104-ia. Tu wertilebi  mimzidvelis mTel areSi Tanabradaa 

ganlagebuli, maSin maT Soris saSualo manZili daaxloebiT 0.005 iqneba. amrigad, 

unda velodoT, rom C(R) = _3.7, rodesac R daaxloebiT 0.005-is tolia.  

 

 

naxazi. 9.10. 9.9 naxazis identuri gamoTvlebi, oRond 1000 wertilis gamoyenebiT.  

R-is TiToeuli mniSvnelobisTvis albaTobebi 40 wertilis gasaSualoebis Sedegad 

aris gamoyvanili. R-is mcire mniSvnelobebs Tan erTvis wertilebis zRvruli 

raodenobis Sesabamisi efeqtebi.  

 

 C(R) mxolod garkveul Sualedur areSi emorCileba (9.8-5) gantolebiT 

mocemul normirebis kanons, romelsac normirebis are ewodeba da misi Sesabamisi 

saSualo mrudis kuTxuri koeficienti (9.8-6) gantolebis saSualebiT korelaciur 

ganzomilebas gansazRvravs R_>0 zRvris gareSe. 9.9 naxazze moyvanili 

mniSvnelobebisTvis Dc = 0.535±0.012, rac sxva avtorebis (GRP83a) mier dadgenil 

mniSvnelobebTan axlosaa, magram sruli Tanxvedra ar gvaZlevs. cdomileba wrfis 

9.9 naxazze moyvanili normirebis areSi  umcires kvadratTa meTodis gamoyenebiT 

dgindeba. SeniSneT, rom aRniSnuli cdomileba normirebis areSi saSualo wrfis 

SerCeviT gamowveuli statistikuri cdomilebaa. arsebobs bevri SesaZlo 

sistematuri efeqti, ramac ganzomilebis gamoTvlili mniSvnelobis cdomileba 

SeiZleba  gamoiwvios.  
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 samwuxarod, eqsperimentul mniSvnelobaTa umetesobisaTvis normirebis aris 

gansazRvra ufro subieqturia, rodesac logC(R)-sa da logR-is damokidebulebis 

mrudi R-is vrcel diapazonSi wrfe ar aris. aseT dros gamoTvlili Dc -s 

mniSvneloba SedarebiT arasandoa. 

9.10 naxazi gviCvenebs analogiur grafiks, oRond aq 1000 wertilia 

gamoyenebuli. rogorc vxedavT, normirebis are amjerad R -is mniSvnelobebis ufro 

did diapazonze vrceldeba. korelaciuri ganzomilebis saboloo mniSvneloba 

GRP83a-Si moyvanil srul TanxvedraSia SedegTan.  

 aSkaraa, rom idealuri (xmaurisgan Tavisufali) mniSvnelobebisTvis 

normirebis are 9.10 naxazze moyvanili wertilebis ufro didi raodenobiT 

gamoyenebisas R -is ufro mcire mniSvnelobebzec SesaZlebelia vrceldebodes. 

miuxedavad amisa, wertilebis didi raodenobiT gamoyeneba gamoTvlebisaTvis saWiro  

dros sagrZnoblad zrdis. Tu korelaciuri jamis gamoTvlisTvis (9.8-4)-s viyenebT, 

maSin moqmedebaTa ricxvi N2-jer izrdeba. N-sTvis SesaZlebelia traeqtoriis 

aTasobiT wertilis gamoyeneba, magram pi(R)-is gamoTvla mxolod maTi nawilisaTvis, 

magaliTad, 50 wertilisTvis CavataroT. Tu ufro didi raodenobis monacemebidan 

wertilebi `SemTxveviTaa~ SerCeuli, maSin saboloo korelaciuri jami srul 

korelaciur jams TiTqmis utoldeba. miRebul Sedegs wertilovani ganzomileba 

ewodeba (FOY83 da [Moon, 1992]).  

 amjerad ganvixiloT is efeqtebi, romlebic gavlenas axdenen korelaciuri 

ganzomilebis gamoTvlaze. 

 

wertilTa sasruli raodenoba 

 

9.9 da 9.10 naxazebze gamosaxul gamoTvlebs Soris gansxvaveba mxolod analizisas 

gamoyenebuli wertilebis raodenobiTaa gamowveuli. wertilebis raodenoba awesebs 

zeda zRvars gamoTvlili Dc mniSvnelobisTvis. (RUE90)Si moyvanilia SemTxveva, 

romelic gviCvenebs Tu ratom unda gamoviCinoT am dros sifrTxile. zemoT 

xsenebul zRvars vuwodoT ruelis zRvari). zeda zRvris arsebobis mizezis dadgenis 

mizniT ganvixiloT Semdegi gamosaxuleba:  

 

2 1

2 1

log ( ) log ( )

log logc

C R C R
D

R R





                     (9.8-7) 
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rogorc ukve vnaxeT, udidesi C(R) erTis tolia. C(R)-is umciresi 

aranulovani mniSvneloba 2/N(N_1) tolia, sadac N wertilebis raodenobaa. vTqvaT 

(9.8-7) gamosaxulebis mniSvneli zustad q-s tolia. amrigad, Dc-s udidesi 

mniSvneloba wertilTa mocemuli simravlisTvis iqneba: 

 

2log
c

N
D

q
                              (9.8-8) 

 

sadac igulisxmeba, rom N >>1. 

 Tu viyenebT Zalian mcire raodenobiT wertilebs da Dc -is potencialurad 

did mniSvnelobas, maSin gamoTvlebis Sedegad miRebuli mniSvneloba SesaZlebelia 

Zalze mcire iyos. 9.9 naxazis SemTxvevaSi 2logN =4 da q≈4. zeda zRvari erTis 

toli iqneba. am SemTxvevaSi realuri korelaciuri ganzomileba daaxloebiT 0.5-is 

tolia, amrigad zeda zRvari Zalian mkacrad gansazRvruli ar aris.  

 

 

naxazi. 9.11. logC(R)-is grafiki lojistikuri asaxvisaTvis  xelovnurad Seqmnili 

xmauris pirobebSi. A = 3.56995. kuTxuri koeficienti aSkarad ufro didia xmaurian 

logR<_3 areSi. xmauri warmoadgens SemTxveviT ricxvs, romelic imyofeba  +0.001-sa 

da _0.001-s Soris. analizisas gamoyenebulia aTasi wertili. 

 

mocemuli zeda zRvari gansakuTrebul datvirTvas me-10 TavSi SeiZens, sadac 

yuradRebas maRali ganzomilebis mqone sistemebze gavamaxvilebT. 
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 Tu korelaciuri ganzomilebis dasadgenad gasaSualoebis `wertilovan~ 

meTods gamoviyenebT, maSin korelaciuri ganzomilebis zeda zRvari miaxloebiT iqneba 

 

log log p
c

N N
D

q


                          (9.8-9) 

 

sadac Np warmoadgens p(R)-is saSualo mniSvnelobis gamoTvlisas gamoyenebul 

wertilTa ricxvs. am SemTxvevaSi zeda zRvari SedarebiT mcirea, radgan Np < N. 

 

xmauriT gamowveuli efeqtebi 

 

korelaciuri ganzomilebis gamoTvlaze zegavlena SesaZlebelia xmaurmac moaxdinos. 

es SeiZleba iyos rogorc eqsperimentuli mniSvnelobebis `realuri~ xmauri, aseve 

ricxviTi gamoTvlebis damrgvalebis cdomileba. Tu Rn xmauris saSualo `zomaa~, 

maSin R< Rn SemTxvevaSi mimzidvelis struqturis farglebSi xmauris dominirebas 

unda velodoT. rodesac xmauri SemTxveviTi xasiaTisaa, misi dominirebisas monacemebi 

mdgomareobaTa sivrceSi erTgvarovani gavrcelebis tendencias amJRavnebs da R-is 

mcire mniSvnelobebisTvis mdgomareobaTa sivrcis savaraudo ganzomilebaa Dc = d, rac 

warmoadgens mdgomareobaTa sivrcis ganzomilebas R-is mcire mniSvnelobebis 

SemTxvevaSi. 9.11 naxazi gviCvenebs logC(R) mruds lojistikuri asaxvisaTvis, rodesac  

damatebulia xelovnurad Seqmnili xmauri (kompiuteris SemTxveviTi ricxvis 

generatoris meSveobiT) rodesac Rn = 0.001.  logR = _3 siaxloves mrudis kuTxuri 

koeficientis cvlileba xmauris arsebobis mauwyebelia. xmauris areSi kuTxuri 

koeficientia 0.997±0.040, rac iseTi erTganzomilebiani sistemisaTvis, rogoricaa 

lojistikuri asaxva, mosalodnel erTis tol mniSvnelobasTan TanxvedraSia.  

 rodesac C(R)-is gansazRvraSi xmauri da normirebis aris SerCeva arsebiT  

rols asrulebs, mizanSewonilia nebismieri gamoTvliTi sqemis testireba iseT 

monacemTa simravlis mimarT, romlis maxasiaTeblebic kargadaa cnobili. SeniSneT, 

rom xmaurs axasiaTebs logC(R) mrudis kuTxuri koeficientis zrdis tendencia, 

rodesac R-s mcire mniSvnelobebi aqvs  maSin, rodesac wertilebis sasruli ricxvis 

SemTxvevaSi kuTxuri koeficientis Semcireba daikvirveba. SesaZloa, uecar wyvetasa 

da xelovnuri normirebis aris warmoqmnas hqondes adgili. analogiuri sqemis 

gamoyenebiT SegiZliaT SeiswavloT monacemTa sakvlevi simravle lojistikuri 
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asaxvis pirobebSi, rodesac A = 3.56995, xmauris sxvadasxva dozis damatebis 

meSveobiT. xmauris damateba perioduli signalis mimarTac SegiZliaT. imis 

gaTvaliswinebiT, Tu rogor zegavlenas axdens xmauri Tqvens gamoTvliT sqemaze da 

rogor reagirebs es ukanaskneli C(R)-is gamoTvlisas gamoyenebuli wertilebis 

ricxvze,  korelaciuri ganzomilebis ufro sarwmuno mniSvneloba SegiZliaT miiRoT.   

 

cifrul sidideebad warmodgenis  zRvruli sizuste 

 

eqsperimentul mniSvnelobaTa simravleebi da nebismieri ricxviTi gamoTvlis procesi 

dakavSirebulia kompiuteris mier ganxorcielebul ricxviT operaciebTan. vinaidan 

kompiuteri ricxvebs sasruli raodenobis bitebis meSveobiT warmoadgens, 

mxedvelobaSi unda miviRoT is efeqtebi, rac SeiZleba Tan axldes korelaciuri 

ganzomilebis gamoTvlil miSvnelobebs.  

 konkretuli magaliTis saxiT ganvixiloT pirvel TavSi warmodgenili 

naxevargamtaruli diodis wredi. kvlevis Sedegad miRebuli mniSvnelobebi e.w. 12-

bitian analogur-cifrul gardamqmnelSi Sedis, romelic signals nulsa da 4095-s 

(4096=212) Soris mdebare mTel ricxvad gardaqmnis. cxadia, am erTeulebSi erTze 

naklebi gansxvavebis mqone nebismieri ori mniSvneloba sabolood erTsa da imave 

cifrs mogvcems, maSinac ki, rodesac signalTa Sesabamisi Zabvebi gansxvavebulia. ra 

saxis zegavlena SeiZleba moaxdinos cifrulma damrgvalebam korelaciuri 

ganzomilebis gamoTvlaze?  

 Tu ori mniSvneloba erTimeorisagan erTze naklebi mniSvnelobiT gansxvavdeba, 

maSin kompiuteri `Tvlis~, rom isini identuri sidideebia. ase rom,  rodesac 

traeqtoriebs Soris manZili erTze naklebia, R -is mcire mniSvnelobebisaTvis 

korelaciuri jamis normirebis Sesaxeb gansxvavebul informacias ver vRebulobT. 

amrigad, diskretizaciis mTavari Sedegebia R –is qveda zRvaris daweseba, romelsc 

masStabis gansazRvrisaTvis viyenebT, da, agreTve, korelaciis jamis ricxobrivi 

sididis qveda zRvris daweseba. amis sapirispirod (THE90), Tu logC(R)-s 

gamovsaxavT log(R+s/2) cvladis funqciis saxiT, sadac  s bijis sididea, maSin bijis 

sididesTan dakavSirebuli TiTqmis yvela efeqti qreba. 
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perioduli mniSvnelobebi 

 

ra aris periodul mniSvnelobaTa droiTi mwkrivebis korelaciuri ganzomileba? am 

SemTxvevis ilustraciisaTvis 9.12 naxazze wamodgenilia logC(R)-is (rogorc logR 

cvladis funqciis) grafiki, rodesac A = 3.5 (rac periodi-4 tipis qmedebas 

Seesabameba). rogorc xedavT, mrudi safexura mwkrivebs gviCvenebs.  

 

nax. 9.12. perioduli signalis lojistikuri 

asaxvis meSveobiT miRebuli korelaciuri jamis 

Sesabamisi mrudi A = 3.5 mniSvnelobisaTvis, 

rodesac qmedeba periodi-4 tipisaa. grafiki 

gviCvenebs eqvs gansxvavebul safexurs period-4-is 

gansxvavebuli sivrculi ganawilebis gamo.  

 

aseTi Sedegis axsna sakmaod martivia. Tu R sidide oTx periodul wertils Soris 

arsebul umcires intervalze mcirea, maSin C(R)=log (1/4)=_0.602... (yoveli 

wertilis win wertilTa meoTxedi mdebareobs). R -is zrdasTan erTad oTxi 

perioduli wertilidan ori erTimeoris R-Si aRmoCndeba (lojistikuri asaxvis 

Sesabamisi mniSvnelobebisTvis oTxi perioduli wertili Tanabrad daSorebuli ar 

iqneba). R -is aseTi mniSvnelobisTvis C(R) = log (1/2). R -is Semdgomi  zrdisas 

C(R)-is naxtomiseburi zrda gveqneba, vidre R ar miiRebs iseT mniSvnelobas, 

rodesac igi moicavs oTxive ricxviT wertils. amis Semdeg logC(R) =0. amrigad, 

A=3.5 SemTxvevaSi  lojistikuri asaxvisTvis eqvsi gansxvavebuli wertilTSorisi 

manZili iarsebebs (nax. 9.12).  

 

amocana 9.8-1. gamoiyeneT 1.4 paragrafSi moyvanili ricxviTi mniSvnelobebi (an A = 

3.5 mniSvnelobisaTvis Tqven TviTon CaatareT gamoTvlebi) lojistikuri asaxvis 

funqciis periodi-4 SemTxvevaSi, raTa darwmundeT 9.12 naxazze moyvanili  

safexurebis marTebulobaSi.  
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wyvetili saxis monacemebi  

 

analizisaTvis gamoyenebuli monacemTa mwkrivi xSirad ganicdis wyvetas 

gansxvavebuli diapazonebis saxiT. magaliTad, Tu monacemebi Seesabameba lojistikur 

asaxvas A = 3.6 mniSvnelobis midamoSi (ix. nax. 9.3), maSin isini or qaosuri 

diapazonSi aRmoCndebian ganawilebuli. ase rom, gvaqvs `xarvezi~ monacemTa mwkrivSi. 

ra efeqtebi ganapirobeben am intervalTa arsebobas, romlebic, Tavis mxriv, Dc-is 

gansazRvraze axdenen gavlenas? avarCioT R -is mcire mniSvnelobebisTvis erTsa da 

imave diapazonis farglebSi myofi wertilebi. Tu orive diapazons erTi da igive 

korelaciuri ganzomileba aqvs, maSin korelaciuri jamis normireba R -iT iqneba 

SesaZlebeli (Tu ori diapazonis  korelaciuri ganzomileba gansxvavebulia, maSin 

standartuli korelaciuri gazomvis procedura saSualo korelaciur ganzomilebas 

gvaZlevs). rodesac R sakmarisad didia orive diapazonis gaerTianebisTvis,  logC(R) 

mrudis kuTxur koeficientTan dakavSirebiT mosalodnelia naxtomisebri cvlilebebi  

(ix. nax. 9.13). 

 

amocana 9.8-2. gamoTvaleT lojistikuri asaxvis korelaciuri jami, rodesac A = 

3.6. SegiZliaT Tu ara traeqtoriaTa or-diapazoniani struqturis Tanmdevi   

efeqtebis gamokvleva? 

 

 

nax. 9.13. korelaciuri jamis mrudi lojistikuri asaxvis Sesabamisi ori qaosuri 

diapazonis SemTxvevaSi, rodesac A = 3.6. rodesac R ori diapazonis 
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gaerTianebisTvis sakmarisad didia, korelaciuri jamis mrudi icvlis kuTxur 

koeficients. analizisaTvis gamoyenebulia 1000 wertili.  

 

SemTxveviTi tipis monacemebi  

 

ras udris sruliad `SemTxveviTi~ tipis monacemTa korelaciuri ganzomileba? 9.14 

naxazze naCvenebia QuickBASIC enis SemTxveviTi ricxvis generatoris meSveobiT 

Sedgenil monacemTa simravlis Sesabamisi logC(R) mrudi. monacemTa mniSvnelobebi_0.1-

dan +0.1 mdea.  

 mocemuli mrudi Tvisobrivad lojistikuri asaxvisaTvis agebuli grafikis 

msgavsia. R -is didi mniSvnelobis SemTxvevaSi, rodesac igi moicavs yvela wertils, 

saxezea ”gajerebis” efeqti. R -is mcire mniSvnelobebisaTvis,  rodesac igi 

wertilTa Soris arsebul intervalebze mcirea, C(R) nulisaken miiswrafvis. am 

ukiduresobebs Soris vxedavT Sualeds, romelic normirebis ares unda 

Seesabamebodes. sruliad SemTxveviTi mniSvnelobebisTvis unda velodoT korelaciur 

ganzomilebas, romelic mdgomareobaTa sivrcis ganzomilebas gautoldeba da mocemul 

SemTxvevaSi erTis toli iqneba. 9.14 naxazze naCvenebi normirebis areSi umcires 

kvadratTa meTodis gamoyeneba 0.914±0.033 mniSvnelobis tol korelaciur 

ganzomilebas iZleva, rac statistikuri cdomilebis farglebSi erTze naklebia. 

monacemTa ufro didi simravleebi erTTan daaxlovebul mniSvnelobebs gvaZleven (ix. 

nax. 9.15, sadac igive analizi 1000 wertilis mixedviT aris Catarebuli).  

amrigad, korelaciuri ganzomileba erTmaneTisagan ar ganasxvavebs SemTxveviT 

da qaosur mniSvnelobaTa simravleebs, romelTa korelaciuri ganzomileba 

mdgomareobaTa sivrcis ganzomilebasTan axlosaa. 9.14 naxazis SemTxvevaSi 

gamoyenebuli analizisas, ruelis zRvari erTze naklebia da Cven mier gamoTvlili 

korelaciuri ganzomileba am mniSvnelobis meSveobiT zemodan SemosazRvrulia. 9.15 

naxazze warmodgenili mniSvnelobebisTvis ruelis zRvari erTs aRemateba da 

gamoTvlili korelaciuri ganzomileba mosalodnel erTis tol mniSvnelobasTan 

TanxvedraSia. 
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naxazi. 9.14.  korelaciuri jamis grafiki  _0.1-sa da +0.1-s Soris myof SemTxveviT 

mniSvnelobaTa simravlisTvis (aRebulia asi wertili). korelaciuri jamis 

gamoTvlisTvis oci SemTxveviTi wertilia arCeuli. grafiki Tvisobrivad 

lojistikuri asaxvis Sesabamis mniSvnelobaTa grafikis msgavsia, magram normirebis 

areSi  grafikis kuTxuri koeficientiT mocemuli korelaciuri ganzomileba 

mdgomareobaTa sivrcis erTis tol ganzomilebaze naklebia. 

 

uwyveti saxis monacemebi 

 

gamovTvaloT korelaciuri ganzomileba zogierTi analoguri (araqaosuri) funqciis 

Sesabamisi monacemebisTvis. 9.16 naxazze gamosaxulia korelaciuri jami 0.5sin(2πn/N) 

+0.5 funqciis Sesabamis mniSvnelobaTa simravlisTvis, sadac N wertilTa raodenobaa 

da  n=1, 2,... N.  

 gamokveTilia normirebis are 0.876±0.021-is toli kuTxuri koeficientiT, 

rac wminda uwyveti signalisTvis mosalodnel erTis tol mniSvnelobaze 

sagrZnoblad mcirea. damoukidebeli cvladis mniSvnelobebi erTgvarovnadaa 

ganawilebuli, magram funqciis mniSvnelobebis ganawileba, rasakvirvelia, 

araTanabaria. mocemuli funqciisTvis isini nulsa da erTs Soris iyrian Tavs. meti 

raodenobis wertilTa gamoyenebis SemTxvevaSi normirebis aris kuTxuri koeficienti 

erTisaken miiswrafvis. 

 wrfivi y=kx funqciis gamoyenebisas, sadac k wertilTa raodenobis 

Sebrunebuli sididea, normirebis areSi korelaciuri jamis Sesabamisi mrudis 

kuTxuri koeficienti erTTan axlosaa. 
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naxazi. 9.15.  korelaciuri jami gamoTvlilia 9.14 naxazze gamoyenebuli imave 

SemTxveviTi signalisaTvis, magram analizisaTvis gamoyenebulia 1000 wertili. 

korelaciuri jamis gamosaTvlelad ormoci wertilia gamoyenebuli. amjerad 

kuTxuri koeficienti erTis tolia (gamoTvlebis sizustis farglebSi). 

 

filtraciis efeqti 

 

gafrTxilebis saxiT unda aRvniSnoT, rom bevri eqsperimentuli signali garkveuli 

filtraciis TanxlebiTaa Cawerili. magaliTad, eleqtrul gazomvaTa umetesobis 

SemTxvevaSi gamoyenebulia `dabalsixSiruli filtris~ meTodi, raTa moxdes 

signalidan eleqtruli xmauris gamoricxva. es filtrebi aZlierebs an asustebs 

signals sixSireTa SerCeul diapazonebSi. magaliTad, Tu SeviswavliT nela cvlad  

signals, maSin signalis nebismieri uecari cvlileba SesaZlebelia xmaurs mieweros. 

filtrebs iyeneben Caweril signalSi xmauris uecari cvlilebis wilis 

mosacileblad (an Sesamcireblad). ra efeqts axdens filtraciis procesi 

fraqtaluri ganzomilebebis an normirebis eqsponentebis ricxviT mniSvnelobebze? 

adidebs Tu amcirebs xelovnurad filtracia ganzomilebis gamoTvlil mniSvnelobas? 

mecnierebi am problemas mxolod bolo xanebSi Seiswavlian, amitom zemoT moyvanil 

SekiTxvebze safuZvliani pasuxi jerjerobiT ar  arsebobs. filtraciis zogierTi 

saxeoba gamoTvlil ganzomilebas TiTqos zrdis, sxvebi ki misi Semcirebisken 

migvaniSneben. zogadi tendencia imis mauwyebelia, rom filtraciis procesebis 
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umravlesoba fraqtalur ganzomilebaTa ufro mcire ricxviT mniSvnelobas gvaZlevs, 

radgan filtracia signalSi xmauris sidides amcirebs. 

 

 

naxazi. 9.16.  korelaciuri jamis mniSvnelobebi uwyveti funqciis Sesabamisi 

wertilebis simravlisTvis. am SemTxvevaSi 0.5sin(2πx) +0.5 funqciis  x argumenti 

mniSvnelobebs Rebulobs 1/200-dan erTamde. analizi 200 wertilzea damyarebuli. 

korelaciuri jamis gamoTvlisaTvis SemTxveviT arCeuli 40 wertilia gamoyenebuli. 

gamoTvlili kuTxuri koeficienti uwyvet mniSvnelobaTaTvis mosalodnel erTis 

tol mniSvnelobaze sagrZnoblad mcirea.  

 

filtraciis erT-erTi nimuSi (BBD88) dinamikur sistemas Tavisuflebis kidev erT 

xarisxs umatebs. dabalsixSiriani filtris gamoyeneba damyarebulia liapunovis 

eqsponentebze. Sedegad sixSireTa farTo diapazonidan xdeba mxolod sistemis 

Sesabamis sixSireTa `gatareba~ da am process ganzomilebis gamoTvlaze aranairi 

zegavlena ar aqvs. Tu gamavali sixSireebis diapazons SevamcirebT, maSin filtris 

dinamika dinamikuri sistemis nawilad gardaiqmneba da Tavisuflebis damatebiTi 

xarisxi ganzomilebis moqmedi mniSvnelobis gazrdisken miiswrafvis. filtrebis 

arseboba signalis reaqcias anelebs, amitom efeqturi signali mimzidvelze swrafad 

ar ganicdis kolafss da mdgomareobaTa sivrceSi ufro maRali ganzomilebis ares 

ikavebs (ROC94). 

advili saCvenebelia, rom dabalsixSiriani filtrebis gamoyeneba signals 

wminda SemTxveviT ricxvTa mimdevrobad gardaqmnis, romelic msgavsia  mcire 

ganzomilebis mqone dinamikuri sistemebidan miRebuli signalebisa. am SemTxvevaSic 
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didi sifrTxilis gamoCena gvmarTebs. am dros optimaluri gza mdgomareobs  

filtraciis parametrebis cvlaSi, raTa Semowmdes filtraciis SesaZlo gavlena   

fraqtaluri ganzomilebis gamoTvlaze an normirebis indeqsis mniSvnelobebze. 

 

 

 

naxazi. 9.17.  korelaciuri jamis mniSvnelobebi wrfivi funqciisTvis. analizisaTvis 

zustad 200 wertilia gamoyenebuli. am SemTxvevaSi normirebis areSi kuTxuri 

koeficienti mosalodnel erTis tol mniSvnelobasTan axlosaa. 

 

daskvna 

 

ra daskvna gamogvaqvs zemoT moyvanili msjelobidan? mTavari Sedegi is aris, rom 

realuri monacemebis safuZvelze warmoebuli gamoTvlisas miRebuli korelaciuri 

ganzomilebis ricxviTi mniSvnelobis interpretaciasTan dakavSirebiT sifrTxile 

unda gamoviCinoT. arsebobs rogorc monacemTa Sesabamisi wertilebis zRvruli 

raodenobis, aseve realuri mniSvnelobebis misaRebad gamoyenebuli saboloo 

gadawyvetilebis da filtraciis procesis Sesabamisi mniSvnelovani efeqtebi. amasTan 

erTad, arsebuli  xmauri gamoTvlili korelaciuri ganzomilebis sididis 

gazrdisken miiswrafvis. am procesebis erTobliobam ganzomilebis realur 

mniSvnelobaze sagrZnobi zegavlena SesaZlebelia moaxdinos. korelaciuri 

ganzomilebis ricxviTi mniSvnelobidan mniSvnelovani daskvnebis gamotanamde 

sasurvelia am mniSvnelobis gamoyenebul wertilebis raodenobaze, monacemebSi 

Semavali xmauris sidideze, monacemebis ariTmetikul sizusteze, filtraciis 
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monacemebsa da korelaciuri jamis misaRebad gamoyenebul SemzRudvel procesze 

damokidebuleba gamoikvlioT.  

 aseve unda gadaamowmoT Tqven mier miRebuli Sedegebis samarTlianoba 

monacemTa alternatiul simravleze dayrdnobiT (TGL91). maT furies igive speqtri 

gaaCniaT, magram deterministuli xasiaTi dakarguli aqvT. es meTodi dagexmarebaT 

imis gaazrebaSi, Tu ra SemTxvevaSi warmoaCens Tqvens monacemebs  saukeTesod 

deterministuli qaosis an sruliad SemTxveviTi procesebis Sesabamisi modelebi. 

 Cven sxvadasxva mecnierebis mier miRebuli ganzomilebebisa da eqsponentebis 

gansazRvris Sedegebis `momxmareblebi~ varT, amitom sistematuri efeqtis kvlevis 

gareSe miRebul Sedegebs skeptikurad unda SevxedoT. korelaciur ganzomilebasTan 

dakavSirebuli gamoTvliTi xasiaTis rCevebisTvis ixileT ASV88, THE90, CGM90 

da TGL91. 

 

 

9.9 komentarebi da daskvnebi 

 

mocemul TavSi ganvixileT qaosuri sistemis raodenobrivi daxasiaTebis ramdenime 

meTodi da arsebiTi yuradReba qaosuri sistemis xasiaTis gansazRvris zogierT 

ricxviT meTods davuTmeT. liapunovis eqsponentebi da kolmogorov-sinais entropia 

sistemis qmedebas drois funqciis saxiT warmogvidgenen. sxvadasxvagvari  

fraqtaluri ganzomilebebi mdgomareobaTa sivrceSi mimzidvelebis geometriuli 

struqturis Sesaxeb gviqmnian warmodgenas. Tu sistemas liapunovis erTi dadebiTi 

eqsponenta mainc gaaCnia, vambobT, rom sistemis qmedeba qaosuria. Tu mimzidveli 

wiladi ricxvis mqone ganzomilebiT gamoxatul normirebas amJRavnebs, maSin vambobT, 

rom mimzidveli ucnauria.  

 arian Tu ara es maxasiaTeblebi erTimeoresTan kavSirSi? Tu sistemis qmedeba 

qaosuria, aris Tu ara Sesabamisi mimzidveli (disipaciuri sistemis SemTxvevaSi) 

ucnauri? Tuki davaskvniT, rom mimzidveli ucnauria, arian Tu ara mimzidvelis 

farglebSi traeqtoriaTa qmedebebi qaosuri xasiaTis mqone? Tqvenma intuiciam am 

SemTxvevaSi SesaZlebelia hipoTezaTa Seqmnamde migviyvanos. magaliTad, qaosuri 

traeqtoriebisTvis damaxasiaTebelma divergenciam da mokecvam SesaZlebelia ucnauri 

geometriis mqone mimzidvelis arsebobis SesaZlebloba Seqmnas. amis sapirispirod, 

ucnauri mimzidvelis rTuli geometria TiTqos dinamikis qaosurobisken gvibiZgebs. 
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amgvar kavSirebSi gamonaklisebic arsebobs. magaliTad, lojistikuri asaxvis 

funqciis (an kvadratuli maqsimumis mqone sxva nebismieri calsaxa asaxvis funqciis) 

periodis gaormagebis zRvrul wertilSi mimzidveli ucnauria (9.8 paragrafis 

Tanaxmad, rodesac Dc = 0.501±0.007), magram qmedeba qaosuri ar aris: periodis 

gaormagebis zRvrul wertilSi liapunovis eqsponenta nulis tolia.  

 araqaosuri ucnauri mimzidvelebis SemTxvevaSi unda SevTanxmdeT, rom amgvari 

qmedeba parametris mxolod erTi mniSvnelobisaTvis (periodis gaormagebis zRvruli 

wertili) vlindeba. mdebareobs Tu ara, ucnauri, magram araqaosuri mimzidvelebi 

parametris mniSvnelobaTa garkveul diapazonSi? grebogim, otma, pelikanma da iorkma 

(GOP86) gviCvenes, rom or araTanazomad sixSireze gare Zalebis mier marTul 

arawrfiv oscilatorebs parametris  mniSvnelobaTa garkveul zRvrul diapazonSi 

SesaZlebelia ucnauri, magram araqaosuri mimzidvelebi aRmoaCndeT. maT agreTve 

daamtkices, rom droze uwyveti saxiT damokidebul sistemebs (anu ufro 

diferencialuri gantolebebiT da ara iteraciuli asaxvebiT modelirebul 

sistemebs), romlebic ori araTanazomadi sixSiriT ar imarTebian, araqaosuri, 

ucnauri mimzidvelebi SesaZlebelia ar aRmoaCndeT. aseTi sistemebis 

umravlesobisTvis mimzidvelebi ucnaurobis SemTxvevaSia qaosuri.  

 Cven am Tavs vasrulebT imis aRniSvniT, rom arc erTi ricxviTi maxasiaTebeli 

arawrfivi sistemis maxasiaTebel `saukeTeso~ meTods ar warmoadgens. nebismieri 

maTgani moiTxovs Sromatevadi gamoTvliTi procesis Catarebas saZiebeli ricxviTi 

mniSvnelobebis dadgenisaTvis. odnavi upiratesoba liapunovis eqsponentebs unda 

mivaniWoT, radgan liapunovis dadebiTi eqsponenta warmoaCens qaosuri dinamikis 

mTavar maxasiaTebel niSans: axlomdebare traeqtoriaTa swraf divergencias. momdevno 

TavSi vnaxavT, rom mdgomareobaTa mravalganzomilebiani sivrcis SemTxvevaSi 

liapunovis eqsponentebi wiladur ganzomilebebsac SegviZlia davukavSiroT. 

SedarebiT didi ganzomilebis mqone mdgomareobaTa sivrceebis SemTxvevaSi liapunovis 

eqsponentebis gamoTvla sakmaod garTulebulia da bevri mkvlevari fraqtaluri 

gazomvis raime sxva saSualebas iyenebs (yvelaze xSirad _ korelaciur gazomvas).  
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9.11 kompiuteruli amocanebi 

 

CE9-1. gamoTvaleT liapunovis saSualo eqsponenta lojistikuri asaxvis 

SemTxvevaSi, rodesac A = 4 da aCveneT, rom igi 9.5 paragrafSi analizurad 

gamoTvlili ln2-is tolia.  

 

CE9-2. gamoiyeneT Chaos Demonstrations lojistikuri asaxvis SemTxvevaSi liapunovis 

eqsponentis gamosaxvisTvis. SeamowmeT,  emorCileba Tu ara liapunovis eqsponenta 

9.4 paragrafSi moyvanil normirebis kanons.  

 

CE9-3. (moiTxovs Zalisxmevas, magram Zneli ar aris) SeadgineT monacemTa droiTi 

mwkrivebisTvis korelaciuri jamis gamoTvlis kompiuteruli programa. aageT 

logC(R)-is  grafiki da SeamowmeT 9.8 paragrafSi moyvanili Sedegebi.  

 

CE9-4. isargebleT CE9-3-Tvis Tqven mier Sedgenili korelaciuri gazomvis 

programiT da gamoikvlieT hipoTeza (ABB86), D ganzomileba periodis gaormagebis 

zRvruli wertilis miRma A-sTan erTad izrdeba Semdegi saxiT:  

 

( ) ( )D A D A k A A     

sadac k mudmivi ricxvia.  

 

CE9-5. programa FRACTINT-is sacdeli versia fraqtalis warmomqmneli programebis 

did speqtrs amzadebs, romelic sxvebTan erTad iseT cnobil simravleebs moicavs, 

rogoricaa mandlebros an Julies simravle. 

 CE9-6. gamoiyeneT Chaos Demonstrations Juliesa da mandlebros simravleebis 

gamokvlevisTvis.  
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10 

 

mravali ganzomileba da multifraqtalebi 

 

bediswera daemorCileba cvalebad garemoebas, xolo qaosi gansjis mtrobas. Milton, 

Paradise Lost, ii.232. 

 

10.1 zogadi komentarebi da Sesavali 

 

mocemul TavSi aRvwerT qaosis ricxviTi saxiT warmodgenis me-9 TavSi 

SemoTavazebuli meTodebis zogierT ganzogadebas. Tavdapirvelad vaCvenebT, Tu 

calkeuli dinamikuri cvladis meSveobiT rogor vRebulobT mdgomareobaTa sivrcis 

dinamikis mravalganzomilebian suraTs. e.w. Cadgmis (an rekonstruqciis) sqemas, 

romelic aseT process marTavs, umniSvnelovanesi wvlili Seitana bolo aTwleulis 

ganmavlobaSi arawrfivi dinamikis kvlevis TvalsazrisiT. igi iqca arawrfivi 

sistemebis analizis meTodikis  arCevis gzamkvlevad. 

 rodesac Cvens xelTaa Cadgmis (rekonstruqcis) sqema, qaosuri qmedebis 

raodenobrivi gazomvis sxvadasxva xerxebis danergvis saSualeba gveZleva. Cven 

yuradRebas korelaciuri ganzomilebisa da misi ganzogadebebis, agreTve 

kolmogorovis entropiis koncefciis ganvrcobaze gavamaxvilebT. amgvari warmodgena 

moiTxovs mkiTxvelis daaaxloebas qaosis ricxviTi warmodgenis amsaxvel 

literaturasTan. 

 am Tavis bolo paragrafebSi dinamikis daxasiaTebis sam mZlavr, magram sakmaod 

abstraqtul xerxs moviyvanT. erT-erTi meTodis daniSnulebaa mdgomareobaTa 

sivrceSi fraqtaluri ganzomilebebis speqtris da  liapunovis eqsponentebis 

ganvrcoba. meore meTodi axdens mimzidvelTa klasifikacias maTze myofi  

arastabiluri perioduli orbitebis topologiuri maxasiaTeblebis mixedviT. mesame 

meTodi sistemis dinamikuri qmedebis Seswavlis mizniT statistikur meqanikisaTvis 

Cveul formalur midgomas iyenebs. 

 mkiTxveli, vinc maTematikur midgomasTan dakavSirebiT aRfrTovanebas ar 

gamoxatavs, aucileblad unda gaecnos 10.2 paragrafis Cadgmis teqnikas da Tavis 

darCenili nawili gamotovos. meore mxriv, qaosis analizis gamoyenebiT 
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dainteresebul pirebs zogadi ganzomilebebisa da entropiis detaluri Seswavla 

did daxmarebas gauwevs. 

 

 

10.2 Cadgmuli sivrceebi  

 

me-9 TavSi liapunovis eqsponentebis, ganzomilebebisa da entropiebis  Sesaxeb 

ganxilvisas mivmarTavdiT erTi cvladis (vTqvaT, x-is) mniSvnelobebs, romlis 

drosac  {xi} mniSvnelobebs SevusabamebdiT drois {ti} simravles. Cven vivaraudeT, 

rom ricxvebis aseTi calkeuli simravlis mixedviT sistemis dinamikaze srulyofili 

warmodgena Segveqmneboda. amrigad, sistemis dinamikis Seswavlis mizniT mivmarTavT 

erTganzomilebian models. 

 amjerad dRis wesrigSi dgas amgvari erTganzomilebiani SezRudvis moxsna. 

procesis warmarTvis erT-erTi meTodi, rasakvirvelia, sistemisTvis dinamikur 

cvladTa mniSvnelobebis sinqronul gazomvaSi mdgomareobs. pirvel TavSi moyvanili 

lorencis modelis tipis samganzomilebiani sistemisTvis dagvWirdeba sami 

mniSvnelobis (vTqvaT X(t), Y(t) da Z(t)) dadgena. mdgomareobaTa sivrcis 

ganzomilebebis raodenobis matebasTan erTad, gasazomi mniSvnelobebis raodenobac 

gaizrdeba. erTi SexedviT, am proceduris Catareba martivia, magram erTi problema 

maSinve iCens Tavs. xsnarisa da mravalreJimiani lazeris tipis bevri sistemisTvis 

Cven SesaZloa ar vicodeT Tavisuflebis realuri xarisxebis raodenoba. winaswar 

arc cvladebis saWiro raodenoba viciT. metic, praqtikaSi zogierTi cvladi sxvebze 

meti sizustiT izomeba. ra Tqma unda, SesaZlebeleblobisda mixedviT analizs 

davamyarebT ufro zustad gazomili cvladebis simravleze.  

 orive winaaRmdegobis daZleva im meTodis saSualebiT xdeba, romelic qaosis 

kvlevis erT-erTi umTavresi teqnikur saSualebaa. am meTods safuZvlad udevs 

mosazreba, romlis Tanaxmadac mravalganzomilebiani dinamikuri sistemis 

SemTxvevaSic ki calkeuli cvladis droiTi mwkrivebis Canaweri xSirad sakmarisia am 

sistemis mTliani dinamikis mravali maxasiaTebeli Tvisebis gansazRvrisTvis. 

calkeuli mwkrivebis gamoyeneba SegviZlia sistemis ganzomilebebis, entropiebisa da 

liapunovis eqsponentebis `rekonstruqciasTan~ dakavSirebiT.  

 ZiriTadi idea metad martivia. viyenebT erTi cvladis droiT mwkrivebs. 

mravalganzomilebiani Cadgmuli sivrcis misaRebad (ukeTesi termini rekonstruqciis 
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sivrcea, magram arawrfiv dinamikaSi Cadgmuli sivrce ufro xSirad gamoiyeneba). Tu 

Cadgmuli sivrce saTanadodaa agebuli, masSi arsebul traeqtoriebs sistemis 

Sesabamis  mdgomareobaTa mravalganzomilebian sivrceSi mdebare realuri 

traeqtoriebis maxasiaTeblebis msgavsi dinamikuri da geometriuli Tvisebebi eqnebaT. 

traeqtoriebis evolucia Cadgmis sivrceSi garkveulwilad waagavs realuri 

traeqtoriebis qmedebas mdgomareobaTa srul sivrceSi.  

 rekonstruqciis sivrcis SeqmnisTvis calkeuli droiTi mwkrivebis gamoyeneba 

1980 wels pakardma, kraCfildma, fermerma da Soum (PCF80) danerges. 1981 wels f. 

Teiqensma (TAK81) Seqmna Sesabamisi safuZvliani Teoriuli baza. 

 Cadgmis proceduris pirvel safexurze vuSvebT, rom mocemuli dinamikuri 

sistemisTvis gvaqvs X cvladis mniSvnelobaTa mwkrivi X1, X2, X3,... romelic gvsurs 

gamoviyenoT sistemis sruli dinamikis rekonstruqciis mizniT. amas mniSvnelobebis  

veqtoruli warmodgenis gziT vaxerxebT. vTqvaT, gvsurs movaxdinoT d-ganzomilebiani 

Cadgmis ganxorcieleba.  

 

naxazi. 10.1. samganzomilebiani Cadgmuli sivrcis 

SeqmnisTvis calkeuli droiTi mwkrivebis 

gamoyenebis sqema. TiToeuli veqtoris bolo 

aRniSnavs traeqtoriis wertils Cadgmul sivrceSi. 

veqtorebi aRniSnulia V1, V2 da V3  simboloebiT.  

 

amisaTvis davajgufoT d raodenobis mniSvnelobebi, magaliTad (X1, X2,..., Xd). 

veqtoris TiToeuli ricxvi, romelic d-ganzomilebian sivrceSi erT-erTi RerZis 

gaswvriv mdebare veqtoris `komponentis~ mniSvnelobas gvaZlevs, Seesabameba 

konkretuli wertilis koordinatebs d-ganzomilebian sivrceSi (SeiZleba iTqvas, rom 

vaxdenT d-ganzomilebiani qmedebis rekonstruqcias erTi cvladis meSveoiT). 

 sistemis evoluciasTan erTad vxedavT, Tu rogor moZraoben (Xn+1, X n+2,... 

Xn+d) veqtorebi d-ganzomilebian sivrceSi (qvemoT vnaxavT, rom veqtoris 

komponentebsa da mimdevrul veqtorebs Soris intervalebi Tanabari ar aris). Cveni 

mTavari daSveba imaSi mdgomareobs, rom am gziT miRebuli veqtorebis geometria da 

dinamika sistemis mdgomareobaTa sruli sivrcis traeqtoriebis geometriisa da 

dinamikis msgavsia. nax. 10.1. warmogvidgens Cadgmis konstruqciis sqematur 

gamosaxulebas, rodesac d = 3.  
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 ratomaa mizanSewonili Cadgmis proceduris ganxorcieleba? pasuxi imaSi 

mdgomareobs, rom sistemis sruli dinamikis xasiaTi nebismieri dinamikur cvladze 

unda aisaxebodes. magaliTad, Tu mTliani qmedeba periodulia, TiToeuli cvladisgan 

aseve periodul qmedebas unda velodoT. xolo Tu mTliani qmedeba qaosuria, 

axlomdebare traeqtoriebis divergencia calkeuli cvladis `qmedebaSic~ unda 

gamovlindes. mocemuli meTodis mizanSewonilobis kidev erTi argumentis moyvanis 

mizniT 3.3 paragrafSi dinamikuri gantolebebis pirveli rigis diferencialuri 

gantolebebis simravlemde dayvanasTan dakavSirebiT Catarebul  moqmedebebs unda 

davubrundeT. Tu proceduras sapirispiro mimarTulebiT CavatarebT, SevZlebT 

dinamikis Caweras erTi cvladis maRali rigis diferencialuri gantolebebis 

meSveobiT. Semdeg gamoviyenebT erTi cvladis droiT mwkrivebs diferencialuri 

gantolebis Semadgeneli sxvadasxva rigis warmoebulebis miaxloebiTi 

gamoTvlisaTvis.  

 ibadeba ramdenime kiTxva: 

1. ramdeni ganzomilebis gamoyenebis saSualeba gveZleva Cadgmis sivrceSi? 

2. rogor unda SevarCioT drois intervalebi SerCeul mniSvnelobebs Soris? 

3. rogor virCevT mimdevrobiT veqtorebs Soris drois n intervals?  

4. romeli cvladi sidide unda ganvsazRvroT?  

5. ramdeni mniSvnelobis  SerCeva gvesaWiroeba? 

6. rogor viyenebT Cadgmul traeqtoriebs sistemis dinamikis Sesaxeb 

raodenobrivi xasiaTis informaciis misaRebad?  

 

samwuxarod, am kiTxvebze amomwuravi pasuxebis gacema rTulia, radgan dReisaTvis 

Cadgmis meTodikis Teoriuli safuZvlebi jer ganviTarebis sawyis etapzea da 

pasuxebi damokidebulia sakvlevi sistemis konkretul maxasiaTeblebze, 

mniSvnelobebis sizusteze, arsebuli xmauris sidideze da a. S.. eqsperimentis 

msvlelobisas Cven unda davadginoT, Tu ra damokidebulebaSia konkretul 

sistemasTan dakavSirebuli Sedegebi Cadgmis ganzomilebasTan, SerCeul mniSvnelobebs 

Soris arsebul drois intervalebTan, SerCeuli mniSvnelobebis raodenobasTan da 

a.S. yovelTvis gvesaWiroeba raime saxis mecnieruli debuleba, raTa gadavwyvitoT, 

Tu ra mniSvnelobebi an mniSvnelobaTa diapazoni gvaZlevs `misaReb~ Sedegebs. qvemoT 

mogawvdiT saTanado mniSvnelobebis SerCevis zogierT instruqcias realuri 

sistemebis analizis safuZvelze.  
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 Teiqensma (TAK81) daamtkica, rom Tu sistemis ZiriTad mdgomareobaTa sivrces 

gaaCnia ds ganzomileba, xolo Cadgmis sivrces - 2ds+1 ganzomileba, maSin SevZlebT 

Cadgmis sivrcis veqtorebis saSualebiT sistemis sruli dinamikis aRweras. 

sxvagvarad mimzidvelis `proeqcias~ naklebi ganzomilebis mqone sivrceSi 

mimzidvelis ganzomileba SeiZleba Seemcirebina: Tu mdgomareobaTa sivrces ds 

ganzomileba gaaCnia, maSin romelime cvladis meSveobiT sistemis dinamikis gamosaxva 

SegviZlia  ds -rigis diferencialuri gantolebis safuZvelze. warmoebulebis 

ricxviTi gamoTvlisaTvis gvesaWiroeba  mocemuli cvladis drois ori sxvadasxva da 

mimdinare momentebis Sesabamisi mniSvnelobebi. amrigad, saerTo jamSi dagvWirdeba 

2ds+1 mniSvneloba.   

 praqtikidan viciT, rom disipaciuri sistemebis xangrZlivi qmedebis efeqturi 

ganzomileba emTxveva mimzidvelis (an mimzidvelebi) ganzomilebas. es ganzomileba 

mdgomareobaTa sawyisi sivrcis ganzomilebaze bevrad mcire SeiZleba aRmoCndes. 

amrigad, mimzidvelis dinamikis imitaciisaTvis SegviZlia mimzidvelis (SesaZlo 

fraqtalur) ganzomilebaze orjer meti ganzomilebis mqone Cadgmebis gamoyeneba.  

 Cadgmis meTodiT dinamikuri sistemebis daxasiaTebis Sesaxeb uaxlesi naSromi 

yuradRebas amaxvilebs me-9 TavSi warmodgenili grasberger-prokakias korelaciuri 

jamis gamoTvlis gziT fraqtaluri ganzomilebebis gansazRvraze. ganvixiloT 

korelaciuri jamis Semdegi forma:  

 

( )

, 1,

1
( )

( 1)

N
d

i j
i j i j

C R R x x
N N  

        
                (10.2-1) 

 

albaT SeniSneT, rom (10.2-1) gamosaxuleba TiTqmis (9.8-4)-is identuria. miuxedavad 

amisa, korelaciuri jami Cadgmis d ganzomilebebzea damokidebuli da amitom C-sTan 

Sesabamisi indeqsi gvaqvs damatebuli. garda amisa, Cadgmul sivrceSi viyenebT isrebs 

imis aRsaniSnad, rom x-is mniSvnelobebs vixilavT rogorc veqtorebs. Tu Cadgmis 

sivrceSi veqtorebs wertilis koordinatebad  ganvixilavT, maSin korelaciuri jami  

warmodgenas Segviqmnis wertilTa iseTi wyvilebis fardobiTi raodenobis Sesaxeb,  

romelTa Soris manZili aseT sivrceSi R-s ar aRemateba.  

 veqtorebis aRniSvna odnav damabnevelia, magram vnaxoT, Tu ra igulisxmeba 

maTSi. d-ganzomilebiani veqtori warmoadgens d raodenobis komponentTa 

erTobliobas: 
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2 ( 1)( , , ,..., )
L L Li i i t i t i d tx x x x x   


                  (10.2-2) 

 

sadac tL-s drois intervali ewodeba. igi xi(veqt)-is agebisTvis gamoyenebul 

mimdevrulad arCeul mniSvnelobebs Soris arsebul drois intervals gamosaxavs. 

mogvianebiT tL-is SerCevis xerxebis Sesaxebac  vimsjelebT.  

 ori veqtoris sxvaobis moduli, romelsac  `evklideseul manZilsac~ 

uwodeben, ganisazRvreba Semdegnairad: 

 

1
2

0

( )
L L

d

i j i kt j kt
k

x x x x


 


   
                  (10.2-3) 

 

zogierTi avtori sxvaobis gasazomad `koordinatTa Soris maqsimalur sxvaobas~ 

amjobinebs (gamoTvlisaTvis saWiro drois dazogvis mizniT): 

 

Max
L Li j k i kt j ktx x x x   

 
                   (10.2-4) 

 

Cven Sesabamis komponentebs Soris udides sxvaobas vpoulobT da am sxvaobas or 

veqtors Soris sxvaobis dasadgenad viyenebT. korelaciuri ganzomileba (normirebis 

eqsponenta) erTi SexedviT ar avlens  mgrZnobiare damokidebulebas veqtorTa 

sxvaobis gamoTvlisas gamoyenebuli meTodis mimarT. koordinatebis maqsimalur 

sxvaobas (maqsimum-normas) is upiratesoba aqvs, rom Cadgmis yoveli ganzomilebisTvis 

udidesi sxvaoba erTi da igive iqneba, rac Cadgmis gansxvavebuli ganzomilebebis 

SemTxvevaSi Sedegebis Sedarebis process amartivebs.  

 ukve mzad varT, rom sistemis korelaciuri ganzomileba (normirebis 

eqsponenta) wina Tavis msgavsad davadginoT. Cven mas ganvsazRvravT, rogoc iseT 

Dc(d)-s ricxvs, romelic daakmayofilebs Semdeg pirobas: 

 

( )( ) ( ) cD ddC R kR                            (10.2-5) 
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R-is mniSvnelobebis garkveuli diapazonisTvis, romelsac kvlavac normirebis ares 

vuwodebT. Dc mniSvneloba SesaZloa Cadgmis sivrcis ganzomilebaze iyos 

damokidebuli. 

 

 

naxazi. 10.2. korelaciuri ganzomileba, rogorc Cadgmis ganzomilebis funqcia. 

rodesac Cadgmis ganzomileba mdgomareobaTa sivrcis mimzidvelis ganzomilebas (dsat) 

orjer aRemateba, maSin Dc(d) korelaciuri ganzomileba d-sagan damoukidebeli xdeba. 

mocemul SemTxvevaSi mimzidvelis korelaciuri ganzomileba daaxloebiT 2.1-is 

tolia. 

 praqtikaSi saWiroa Dc(d)-s gamoTvla d=1, 2, 3, pirobebSi da Dc -s 

mniSvnelobebis mrudis ageba d-s funqciis saxiT. Dc izrdeba manam, vidre d sistemis 

mdgomareobaTa sivrcis mimzidvelis ganzomilebis toli ar gaxdeba. d > dsat 

(`gajerebis~ mniSvneloba) pirobebSi Dc d Cadgmis ganzomilebisgan damoukidebeli 

xdeba. amrigad, miviRebT 10.2 saxis grafiks, sadac mimzidvelis korelaciuri 

ganzomileba daaxloebiT 2.1-is tolia. amgvarad, erTi cvladis mniSvnelobaTa 

mixedviT mdgomareobaTa sivrcis mimzidvelis korelaciuri ganzomilebis dadgena 

SegviZlia. am informaciam SesaZloa sistemis dinamikis amsaxveli maTematikuri 

modelebis agebaSi gagviwios daxmareba.  

rodesac korelaciuri ganzomilebis dadgenas Cadgmis ganzomilebis funqciis 

saxiT  vapirebT, normirebis aris zoma da mdebareoba (R-is funqciis saxiT) aseve 

damokidebulia Cadgmis ganzomilebaze. amrigad, xSir SemTxvevaSi Cadgmis 

ganzomilebis yoveli mniSvnelobisTvis normirebis arisa da korelaciuri 

ganzomilebis mniSvnelobis dadgenisTvis lnC(R)-is grafikis ageba gvWirdeba 

(mocemul TavSi gamoviyenebT naturalur logariTmebs, romelTac garkveuli 

upiratesoba gaaCniaT). 
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normirebis aresTan dakavSirebuli problemis magaliTia 10.3 naxazi, romelic 

lojistikuri asaxvis funqciis mniSvnelobebis mixedviT gamoTvlil lnC(R)-is 

grafiks warmogvidgens (A=3.99). sistemis erTganzomilebianobis gamo, korelaciuri 

ganzomileba (normirebis areSi grafikebis daxriT gansazRvruli) Cadgmis nebismieri 

ganzomilebisTvis erTi da igive iqneba. irkveva, rom normirebis aris sigrZec Cadgmis 

ganzomilebaze yofila damokidebuli. amrigad, kuTxuri koeficientis gansazRvrisas 

R -is mniSvnelobebis arCevisas sifrTxile unda gamoviCinoT. Cadgmis ganzomilebasTan 

erTad Dc-s cvlilebis xasiaTis detaluri analizi DGO93a-sa da DGO93b-Sia 

mocemuli. 

 

 

naxazi. 10.3. korelaciuri jamis naturaluri logariTmis grafiki lojistikikuri 

asaxvis funqciis (A = 3.99) mniSvnelobebis mixedviT gamoTvlili Cadgmis sxvadasxva 

ganzomilebebisTvis. SeniSneT, rom normirebis areebSi grafikebis kuTxuri 

koeficienti TiTqmis erTi da igivea, magram Cadgmis ganzomilebasTan erTad 

normirebis aris sigrZe icvleba.  

 

 arsebobs Cadgmis saTanado ganzomilebis SerCevis kidev erTi meTodi. am 

meTods `uaxloesi cru mezoblebi~ ewodeba [Abarbanel, 1996] da misi Sinaarsi 

Semdegia: mdgomareobaTa sivrcis traeqtoriebis ufro mcire ganzomilebian 

`zedapirze~ dagegmilebisas mdgomareobaTa sivrceSi erTimeorisgan didi manZiliT 

daSorebuli traeqtoriis ori wertili sabolood erTimeoris maxloblad 

aRmoCndeba ufro mcireganzomilebian zedapirze. Cadgmis ganzomilebis zrdasTan 

erTad Cadgmis sivrceSi konkretuli wertilis uaxloesi mezoblebis ricxvi 



 473

SeiZleba Semcirdes manam, vidre Cadgmis ganzomileba mimzidvelis geometriis zusti 

gamoxatvis TvalsazrisiT sakmarisad didi ar iqneba.  

 C(d)(R)-dan sxva saxis informaciis miReba SegviZlia. d-s zrdisas 

mosalodnelia C(d)(R)-is Semcireba R - is fiqsirebuli mniSvnelobisaTvis. ratom? 

C(d)(R)-is gamoTvlisas Cven gvainteresebs imis albaToba, rom Cadgmul sivrceSi 

traeqtoriis wertilebs Soris manZili ar aRemateba R-s. d-s zrdasTan erTad 

traeqtoriis segmentebis sigrZesac vzrdiT. Tu davubrundebiT me-9 TavSi K_S 

entropiis Sesaxeb moyvanil msjelobas, gavixsenebT, rom K_S entropia mocemuli 

albaTobis cvlilebis siCqares zomavs. 

 

naxazi. 10.4. _ lnC(d)(R)-is, rogorc  10.3 naxazze moyvanili mniSvnelobebis Cadgmis 

ganzomilebis funqciis,  mrudi. wreebiT aRniSnulia normirebis areSi myofi 

gasaSualebuli wertilebi. wrfis kuTxuri koeficienti K _ S entropiis 

maCvenebelia. aq miRebuli mniSvneloba axlosaa lojistikuri asaxvisTvis 

mosalodnel ln2-is tol mniSvnelobasTan, rodesac A = 4. 

 

 amrigad, mosalodnelia, rom 

 

( ) ( ) LdKtdC R be                          (10.2-6) 

 

sadac K_S kolmogorovis entropiaa, xolo tL ki Cadgmis sivrcis veqtoris 

Tanmimdevrul komponentebs Soris arsebuli drois intervalia. amrigad,  lnC(d)(R)-is 

mrudis meSveobiT SegviZlia K _ S entropiis gansazRvra (rasakvirvelia, R - is 

mniSvnelobas normirebis areebSi d-s yoveli mniSvnelobisTvis virCevT). 10.3 naxazze 

moyvanil mniSvnelobebebis Sesabamis Sedegebs  10.4 naxazi warmogvidgens. kuTxuri 
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koeficienti lojistikuri asaxvisTvis, rodesac   A = 4, K _ S entropiis 

mosalodnel ln2-is tol mniSvnelobasTan (sadac tL = 1) miaxloebulia.  

 Cadgmis meTodiT gamoTvlili korelaciuri jami, rogorc mimzidvelis 

korelaciuri ganzomilebis, aseve dinamikis K _ S entropiis gansazRvris saSualebas 

gvaZlevs. amjerad, fraqtalur ganzomilebasa da liapunovis eqsponentebTan 

dakavSirebul hipoTezebs davubrundeT. 

 

kaplan-iorkis hipoTeza: liapunovis ganzomileba 

 

kaplanma da iorkma ( KAY79) ivaraudes rom mdgomareobaTa (an rekonstruqciis) 

mravalganzomilebian sivrceSi mimzidvelis ganzomileba liapunovis gasaSualebuli 

eqsponentebis meSveobiT SeiZleba ganisazRvros. gavixsenoT, rom  mdgomareobaTa 

sivrcis ganzomilebebis zrdasTan erTad liapunovis eqsponentebis raodenobac 

matulobs. d-ganzomilebiani sivrcis SemTxvevaSi udidesi λ1-dan umcires λd-mde 

liapunovis eqsponentebi ise davalagoT, rom liapunovis eqsponentebis λ1 < λ2> ... > 

λd. speqtri warmoiqmnas, xolo iyos j iseTi udidesi mTeli ricxvi, rom Sesruldes 

piroba: 

λ1+ λ2+ ... + λj > 0.   

(gavixsenoT, rom disipaciuri sistemis Sesabamisi yvela liapunovis eqsponentis jami 

uaryofiTi sidide, xolo hamiltoniseuli sistemisTvis nulis tolia.) 

 maSin liapunovis DL ganzomileba ase ganisazRvreba: 

 

1

1

j

i
i

L
j

D j

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



 
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
                              (10.2-7) 

 

jeqsons [Jackson, 1992, tomi 2, gv. 217-222] (10.2-7) SedegTan dakavSirebiT martivi 

argumenti mohyavs. arsebobs garkveuli Sexeduleba (ix. magaliTad RHO80), rom 

raodenobrivad DL axlosaa rogorc ujredTa mTvlel, aseve korelaciur 

ganzomilebasTan. konstantinma da foiasma (COF85) daamtkices, rom DL ≥ DH 

(hausdorfis ganzomileba). Tavis boloSi moyvanil literaturaSi dawvrilebiTaa 

ganxiluli liapunovis eqsponentebis speqtris gansazRvris meTodebi.  
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10.3 praqtikuli mosazrebebi Cadgmis meTodTan dakavSirebuli gamoTvlebis Sesaxeb 

 

mocemul paragrafSi  ufro dawvrilebiT vimsjelebT winamdebare paragrafSi 

aRweril Cadgmis meTodTan dakavSirebuli zogierTi praqtikuli detalis Sesaxeb. 

aseve SevecdebiT wertilTa raodenobisa da veqtorebis `komponentebs~ Soris 

arsebuli drois intervalis SerCevis zogierTi empiriuli wesis dadgenas. Tu 

gveqneboda eqstremalurad swrafi kompiuteri, monacemTa ganusazRvreli raodenoba 

da uamravi Tavisufali dro, ubralod gamoviyenebT milionobiT mniSvnelobas da 

droiTi intervalebis cvlis meSveobiT gamoTvlas mravaljer gavimeorebT. magram 

praqtikaSi gamoTvlis drosa da miRebuli Sedegebis sizustes Soris kompromisi 

unda moinaxos. 

 vTqvaT, Cvens gankargulebaSia sistemis Sesabamisi konkretuli dinamikuri 

cvladis mniSvnelobaTa droiTi mimdevroba. sazogadod davuSvaT, rom SegviZlia 

vcvaloT mimdevrobis wevrebs Soris arsebuli ts intervali (puankares monakveTis 

kveTis meTodis gamoyenebis SemTxvevaSi ts -s gansazRvravs dinamika. imisaTvis rom 

davrwmundeT, damokidebulia Tu ara Cvens mier miRebuli Sedegebi mdgomareobaTa 

sivrceSi puankares kveTis `mdebareobaze~, saWiroa ramdenime sacdeli nimuSis 

gamoyeneba). 

 sistemis qmedebis fundamenturi droiTi maxasiaTebelia avtokorelaciur 

drod wodebuli intervali, romelic SesaZlebelia ganisazRvros Semdegi 

avtokorelaciuri funqciis meSveobiT:  
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k k n

k

k
k

x x
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x
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                            (10.3-1) 

 

g(n) funqcia axdens mwkrivis  im wevrTa Sedarebas, romlebic erTmaneTisagan drois 

n raodenobis intervaliT arian daSorebuli. Tu isini saSualod 

urTierTkorelaciaSi ar imyofebian, maSin g(n) = 0. Tu mwkrivis wevrTa 

mniSvnelobebi praqtikulad erTi da igivea, maSin g(n) = 1. SemTxveviTi xasiaTis an 

qaosuri  mniSvnelobebis simravleebisTvis avtokorelaciuri funqciis drois 

mixedviT eqsponencialuri klebaa mosalodneli: g(n) = ae-nτ, sadac τ-s 
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avtokorelaciis dro ewodeba. es ukanaskneli did daxmarebas gagviwevs Cadgmis 

sxvadasxva sqemisaTvis  parametrTa SerCevaSi. 

 avtokorelaciuri funqciis gamoTvlisas monacemTa simravlis TiToeul wevrs 

akleben  maT saSualo mniSvnelobas. es niSnavs, rom arakorelirebadi 

mniSvnelobebisTvis g(n) nulisaken miiswrafvis.  

 kontrolis momdevno parametria drois tL intervali, romliTac Cadgmuli 

sivrcis veqtoris komponentebi (magaliTad, (x4, x9, x14, ...))  erTimeorisagan arian 

daSorebuli, cxadia, tL = Lts rodesac L= 1, 2, ..... simravlis droiTi ganvcroba 

iqneba  (d_1)Lts. Tu es ukanaskneli Zalian mcire an Zalian didia, maSin korelaciuri 

jamis normirebis are Zalian mcire iqneba. avtokorelaciur droze orjer an samjer 

meti xangrZlivobis mqone droTi mwkrivis gamoyeneba yvelaze farTo normirebis ares 

iZleva korelaciuri jamisTvis.  

 Cven Tanmimdevrul veqtorebs Soris arsebul drois intervalsac virCevT, 

romelsac naxtomis dros vuwodebT (aRiniSneba tj simboloTi). aucilebelia, rom 

naxtomis dro rac SeiZleba mcire iyos, raTa  mimzidvelis geometriis detalebis 

umravlesobis asaxva SegveZlos. tj sidides xSirad ise virCevT, rom veqtorebi drois 

mixedviT Tanabrad iyvnen ganawilebuli.  

 drois meoTxe tipis intervali, romelsac korelaciur jamSi Semavali 

veqtorebis SedarebisaTvis viyenebT, aris veqtorebs Soris arsebuli drois 

minimaluri intervali. anu, es niSnavs, rom SedarebisTvis mxolod  ix

da 

jx

veqtorebi SegviZlia avirCioT, Tu Sesabamis komponentebs Soris arsebuli drois 

intervali, romelsac Sedarebis tc dros vuwodebT, minimaluria. minimaluri 

intervali `gadaWarbebuli~ korelaciisgan dagvicavs, rac Tavs iCens erTmaneTTan 

metad axlos myofi mniSvnelobebis arCevis SemTxvevaSi (puankares kveTebis 

gamoyenebisas es problema TiTqmis yovelTvis avtomaturad gvardeba). THE86 

ganixilavs problemebs, romlebic Tavs iCens, rodesac  Sedarebis dro metad mcirea  

`avtokorelirebadi~ mniSvnelobebis mqone monacemTa simravlisTvis. am problemis 

mogvarebas avtokorelaciur drosTan SedarebiT didi Sedarebis drois arCevis gziT 

SevZlebT.  

 dabolos,  gvesaWiroeba analizisaTvis gamoyenebadi wertilebis sruli N 

raodenobis SerCeva. cxadia, rac metia es raodenoba, miT ufro zust Sedegebs 
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miviRebT, magram N -is zrdasTan erTad gamoTvlebisaTvis saWiro droc mkveTrad 

matulobs, amitom kompromisuli varianti unda movZebnoT. 

pirvel rigSi vadgenT d-ganzomilebian veqtorTa simravles, romelTagan 

TiToeuls V

 simboloTi aRvniSnavT. rogorc ukve aRvniSneT, tL intervali jeradia 

mimdevrobis or momdevno wevrs Soris arsebuli drois intervalisa: tL = Lts. tj 

sidide aseve ts-is jeradis saxiT moicema: tJ = Jts. rogorc L, aseve J dadebiTi mTeli 

ricxvebia. xn warmoadgens cvladis mniSvnelobas  drois t = nts momentSi. amrigad, 

veqtorTa simravle miiRebs Semdeg saxes: 
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                 (10.3-2) 

 

 Cven mier arCeuli ts-is, tL -is,  tJ -sa da N-is asarCevad gvWirdeba 

mimzidvelis maxasiaTeblebis minimum uxeSi Sefaseba mainc. umetes SemTxvevaSi, am 

amocanis gadaWra TviT monacemTa sakvlevi simravlis mixedviTaa SesaZlebeli. 

upirveles yovlisa, saWiroa ganvsazRvroT drois is intervali, romelic 

traeqtorias mimzidvelis `SemovlisaTvis dasWirdeba~. vinaidan es ukanaskneli 

puankares kveTis mocemul wertilSi or momdevno gavlas Soris arsebuli drois 

intervalis eqvivalenturia, amitom mas tp (`puankares dro~) simboloTi avRniSnavT 

(Tu sakvlevi mniSvnelobebi emTxveva puankares kveTis wertilebs, maSin ts = tp). 

Semdeg unda SevafasoT mimzidvelis `zoma~.  es ukanaskneli aRvniSnoT A simboloTi. 

maSin d-ganzomilebian Cadgmul sivrceSi mimzidvelis mier dakavebuli `moculoba~, 

rodesac d < Dc,  praqtikulad mimzidvelis korelaciuri Ad ganzomilebis toli 

iqneba (d > Dc SemTxvevaSi mimzidvelis moculobaa Dc). dabolos, avtokorelaciuri 

droisa da axlomdebare traeqtoriebis wertilebis divergenciis xarisxis dadgenac 

gvesaWiroeba (ukanaskneli problemis gadaWra monacemTa sakvlevis simravlis 

Sesabamisi) liapunovis eqsponentebis meSveobiT aris  SesaZlebeli).  

 mimzidvelis maxasiaTeblebis aqamde moyvanil SefasebebTan erTad sakvlevi 

mniSvnelobebis sizustec unda gaviTvaliswinoT, romelsac CawerisaTvis gamoyenebuli 

orobiTi bitebis raodenobis mixedviT vadgenT. eqsperimentulad am cifris 
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gansazRvra SeiZleba kompiuteris analogur-cifruli gardamqmnelis  meSveobiT. Tu 

Cven winaSea raime gantolebebis kompiuteruli amoxsnis gziT miRebuli 

mniSvnelobebi, maSin bitebis raodenobas programuli uzrunvelyofa gansazRvravs 

(tipiur eqsperimentebSi mniSvnelobebi 8-bitiani sistemis meSveobiT aris Cawerili. 

maRali sizustis gazomvebisTvis ki 14 an 16-bitian Tanrigebsac  iyeneben. 

 Cadgmis meTodis gamoyenebis arsi mimzidvelis daxasiaTebisas saWiro 

raodenobiT monacemTa gamoyenebasa da amavdroulad cru-korelaciebis Tavidan 

acilebis mizniT drois intervalisa da naxtomis drois SerCevaSi mdgomareobs. Cven 

monacemTa iseTi raodenoba gvesaWiroeba, romelic d-ganzomilebian Cadgmul sivrceSi 

TiToeuli veqtoris siaxloves korelaciuri jamis zusti SefasebisTvis saWiro 

veqtorebis sakmarisi raodenoba gvqondes.  

 

naxazi. 10.5. veqtorebis sqematuri gamosaxuleba 

samganzomilebian sivrceSi. Tu veqtoris 

komponentebs Soris gansxvaveba Zalze mcirea, maSin 

igi koordinatTa saTavis mimarT daaxloebiT 450-

iani kuTxiT aris mimarTuli. 

 

 Tavdapirvelad ganvixiloT drois SerCevis 

sakiTxi. mimdevrobis `mezobel~ wevrebs Soris itervali mimzidvelis `garSemovlis~ 

tp droze naklebi unda iyos. am SemTxvevaSi monacemTa Sesabamisi wertilebi 

mimzidvelis TiTqmis yvela midamoSi moxvdebian.  

ra SegviZlia vTqvaT veqtoris mimdevrobiT komponentebs Soris  tL intervalis 

SerCevis Sesaxeb? sasurvelia didi intervalis SerCeva, raTa es komponentebi 

wrfivad damoukidebeli iyvnen. damoukideblobisTvis saWiro dro liapunovis λ 

(dadebiTi) eqsponentis Sebrunebuli sididea. empiriuli wesis Tanaxmad, zemoT 

xsenebul intervals ise virCevT, rom drois sruli (d_1)tL  intervali aRematebodes 

3λ-1 sidides (zogierTi sistemis SemTxvevaSi avtokorelaciuri τ dro igivea rac λ-1). 

Tu SerCevas imgvarad movaxdenT, rom (d_1)tL  < λ-1, maSin 10.5 naxazis Tanaxmad, 

veqtorebs `450-iani monakveTis~ garSemo dagrovebis tendencia aqvT, radganac maTi 

yvela komponentis ricxviTi mniSvnelobebi praqtikulad erTnairia. am SemTxvevaSi 

veqtorebi mdgomareobaTa sawyis sivrceSi mimzidvelis geometrias saTanadod ver  

asaxaven (Tu warmovidgenT, rom gvaqvs didi raodenobisa da usasrulod maRali 
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sizustis mqone monacemTa simravle, am veqtorebidan kvlav korelaciur 

ganzomilebebs SevarCevT. praqtikulad ki eqsperimentuli xmauris an kompiuteruli 

damrgvalebis fonze SesaZloa faqizi struqtura ikargebodes). intervalis 

SerCevasTan dakavSirebuli kvlevebis detaluri analizi ixileT RCD94-Si.  

 rac Seexeba tJ  sidides, igi  imdenad mcire unda iyos, rom SevZloT 

mimzidvelis garSemo traeqtoriis `moZraobis marTva~. Tu tJ -s Zalian SevamcirebT, 

aRmoCndeba, rom monacemTa Sesabamis wertilTa saWiro sruli raodenoba Zalian didi 

gaxdeba. amasTan, Tu tJ daaxloebiT avtokorelaciuri  drois tolia, maSin veqtorTa 

Sedareba informacias praqtikulad ver mogvcems, radgan isini TiTqmis identurni 

arian. amrigad, tJ -s avtokorelaciur drosTan SedarebiT ramdenjerme dids virCevT.  

 rogor virCevT monacemTa Sesabamis wertilTa srul raodenobas? zemoT 

aRniSnulis Tanaxmad, mimzidvelis safuZvliani daxasiaTebisTvis TiToeuli veqtoris 

siaxloves veqtorTa sakmarisad didi raodenoba gvesaWiroeba. wertilebis 

raodenobis dadgenas Semdegi gziT SevZlebT: d-ganzomilebiani Cadgmuli sivrciTvis 

mimzidvelis moculoba TiTqmis Ad-s toli iqneba. M veqtorebis mTlianad gamoyenebis 

SemTxvevaSi Cadgmuli sivrcis moculobis erTeulze m = M/Ad raodenobis veqtori 

(an traeqtoriis wertilebi) mova. traeqtoriis mocemuli wertilis garSemo 

Semoweril R radiusis mqone sferoSi saSualod mosalodnelia Rd = (R/A)dM 

raodenobis traeqtoriis sxva wertilebis moxvedra. Tu mniSvnelobebi b Tanrigis 

bitis mixedviT gvaqvs aRebuli, maSin korelaciur jamSi gamoyenebuli  umciresi 

sasurveli R-is mniSvneloba iqneba Rmin = A/2b (cifrul damrgvalebasTan 

dakavSirebuli efeqtebisgan Tavis dazRvevis mizniT, odnav didi, magaliTad Rmin = 

A/(2b_2) mniSvneloba unda gamoviyenoT.) amjerad davuSvaT, rom korelaciuri jamis 

SefasebisTvis, erTimeoris maxloblad ganlagebuli N raodenobis wertilebi 

dagvWirdeba. amitom virCevT iseT M-s, romelic daakmayofilebs Semdeg tolobas: 

 

min
2

1

2

d d

b

R
N M M

A 
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                  (10.3-3) 

 

magaliTad, N=2 (erTimeoris  maxloblad ganlagebuli ori wertili), b = 8 da d = 

3 mniSvnelobebisaTvis miviRebT, rom saWiroa Sesruldes piroba M=524,288. amrigad, 

zomier SemTxvevaSic ki sakmaod bevri wertili gvesaWiroeba. problemas qmnis is 
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garemoebac, rom Cadgmuli sivrcis ganzomilebis zrdasTan erTad kvlevisaTvis 

saWiro wertilTa raodenoba eqsponencialurad izrdeba.  

 wertilTa raodenobis SerCevis kidev erTi SesaZlebeli meTodi M-is iqamde 

gazrdaa, vidre mocemuli traeqtoriis siaxloves monacemTa Sesabamisi imdenive 

wertili ar gveqneba, ramdenic TviT traeqtoriazea. am SemTxvevaSi mimzidvelis 

geometriuli maxasiaTeblebis gamoTvlas maRali sizustiT SevZlebT (detalebisTvis 

ixileT AMS88).  

 ganzomilebebis, entropiisa da a.S. gamoTvlisTvis sasurvelia rac SeiZleba 

meti raodenobis wertilebi gvqondes. magram realurad es raodenoba SeiZleba 

SeizRudos rogorc xelsawyos mier monacemTa dafiqsirebis zRvruli unariT 

(magaliTad, zogierT cifrul  osciloskops mxolod 1000 an 2000 mimdevrobiTi 

monacemis Cawera SeuZlia), ise gamoTvlebisaTvis saWiro drois sididiT. xSirad 

gvsurs vnaxoT, Tu rogor icvleba korelaciuri ganzomileba parametris 

cvlilebasTan erTad. saavadmyofoebSi pacientis statusis  realuri drois met-

naklebi kontrolisTvis sasurvelia, rom eleqtro-kardiogramis signalis 

raodenobrivi maxasiaTebeli gamoviyenoT. aseT SemTxvevebSi sizustesa da gamoTvlis 

dros  Soris garkveuli kompromisi unda movZebnoT. praqtikaSi ramdenime aTasi 

wertilisgan Semdgari mniSvnelobebi mcireganzomilebiani sistemebis dinamikis 

amsaxveli korelaciuri ganzomilebis (AAD86) `safuZvliani~ SefasebisTvis 

praqtikulad sakmarisia. Tu Tqven winaSea didi ganzomilebis mqone sistema 

(Tavisuflebis mravali moqmedi xarisxi), korelaciuri jamis normalizacia 

deterministul qaossa da SemTxveviT xmaurs Soris gansxvavebis dadgenaSi 

dagexmarebaT (BHM93). 

 rodesac sistema gare perioduli Zalis mier imarTeba, maSin es ukanaskneli 

gansazRvravs sistemis dinamikas. aseT SemTxvevaSi avarCevT gareSe Zalis romelime 

fazis Sesabamis konkretul cvlads puankares kveTis Seqmnis mizniT. am dros ts 

sidide gare Zalis periods warmoadgens da  tolia puankares droisa. 

mizanSewonilia, rom veqtoris komponentebs Soris arsebuli intervali da  

naxtomis dro Tamimdevrul veqtorebs Soris ts -is toli iyos. miRebuli Sedegebis 

fazaze damokidebulebis saCveneblad saWiroa analizis Catareba gansxvavebuli 

fazebisaTvis. gansxvavebuli fazebi puankares kveTas mimzidvelis sxvadasxva nawilSi 

ganaTavsebs da korelaciuri ganzomileba mimzidvelis nebismier wertilSi, 

sazogadod, erTi da igive ar iqneba.    
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daskvnebi Cadgmis meTodis gamoyenebis Sesaxeb 

 

1. erTi cvladis mniSvnelobaTa simravlis mixedviT vadgenT Semdeg sidideebs: A 

(mimzidvelis zoma), λ (liapunovis udidesi dadebiTi eqsponenti), τ 

(avtokorelaciuri dro) da tp (puankares intervali). 

2. SevarCevT ts intervals, romelic unda akmayofilebdes pirobas ts << tp. 

(puankares kveTis wertilebis SemTxvevaSi ts = tp. ix. paragrafi 6.) 

3. varCevT tL sidides (intervali Cadgmuli sivrcis veqtoris Tanmimdevrul 

komponentebs Soris) ise, rom (d_1)tL  intervali daxloebiT samjer aRematebodes 

λ-1 sidides an avtokorelaciur τ dros. 

4. SevarCioT tJ sidide (intervali Tanmimdevrul veqtorTa Soris) imdenad mcire, 

rom SesaZlebeli iyos mimzidvelis faqiz struqturaze  dakvirveba (puankares 

kveTis wertilTaTvis tJ = tp.) 

5. SearCieT sakvlev wertilTa sruli raodenoba imgvarad, rom dakmayofildes 

(10.3-3) piroba. 

6. SeamowmeT Tqven mier miRebuli Sedegebi wertilebis sxvadasxva raodenobis 

SemTxvevaSi. Tu puankares kveTis wertilebs iyenebT, gaimeoreT gamoTvlebi 

mdgomareobaTa sivrceSi puankares kveTis sxvadasxva mdebareobebisTvis. es 

procesi did dros moiTxovs, magram aucilebelia moxdes miRebul SedegebTan 

dakavSirebuli cdomilebebis Sefaseba. 

 

7. SeamowmeT Tqven mier miRebuli Sedegebi mniSvnelobaTa modificirebuli 

simravlis analizis meSveobiT. es meTodi iyenebs surogatul (“Semcvleli”)  

mniSvnelobebs (TEL92, PRT94, SCS96, [Abarbanel, 1996], CAR97), romelTa 

misaRebad jer sawyis mniSvnelobaTa mimarT furies gardaqmnis gamoyeneba 

xdeba, Semdeg  vasaSualoebT fazebs da bolos furies Sebrunebuli gardaqmnis 

meSveobiT vRebulobT saZiebel surogatul mniSvnelobebs.  

 

gaecaniT Tavis boloSi moyvanil literaturas, sadac moyvanilia Cadgmis 

meTodis meSveobiT warmarTuli ramdenime eqsperimentis aRwera. gamoiyeneT es 
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Sedegebi Tqveni monacemebis kvlevisas. gansakuTrebuli yuradReba miaqcieT JBT94-

s.  

 

10.4 ganzogadebuli ganzomilebebi da  korelaciuri jamebi 

 

me-9 TavSi aRvwereT mdgomareobaTa sivrcis mimzidvelis `ganzomilebis~ 

sxvadasxva tipi. yoveli maTgani gasaSualoebulia  mTlian mimzidvelze da, 

cxadia, lokaluri geometriis Sesaxeb srul informacias ver mogvcems. am 

paragrafSi Cven e.w. ganzogadebuli ganzomilebebis simravles warmogidgenT, 

romlebic mimzidvelis geometriasTan dakavSirebiT ufro dawvrilebiT 

informaciis warmogvidgenen.  

  ganzogadebuli ganzomilebebis Semotanis mizezis sailustraciod 

ganvixiloT raime sididis (magaliTad, ojaxis Semosavlis) ori statistikuri 

ganawileba. or sxvadasxva sazogadoebas SeiZleba erTi da igive saSualo 

Semosavali aRmoaCndes, magram 10.6 naxazis Tanaxmad, am Semosavals gansxvavebulad 

anawilebdes.  

  ra saxis sazomiT SeiZleba ganvasxvavoT es ganawilebebi? cxadia, rom 

orive ganawilebis detaluri codnisas, ubralod ganvsazRvravT ganawilebaTa 

maxasiaTeblebs da vadgenT maT Soris arsebul gansxvavebebs. statistikaSi 

gansakuTrebiT mniSvnelovania  e.w. ganawilebis momentebis gamoTvla. ganawilebis 

q rigis momenti ganisazRvreba Semdegnairad: 

 

1
1

1
( )

Ndef
q

q
i

M x x
N 

                       (10.4-1) 

 

sadac <x>, rogorc wesi, x sididis saSualo mniSvnelobaa. sxvadasxva rigis 

momentebi or ganawilebas Soris arsebuli sxvaobis raodenobrivi gansazRvris 

saSualebas gvaZlevs. M2 CvenTvis kargad cnobili saSualo kvadratuli 

cdomilebaa. 10.6 naxazze vxedavT, rom figvilis mniSvnelobebis kvadratuli 

cdomileba  mcirea sami qalaqis SemTxvevasTan SedarebiT.  

  mimzidvelis geometriis daxasiaTebisTvis imave sqemis gamoyenebaa 

SesaZlebeli. CavataroT me-9 TavSi ujredTa mTvleli ganzomilebisTvis 

gamoyenebuli proceduris msgavsi procedura. davuSvaT, rom mimzidvelze 
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SevarCieT N raodenobis wertili. mdgomareobaTa sivrcis mimzidvelis ares  

davyofT R zomis ujredebad, romelTac i=1, 2, 3,... N(R) simboloebiT 

gadavnomravT. zogadad, NN(R). hamiltoniseuli sistemisTvis  viyenebT 

mdgomareobaTa sivrcis yvela ares, sadac traeqtoria `stumrobs~.  

 

 

naxazi. 10.6 

 Ni -iT aRvniSnoT i -uri ujredSi Semavali traeqtoriis wertilTa raodenoba. 

pi warmoadgens am wertilTa fardobiT raodenobas: pi =Ni/N. Dq (ujredTa 

mTvleli) ganzogadebuli ganzomileba Semdegnairad ganisazRvreba: 

 

( )

1

0

In
1

lim
1 In

N R
q

i
i

q R

P
D

q R








                      (10.4-2) 

 

SeniSneT, rom Dq ganzogadebuli ganzomileba q rigis xarisxSi ayvanil 

albaTobebs moicavs (me-9 TavSi aRvniSneT, R_>0 zRvarze gadasvlas ver 

vaxerxebT. sanacvlod, viyenebT (10.4-2) gamoaxulebis mniSvnelis grafikis kuTxur 

koeficients). q = 0 mniSvnelobisTvis gveqneba: 

 

0 0

In ( )
lim

InR

N R
D

R
                          (10.4-3) 

 

miviReT (9.7-3) gamosaxuleba, amitom D0 igivea, rac ujredTa mTvleli 

ganzomileba. 
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davadginoT am ganzomilebaTa zogierTi saerTo maxasiaTebeli. rodesac q_>∞, 

albaTobis udidesi pmax mniSvneloba ajamvisas dominirebs da gveqneba: 

 

max

0

In
lim

InR

p
D

R 
                          (10.4-4) 

 

analogiurad, rodesac q_>_∞, miviRebT: 

 

min

0

In  
lim

In R

p
D

R 
                          (10.4-5) 

 

amrigad, D∞ mimzidvelis yvelaze mWidrod `aTvisebul~ aresTan, xolo D-∞  

yvelaze `ukacriel~ aresTan aris asocirebuli. 

 SegviZlia vaCvenoT, rom  D-∞≥ D∞ da sazogadod Dq≥ Dq'  rodesac q < q'. yvela 

ujredisTvis toli albaTobebis mqone avtomodeluri fraqtalisTvis pi = 1/N(R) 

da nebismieri q –sTvis gveqneba Dq = D0.  

 

amocana 10.4-1. gamoiyeneT (10.4-2) da aCveneT, rom avtomodeluri fraqtalis 

SemTxvevaSi Dq = D0 nebismieri q -Tvis. 

 

amjerad davubrundeT q=1 SemTxvevas, romelic garkveul maTematikur 

Zalisxmevas moiTxovs, radgan q_1=0 da am garemoebam (10.4-2)-Si SesaZloa 

problemebi Segviqmnas nulze gayofis TvalsazrisiT. gamosavali axali y(q) 

funqciis SemoRebaSi mdgomareobs: 

 

( )

1

( ) In 
N Rdef

q
i

i

y q p


                          (10.4-6) 

 

Semdeg y(q)-s warmovadgenT teiloris mwkrivis meSveobiT q=1 wertilis midamoSi: 

 

( ) (1) ( 1) ...
dy

y q y q
dq

                     (10.4-7) 
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 Semdeg gansazRvravT pirveli rigis warmoebuls: 

 

In
In

q
i i

i
i iq

ii
i

p p
dy

p p
dq p

 



                     (10.4-8) 

sadac viyenebT gawarmoebis elementalur formulas: 

 

In
x

xda
a a

dx
                             (10.4-9) 

 

zemoT moyvanili Sedegebis safuZvelze,  rodesac q_>1, miviRebT: 

 

1 0 1 0

In In
1

lim lim lim
1 In In

i i i i
i i

R q R

p p p p
q

D
q R R  


 



 
              (10.4-10) 

 

D1 sidides informaciuli ganzomileba ewodeba, radgan igi albaTobis simkvrivis 

`informaciis~ Cveulebriv gansazRvrebasTan asocirebul p ln p formas iyenebs.  

 vaCvenoT, rom D2 korelaciuri ganzomilebaa. amisaTvis ganvixiloT albaTobaTa 

Semdegi jami: 

 

( )

1

( )
N R

q
q i

i

S R p


                        (10.4-11) 

 

gavixsenoT, rom (10.4-11)-Si ajamva mdgomareobaTa sivrcis mimzidvelis zedapirze 

erTgvarovnad ganawilebuli N(R) ujredebis mixedviT xdeba. CavweroT jami 

traeqtoriis wertilebis mimarT centrirebuli ujredebis mixedviT (gaixseneT, 

rom aseT ujredebs korelaciuri jamis gamoTvlisas viyenebdiT). Tavdapirvelad, 

albaTobis jams xelaxla SevadgenT: 

 

( )
1

1

( )
N R

q
q i i

i

S R p p 



                       (10.4-12) 
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SeniSneT, rom Tu sinamdvileSi traeqtoria i-ur ujreds ar `akiTxavs~, maSin pi 

albaToba nulis tolia. amitom i -ze gavrcelebuli jami sinamdvileSi 

traeqtoriis mier `monaxulebuli~ 

  

 ujredebis mixedviTaa aRebuli. amasTan, pi mamravls 1/NN saxiT CavwerT, sadac N 

traeqtoriis wertilTa raodenobaa. aqedan gamomdinare, ajamvas (j da k indeqsebiT 

aRniSnul) traeqtoriis wertilebze vavrcelebT da traeqtoriis TiToeul 

wertils sakuTari 1/NNwvlili Seaqvs albaTobaSi. Tumca, albaTobis sxva 

mamravlisaTvis (romelic q _1 xarisxSia ayvanili) 1/N gamosaxulebas ar 

gamoviyenebT. sabolood, (10.4-12)-Si 
1q

ip  albaTobas q _1 xarisxSi ayvanili 

hevisaidis funqciiT vcvliT: 

 

1

1

1,

1
( )

1

q
N

q
j j k

k k j

p R x x
N





 

 
     

               (10.4-13) 

 

Sedegad miviRebT: 

 

 
1

1 1,

1 1
( )

1

q
N N

q j k
j k k j

S R R x x
N N



  

 
     

             (10.4-14) 

 

ganzogadebul korelaciur Cq(R) jams ganvsazRvravT Semdegnairad: 

 

  
1

1

1 1 1,

1 1
( )

1

q
N N N

q
q j j j k

j j k k j

C R p p R x x
N N





   

 
      
          (10.4-15) 

 

SeniSneT, rom q = 1 SemTxvevaSi C2(R) sidide C1 = 1 da q = 2 mniSvnelobisTvis 

(9.8-4)-iT warmodgenil korelaciur jams  mogvagonebs. aqedan gamomdinare,  Cq da 

Sq jamebi, met-naklebad, erTimeores Caanacvlebs. isini erTmaneTisagan gansxvavdeba, 

radgan Sq sidide ujredSi gavlis albaTobas, xolo Cq traeqtoriis wertilebs 

Soris arsebul korelacias emyareba. Cven mxolod moviTxovT, rom R -ze maTi 

damokidebuleba erTi da igive iyos.  
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 (10.4-14) gamosaxulebis (10.4-2)-Si Casma ganzogadebul Dq ganzomilebas 

gamosaxavs ganzogadebuli korelaciuri jamis meSveobiT:  

 

0

In ( )1
lim

1 In
q

q R

C R
D

q R



                      (10.4-16) 

 

amrigad, D2 = Dc.  

amocana 10.4-2. SeamowmeT, rom C1 = 1 da rom C2 igivea, rac me-9 TavSi moyvanili 

korelaciuri jami.  

 

 aRsaniSnavia sami momenti: 1) eqsperimentuli mniSvnelobebis mixedviT Dq -s 

gamoTvla ujredTa Tvlis meTodze metad ganzogadebul korelaciur jams 

saWiroebs. 2) Dq ganzomilebis gamoTvlisas  1/(q_1)lnCq(R) sidides  lnR -is 

funqciis saxiT warmovadgenT da SeviswavliT normirebis ares; 3) maRali 

ganzomilebis mqone mdgomareobis sivrcis SemTxvevaSi Dq sididis 

gansazRvrisaTvis 10.2 paragrafSi warmodgenili Cadgmis meTodi SegviZlia 

gamoviyenoT. formalurad (10.4-15) gamosaxulebaSi xj-sa da xk- s maTi Sesabamisi 

d-ganzomilebiani veqtorebiT vcvliT. aris amgvari ganvrcoba 10.6 paragrafSi 

iqneba ganvixiluli. 

 

10.5 multifraqtalebi da normirebis indeqsebis f(α) speqtri 

 

wina paragrafis Tanaxmad, mimzidvelis sxvadasxva nawilebi gansxvavebuli 

fraqtaluri ganzomilebebis meSveobiT SegviZlia davaxasiaToT. aseT SemTxvevaSi 

fraqtaluri ganzomilebis calkeuli mniSvneloba mimzidvelis adekvaturi 

daxasiaTebisaTvis sakmarisi ar aris. magaliTad, or sxvadasxva mimzidvels 

SeiZleba erTi da igive, magram `garegnuli~ TvalsazrisiT metad gansxvavebuli 

korelaciuri ganzomileba gaaCndes. fraqtaluri ganzomilebebis mravalgvarobiT 

gamorCeul obieqts multifraqtali ewodeba. konkretuli obieqti SegviZlia 

warmovadginoT, rogorc sakuTari fraqtaluri ganzomilebis mqone fraqtaluri 

obieqtebis erToblioba. fraqtalebis zogierTi gamoyeneba aRwerili iqneba me-11 

TavSi.  
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 ibadeba bunebrivi kiTxva: ramden `ares~ gaaCnia fraqtaluri ganzomilebis 

sakuTari mniSvneloba an mniSvnelobaTa simravle? am kiTxvaze pasuxis gasacemad 

arsebobs Zalzed mniSvnelovani, oRond abstraqtuli sqema. igi gvTavazobs 

ganawilebis f(α) funqcias, romelic gvaZlevs α `normirebis eqsponentebis~  

ganawilebas (ar agverios feigenbaumis α -Si). 

 kvlav davyoT mdgomareobaTa sivrcis mimzidveli R zomis mqone i (i = 1, 2, ..., 

N(R)) indeqsebiT aRniSnul ujredebad. adrindelis msgavsad, traeqtorias didi 

xnis ganmavlobaSi `vakvirdebiT~ da Semdeg vpoulobT albaTobas imisa, rom 

traeqtoriis wertilebi i -ur ujredSi aRmoCndes. es albaTobaa pi(R) = Ni/N, 

sadac Ni i -ur ujredSi mdebare traeqtoriis wertilebis raodenobaa, xolo N 

traeqtoriis wertilebis sruli raodenoba. Tu geometriul obieqts vikvlevT, 

mas R zomis mqone ujredebiT vfaravT da vakvirdebiT,  misi masis ra nawili 

aRmoCndeba i ujredis SigniT. 

 davuSvaT, rom sruldeba normirebis Semdegi damokidebuleba: 

 

( ) i
i i ip R kR                          (10.5-1) 

 

sadac k proporciulobis mudmivaa, xolo R i -uri ujredis zomaa. αi -s i 

ujredis normirebis indeqsi ewodeba. R -is SemcirebasTan erTad ujredebis N(R) 

raodenobas vzrdiT da vsvamT kiTxvas: ra raodenobis ujredi arsebobs, romelsac 

gaaCnia α-sa da α + dα Soris arsebul diapazonSi myofi normirebis indeqsi? es 

raodenoba n(α)dα simbolos meSveobiT aRvniSnoT. 

 maxasiaTebeli f(α) eqsponenta formalurad Semdegnairad ganisazRvreba: 

 

( )( ) fn KR                          (10.5-2) 

 

sadac  n  udris im ujredebis raodenobas, romelTaTvisac α sidide  α-sa da α 

+ dα Soris imyofeba.  me-9 TavSi moyvanili msjelobis mixedviT, f(α) asrulebs 

fraqtaluri ganzomilebis rols. f(α)-s interpretacia SegviZlia α normirebis 

indeqsis mqone wertilebis simravlis fraqtaluri ganzomilebis meSveobiT.  

 Tu f(α)-s funqciis grafiks avagebT, multifraqtalisTvis 10.7 naxazze 

warmodgenilis msgavs mruds miviRebT. f(α)-s maqsimaluri mniSvneloba sxeulis 
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(saSualo) ujredTa mTvlel ganzomilebas Seesabameba. WeSmaritad erT-

ganzomilebiani mimzidvelisTvis, rogoricaa lojistikuri asaxvis mimzidveli, 

periodis gaormagebis zRvrul wertilSi unda velodeT f(α)-s erTze mcire 

mniSvnelobas, rodesac viciT, rom mimzidveli fraqtalia. henonis tipis 

organzomilebiani asaxvebisaTvis  f(α)-s 2-ze mcire mniSvnelobas unda velodeT.  

 

 

 

naxazi. 10.7. f(α)-s grafiki ormasStabiani kantoris (multifraqtaluri) 

simravlisTvis. (ix. nax. 10.8 da (10.5-4) amocanaSi moyvanili teqsti. f(α) -s 

maqsimaluri mniSvneloba simravlis Sesabamis ujredTa mTvleli (saSualo) 

ganzomilebis tolia. aq p1=0.7, L1= 0.2, p2= 0.3 da L2= 0.35. 

 

10.7 naxazze moyvanil konkretul SemTxvevas zogierTi formalobis SemoRebis 

Semdeg ufro detalurad gavarCevT. 

 wina TavSi warmodgenili ganzogadebuli ganzomilebebi da f(α) sidide aRwers 

multifraqtalTa Tvisebebs. logikurad am sidideebs Soris kavSirs unda 

velodeT. f(α)-s Tavdapirvelad ganzogadebuli ganzomilebebis dadgenis, xolo 

Semdeg qvemoT aRweril moqmedebis Catarebis meSveobiT vpoulobT. 

   f(α) -sa da Dq -s Soris kavSiri yvelaze martivad (10.4-11)-Si moyvanili  

 

( )

1

( )
N R

q
q i

i

S R p


                            (10.5-3)  

 

albaTobaTa jamis meSveobiT dgindeba, sadac ajamva i indeqsiT aRniSnuli 

ujredebis mixedviTaa Catarebuli.  Sq(R)-s, statistikur meqanikaSi gamoyenebuli 

dayofis funqciebis msgavsad, zogjer q rigis statistikur jams uwodeben. 
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 f(α)-sTan kavSiris dasamyareblad albaTobebs α-s meSveobiT CavwerT da 

statistikuri jamis misaRebad integrals aviRebT α -s mimarT: 

 

( )
4 ( ) f qS R C d R R                         (10.5-4)  

 

sadac C proporciulobis koeficientia. integralqveSa gamosaxulebis pirveli 

mamravli gvauwyebs, Tu ramden ujreds gaaCnia normirebis α indeqsi. meore 

mamravli α indeqsTan dakavSirebuli albaTobis q rigis xarisxs warmoadgens. 

 Tu davuSvebT, rom R usasrulod mcirea, maSin integralqveSa gamosaxulebis 

ricxviTi mniSvneloba maqsimaluria, rodesac R -is xarisxi, kerZod qα _ f(α), 

umciresia. es niSnavs, rom q-s TiToeuli mniSvnelobisTvis iarsebebs α -s iseTi 

α*(q) mniSvneloba, romelisTvisac SegviZlia davweroT: 

 

2

2

( ( )) 0

( ( )) 0

d
q f

d

d
q f

d

 

 

 


 










    

 
  

 

                   (10.5-5) 

 

pirveli gantolebidan gamomdinareobs, rom: 

 

( )df
q

d  






                        (10.5-6) 

 

saidanac vpoulobT, rom f(α) mrudis kuTxuri koeficienti  q=1 mniSvnelobis 

Sesabamisi α-saTvis erTis tolia. garda amisa, 

 

2

2

( )
0

d f

d  






                       (10.5-7) 

  

saidanac vadgenT, rom f(α) mrudi Cazneqilia.  

 davubrundeT integralis gansazRvris sakiTxs. martivi gardaqmnebis gziT 

miviRebT: 
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( )( ) ' q f
qS R C R                           (10.5-8) 

 

Tu gavixsenebT Dq -s (10.4-2)mniSvnelobas da SevadarebT mas (10.5-3) da (10.5-8) 

gamosaxulebebs, gveqneba: 

 

( 1) ( )qq D q f                         (10.5-9) 

 

sadac α cvlads movacileT * simbolo.  

 

   amocana 10.5-1. gamoiyvaneT (10.5-9) formula. 

 

 praqtikaSi, modelirebuli dinamikuri sistemis Sesabamisi traeqtoriis an 

raime eqsperimentiT miRebuli mniSvnelobebisTvis vadgenT Dq sidides 10.4 

paragafSi aRwerili meTodebis meSveobiT. Semdeg TiToeuli q-s Sesabamisi α da 

f(α) mniSvnelobebis gansazRvris mizniT Tavdapirvelad (10.5-9)-s vawarmoebT q –s 

mimarT:  

 

[( 1) ]q

d d df d
q D q

dq dq d dq

 


                 (10.5-10) 

 

rac (10.5-6)-Tan erTobliobaSi gvaZlevs α -s mniSvnelobas : 

 

                            ( ) [( 1) ]q

d
q q D

dq
                        (10.5-11) 

 

Semdeg (10.5-9) gantolebas xsniT f(α)-s mimarT: 

 

( ) [( 1) ] ( 1)q q

d
f q q D q D

dq
                       (10.5-12) 
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sabolood, Dq -s dadgenisa da (10.5-11)-(10.5-12) gamosaxulebis meSveobiT  f(α)-sa 

da  α -s gamoTvlasac SevZlebT. q da Dq cvladebis α -sa da  f(α)-Si garadaqmna 

TermodinamikaSi xSirad gamoyenebuli leJandris gardaqmnis magaliTia. ixileT 

magaliTad [Morse, 1964] an [Chandler, 1987]. 

 rodesac f(α) da α gansazRvrulia  Dq sidideebis meSveobiT, ratom vawydebiT 

damatebiT gamoTvliT problemebs? pirvel rigSi arsebobs f(α) mrudis sxvadasxva 

aspeqtebis SedarebiT martivi interpretacia da garda amisa, es mrudi zogierT 

universalur Tvisebas  amJRavnebs.  

 f(α)-s arsis gaazrebis mizniT, Tavdapirvelad gamovTvaloT es raodenoba 

albaTobis ganawilebis meSveobiT. amisaTvis mivmarToT (10.5-1) gamosaxulebas. 

davuSvaT, x-sTvis 0-sa da 1-s Soris albaTobis simkvrivis ganawilebis funqcia 

mocemulia Semdegi saxiT: 

 

1/2( )x kx                          (10.5-13)  

 

sadac k proporciulobis koeficientia. R (R<<1) sigrZis mqone monakveTis 

farglebSi nawilakis povnis albaToba mocemulia Semdegi integralis meSveobiT: 

 

0

0

( ) ( )
x R

x

p R x dx


                     (10.5-14)  

   romelic gvaZlevs: 

1/2
0

0

( ) for 0

( ) for 0

p R kR x

p R kR x

 

 
                 (10.5-15) 

 

rodesac mxolod erT (x0=0) wertils gaaCnia α = 1/2 normirebis indeqsi, 

Sesabamisi fraqtaluri ganzomileba iqneba f(α = 1/2)=0. meore mxriv, x 

mniSvnelobebis uwyvet, erTganzomilebian segments gaaCnia f(α) = 1 mniSvnelobis 

Sesabamisi fraqtaluri ganzomilebis mqone normirebis α = 1 indeqsi.  

 

ganzogadebuli statistikuri jamebi da f(α) sidide kantoris awonili da 

asimetriuli simravleebisaTvis  
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rekursiuli procedurebis meSveobiT gansazRvruli sxvadasxva fraqtalisTvis 

sasurvelia ganzogadebuli statistikuri jamebis gansazRvra, romlebic 

ujredebis cvladi zomis efeqtebsac moicaven. ganzogadebuli statistikuri jami 

ganisazRvreba Semdegnairad: 

 

( , )
q
i

i i

p
q

R                        (10.5-16) 

 

q -s fiqsirebuli mniSvnelobisaTvis τ parametri isea arCeuli, rom Sesruldes 

piroba Γ(q,τ) =1. τ parametris arsi cxadi gaxdeba, Tu gamovTvliT Γ sidides Ri 

= R Tanabari zomis ujredebis SemTxvevaSi. (10.5-16) gamosaxulebis orive mxaris 

galogariTmebiT miviRebT: 

 

In

In R

q
i

i

p
 


                       (10.5-17) 

 

am ukanasknelis (10.5-16)-Tan Sedareba mogvcems: 

 

( 1) qq D                            (10.5-18) 

 

amrigad, ganzogadebuli Dq ganzomileba (an ufro konkretulad (q _1)Dq) is 

ricxvia, romelic q -s mocemuli mniSvnelobisTvis erTis tol ganzogadebul 

statistikur jams iZleva. 

 rekursiulad warmoqmnili fraqtalisTvis ganzogadebuli statistikuri jamis 

meSveobiT f(α)-s gansazRvris meTodis gacnobis mizniT ganvixiloT kantoris 

`awonili~ simravlis SemTxveva. me-9 TavSi vnaxeT, rom kantoris standartuli 

simravle iqmneba erTeulovani monakveTis centraluri nawilidan sigrZis erTi 

mesamedis amoRebisa da igive sigrZis mqone ori monakveTis Camatebis gziT. 

kantoris simravlis ganzogadeba SegviZlia Camatebuli monakveTebisTvis 

gansxvavebuli p1 da p2 `wonebis~ miniWebis gziT, rodesac p1+p2=1. wonis miniWeba 

niSnavs, rom or monakveTs Soris wertilTa ganawilebis pirvel safexurze 

wertilebis p1 wils `gadavcemT~ marcxena monakveTs, xolo p2 wils _ marjvenas. 
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meore safexurze gveqneba oTxi monakveTi: erTi p12, ori p22 da oric p1p2 

wonebiT (proceduris msvleloba gamosaxulia 10.8 naxazze). n-uri rigis 

ganzogadebuli statistikuri jami SeiZleba ase Caiweros: 

 

1 2

1
( , ) ( )q q n

n n
q p p

R                     (10.5-19) 

 

sadac standartuli kantoris simravlisTvis R=1/3. q-s konkretuli 

mniSvnelobisTvis τ parametri isea SerCeuli, rom ganzogadebuli statistikuri 

jami erTis tolia.  

ganzogadebuli statistikuri jamis gansazRvrisas unda vixelmZRvaneloT 

HJK86-Si moyvanili argumentis meSveobiT. (10.5-19)-Si moyvanil binomur 

gamosaxulebas eqneba Semdegi saxe: 

 

( )
1 2

0

1 !
( , )

( )! !

w n
qw q n w

n n
w

n
q p p

R n w w






 
             (10.5-20) 

 

 

 

naxazi. 10.8. kantoris awonili simravlis konstruqciis generaciis sqema. n=3 

SemTxvevaSi mxolod ramdenime `awonva~ aris gamosaxuli.  

 

sadac faqtorialTa kombinacia gvauwyebs, Tu ramden monakveTs gaaCnia ω-s 

konkretuli mniSvnelobis Sesabamisi wona.  

 didi n-ebis SemTxvevaSi, (10.5-20) gamosaxulebaSi Sedis udidesi absuluturi 

sididis mqone erT-erTi wevri, romelic faqtiurad jamis udides nawils 

Seadgens. ω-s Sesabamisi mniSvnelobis (aRvniSnoT ω*-iT) gansazRvras 

gamosaxulebis orive mxaris naturaluri logariTmis diferencirebiT da Semdeg 
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miRebuli warmoebulis nulTan gatolebis gziT SevZlebT (naturalur 

logariTms viyenebT imis gamo, rom gveZleva stirlingis formulis 

n! ≈ n ln n _ n 

gamoyenebis saSualeba). Tu logariTms gaaCnia maqsimumi, maSin vpoulobT ω*-s 

iseT  mniSvnelobas, romelic akmayofilebs Semdeg pirobas: 

 

2

1

1
q

pn

w p

 
   

 
                      (10.5-21) 

 

amasTan erTad, τ-s Sesabamisi mniSvnelobis dadgenac SegviZlia Semdegi 

gantolebis meSveobiT:  
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               (10.5-22) 

 

yovelgvari sirTulis gareSe SegviZlia vaCvenoT, rom  ukanasknel gantolebas 

akmayofilebs τ = (q_1)Dq mniSvneloba. 

 10.9 naxazi warmogvidgens Dq(q) funqciis grafiks kantoris awonili 

simravlisTvis, rodesac p1 = 0.7 da p2 = 0.3.  

 f(α) sididesTan kavSiris damyarebis mizniT gamoviyenoT Semdegi gamosaxuleba: 

 

( )
1 2
w n w

w np p p R 




                      (10.5-23) 

 

 

 

naxazi. 10.9. Dq(q) funqciis grafiki kantoris awonili simravlisTvis, rodesac 

p1 = 0.7 da p2 = 0.3  
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sadac Rn = (R=1/3)
n warmoadgens Camatebuli monakveTis sigrZes proceduris n-ur 

safexurze. amrigad,  gveqneba: 

 

1 2In ( )In

In

w p n w p

n R
   
                (10.5-24) 

 

SeniSneT, rom α sidide mxolod n/ω* fardobazea damokidebuli.  f(α)-s 

vpoulobT Semdegi damokidebulebis meSveobiT: 
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                   (10.5-25) 

 

faqtorialebisTvis stirlingis miaxloebis gamoyeneba da gantolebis f(α)-s 

mimarT  amoxsna gvaZlevs: 

 

In 1 In 1
( )

In

w w w
n n n

f
R



          
                  (10.5-26) 

 

romelic α -s msgavsad mxolod n/ω* fardobazea damokidebuli. 

f(α) mrudis srulyofilad gansazRvris mizniT, p1-isa da p2-is fiqsirebuli 

mniSvnelobebisaTvis virCevT q-s mniSvnelobebs (_40-dan +40-mde diapazonSi) da 

(10.5-21) gamosaxulebis meSveobiT vpoulobT n/ω* fardobas. Semdeg (10.5-24) da 

(10.5-26) gamosaxulebebis saSualebiT α -sa da f(α) -s vpoulobT. p1 = 0.7 da p2 

= 0.3 pirobebSi miRebuli Sedegebi 10.10 naxazzea naCvenebi.  

 rodesac q_>∞, (10.5-21) gamosaxulebis Tanaxmad, ω*_>n. (10.5-26) 

gamosaxulebidan vadgenT, rom aseT SemTxvevaSi f(α) _>0 da vRebulobT α -s 

umcires mniSvnelobas, kerZod αmin= (lnp1)/(lnR)= 0.324... (10.10) naxazze moyvanili 

mniSvnelobisaTvis. rodesac q_>_∞, maSin  f(α) _>0, magram am dros α -s udidesi 

mniSvneloba αmax= (lnp2)/(lnR)= 1.095. . . f(α)-s udidesi mniSvneloba  miiReba q 

=0 pirobebSi, rodesac n/ω* =2. 
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naxazi. 10.10. f(α) funqciis grafiki kantoris awonili simravlisTvis, rodesac  

p1 = 0.7,  p2 = 0.3 da R=1/3.  

 

(10.5-26) gamosaxulebis meSveobiT vadgenT, rom fmax=ln2/ln3, rac kantoris 

simravlisTvis ujredTa mTvleli D0 ganzomilebaa R=1/3 mniSvnelobis SemTxvevaSi.  

 (10.5-9) gamosaxulebidan Cans, rom α -s udidesi mniSvneloba D_∞-s, xolo 

umciresi mniSvneloba D+∞-is tolia. 10.9 naxazi. gviCvenebs, Tu  rogor 

miiswrafvis Dq am mniSvnelobebisaken.  

 q_>+∞ SemTxveva ganzogadebul statistikur jamSi udides albaTobas 

warmoadgens da αmin Seesabameba fraqtalis yvelaze mWidrod Sevsebul ubans 

(udidesi albaTobis an wonis mqone nawils). αmax mniSvneloba Seesabameba  q_> _∞ 

SemTxvevas da fraqtalis umciresi albaTobis mqone nawils ganasaxierebs. amgvari 

interpretacia vrceldeba nebismier f(α) mrudis SemTxvevaSi.  

 

amocana 10.5-2. ganixileT kantoris awonili simravlis gamosaxulebaTa 

algebruli detalebi. gadaamowmeT ricxviTi damokidebulebebi teqstSi moyvanili 

SemTxvevisaTvis.  

 

amocana 10.5-3. kantoris awonili simravlisaTvis f(α)-s miReba aseve SesaZlebelia 

(10.5-17) gamosaxulebis meSveobiT, romelic (q_1)Dq mniSvnelobas gvaZlevs 

albaTobaTa jamisa da (10.5-11), (10.5-12) gamosaxulebebis mimarT leJandris 

gardaqmnis gamoyenebiT. CaatareT Sesabamisi gamoTvlebi da SeadareT miRebuli 

Sedegebi 10.10 naxazs.  
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 davubrundeT 10.7 naxazze warmodgenil SemTxvevas. es Sedegebi e.w. kantoris 

ormasStabiani simravlisTvis (romelic adre SemoTavazebuli asimetriuli da 

awonili kantoris simravlea)  aris gamoTvlili. konstruqciis yovel safexurze 

gamoiyeneba gansxvavebuli R1, R2 da p1, p2 wonebis mqone monakveTebi. HJK86-Si 

damtkicebulia, rom am simravlisaTvis α -sa da f(α)-s dadgena pirdapiri xerxiT 

aris SesaZlebeli. mecnierebma agreTve uCvenes, rom zemoT moyvanili magaliTidan  

gavigebT, rom αmax Seesabameba ufro did {lnp1/lnR1}-s an {lnp2/lnR2}-s, xolo αmin 

ki ufro mcire mniSvnelobebs.  

 

amocana 10.5-4. kantoris asimetriuli simravlis Seqmna SesaZlebelia yovel 

safexurze  sxvadasxva R1 da R2 sigrZis mqone monakveTebis gamoyenebiT. 

simartivisTvis davuSvaT, rom monakveTebisaTvis miniWebuli wona p1= p2=1/2. 

CaatareT zemoT aRwerilis analogiuri moqmedebebi da gamoiyvaneT ganzogadebuli 

statistikuri jamis, α -sa da f(α)-s gamosaxulebebi. aageT f(α) mrudi, rodesac 

R1=0.2 da R2=0.4. 

 

 kantoris ormasStabiani simravlis elementTaTvis, rodesac ori manZili da 

ori albaToba gagvaCnia, f(α) mrudis srulyofili saxiT ageba miaxloebiT mainc 

SegviZlia. ori manZili da ori albaToba α -s im mniSvnelobebs gvaZlevs, 

romelTa SemTxvevaSic f(α)0. f(α)-s maqsimaluri mniSvnelobis dadgenas, 9.7 

paragrafis analogiurad, msgavsebis ganzomilebis daxmarebiT SevZlebT. Cven aseve 

viciT, rom f(α) mrudi Cazneqili unda iyos. es informacia mTliani mrudis 

miaxloebiTi suraTis Sesaxeb warmodgenis Seqmnis TvalsazrisiT sakmarisia.  

 

amocana 10.5-5. 10.7 naxazze moyvanili ricxviTi mniSvnelobebis gamoyenebiT 

gadaamowmeT wina paragrafSi miRebuli Sedegebi. 

 

ganvixiloT kidev erTi SemTxveva, rodesac gvaqvs lojistikuri asaxvis 

ganawileba periodis gaormagebis zRvrul wertilSi. miRebuli Sedegebi 10.11 

naxazzea naCvenebi. lojistikuri asaxvis Sesabamisi mniSvnelobebi TvalnaTliv 

warmoaCens f(α) sididis ganawilebis ZiriTad Tvisebebs. α-s is mniSvnelobebi, 

romlebisTvisac f(α)0, miekuTvneba (0,1) intervals. Cven amas lojistikuri 
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asaxvis SemTxvevaSi velodiT, radgan 9.7 paragrafis Tanaxmad, periodis 

gaormagebis zRvrul wertilSi mimzidvelze sxvadasxva moqmedebebis Catareba 

SegviZlia normirebis ori sxvadasxva (1/αF da 1/α
2

F) faqtoris mqone kantoris 

simravlesTan mimarTebaSi, sadac αF aris feigenbaumis  (=2.502....). f(α) -s 

ricxviTi mniSvneloba maqsimumSi Seesabameba ujredTa mTvlel ganzomilebas, 

romelic am SemTxvevaSi daaxloebiT 0.5388....-is tolia. 

 

amocana 10.5-6. gamoiyeneT wina paragrafSi D_∞-sa da D+∞-is gamoTvlis moyvanili 

meTodebi lojistikuri asaxvisTvis. SeadareT Tqven mier miRebuli mniSvnelobebi 

10.11 naxazze moyvanil Sedegebs. 

 

dabolos, multifraqtalur ganawilebebTan dakavSirebuli magaliTis saxiT 

ganvixiloT sinusoidur-wriuli asaxvis [(gant. 6.7-6)] mniSvnelobebis mixedviT 

gamoTvlil f(α) sididis ganawileba, rodesac K=1 da Ώ naxvevTa raodenoba 

oqros kveTis tolia. me-6 Tavis Tanaxmad, pirobebis mocemuli simravle qaosuri 

qmedebis sawyis etaps Seesabameba. Sesabamisi ganawileba 10.12 naxazzea naCvenebi.  

 mocemuli ganawilebis Tvisebebi saerTo jamSi waagavs lojistikuri asaxvis 

Sesabamisi ganawilebis Tvisebebs. α -s udidesi mniSvneloba analizurad 

SesaZlebelia Semdegnairad gamoisaxos: 

 

 

 

naxazi.10.11. lojistikuri asaxvis mimzidvelis Sesabamisi f(α) sididis 

ganawilebis grafiki periodis gaormagebis zRvrul wertilSi. f(α)-s 

maqsimumaluri ricxviTi mniSvneloba Seesabameba mimzidvelis ujredTa mTvlel 

ganzomilebas. 
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max 1

In
1.8980...

In

G
                      (10.5-27)  

sadac β=1.2885 warmoadgens normirebis koeficients sinusoidur-wriuli asaxvisTvis 

θ=0 mniSvnelobis midamoSi (HJK86). α-s umciresi mniSvnelobisaTvis gveqneba:  

 

min 3

In
0.6326...

In

G
                   (10.5-28)  

ganawilebis maqsimumi, molodinisamebr, gveqneba f(α)=1 SemTxvevaSi, radgan 

sinusoidur-wriuli asaxvis iteraciebi mTlianad moicavs  θ = [0,2π] intervals da, 

amrigad, gvaZlevs erTis tol ujredTa mTvlel eqsponentas.  

mravali eqsperimentis kvleva aris Catarebuli (α)  formalizmis gamoyenebiT 

(ramdenime citireba Tavis boloSia moyvanili). amgvari midgomis mniSvneloba 

mdgomareobs imis unarSi, rom dadgindes universaluri klasebi dinamikuri 

sistemebis mravalsaxeobisaTvis maSinac ki, rodesac mimzidvelebi erTi SexedviT 

gansxvavebulia. magaliTad, (HJK86)-ma reili-benardis konveqciuri eqsperimentis 

Sedegad miRebuli mniSvnelobebi gamoikvlia da daadgina, rom eqsperimentuli 

cdomilebis farglebSi Sesabamisi f(α)-s ganawileba TanxvedraSia 10.12 naxazze 

moyvanili sinusoidur-wriuli asaxvis ganawilebasTan. (SRH87)-ma msgavsi saxis 

kvleva naxevargamtaruli diodis osciliatorTa wyvilisagan Semdgari sistemisaTvis 

Caatara. rogorc ukve aRvniSneT, korelaciuri jami ganzogadebuli Dq 

ganzomilebebis gamoTvlisaTvis gamoiyeneba, xolo f(α) funqcias (10.5-11) da (10.5-12) 

gamosaxulebebis mimarT leJandris gardaqmnis gziT pouloben.   
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naxazi. 10.12. sinusoidur-wriuli asaxvis mixedviT miRebuli  mniSvnelobebis 

Sesabamisi f(α) sididebis ganawilebis mrudi, rodesac K=1 da naxvevTa Ώ ricxvi 

oqros Sualedis tolia. αmax da αmin mniSvnelobebis gansazRvra analizurad xdeba 

(rogorc es zemoT gvaqvs aRwerili).  

 

10.6 ganzogadebuli entropia da g(Δ) speqtri 

 

10.4 paragrafSi gavecaniT, Tu rogor unda ganvazogadoT ganzomilebis cneba 

ganzomilebaTa mTeli speqtris Seswavlis mizniT. analogiurad, Cven SegviZlia  

ganvazogadoT kolmogorovis entropia sistemis dinamikis Sesaxeb ufro detaluri 

raodenobrivi informaciis momcemi entropiis funqciaTa simravlis misaRebad.  

 davubrundeT  (9.6-11) gamosaxulebas, romelic gvaZlevs K _ S entropiis 

gansazRvrebas mimdevrobis albaTobis jamis saxiT. ganvixiloT erTganzomilebiani 

sistema da ujredTa mimdevrobebis albaTobebi warmovadginoT ganvrcobili p(i1, i2, 

...., id) formiT, raTa (9.6-11) gamosaxulebaSi N-is magivrad d sidide gvqondes 

(qvemoT d -s identifikacias Cadgmuli sivrcis ganzomilebasTan movaxdenT. 

jerjerobiT igi ujredTa mimdevrobis sigrZis sazomia). yoveli traeqtoriis erTi 

ujredidan dawyebis SemTxvevaSi gveqneba S0=0. 

 

naxazi. 10.13. gadaxrili karvis asaxvis grafiki b=0.2 mniSvnelobisaTvis 

 

Semdeg, (10.4-10) gamosaxulebis analogiurad, K _ S entropias  gamovsaxavT Semdegi 

sididis meSveobiT: 
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Sedegad miviRebT Kq ganzogadebuli entropiis  Semdeg gansazRvrebas:  

     

1 2In ( , ,..., )

( 1)

d
i

q

p i i i
K

q d


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


                      (10.6-1) 

 

Kq sidideebisa da p(i1, i2, ...., id) albaTobebis arsis garkvevis mizniT ganvixiloT e.w. 

gadaxrili karvis asaxva, romelic moicema Semdegi saxiT: 
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1
( ) for 1
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b

x
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                  (10.6-2) 

 

Sesabamisi mrudi gamosaxulia 10.13 naxazze. 

 albaTobebis gansazRvrisTvis gavixsenoT, rom mdebare traeqtoriis x 

wertilis ujredSi moxvedris albaToba am wertilTan asocirebuli liapunovis 

eqsponentis meSveobiT Semdegnairad gamoisaxeba: 

 

In '( )( )
1( ) f xxp i e e                        (10.6-3) 

 

anu Tu liapunovis eqsponenti dadebiTia da gaaCnia didi absoluturi mniSvneloba, 

maSin zemoT xsenebuli albaToba mcire iqneba, radganac traeqtoriebi mdgomareobaTa 

sivrcis mocemuli aridan swrafad gadian. amrigad, karvis daxrili asaxvis 

SemTxvevaSi vaskvniT, rom Tu x[0,b],  maSin traeqtoriis segmentebTan 

dakavSirebuli albaToba konkretul safexurze iqneba p(i1)=b, xolo Tu x[b,1], 

maSin p(i1)=1_b. simartivisTvis da 10.5 paragrafSi gamoyenebuli analogiuri 

gamosaxulebebis miRebis mizniT SemovitanoT aRniSvnebi: p1=b da p2=1_b. maSin: 

 

1

1
1 1 2( ) q q

q
i

p i q S p p                        (10.6-4) 

 

sadac S1q warmoadgens albaTobaTa jams.  
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 orsafexuriani traeqtoriis segmentebisaTvis arsebobs oTxi SesaZlo 

SemTxveva: (1) orive wertili [0,b] intervalSia; (2) orive wertili [b,1] 

intervalSia; (3) pirveli wertili [0,b] intervalSia, xolo meore ki [b,1] 

intervalSi; (4) pirveli wertili [b,1] intervalSia, xolo meore ki [0,b] 

intervalSi. p12, p22, p1 p2, da p2p1 sidideebi warmoadgens Sesabamis albaTobebs. 

albaTobaTa jami miiRebs Semdeg saxes: 

 

1 2

2 2
1 2 1 2

,

( , ) ( )q q q
q

i i

p i i S p p                       (10.6-5) 

 

CavweroT es ukanaskneli ganzogadebuli saxiT: 

 

1 1 2
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(10.6-1) gamosaxulebaSi (10.6-6)-is CasmiT, Kq ganisazRvreba Semdegnairad: 
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q q
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                     (10.6-7) 

 

igive meTodis gamoyenebiT, rac gvqonda(10.4-10) gamosaxulebis SemTxvevaSi, SegviZlia 

vaCvenoT, rom 
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In InK p p
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                   (10.6-8) 

 

Tu (9.5-9)-is pirveli gamosaxulebis gamoyenebis gziT gadaxrili karvis asaxvisTvis 

gamovTvliT liapunovis saSualo eqsponentas, rodesac  p(x)=1, aRmoCndeba, rom K1 

warmoadgens sistemis Sesabamis liapunovis saSualo eqsponentas. 

 

amocana 10.6-1. gamoiyeneT (9.5-9)-is pirveli gamosaxuleba, rodesac gadaxrili 

karvis asaxvisTvis p(x)=1 da SeamowmeT, rom K1 marTlac sistemis liapunovis 

eqsponentia. 
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amocana 10.6-2. aCveneT, rom Tu nebismieri q-sTvis  p1= p2, maSin Kq=K1=ln2. Tu 

sistemis nebismieri lokaluri liapunovis eqsponenta erTnairia, maSin nebismieri q-

sTvis Kq=K1.  

 

(10.6-7) gamosaxulebis meSveobiT vpoulobT, rom K0=ln2. K0-s, radganac igi 

sistemis fiqsirebul wertilTa raodenobis naturaluri logariTmiTaa mocemuli 

(topologiuri maxasiaTebeli), topologiuri entropia ewodeba. 

 

naxazi. 10.14. Kq sididis grafiki gadaxrili karvis asaxvisaTvis, rodesac b=0.2. 

 

rodesac q _>+∞, (10.6-7) gamosaxulebaSi dominirebs p1 da p2- sidideebs Soris 

udidesi da, aqedan gamomdinare, K∞= _ lnpmax. rodesac q_>_∞, dominirebs am or 

albaTobas umciresi da, K-∞= _ lnpmin. 10.14 naxazi gviCvenebs Kq funqciis grafiks 

mocemul gadaxrili karvis asaxvisTvis, rodesac b=0.2. 

 

amocana 10.6-3. gadaamowmeT 10.14 naxazis ricxviTi mniSvnelobebi. 

 

ganzogadebuli entropiebi da korelaciuri jamebi 

 

albaTobebis gamoTvlis gziT entropiebis dadgena praqtikulad SeuZlebelia. 

miuxedavad amisa, SegviZlia Kq entropiebi davukavSiroT Cq korelaciur jamebs, 

romelTa gamoTvlac gacilebiT iolia. SevamowmoT, Tu rogor imuSavebs mocemuli 

meTodi q =2 SemTxvevaSi, Semdeg ki miRebuli Sedegi q -s sxva mniSvnelobebis 

mimarTac ganvazogadoT. rogorc wesi, am mizniT viyenebT K2-s, radgan misi gamoTvla 

garkveulwilad iolia. (10.6-1) gamosaxulebis gamoyenebiT miviRebT : 
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1 2

2

2 1
, ,...

1
In ( ,..., )d

i i

K p i i
d

                     (10.6-9) 

 

d=1 SemTxvevaSi, (GRA83)-s mixedviT vaskvniT, rom  p(i1)2 sidideTa jami (10.4-15) 

gamosaxulebiT gansazRvruli C2(R)korelaciuri jamis saxiT SeiZleba gamoisaxos 

anu korelaciuri jami niSnavs imis albaTobas, rom traeqtoriis ori mocemuli 

wertili R zomis mqone ujredis farglebSi aRmoCndeba. es albaToba miaxloebiT 

tolia imis albaTobis kvadratis, rom calkeuli wertili moxvdeba mocemul 

ujredSi (im daSvebiT, rom `xdomilebebi~ erTimeorisagan damoukidebelia). 

 d>1 SemTxvevaSi traeqtoriis wertilTa Semcveli ujredebis mimdevroba 

ekvivalenturia d -ganzomilebiani Cadgmuli sivrcis veqtorisa. davukavSiroT p(i1,...., 

id) sidide C2
(d)(R) korelaciur jams, rac (10.2-1) da (10.4-15) gamosaxulebebis 

ganzogadebis gziT ganvaxorcieloT:  

 

2 ( )
1 2

'

( ,..., ) ( )d
d

i s

p i i C R                   (10.6-10) 

 

rogorc vxedavT, d=1 SemTxvevaSi (10.6-10) daiyvaneba (10.4-15) gamosaxulebis 

meSveobiT gansazRvrul korelaciur jamze.  

 praqtikaSi K2-is gamoTvla C2
(d)(R) -isa da Cadgmuli sivrcis ganzomilebis 

urTierTdamokidebulebis xasiaTis dadgenis gziTaa SesaZlebeli. rogor gamoiyeneba 

es meTodi? Cadgmuli sivrcis ganzomilebis zrda droiTi mwkrivebis `veqtoris~ 

elementebis raodenobis gazrdasac niSnavs anu Cven vzrdiT gamoTvlisas gamoyenebul 

mniSvnelobaTa mimdevrobis droSi ganvrcobasac. Tu sistemis qmedeba qaosuria, maSin 

xangrZlivobis zrdasTan erTad traeqtoriis Sesabamisi elementebis  (saSualod) 

divergenciasac unda velodoT. amrigad, Tu Cadgmis ganzomilebis gazrdis gziT 

ganvsazRvravT korelaciuri jamis Semcirebis xasiaTs, Sesabamisi K2-is mniSvnelobis 

dadgenasac movaxerxebT.  

  (10.6-1) gamosaxulebis Tanaxmad:  

 

2
2

1
'

( ,..., ) dK
d

i s

p i i e                        (10.6-11) 
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gavixsenoT, rom ganzogadebuli korelaciuri D2 jami dakavSirebulia  C2
(d)(R)~RD2 

korelaciur ganzomilebasTan. Sedegad vRebulobT: 

 

2 2( )
2 ( ) D dKdC R AR e                       (10.6-12) 

 

gamosaxulebis orive mxris galogariTmeba mogvcems: 

 

( )
2 2 2In ( ) IndC R D R dK                   (10.6-13) 

 

sadac Cven ugulebelyofT mcire lnA wevrs. (10.6-13) gamosaxuleba K2-is gansazRvris 

gzas gviCvenebs: R-is fiqsirebuli mniSvnelobis meSveobiT vagebT C2
(d)(R)-is, rogorc  

Cadgmis d ganzomilebis cvladis funqciis, grafiks am mrudis kuTxuri koeficienti 

iqneba K2. 

 pavelzikisa da Susteris (PAS87) Tanaxmad, SegviZlia ganvsazRvroT axali 

korelaciuri jami. simartivisTvis, SemoviRoT Semdegi aRniSvna: 

 

1
2

0

( ) ( )
d

ij i m j m
m

R d x x


 


                    (10.6-14) 

 

(zemoT aRniSnulis Tanaxmad, or veqtors Soris sxvaobis saxiT maqsimalur 

komponentebs Soris arsebuli sxvaobac SegviZlia gamoviyenoT). d-ganzomilebiani 

Cadgmuli sivrcisTvis ganzogadebuli korelaciuri jami ganisazRvreba Semdegnairad: 

 

1
1 1

( )

,

'

1 1
( ) ( )

1

( ,..., )

q q
d

q ij
i j j i

q
i d

i s

C R R R
N N

p i i

 



          


 


             (10.6-15) 

   

 

Tu Dq ganzogadebul ganzomilebasa da Cq ganzogadebul korelaciur jams Soris 

arsebul kavSirs gavixsenebT, (10.6-13)-is analogiurad gveqneba: 
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( )In ( ) ( 1) In ( 1)d
q q qC R q D R d q K                  (10.6-16) 

 

amrigad, Tu avagebT lnC2
(d)(d) funqciis grafiks, maSin kuTxuri koeficienti 

(normirebis areSi) unda iyos _ (q_1)Kq. 

ganvixiloT ramdenime konkretuli SemTxveva c da Kq sidideebTan dakavSirebiT.  

q=0 SemTxvevaSi K0 topologiuri entropia ubralod mimzidvelis topologiur 

Tvisebebs gansazRvravs. (10.6-15)-is meore gamosaxulebidan vxedavT, rom C0
(d)  

sidide mdgomareobaTa sivrcis ujredebis yvela im mimdevrobis  jamia, 

romlebisTvisac traeqtoriis “stumrobis” albaToba ar aris nulis toli. amrigad, 

K0 gvauwyebs, Tu rogor izrdeba amgvari mimdevrobebis raodenobis logariTmi 

mimzidvelis topologiur maxasiaTebelTan_ Cadgmuli sivrcis d ganzomilebasTan 

erTad. qvemoT vnaxavT, rom es ricxvi periodis xangrZlivobasTan erTad 

(arastabiluri) perioduli traeqtoriebis raodenobis zrdis xasiaTs SegviZlia 

davukavSiroT.  

 gansakuTrebulad gamovikvlioT q=1 SemTxveva. D1 informaciuli ganzomilebis 

analogiurad, K1-s zogjer informaciul entropias uwodeben. D1-is kvlevisas 

gamoyenebulis identuri argumentebis meSveobiT Tavdapirvelad ganvsazRvravT 

korelaciur jams:  

 

( )
1

,

1 1
( ) In ( )

1
d
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i j j i

C R R R
N N 

 
    

                (10.6-17) 

 

Tu gamoviyenebT (10.6-1) formulas da CavatarebT imave moqmedebebs, rac 

gamoviyeneT (10.4-10) gamosaxulebis SemTxvevaSi, miviRebT, rom K1 SeiZleba 

gamoisaxos Semdegnairad: 

 

1
,

1 1 1
In ( )

1 ij
i j j i

K R R
d N N 

 
     

                 (10.6-18) 

amrigad, 

( )
1 1( )dC R dK                          (10.6-19) 
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Tu avagebT C1
(d)(d)-s grafiks  d-s funqciis saxiT gamovsaxavT, kuTxuri koeficienti 

aRmoCndeba _K1-is toli. 

 

amocana 10.6-4. aCveneT, rom (10.6-18) gamosaxuleba gamomdinareobs (10.6-1)-dan q_>1 

zRvarSi. 

 

g(Δ) dinamikuri speqtri 

 

ganzogadebul entropiebs mivyavarT im mosazrebamde, rom unda arsebobdes 

ganzogadebuli ganzomilebebis f(α) speqtris analogiuri normirebis 

damokidebulebaTa simravle. am mosazrebis damtkicebisTvis gavixsenoT ganzogadebuli 

entropiebis ganmsazRvreli (10.6-1) gamosaxuleba da T = e-d Casmis gamoyenebiT 

xelaxla davweroT:  

 

1
'

1 1
In ( ,..., )

1 In
q

q d
i s

K p i i
q T

 
                  (10.6-20) 

 

es forma ganzogadebuli ganzomilebebisTvis miRebuli (10.4-2) gamosaxulebis 

analogiaa. 

 10.5 paragrafSi moyvanil argumentebze dayrdnobiT, SegviZlia vaCvenoT, rom 

arsebobs (10.6-21) gamosaxulebiT mocemuli p(i1,....,id) albaTobebis msgavsad 

gansazRvruli  (i1,....,id) normirebis eqsponenta: 

  

1( ,..., )
1( ,..., ) dA i i

dp i i T                       (10.6-21) 

 

 ( ,+d ) intervalSi myofi  (i1,....,id)-s mniSvnelobaTa  raodenobisaTvis gveqneba: 

 

( )( ) gn d T d                         (10.6-22) 

 

miRebuli gamosaxuleba gansazRvravs normirebis eqsponentebis g( ) speqtrs.  

 axla argumenti zustad ise grzeldeba, rogorc es 10.5 paragrafSia, rodesac 

f(α) cvlis g( )-s. (10.5-9) gantolebis msgavsad, viRebT 
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1
[ ( )]

1qK q g
q

   


                      (10.6-23) 

 

g( ) funqciis mniSvnelobebis gamoTvlamde, upirveles yovlisa, xdeba 

ganzogadebuli korelaciuri jamisa da ganzogadebuli entropiis dadgena. Semdeg 

vpoulobT damxmare sidides: 

 

( ) ( 1) ( )q qq q K g                       (10.6-24) 

 

sabolood [(10.5-11) da (10.5-12) gamosaxulebebis analogiurad], leJandris 

gardaqmnis gamoyenebiT vRebulobT: 

 

( ) [( 1) ]

( ) [( 1) ] ( 1)

q

q q

d
q q K

dq

d
g q q K q K

dq

  

    
               (10.6-25) 

 

g(Δ) -is gamoTvlis zogierTi Sedegis Semowmebamde, davukavSiroT   sidide iseT 

mniSvnelovan maxasiaTebels, rogoricaa liapunovis eqsponenta. f(x) iteraciuli 

funqciis mier asaxuli erTganzomilebiani sistemisTvis, x1-is Semcveli R zomis 

mqone ujredidan dawyebuli traqetoriebis kona erT iteraciuli safexuris Semdeg | 

f(x1)| mniSvnelobis Sesabamis ujredebSi ganawildeba.  

 

 

naxazi. 10.15. g( ) ganawilebis grafiki gadaxrili karvis asaxvisaTvis, rodesac 

b=0.2. 
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amrigad, traeqtoriis mier ujredebis mocemuli mimdevrobis gavlis albaToba ase 

SeiZleba gamoisaxos: 

 

1
1 2 1

(1)
( ,..., )

'( ) '( )... '( )d
d

p
p i i

f x f x f x 

                  (10.6-26) 

 

sadac p(1) pirvel ujredSi gavlis albaTobaa. albaTobis logariTmTan dakavSirebiT 

vadgenT, rom 

 

1

1
1

In ( ,..., ) In (1) In '( )
d

d j
j

p i i p f x




                 (10.6-27) 

 

d-s didi mniSvnelobebis SemTxvevaSi SegviZlia (10.6-27) gamosaxulebis marjvena 

mxares mdebare meore wevrTan SedarebiT  p(1) sididis Semcveli wevris 

ugulebelyofa da gveqneba: 

 

1
In '( ) In '( )

1( ,..., )
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j j

f x f x
d
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                   (10.6-28) 

 

amrigad, miviReT asaxvis funqciis warmoebulebis absoluturi mniSvnelobebis 

logariTmebis jami, romelic gansazRvravs (lokalur) liapunovis eqsponentas 

(i1,....,id) ujredebis mimdevrobaze gamavali traeqtoriis segmentisTvis. amrigad, g( ) 

funqcia aRwers liapunovis eqsponentebis ganawilebas mimzidvelze.  

 g( ) ganawilebis gamoTvla 10.5 paragrafSi aRwerili  f(α)-s gamoTvlis 

proceduris analogiurad mimdinareobs. karvis daxrili asaxvis SemTxvevaSi (10.6-7) 

gvaZlevs zust gamosaxulebas Kq-Tvis. am ukanasknelis gamoyenebiT (10.6-25) 

gamosaxulebaSi vanxorcielebT leJandris gardaqmnebs da vRebulobT: 
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                  (10.6-29) 
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10.15 naxazi gviCvenebs g(Δ) sididis ganawilebis mruds karvis daxrili asaxvisTvis, 

rodesac b=0.2 SeniSneT, rom g( )-is udidesi mniSvneloba Sesabamisia K0-isa da rom 

ganawilebis kidura wertilebi,  f(α)-s grafikebis analogiurad, K∞-is da K-∞ 

mniSvnelobebs Seesabameba.  

 

amocana 10.6-5. miiReT (10.6-29) gamosaxuleba da 10.15 naxazze warmodgenili 

ricxviTi mniSvnelobebi. 

 

10.16 naxazi gviCvenebs Kq sididisa da pirvel TavSi aRwerili naxevargamtaruli 

diodis wredidan aRebuli  mniSvnelobebisTvis g( ) ganawilebis Sedegebs. 

traeqtoriebi qaosuria da liapunovis saSualo eqsponenti miaxloebiT 0.5-ia. 

rogorc vxedavT, arsebobs   mniSvnelobebis ganawileba. udidesi mniSvneloba 

yvelaze swrafi divergenciis mqone axlomdebare traeqtoriebis mqone mimzidvelis 

areebs Seesabameba. da piroqiT,  -s umciresi mniSvneloba mimzidvelis yvelaze mcire 

divergenciis mqone aris Sesabamisia. g( ) sididis ganawilebis sxva magaliTebi 

PAS87-sa da [Schuster, 1995]-Sia mocemuli.  

 

 

amocana 10.6-6. gamoiyeneT (10.6-15) gamosaxulebis analogiuri funqcia:  

1( ,..., )
( , , )

q
d

i

p i i
q d

T  


 

sadac T=e-d, da  gansazRvreT g( )kantoris awonili simravlisTvis 10.5 paragrafSi 

gamoyenebuli meTodis meSveobiT. SeadareT Tqvens mier miRebuli Sedegebi legendris 

gardaqmnis meSveobiT miRebul Sedegebs.  
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naxazi. 10.16. Kq-sa da g(Δ)-is mniSvnelobebi pirvel TavSi warmodgenili 

naxevargamtaruli diodis wredisaTvis. 

 

 

10.7 qaosis daxasiaTeba perioduli orbitebis meSveobiT 

 

ganvixiloT qaosuri qmedebis raodenobrivi gansazRvris kidev erT meTodi. 

miuxedavad imisa, rom es meTodi sruliad axalia da zogierTi zemoT ganxiluli 

meTodis msgavsad mravalgzis ar aris Semowmebuli, vfiqrobT, rom igi bevr iseT 

SesaZleblobas flobs, rac sxva statistikur meTodebisaTvis ”aqilevsis qusls“ 

warmoadgens.  

 axali meTodis gacnobamde gavixsenoT, rom qaosuri qmedebis SemTxvevaSi 

mdgomareobaTa sivrcis mizidulobis are qaosuri orbitis Semadgenel wertilebTan 

erTad perioduli traeqtoriis wertilebis ganusazRvrel raodenobas moicavs. 

magaliTad, lojistikuri asaxvis funqciisTvis arsebobs periodis gaormagebis 

bifurkaciebis Sedegad miRebuli perioduli wertilebis usasrulo raodenoba, 

rodesac A>A∞. miuxedavad amisa, perioduli traeqtoriebi, sazogadod, 

arastabiluria (perioduli diapazonebis  gamoklebiT). erT-erTi wertilis midamoSi 
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mdebare traeqtoria am wertilis mier ganizideba. axali meTodis arsi mdgomareobs 

arastabiluri perioduli wertilebis qaosuri mimzidvelis Tvisebebis (magaliTad, 

maxasiaTebeli eqsponentebis) meSveobiT daxasiaTebaSi.  

 es idea srulebiTac araa novatoruli. magaliTad, lorencis modelis 

SemTxvevaSi mocemuli mimzidvelis Sesabamisi liapunovis dadebiTi eqsponenta 

arastabilur fiqsirebul wertilebTan dakavSirebuli dadebiTi maxasiaTebeli 

eqsponentis mixedviT SeiZleba Sefasdes. sxvagvarad rom vTqvaT, traeqtoriebis 

eqsponencialuri divergenciaSi arsebiT rols asrulebs sistemis Sesabamisi 

`unagiris~ wertilebis gare simravleebTan dakavSirebuli dadebiTi maxasiaTebeli 

eqsponenta. acnobierebda ra perioduli wertilebis mniSvnelobas, puankarem Tqva 

[Poincare, 1892, naTargmnia DHB92-dan): `CvenTvis perioduli traeqtoriebi imitomaa 

ase Zvirfasi, rom aqamde miuwvdomel cixesimagreSi SeRwevis erTaderT gzas 

gviCvenebs~.  

 meTodis siaxle imaSi mdgomareobs, rom arastabiluri perioduli wertilebi 

dabali rigis periodulobis SemTxvevaSi qaosuri traeqtoriebis Sesabamisi droiTi 

mwkrivebis meSveobiT SesaZlebelia pirdapir dadgindes da diferencialuri 

gantolebebisa Tu asaxvis funqciiis saxis codnis aucilebloba ar arsebobs. amasTan 

erTad, rodesac perioduli wertilebi dadgenilia, maTi maxasiaTebeli 

mniSvnelobebis gansazRvra SegviZlia uSualod qaosuri traeqtoriis droiTi 

mwkrivebis mixedviT (xSirad sakmaod zustad; ixileT am Tavis boloSi moyvanili 

cnobebi.) arsebobs agreTve perioduli wertilebis gansazRvris Zlieri meTodebi, 

rodesac dinamikuri gantolebebis saxe cnobilia (DHB92).  

 perioduli orbitebis analizze damyarebuli  meTodis kidev erTi 

upiratesoba imaSi mdgomareobs, rom igi qaosuri mimzidvelebis daxasiaTebis 

ierarqiul proceduras gvaZlevs. periodis gaormagebis zRvrul wertilSi an oqros 

Sualedis naxvevTa ricxvis mqone kvaziperiodulobis SemTxvevaSi mimzidvelis 

detaluri Seswavlis unari gamomdinareobs misi perioduli mimzidvelebis 

mimdevrobis zRvris saxiT warmodgenis SesaZleblobidan. me-5 da me-6 Tavebis 

renormalizaciuri formalizmi gvaZlevs mimzidvelis Tvisebebis raodenobrivad 

warmodgenis saSualebas. qaosuri mimzidveli SegviZlia aRvweroT mzardi sigrZis 

mqone (arastabiluri) perioduli orbitebis ierarqiis meSveobiT. 

rogor unda aRmovaCinoT perioduli wertilebi, Tu gagvaCnia mxolod qaosuri 

traeqtoriis Sesabamisi mniSvnelobebi, romlebic, gansazRvrebis Tanaxmad, 
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araperiodulia? erTganzomilebiani mniSvnelobebis SemTxvevaSi, ZiriTadi idea 

gasagebi xdeba uSualod eqsperimentuli mniSvnelobebis mixedviT Seqmnili puankares 

asaxvis kvlevis meSveobiT. magaliTad, me-5 TavSi vixileT, rom pirvel TavSi 

ganxiluli naxevargamtaruli diodis wredisTvis In+1(In) funqciis grafiki 

erTganzomilebian mruds gvaZlevs (Tu disipacia sakmaod Zlieria ; 5.3 naxazi). 

In+1=In wrfesTan am mrudis gadakveTa periodi-1-is tipis traeqtoriis wertilis 

mdebareobas gvaZlevs. es wertili arastabiluria. Tu avagebT In+2(In) funqciis 

grafiks, maSin In+2=In wrfesTan am mrudis gadakveTa periodi-2-is arastabiluri 

wertilebis mdebareobas mogvcems da a.S. am gziT Cven SevZlebT sul ufro maRali 

rigebis perioduli wertilebis aRmoCenas. amasTan, mrudebis kuTxuri koeficientebis 

meSveobiT SevZlebT am wertilebis Sesabamisi liapunovis eqsponentebis 

gansazRvrasac. cxadia, dabali rigis perioduli wertilebis dadgenisas, 

mniSvnelobaTa sizustis TvalsazrisiT, SezRuduli varT. 

 maRali ganzomilebis mqone sistemebis SemTxvevaSic imave gziT unda 

vimoqmedoT. calkeuli cvladis droiTi mwkrivebis meSveobiT SegviZlia Cadgmuli 

sivrcis ageba. mwkrivis Seswavlis Sedegad erTmaneTisagan drois garkveuli n 

intervalis Sesabamisi manZiliT daSorebuli wertilebis dagena xdeba SesaZlebeli. 

am proceduras zogjer `mijriT SerCevis meTodsac~ uwodeben. vaxdenT daSvebas, rom 

es wertilebi Cadgmis sivrceSi arastabiluri periodi-n wertilebis maxloblad 

arian ganlagebuli. rodesac parametris mniSvnelobebis  mocemuli simravlisTvis 

erTze meti periodi-n cikli arsebobs, periodi-n tipis wertilebi individualur 

ciklebSi nawildeba. periodi-n ciklebis dadgenis SemTxvevaSi ciklis Semadgenel 

wertilTa Sesabamisi maxasiaTebeli mniSvnelobebi am wertilebis mimarT 

traeqtoriis wertilTa divergenciis xasiaTis meSveobiT SeiZleba ganisazRvros. 

amjerad detalur analizs gverds avuvliT, xolo meti informaciiT dainteresebuli 

mkiTxveli ACE87-s, CVI88a-sa da MHS90-s unda gaecnos.  

 raodenobrivi eqsperimentebi (ACE87) gviCvenebs, rom n=10 mniSvnelobis 

CaTvliT aRmoCenili orbitebi savsebiT sakmarisia mimzidvelis K0 topologiuri 

entropiisa da D0 ujredTa mTvleli ganzomilebis ramdenime procentis sizustiT 

gansazRvrisTvis. magaliTad, perioduli wertilebis raodenobasa da K0 topologiur 

entropias Soris kavSiri Semdegnairia (BIW89): 
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                     (10.7-1) 

 

sadac N(n) n-isa da misi gamyofebis rigis perioduli orbitebis Sesabamisi 

wertilebis raodenobaa.  

 garda imisa, rom perioduli orbitis kvlevis meTodi gvaZlevs qaosuri 

mimzidvelis zogierTi statistikuri maxasiaTeblis gansazRvris alternatiul gzas. 

igi axdens qaosuri mimzidvelebis klasifikacias da erTmaneTisagan ganasxvavebs erTi 

da igive statistikuri maxasiaTeblebis mqone mimzidvelebs (MHS90). qaosuri 

mimzidvelebis statistikuri daxasiaTebisas yuradRebas vamaxvilebT iseT 

topologiur maxasiaTeblebze, rogoricaa liapunovis eqsponentebi da wiladuri 

ganzomilebebi. rogorc vnaxeT, es maxasiaTeblebi icvleba parametris mniSvnelobebTan 

erTad. amitom maTi gamoyeneba ama Tu im modelis vargisianobis SemowmebisTvis 

sirTuleebTanaa dakavSirebuli. aRweris kidev erTi tipi aqcents akeTebs perioduli 

orbitebis topologiur maxasiaTeblebze (SOG88, CGP88, GLV89). topologiuri 

maxasiaTeblebi gansazRvravs mdgomareobaTa sivrcis mizidulobis qaosur areSi 

perioduli orbitebis ganlagebis xasiaTs.  topologiuri informacia mimzidvelis 

`konstruqcias~ ukavSirdeba da rogorc mdgomareobaTa sivrcis aRwerisTvis 

gamoyenebuli koordinatebis, aseve parametris mniSvnelobebis mimarT damoukidebelia. 

perioduli orbitebi Cndeba an qreba parametrebis cvlilebasTan erTad, magram 

darCenili orbitebis topologiuri maxasiaTeblebi am mxriv raime zegavlenas ar 

ganicdis. 

 (MHS90)-Si moyvanilia topologiuri klasifikacia perioduli orbitebis 

cirkulaciis fardobiT sixSireze dayrdnobiT. cirkulaciis fardobiTi sixSire 

gansazRvravs periodis ganmavlobaSi erTi orbitis mier meore orbitis garSemo 

brunvis raodenobas. cirkulaciis sixSire ori perioduli orbitis mimarT puankares 

kveTis gamoyenebiT SeiZleba ganisazRvros anu puankares sibrtyesTan  erTi orbitis 

gadakveTis wertilidan mivmarTavT veqtors amave sibrtyesTan meore orbitis 

gadakveTis wertilamde. traeqtoriebis msvlelobasTan erTad es veqtori brunvas 

iwyebs. Tu erT orbitas gaaCnia nA periodi (drois intervali puankares kveTis 

konkretul wertilSi traeqtoriis or Tanmimdevrul gavlas Soris), xolo meores 

_  nB, maSin veqtori sawyis mdebareobas drois nAXnB intervalis gasvlis Semdeg 
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daubrundeba. cirkulaciis fardobiTi sixSire warmoadgens  veqtoris brunvaTa 

srul raodenobas  nAXnB intervalis ganmavlobaSi.  

 

10.8 *statistikur-meqanikuri da Termodinamikuri formalizmi 

 

mocemul TavSi warmodgenili meTodi erTmaneTTan akavSirebs garkveul 

struqturebs, riTac SegviZlia paraleli gavavloT statistikuri meqanikisa da 

Termodinamikis zogierT cnebas Soris arsebuli kavSiris mimarT. radgan 

ganzogadebuli ganzomilebebisa da entropiebis mizani mimzidvelebisa da 

traeqtoriebis detaluri statistikuri aRweraa, amgvari kavSiris aRmoCena 

gakvirvebas ar iwvevs. upirveles yovlisa, warmogidgenT statistikuri meqanikisa da 

Termodinamikis formaluri mxareebis mokle aRweras. im mkiTxvels, vinc 

statistikur meqanikaSi kargad ver erkveva, es paragrafi SeuZlia gamotovos.  

 statistikur meqanikaSi Termodinamikur wonasworobaSi myofi sistemis 

kvlevisas fundamenturi cnebaa energetikul doneTa Sesabamisi wonebis statistikuri 

jami: 

 

nE
n

n

Z g e                             (10.8-1) 

 

sadac gn warmoadgens n-uri  donis gadagvarebis maCvenebels anu gn gansazRvravs En 

–is Sesabamis qvedoneTa raodenobas. rogorc wesi, β sidide sistemis absoluturi 

(kelvinis) temperaturisadmi ukuproporciulia. yoveli Termodinamikuri 

maxasiaTeblis gamoTvla SesaZlebelia statistikuri jamis meSveobiT.  

 vaCvenoT, Tu rogor xdeba sxvadasxva Termodinamikuri sidideebis gamoTvla 

statistikuri jamis meSveobiT. magaliTad, sistemis Sinagani energia  ganisazRvreba 

Semdegnairad : 

 

In
( )

Z
E 




 


                     (10.8-2) 

 

xolo helmholcis Tavisufali energia (energia, romlis amoReba sistemidan 

SesaZlebelia mudmivi 
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 temperaturis pirobebSi):  

 

In
( )

Z
E 


                         (10.8-3) 

 

dabolos, sistemis uganzomilebo entropia iqneba 

 

2( ) { ( ) ( )}
F

S E F    



  


                 (10.8-4) 

 

dinamikuri sistemebisTvis SesaZlebelia Zm da Г(q,τ) statistikuri funqciebis 

gansazRvra. pirveli maTgani m  rigis yoveli perioduli wertilis Sesabamisi 

liapunovis lokaluri eqsponentis meSveobiT anu im wertilebiT moicema, romlebic 

periodi-m tipis traeqtorias miekuTvnebian (energetikul doneebsa da periodul 

wertilebTan dakavSirebul traeqtoriebs Soris amgvari analogia me-12 TavSi 

kvantur meqanikasa da qaosur dinamikur sistemebs Soris arsebuli kavSiris 

ganxilvisas kvlav iCens Tavs). pirvel funqcias vuwodoT dinamikuri statistikuri 

jami, radganac igi sistemis dinamikaze akeTebs aqcents. meore funqcia sivrciTi 

normirebis eqsponentebs moicavs da mas struqturul statistikur jams vuwodebT. 

 

dinamikuri statistikuri jami 

 

dinamikuri statistikuri jami ganisazRvreba Semdegnairad: 

 

( )m

m

x
m

x

Z e                           (10.8-5) 

 

am gamosaxulebaSi β temperaturis Sebrunebuli sididea. xm warmoadgens m 

sigrZis mqone perioduli ciklis Sesabamisi traeqtoriis wertils. ajamva xdeba  

yvela aseTi wertilis mixedviT. mocemuli meTodis SemTxvevaSi sistemis 

daxasiaTebisTvis viyenebT (arastabilur) periodul wertilebs. rodesac sistema 

ganixileba mravalganzomilebian mdgomareobaTa sivrceSi, maSin λ(xm) warmoadgens 

liapunovis udides (dadebiT) eqsponentas  xm wertilSi.  
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 Tu sistemis modelireba SesaZlebelia erTganzomilebiani iteraciuli 

funqciis meSveobiT, maSin Zm statistikuri jami gamoisaxeba Semdegi saxiT: 

 

 

( ) 'In ( )m
m

m

f x

m
x

Z e


                        (10.8-6) 

 

sadac f(m)'(xm) warmoadgens m rigis iteraciis warmoebuls  erT-erT fiqsirebul 

xm wertilSi. gadaxrili karvis asaxvisTvis ganvixiloT Semdegi funqcia  (ix. nax. 

10.13).  

 

( ) for 0

1
( ) for 1

1

p

p

x
f x x b

b
x

f x b x
b

  


  



                (10.8-7) 

 

statistikuri jamis gansazRvrisTvis saWiroa funqciis kuTxuri koeficientis 

mniSvnelobebis codna fiqsirebul wertilebSi.  10.13 naxazis meSveobiT vpoulobT, 

rom funqcias gaaCnia ori fiqsirebuli wertili. pirveli maTgani mdebareobs x=0 

wertilSi da misi kuTxuri koeficientia 1/b=1/p1, xolo meore wertili b-sa da 

erTs Soris imyofeba da 10.6 paragrafSi gamoyenebuli sistemis Sesabamisia). meore 

rigis iteracias gaaCnia oTxi fiqsirebuli wertili (erT-erTi maTganis kuTxuri 

koeficientia (1/p1)2, meorisa _(1/p2)2 da danarCeni orisa -  ±1/(p1p2)). 

ganvsazRvroT Z1 da Z2 statistikuri jamebi. (10.8-6) gantolebidan gamomdinare, 

Z1-s Semdegnairad CavwerT: 

 

1 2

1 1
In In

1
p pZ e e

  

                     (10.8-8) 

 

martivi algebruli gardaqmnebis meSveobiT miviRebT: 

 

1 1 2Z p p                          (10.8-9) 
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Z2 sididis gansazRvrisas gavixsenoT is faqti, rom f(2)-s gaaCnia oTxi 

fiqsirebuli wertili. amrigad, gveqneba: 

 

2 2

1 2 1 2

1 1 1
In In In

2 2p p p pZ e e e
  

     
       

                       (10.8-10) 

 

Sedegad miviRebT: 

 

2
2 1 2( )Z p p                           (10.8-11) 

 

Zm  sididis ganzogadebuli saxe aseTi iqneba: 

 

1 2( )m
mZ p p                          (10.8-12) 

 

(SeniSneT analogia miRebul Sedegsa da 10.5 paragrafSi ganxiluli kantoris 

simravleebis Sesabamis ganzogadebul statisitikur jams Soris.) 

 

amocana 10.8-1. SeamowmeT (10.8-12) damokidebulebis marTebuloba m=3 SemTxvevaSi. 

 

mas Semdeg, rac statistikuri funqciebi cnobilia, SevZlebT sxva 

Termodinamikuri maxasiaTeblebis gamoTvlasac. sistemis (saSualo) Sinagani  energia 

moicema Semdegi saxiT: 

 

1 1 2 2

1 2

In Z1
( )

In In

mE
m

p p p p

p p

 
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                 (10.8-13) 

 

E(β=0) SemTxvevaSi gveqneba: 

 

1 2In In
(0)

2

p p
E

 
                    (10.8-14) 
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amrigad, E(0) warmoadgens sistemis Sesabamis liapunovis saSualo eqsponentas 

(wonis gareSe). eqsperimentebi gviCvenebs, rom  

 

( )mx

m

e

Z



                           (10.8-15) 

 

sidide unda ganvixiloT, rogorc fiqsirebul mx  wertilTan dakavSirebuli 

albaToba. liapunovis udidesi (dadebiTi) eqsponentis SemTxvevaSi traeqtoriis mier 

fiqsirebuli wertilis midamoSi gavlis albaToba umciresi iqneba. garda amisa 

SevniSnoT, rom liapunovis (awonil) eqsponentas eqneba  E(1)=_p1lnp1_p2lnp2 saxe. 

 ganvsazRvroT sistemis Sesabamisi helmholcis Tavisufali energia: 

 

1 2

1
( ) In ( )

1
In ( )

mF Z
m

p p 

 




 

  
                       (10.8-16) 

 

gansakuTrebul interess sxvadasxva tipis uganzomilebo entropiebi iwvevs, 

romelTaTvisac Tavisufali energiis β-s mimarT gawarmoebis Sedegad miviRebT: 

 

2( )
F

S  






                       (10.8-17) 

 

rac gadaxrili karvis asaxvis SemTxvevaSi mogvcems: 

 

1 2 1 2 1 2 2

1 2

( ) In ( ) ( In In )
( )

p p p p p p p
S
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 
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
         (10.8-18) 

 

gamovikvlioT miRebuli gamosaxulebis arsi konkretuli β-s konkretuli 

mniSvnelobebis Sesabamisi entropiebis safuZvelze. magaliTad,  β =0 SemTxvevaSi 

gveqneba: 

 

(0) In 2S                          (10.8-19) 
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rac warmaodgens asaxvis Sesabamis topologiur entropias (anu asaxvis funqciis 

pirveli rigis iteraciis Sesbamisi fiqsirebuli wertilebis raodenobis naturalur 

logariTms).  

β =1 SemTxvevaSi (10.8-18) damokidebulebis meSveobiT vRebulobT: 

 

1 1 2 2(1) In InS p p p p                     (10.8-20) 

 

rac warmoadgens sistemis K _ S entropiis  K1 mniSvnelobas. gadaxrili karvis 

asaxvisTvis K1 sidide warmoadgens liapunovis eqsponentas.  

 amrigad, karvis daxrili asaxvis funqciis SemTxvevaSi, romlisTvisac 

fiqsirebuli wertilebis mixedviT aRebuli jami (10.8-5) gantolebiT SegviZlia 

gamovsaxoT, SesaZlebelia ganzogadebuli statistikuri Zm jamis, Sedegad ki  

sistemis ganzogadebuli entropiebis gamoTvla. Cvenda gasaocrad,  β parametri 

Seesabameba ganzogadebuli entropiis q rigs. 

 

amocana 10.8-2. daadgineT kavSiri (10.8-19) da (10.6-7 gansazRvrebebs Soris.  

 

struqturuli statistikuri jami 

 

statistikuri jamis meore tipi aqcents akeTebs dinamikuri sistemis mimzidvelis  

sivrciT struqturaze. mas struqturul statistikur jams vuwodebT. (10.5-16)-is 

Seesabamisad, gveqneba: 

 

( , ) 1
q
i

i i

p
q

R                         (10.8-21) 

 

sadac pi warmoadgens traeqtoriis i ujredze gavlis albaTobas. gavixsenoT, rom 

τ(q) parametri isea SerCeuli, rom Sesruldes piroba τ=(q_1)Dq.  

 Termodinamikuri mosazrebebidan gamomdinare, τ(q) unda warmoadgendes 

statistikuri jamis logariTmis proporciul sidides. amrigad, igi Tavisufali 
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energiis rols asrulebs. (10.5-9)-is mixedviT vxedavT, rom τ(q) sidide normirebis 

f(α) speqtrTan dakavSirebulia Semdegnairad: 

 

( ) ( )q q f                          (10.8-22) 

 

Tu miRebul Sedegs SevadarebT E Sinagan energias, helmholcis F energiasa da S 

entropias Soris arsebul Termodinamikur kavSirs (kerZod, F = E _ S/β), vnaxavT, 

rom f(α) sidide warmoadgens entropias, xolo -Sinagani energias. 

 

aseT SemTxvevaSi ibadeba kiTxva: raSi gvWirdeba zemoT moyvanili Termodinamikuri 

formaluri analogia? pasuxi mdgomareobs imaSi, rom TermodinamikaSi miRebuli 

gamocdilebis gamoyenebiT SegviZlia g(Δ) da f(α) sidideebis  gamoyeneba dinamikur 

sistemebTan dakavSirebiT. magaliTad, zogierTi dinamikuri sistema gviCvenebs wyvetas 

f(α) sididis TvalsazrisiT. f(α)-s mixedviT naxtomisebr cvlas, TermodinamikaSi 

arsebuli pirveli rigis fazuri gadasvlebis analogiurad, fazuri gadasvla 

ewodeba. Tu f(α) mruds gaaCnia wyveta, SegviZlia vifiqroT, rom arsebobs  

gansxvavebuli intensivobis mqone ori (an zogjer meti) sxvadasxva fazis mqone 

mimzidvelTa kombinacia,  wylis wveTebisa da orTqlis narevis analogiurad. ufro 

metic, Termodinamikur sistemaTa daxasiaTebis zogierTi meTodi gviCvenebs 

dinamikuri sistemebis Seswavlis axlebur midgomebs. Cveni arsebuli codna 

dinamikuri sistemebis Sesaxeb didad wagvadgeba Termodinamikisa da statistikuri 

meqanikis kvlevis TvalsazrisiT. uaxlesi  analizisTvis mimarTeT ZAS99-s.   

 

10.9 impulsis analizi, q -aricxva da momijnave sakiTxebi 

 

ganvixiloT arawrfiv sistemebTan dakavSirebuli droiTi mwkrivebis analizis 

kidev ramdenime meTodi. pirveli maTgani iyenebs impulsis analizis maTematikur 

meTods. es ukanaskneli furies analizis ganzogadebuli formaa. A damatebis 

Tanaxmad, furies analizi gviCvenebs, Tu ramdenad SesaZlebelia Cveni monacemebis 

warmodgena sxvadasxva periodis mqone sinusebisa da kosinusebis  wrfivi kombinaciis 

meSveobiT. analogiurad, impulsis analizi gvamcnobs Tu ramdenad vargisia 

eqsperimentis Sedegebis warmodgena iseTi  `talRebis~ meSveobiT, romlebic  

warmoadgenen  sxvadasxva `siganis~ pikebis mqone impulsTa erTobliobas. Tavis 
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boloSi moyvanili cnobebi asaxavs arawrfiv mniSvnelobebTan dakavSirebiT 

gamoyenebuli impulsis analizis kerZo SemTxvevebs. dawvrilebiTi informaciisaTvis 

ixileT BON98.  

 q-analizad an q-aRricxvad wodebuli kidev erTi maTematikuri meTodi  

Cveulebrivi diferencialuri analizis ganzogadebuli formaa. pirveli, meore da a.S. 

rigis warmoebulebis nacvlad vpoulobT wiladuri q-rigis warmoebuls:  

 

( ) ( , ,...) ( , ,...)
( , ,...)

( 1)
q

x

f qx y f x y
f x y

q x


 


                (10.9-1) 

 

q-rigis warmoebuli gvamcnobs, Tu rogor icvleba f funqcia  x koordinatis  q-ze 

gamravlebis SemTxvevaSi (gaixseneT, rom Cveulebrivi warmoebuli gvamcnobs, Tu 

rogor icvleba funqcia x koordinatis usasrulod mcire nazrdis SemTxvevaSi). q 

_>1 zRvarSi q-warmoebuli Cveulebrivi warmoebulis msgavsia. irkveva, rom q-

aRricxva SegviZlia gamoviyenoT multifraqtalur simravleTa daxasiaTebisTvisac 

(ERE97). 

calisma (TSA88) warmoadgina Termodinamikis axali versia _ e. w. arasivrculi 

Termodinamika, sadac entropia, Tavisufali energia da a.S., araa sistemis zomisadmi 

proporciuli (rogorc es Cveulebriv TermodinamikaSia). es modeli axdens mocemul 

TavSi ganxiluli entropiisa da multifraqtaluri ganawilebebis Semdgom 

ganzogadebas, rac arawrfivi sistemebis daxasiaTebisTvis SeiZleba gamogvadges 

(CLP97, LYT98, ANT98). 

 

10.10 daskvnebi 

 

SevajamoT mocemul TavSi Seswavlili masala. erTi sistyviT, xelT gvaqvs 

qaosuri sistemebis ricxviTi aRweris araerTi meTodi. zogierTi meTodi 

mdgomareobaTa sivrcis maxasiaTeblebs ganzogadebuli (fraqtaluri) ganzomilebebis 

gamoyenebis gziT Seiswavlis. sxva iseTi meTodebi, rogorebicaa ganzogadebuli 

entropiebi, aqcents sistemis droiT dinamikaze akeTeben. rogorc ganzogadebuli 

ganzomilebebis, aseve entropiebis gamoTvla, ganzogadebul korelaciur jamTan 

kombinaciaSi, konkretuli dinamikuri cvladis droiTi mwkrivebis gamoyenebiT aris 

SesaZlebeli.  
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 yvela zemoT xsenebuli meTodi aRwerilobiT xasiaTs atarebs. isini sistemis 

dinamikis amsaxveli sidideebis ricxviT mniSvnelobebs gvawvdian. iSviaT SemTxvevebSi 

gvxvdeba universalobis niSnebic. magaliTad, sinusoidur-wriuli asaxvis SemTxvevaSi 

qaosis sawyis etapze kritikul wertilSi f(α) speqtri universaluria. samwuxarod, 

es meTodebi  nebismier doneze prognozirebis saSualebas ar iZleva. ufro metic, 

miuxedavad imisa, rom ganzomilebebisa da entropiebis gamoTvlis gamartivebisa da 

siCqaris gazrdis TvalsazrisiT progresi saxezea, gamoTvlebi kvlav auracxel dros 

moiTxovs da aseTi situacia gvaqvs monacemTa mcire simravlis SemTxvevaSic ki. Tu 

qaosuri dinamikuri sistemis kontrolisTvis ubralod raime raodenobrivi 

maxasiaTebeli sazomi gvWirdeba, maSin liapunovis udidesi eqsponentis, ujredTa 

mTvleli ganzomilebis an korelaciuri ganzomilebis dadgena savsebiT sakmarisia. 

nebismier SemTxvevaSi, dinamikuri sistemis  raodenobrivi gazomvis mizani am sistemis 

dinamikis gaazrebaa. gamoTvla TavisTavad mizani ar aris. perioduli orbitebis 

mixedviT dinamikis topologiur klasifikacias didi momavali aqvs, magram es sfero 

jerjerobiT ganviTarebis sawyis etapzea.  

 saboloo daskvnis gamotanamde unda aRiniSnos, rom me-9 da me-10 TavebSi 

moyvanili analizi sistemis maxasiaTebeli parametrebis mudmivobis daSvebas 

eyrdnoboda. realuri eqsperimentuli sistemebis SemTxvevaSi am daSvebis WeSmariteba 

saeWvoa. bevri qimiuri Tu fizikuri sistemis laboratoriul ganxorcielebaSi 

amgvari daSveba winaaRmdegobas ar qmnis, magram cocxal  biologiur Tu 

arakontrolirebad sistemebSi, rogoricaa cvalebadi varskvlavebi an safondo birJa, 

amgvari daSvebis WeSmariteba kiTxvis niSnis qveS dgeba. aseT SemTxvevaSi Cven winaSe 

seriozuli problema wamoiWreba. ra azri aqvs korelaciuri ganzomilebis tipis 

nebismier ricxviT maxasiaTebels, rodesac igi gamoTvlilia sistemis parametrebis 

cvlilebis procesSi Cawerili mniSvnelobaTa droiTi mwkrivebis mixedviT? yvelaze 

uares SemTxvevaSi maT aranairi mniSvneloba ar gaaCniaT, radgan sistemis qmedeba 

mdgomareobaTa sivrcis mimzidvelis areSi ar aris Seswavlili da gamoTvlili 

sidideebi sistemis gardamavali qmedebis Sesabamisi maxasiaTeblebia. zogierT 

SemTxvevaSi TviT gardamavali qmedebis analizia saintereso. aseT SemTxvevebSi 

droiTi mwkrivebis meTodikam SesaZloa didi samsaxuri gagviwios (JAT94).  

arsebobs arastacionaruli sistemebis kvlevis araerTi meTodi. isini aqcents 

rekurentulobis drois gansazRvraze akeTeben, romelic mdgomareobaTa sivrcis 

garkveul midamoSi traeqtoriis xelmeore ”vizitis“ sixSiris gazomvaSi gvexmareba. 
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amgvari statistika SesaZloa arastacionarulobis  pirobebis dadgenaSic 

dagvexmaros. uaxlesi kvlevebis gacnobis mizniT ixileT GAO99.   
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10.12 kompiuteruli amocanebi 

 

CE10-1. SeadgineT 10.6 paragrafSi aRwerili kantoris awonili simravlis f(α)-s 

gamoTvlisa da grafikuli gamosaxvis programa. 

 

CE10-2. SeadgineT 10.5-4 amocanis kantoris asimetriuli simravlisTvis f(α)-s 

gamoTvlisa da grafikuli gamosaxvis programa. miniSneba: n/w*-sTan dakavSirebiT 

gantolebis amoxsnis mizniT gamoiyeneT niutonis meTodi. 

 

CE10-3. ixelmZRvaneleT HJK86-is mixedviT da kantoris ormasStabiani 

simravlisaTvis  aageT f(α) funqciis grafiki. CaatareT miRebuli Sedegebis analizi.  

 

CE10-4. gaecaniT h. guldisa da J. toboCnikis naSroms ~fraqtalebisa da qaosis 

Sesaxeb: multifraqtalebi~, gamomTvleli manqanebi fizikaSi 4(2), 202-7 

(marti/aprili 1990) da SeamowmeT programirebasTan dakavSirebuli zogierTi 

rekomendacia. 
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IV 

rCeuli problemebi 

11 

Fstruqturis warmoqmna da dro-sivrceSi gamoxatuli 

qaosi 

adamianis inteleqtis gaRviZeba SesaZloa gantolebebis Tvisobrivi 

Semadgenlobis Secnobis meTodis SemuSavebasa da ganviTarebas ukavSirdebodes. 

amis gakeTebas jerjerobiT ver vaxerxebT. dResdReobiT Cven ver aRviqvamT, rom 

wylis nakadis gantolebebi iseT rameebs Seicavs, rogoricaa turbulentobis 

struqtura, rac adamianma mbrunav cilindrebs Soris SeiZleba SeniSnos. aseve ar 

viciT, urevia Tu ara am yoveliveSi Semoqmedis xeli. r.p. feinmani [Feinman, 

Leighton, Sands, 1964]-Si, tomi II, gv. 41-12. 

 

11.1 Sesavali 

rTuli, maqmanisebri formis yinulis kristalebi grigalisebri Rrublebisgan 

warmoiqmneba. Rrublebs asobiT kilometrze gavrcelebuli regularuli, perioduli 

struqtura gaaCniaT. wesrigi (moCvenebiTi) mouwesrigeblobidan, xolo sirTule 

erTgvarovnebidan gamomdinareobs. maSinac ki, rodesac yvelaze naklebad veliT, buneba 

wesrigsa da sivrciT struqturebs warmoqmnis. rogor xdeba yovelive es?  

 es sakiTxebi maxasiaTebeli Tvisebebis mniSvnelovani sivrciTi cvlilebis mqone 

sistemebs exeba. amrigad, sistemis dinamika rogorc sivrciTi, ise droiTi 

TvalsazrisiT unda ganvixiloT, rac mocemuli kursis  umTavres mizans warmoadgens.  

 fundamenturi fizikis TvalsazrisiT, namdvili Tavsatexis  winaSe aRmovCndiT. 

mikroskopul, atomur da molekulur doneze viciT, rom atomTaSorisi da 

molekulaTaSorisi urTierTqmedeba (an Zalebi) sakmaod mcire, miaxloebiT 10 Ǻ (5-

dan 10-mde atomuri diametri) rigis manZilebze vrceldeba. ufro didi manZilebis 

SemTxvevaSi atomebs Soris urTierTqmedeba SemTxveviTi saxis siTbur agznebasTan 

SedarebiT umniSvnelo xdeba nebismieri, magram ara umciresi temperaturebis 

SemTxvevaSi. Cven faqtobrivad, Zalze did manZilebze gavrcelebuli molekuluri 

wesrigis problemis winaSe vdgavarT. manZilebis yinulis kristalebis SemTxvevaSi 
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ramdenime milimetris, xolo Rrublebis SemTxvevaSi kilometrebSi aisaxeba. ra gziT 

ukavSirdeba mokle manZilebze arsebuli urTierTqmedeba didi manZilebis Sesabamis 

urTierTqmedebis kanonebs?  

 erT-erTi axsna imaSi mdgomareobs, rom didi manZilebis SemTxvevaSi arsebobs 

urTierTqmedebebi, romlebic molekulebs erTimeoresTan `komunikaciis~ saSualebas 

aZleven. amitom wylis molekulam `icis~, Tu sad unda aRmoCndes Tovlis fifqis 

struqturis misaRebad. aseTi komunikacia TiTqos jadosnuria da specialurad am 

miznis misaRwevad arsebobs.  

 Cven, rogorc mecnierebi, wesrigis axsnas cnobili Zalebisa da Sesabamisi 

dinamikis safuZvelze vcdilobT anu imedi gvaqvs, rom did manZilebze moqmedi 

wesrigis Sedegebis axsnas fizikis cnobili kanonebis gamoyenebiT SevZlebT. bolo 

oci wlis ganmavlobaSi dinamikis sferoSi garkveuli progresi saxezea. albaT 

sakvirvelia, rom siTburi qaosuri qmedebis gaazrebaSi damxmare mravali koncefcia 

wesrigisa da sirTulis aRqmaSic gvexmareba.  

ra saerTo Tvisebebi gaaCniaT wesrigis damamyarebel sistemebs? yvelaze 

mniSvnelovania, rom isini Termodinamikuri wonasworobidan daSorebul 

mdgomareobaSi moqmedeben. gansazRvrebis Tanaxmad, Termodinamikur wonasworobaSi 

myof sistemas erTgvarovani temperatura gaaCnia da ar xdeba mis sxvadasxva 

`nawilebs~ Soris energiis gacvla. energiis nakadi da arawonasworuli pirobebi 

wesrigis gamovlenisTvis aucilebelia. garda amisa, disipacia mniSvnelovania 

arawonasworul sistemebSi ama Tu im struqturebis CamoyalibebisTvis. aseve 

gavixsenoT, rom disipacia sistemis dinamikur traeqtoriebs mdgomareobaTa sivrceSi 

mimzidvelze ganTavsebis saSualebas aZlevs. cnobilma fizikosma da nobelis premiis 

laureatma ilia prigoginma arawonasworul disipaciur sistemebSi gamovlenil 

mowesrigebul sivrciT struqturebTan dakavSirebiT termini `disipaciuri 

struqturebi~ SemoiRo.  

 amgvari struqturis warmomqmnel sistemebs kidev erTi `Tviseba~ _ 

arawrfivoba aerTianebs. arawrfivobis gareSe aranairi struqtura ar warmoiqmneba. 

amave dros wonasworobis darRvevac mniSvnelovania, radgan sistemaTa 

umravlesobisTvis Termodinamikuri wonasworobisas an masTan mWidro siaxlovisas 

arawrfivoba `damalulia~. arawrfivobis efeqti sagrZnobi mxolod im SemTxvevaSia, 

rodesac sistema wonasworobidan gadaxril mdgomareobaSi imarTeba. 
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 arawrfivobis Sesaxeb moyvanili gancxadebebi sakmaod STambeWdavia. magaliTad, 

naxvretSi, gisosSi Tu wylis wveTSi gamavali sinaTlis sxivis msgavsi bevri wrfivi 

sistema saintereso struqturebs gvaZlevs. am struqturebs naxvretebis, gisosebisa 

da wylis wveTebis geometria gansazRvravs. sistemis arawrfivobis wyalobiT 

warmoqmnil struqturebs xSirad maTi konturebis maxasiaTeblebisagan damoukidebeli 

geometriuli formebi gaaCniaT. sistemis yvela parametrisa da sazRvris droisgan 

damoukideblobis SemTxvevaSic ki arawrfivi struqturebi xSirad droze 

damokidebuli xdebian. orive Tviseba _ konturebis geometriisgan damoukidebloba da 

droze damokidebuleba arawrfivi struqturis warmoqmnis niSnebia.  

 

arawrfivi sistemebis kidev erTi niSanTviseba koherentuli struqturebia. maT 

SesaZloa droSi mdgradi da xSirad struqturis warmoqmnis aris garSemo moZravi 

lentis, adgilobrivi impulsis an wylis nakadis morevis forma da a.S. aRmoaCndeT. 

amgvar struqturebs sxvadasxvagvari fizikuri, qimiuri, Tu biologiuri sistemebi 

qmnis. SHO93-ma da RTV99-ma maTi Secnobis meTodebis nusxa SemogvTavazes.  

 miuxedavad imisa, rom sivrciTi struqturebis Sesaxeb bevri ram aris 

cnobili, es sakiTxi srulad Seswavlili ar aris. am TavSi struqturis warmoqmnis 

da dro-sivrceSi mimdinare qaosis zogierT aspeqts warmogidgenT (rasakvirvelia, 

qaosuri qmedeba sivrciTi  struqturis mqone sistemebis arawrfivi dinamikis erT-

erTi Tvisebaa, magram struqturebis warmomqmnelma arawrfivobebma qaosuri SeiZleba 

gamoiwvios). momdevno paragrafebSi, sivrce-drois arawrfiv dinamikasTan 

dakavSirebiT magaliTebis mTel speqtrs moviyvanT. isini, ra Tqma unda, sakvlev 

movlenebs srulad ver asaxaven, magram am movlenebis Sesaxeb ZiriTad miniSnebebs, 

koncefciebs, formalur midgomebs da gamoyenebis sferos safuZvlianad gavecnobiT. 

Cven vecdebiT arawrfivi dinamikis sferoSi Seswavlili koncefciebis saintereso 

sivrciTi struqturis mqone sistemebze gavrcelebis gzebi giCvenoT. realur 

sivrciT struqturebTan dakavSirebiT gamoyenebuli fraqtaluri ganzomilebebi 

mravali sistemis daxasiaTebisas mniSvnelovania. 

 am paragrafebSi siTxis nakadisa da gadatanis movlenebTan dakavSirebiT 

fizikisa da formaluri meTodis zogierT aspeqts warmogidgenT. sabednierod Tu 

saubedurod, es sakiTxebi fizikis Sesavali kursebis umralesobisaTvis SeumCnevli 

darCa, ramac fizikaSi arasasurveli Cavardna gamoiwvia. Cveni mizania sakmarisi 



 534 

warmodgena SegiqmnaT am sakiTxebis Sesaxeb, ise rom movlenis aRwerisTvis 

gamoyenebul formalur meTodebs Soris kavSiris SemCneva SegveZlos.  

 dro-sivrceSi arsebuli struqturebi magaliTebia imisa, Tu rogor SeiZleba 

gamomdinareobdes martivi wesrigi kompleqsuri qmedebidan. rogorc ukve vTqviT, 

qaosi (sakmaod xSirad) martivi sistemebidan warmoqmnili rTuli qmedebaa. arsebobs 

Tu ara maTi damakavSirebeli Teoria (an mosazreba mainc), romelic biologiuri da 

socialuri sistemebis Semcveli rTuli sistemebis dinamikis Secnobas 

uzrunvelyofs? jerjerobiT am kiTxvas advilad ver vupasuxebT. Tavis boloSi 

citirebulii literaturidan gaigebT, Tu rogor warmoudgenia zogierT mecniers da 

maTematikoss `kompleqsurobis Teoria~. mocemul TavSi moyvanilia ramdenime 

problemis amsaxveli SemTxveva, romelTa gadaWras kompleqsurobis Teoria unda 

Seecados.  

 

11.2 siTxis organzomilebiani nakadi 

 

sivrciTi damokidebulebis pirveli magaliTia siTxis organzomilebiani nakadis 

zogierTi aspeqti. cxadia ibadeba pirveli kiTxva, Tu ras vgulisxmobT siTxis 

organzomilebian nakadSi. sinamdvileSi xom siTxeebi samganzomilebiania?  siTxis 

organzomilebiani nakadi maSin daikvirveba, rodesac siTxSi arsebuli fizikuri 

pirobebi erTi mimarTulebiT erTgvarovnebas inarCunebs, xolo danarCeni ori 

mimarTulebiT ki adgili aqvs maT grigalisebri saxiT cvalebadobas. warmoidgineT 

11.1 naxazze moyvanili siTxis Semcveli marTkuTxa kamera, romlis marjvena da 

marcxena mxareebi zemoT-qvemoT gadaadgildebian. gadaadgileba siTxis nakads x da y 

mimarTulebiT warmarTavs, magram nakadi z koordinatis nebismieri mniSvnelobisaTvis 

ucvlelia (Zalze Txeli firfitis wina da ukana zedapirebis garda). amrigad 

vambobT, rom siTxis moZraoba organzomilebiania. 

 siTxis amgvarma saxeobam gansakuTrebiT farTo gamoyeneba ukanasknel wlebSi, 

siTxeTa narevSi arsebuli fizikuri pirobebis Seswavlisas hpova (ixileT Tavis 

boloSi citirebuli [Ottino, 1989] da sxva wyaroebi). narevi siTxe mniSvnelovan 

rols asrulebs sxvadasxva industriul da bunebriv dargebSi. saidan icis 

saRebavebis mwarmoebelma firmam, rom saRebavSi pigmentebia Sereuli? rogor xdeba, 

rom okeanis zedapiris zeda fenebSi xsnadi CO2-is msgavsi airebi ufro Rrmad 

ganlagebul fenebTanaa Sereuli? Serevis daxasiaTebis problema da qaosTan misi 
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kavSiris sakiTxi jerac Seuswavlelia (RKZ00). Sereva maSin vlindeba, rodesac 

siTxis raime wertilSi Seyvanili Seferili siTxis patara wveTi sabolood siTxis 

mTliani moculobis ferze gavlenas moaxdens (Serevis procesis ganxilvisas 

ugulebelvyofT molekuluri difuziis wvlils. Cven mxolod siTxis masuri 

gadaadgilebiT gamowveuli SereviT varT dainteresebuli). amis magaliTia yavis 

moreva, rodesac siTxis moZraoba sxvadasxva saxis rgolebs iwvevs. Tu siTxe 

`mdored~ miedineba, maSin Sereva mcirea.  

 siTxeebis Serevis dinamikuri analogia mdgomareobaTa sivrceSi qaosur 

moZraobasTan asocirebuli sawyisi pirobebis simravlis deformaciaa, rac am 

simravlis mdgomareobaTa sivrcis mniSvnelovan areSi gavrcelebas iwvevs. analogiis 

maTematikuri formulireba SesaZlebelia. Serevis raodenobriv sazomad axlomdebare 

traeqtoriebis gadaxris liapunovis saSualo eqsponentis eqvivalenturi sidide 

SegviZlia gamoviyenoT [Ottino, 1989, gv. 117].   

naxazi. 11.1. Txevadi sistemis sqematuri diagrama, 

sadac nakadi gamorCeulad organzomilebiania. siTxis 

ujredis marcxena da marjvena mxareebs vertikaluri 

mimarTulebiT gadaadgilebis saSualeba eZlevaT, rac 

ganapirobebs siTxis moZraobas xy sibrtyeSi. 

 

 

organzomilebiani siTxis moZraobis hidrodinamikuri Teoria gviCvenebs, rom 

konkretul (x, y) mdgomareobaSi siTxis siCqare izoqoruli nakadisTvis e.w. nakadis 

Ψ(x, y, t) funqciis [Ottino, 1989] meSveobiT SeiZleba ganisazRvros. nakadis 

funqciidan kerZo warmoebulebis gamoTvlis gziT vpoulobT siCqaris komponentebs:  
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 
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                      (11.2-1) 

 

Tu davafiqsirebT drois t moments, maSin Ψ(x, y, t) mrudebi siTxis moZraobis e.w. 

nakadis wirebs gamosaxaven. isini sivrcis calkeul wertilSi siTxis siCqaris 

veqtoris mimarT mxebi mrudebi iqnebian. 
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 aq mTavari is aris, rom siTxis nakadis siCqaris komponentebisTvis (11.2-1) 

saxes me-8 TavSi warmodgenili hamiltonis gantolebebis msgavsi maTematikuri 

struqtura gaaCnia. (11.2-1) da (8.2-1) gamosaxulebebis Sedarebis Sedegad Cans, rom 

siTxis nakadis funqcia hamiltonianis rols asrulebs (ARE83, ARE84). maSasadame,  

siTxis organzomilebiani nakadisTvis realur xy sivrceSi siTxis nawilakis 

traeqtoria (anu (11.2-1) gantolebebis amonaxsni) igivea, rac hamiltonis 

funqciisTvis mdgomareobaTa sivrcis traeqtoria (gaixseneT, rom mdgomareobaTa 

sivrcis traeqtoriebi hamiltonis funqciis mimarT diferencialuri gantolebebis 

amonaxsnebia). Tu nakadis funqcia drois mimarT damoukidebelia, maSin siTxis 

nawilaki Ψ(x, y)=a mrudis gaswvriv imoZravebs. amgvari qmedeba hamiltonis funqciis 

dinamikas waagavs, radgan Tu es funqcia droisagan damoukidebelia, maSin 

mdgomareobaTa sivrceSi wertili, romlisTvisac H(q, p)=a, mrudis gaswvriv 

imoZravebs. 

 pirobebis mocemuli simravlisTvis nakadis funqciisa da dinebis 

mimarTulebebis dadgena gamoTvlebis Sedegad xdeba, magram Serevis movlenisas ufro 

Sors gviwevs wasvla _ gvWirdeba siTxis Semadgeneli nawilakebis traeqtoriebis 

dadgena. rogorc ukve aRvniSneT, Sereva ori axlomdebare nawilakis traeqtoriaTa 

eqsponencialur divergenciasTanaa dakavSirebuli. nawilakTa traeqtoriebis 

daxasiaTebisTvis ori gansxvavebuli (magram erTimeoresTan kavSirSi myofi) meTodi 

gamoiyeneba. Cven formalurad drois funqciis saxiT mocemuli nawilakis 

mdgomareobis veqtori unda ganvsazRvroT, romelic Semdegnairad Caiwereba: 

 

0( , )x x t 
 

                             (11.2-2) 

 

 

sadac 0x


 aris nawilakis sawyisi mdgomareobis Sesabamisi veqtori. Tu calkeuli 

mdgomareobisaTvis dinebis funqcia cnobilia, maSin diferencialuri gantolebis 

amoxsnis Sedegad traeqtoriis gansazRvrac SesaZlebelia: 

 

( , )
dx

x t
dt


  

                          (11.2-3) 
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traeqtoriis eqsperimentulad gansazRvras 0x


 mdebareobaSi saRebavis traseruli 

nawilakis an mcire zomis wveTis SeyvaniT da misi traeqtoriis gamokvlevis gziT 

SevZlebT.  

 siTxis moZraobis kvlevis meore meTodi fiqsirebul sivrciT mdgomareobaSi 

traseruli nawilakebis nakadis an saRebavis Seyvanasa da am gziT gamowveuli 

traeqtoriis dadgenaSi gamoixateba. aseT traeqtorias zolovani meTodi ewodeba. Tu 

nakadi wonasworulia da siTxis siCqare fiqsirebuli sivrciTi mdebareobisas 

droisgan damoukidebelia, maSin zolis msvleloba da traserebis traeqtoria 

erTmaneTs emTxveva. aramdgradi nakadebis ufro zogadi da saintereso SemTxvevebisas, 

aseTi damTxveva ar moxdeba, radgan traseris ganTavsebis wertilSi siCqare drois 

mixedviT icvleba.  

 davubrundeT siTxis organzomilebian nakadsa da hamiltonis funqciis 

meSveobiT aRweril dinamikas Soris arsebul msgavsebas. am msgavsebidan ori 

mniSvnelovani Sedegi gamomdinareobs: 1) Cven siTxis traeqtoriebis gamosaxuleba 

SegviZlia gamoviyenoT hamiltoniseuli sistemis traeqtoriebis analogiurad. siTxis 

moZraobaze dakvirvebis Sedegad SegviZlia SeviqmnaT dazustebuli warmodgena 

mdgomareobaTa sivrceSi aRebul sawyis pirobaTa Sesabamisi aris deformaciis Sesaxeb 

(aseTi warmodgena gasuli saukunis dasawyisSi fizikosma j.v. gibsma SemogvTavaza. 

ixileT [Gibbs, 1948], tomi II, gv. 141-156]); 2) SegviZlia vixelmZRvaneloT 

hamiltonis funqciis TvisebebiT da siTxis organzomilebiani nakadi gamovikvlioT.   

 moviyvanoT bolo moTxovnis Sesabamisi argumenti: Tu nakadis funqcia drois 

mimarT damoukidebelia da siTxis  nakadi ki wonasworuli, maSin siTxe 

Tavisuflebis erTi xarisxis mqone hamiltoniseuli sistemis eqvivalenturia. 

rogorc viciT, aseT SemTxvevaSi qaosuri qmedebis aranairi SesaZlebloba ar 

arsebobs. siTxis nakadis enaze SegviZlia vTqvaT, rom siTxe Serevis amsaxvel 

`Tavisuflebis erTnaxevari xarisxis mqone~ hamiltonis funqciis sistemis 

eqvivalenturia, xolo qaosuri (SereviTi) qmedeba ki dasaSvebia. bolo SemTxvevaSi, 

me-8 Tavis Tanaxmad, SereviTi qmedeba mdgomareobaTa sivrceSi mimdinare qaosur 

qmedebasTan dakavSirebiT parametris mniSvnelobebis garkveul diapazonisaTvis 

SeiZleba saerTod ar gamomJRavndes. nakadis nawili SesaZloa Sereuli, mdore an 

araSereuli saxis iyos.  
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 11.2 da 11.1 naxazebi siTxis nakadis Sesabamis zogierT traeqtorias gviCvenebs. 

traeqtoriebi siTxis mcire, Seferili wveTis Seyvanis Sedegad mkveTr konturebs 

iZenen. 11.2 naxazze naCvenebi SemTxvevisTvis nakadi marjvena da marcxena nawilebis 

mimarT sapirispiro mimarTulebis mqone stacionaruli moZraobiT aris  

ganpirobebuli. mocemuli traeqtoriebi TavianTi formiT gvagonebs hamiltoniseuli 

sistemis fazuri sivrcis traeqtoriebs. rogorc hamiltoniseuli sistemebis 

SemTxvevaSi, nakadis organizacias aqac elifsuri da hiperboluri wertilebi axdens. 

Tu siTxis wveTi elifsuri wertilis maxloblad iqna Seyvanili nakadSi, igi 

fiqsirebul mdgomareobas inarCunebs an elifsuri wertilis maxloblad Tanabrad 

(laminarul reJimSi) cirkulirebs. 

 

 

naxazi. 11.2. siTxis Seferadebuli wveTis gadaadgilebis traeqtoriaTa sqema. 

marjvena da marcxena nawilebi mudmivi siCqariTa da urTierTsapirispiro 
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mimarTulebiT moZraobs. naxazze aRniSnulia elifsuri wertilebisa da hiperboluri 

(sayrdeni) wertilis mdebareoba. fotosuraTi gamoqveynebulia j. otinos nebarTviT. 

 

naxazi. 11.3. siTxis Seferadebuli wveTis treki mowyobilobis moZravi gverdebis 

perioduli gadaadgilebisas warmoiqmneba. 11.1 naxazze naCvenebTan SedarebiT isini 

900-iT Sebrunebulia. hiperboluri wertilis maxloblad, siTxe SerevisTvis 

damaxasiaTebel gawelvisa da mokecvis tipis qmedebebs amJRavnebs. ([Ottino 1989 

mixedviT, gv. 210.) 

 

hiperboluri wertilis maxloblad Seyvanili wveTis SemTxvevaSi hiperboluri 

wertilis mimarT siTxe `gawelilia~ da wertilis arastabilur mravalsaxeobasTan 

dakavSirebuli mimarTulebiT gadaadgildeba, xolo wveTi stabiluri mravalsaxeobis 

gaswvriv mdebare wertilisaken miizideba. nakadma SeiZleba Serevis maxasiaTebeli 

Tvisebebi ganaviTaros, Tu hamiltoniseul sistemas me-8 TavSi ganxiluli 

homoklinikuri da heteroklinikuri traeqtoriebi eqneba. aseTi traeqtoriebis 

arseboba SesaZlebelia naxazze arsebuli `Rrus~ marjvena da marcxena gverdebis win 

da ukan perioduli moZraobis SemTxvevaSi (ix. naxazi. 11.3). traseruli saRebavis 

wveTi fazuri sivrcis traeqtoriebis Sesabamisi homoklinikuri da heteroklinikuri 

kuTxeebis analogiurad, ganicdian gawelvasa da mokecvas (ix. naxazi.11.4).  

 siTxis nakadTan dakavSirebiT hamiltonis funqciis analogiis gamoyenebis 

kidev erTi magaliTi hamiltoniseuli dinamikis KAM zedapirebs ukavSirdeba. me-8 

Tavis Tanaxmad, mdgomareobaTa sivrceSi dinamikuri sistemis traeqtoriebisTvis 

KAM zedapirebi bariers qmnian. traeqtoriebi sivrcis zogierT nawilSi qaosurad 

SeiZleba gadaadgildebodes, magram KAM zedapirebi parametris mniSvnelobebis 
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garkveuli diapazonebis SemTxvevaSi sivrcis zogierT dasaSveb areSi traeqtoriis 

Sesvlas ewinaaRmdegebian.  

  zRudaven  Tu ara KAM zedapirebi analogiuri saxiT siTxis Serevas? 

SegviZlia Tu ara KAM zedapirebis gamoyeneba imis gasarkvevad, Tu ratom ar 

vlindeba Sereva nakadis zogierT areSi, maSin rodesac Sereva imave nakadis sxva 

areebSi aSkarad SeimCneva? eqsperimentebi (KUS92) (KUO92) (OMT92) gviCvenebs, 

rom orive SekiTxvis pasuxia diax. 11.5 naxazi gviCvenebs siTxis nakadSi milakisebri 

miqseris meSveobiT Seyvanili saRebavis treks. siTxe zemodan Sedis da qvemodan 

gamodis.  

 

naxazi. 11.4. siTxis traeqtoriebis msgavseba hamiltoniseul sistemebisaTvis 

dakvirvebul homoklinikur kuTxeebTan. traeqtoriebi gamoTvlilia tendril-vorlis 

modeluri sistemisTvis. (a) nakadis mcire siCqaris SemTxvevaSi `unagiris~ wertilis 

maxloblad arsebuli homoklinikuri qmedeba dafarulia (centri). (b) nakadis 

SedarebiT maRali siCqaris dros homoklinikuri diapazoni aSkaravdeba. ([Ottino, 

1989] mixedviT. 

 

rogorc xedavT, erT wertilSi Seyvanili saRebavi milSi sakmaod Cveulebrivi 

traeqtoriis gaswvriv moZraobs da araviTar Serevas ar axdens. saRebavi SehyavT 

KAM zedapiris farglebSic, sadac moZraoba regularulia. meores mxriv, milis 

boloSi Seyvanili saRebavi gamrudebul kvals tovebs da am SemTxvevaSi  traeqtoria 

erTi SexedviT qaosuria. rogorc vxedavT, hamiltoniseuli sistemis traeqtoriaTa 
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Tvisebebis gamoyenebiT vikvlevT siTxis kompleqsur nakadebsac. am meTods 

samganzomilebiani qaosis SemTxvevaSic SegviZlia mivmarToT (FKO98).  

 

marcvlisebri nakadebi 

 

arsebobs `siTxis~ nakadis kidev erTi tipi, romlis Seswavlac arawrfivi 

dinamikis damsaxurebaa. am SemTxvevaSi Cvens winaSea e.w. marcvlisebri nivTierebis 

nakadi, rogoricaa qviSa da gamdnari liTonis mcire zomis burTulebi. aseT 

nivTierebebs saTanado pirobebSi nakadis Seqmna SeuZlia Tumca maTi Tvisebebi wylisa 

Tu haeris msgavsi Cveulebrivi siTxeebis Tvisebebisgan gansxvavebuli iqneba. 

magaliTad, scadeT SeanjRrioT nuSTan Sereuli nigvzis konteineri. albaT 

gagikvirdebaT, rom nigvzis didi zomis marcvlebi  konteineris zeda nawilSi, xolo 

patara zomisa qveda nawilSi moeqceva. amgvari marcvlovani masalebis nakadi da 

Sereva mniSvnelovania farmacevtuli da sakvebi produqtebis warmoebis 

teqnologiaSi. is aseve did rols asrulebs qimiur, keramikul da metalurgiul 

industriaSi.  

 

 

11.3. korelirebadi oscilatorebis modelebi, fiWuri avtomati da qselebi 

 

realuri sistemebis dinamika xSirad Zalze rTulia da rogorc eqsperimentuli, 

aseve Teoriuli TvalsazrisiT Zneli gamosakvlevia. dro-sivrcis arawrfivobis 

ilustraciis mizniT xSirad kompiuteris saSualebiT SedarebiT advilad gasageb  

martiv modelebs vadgenT. miuxedavad imisa, rom am modelebs realur fizikur Tu 

biologiur sistemebTan pirdapiri kavSiri ar aqvT, modeluri sistemebis qmedebis 

zogadi SemTxveva SedarebiT rTuli da realurad arsebuli sistemebis dinamikis 

Sesaxeb azris CamoyalibebaSi mainc dagvexmareba.  

 mocemul paragrafSi aRvwerT sam aseT modelur sistemas. samive magaliTi 

diskretuli elementebis dinamikas moicavs. erTi elementis qmedeba gavlenas axdens 

meore elementis qmedebazec. pirveli modeli iteraciuli asaxvis funqciebis 

cnobili ideis ganzogadebaa. meore modeli iteraciuli gamoTvlebis fiWur 

avtomatad wodebuli klasia. orive sistema SemTxveviTi saxiT arCeuli sawyisi 

pirobebis fonze saintereso da rTuli sivrciTi struqturebis gamomwvev 
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iteraciul sqemebs moicavs. mesame SemTxveva elementebis qselia (romlebic amuSaveben 

Semaval signals da uzrunvelyofen gamomaval signals).  

 

 

iteraciuli asaxvis korelirebadi funqciebi 

 

  identur dinamikur sistemaTa erTobliobisagan (rogoricaa lojistikuri 

asaxvis funqciebi) SevqmnaT modeluri sistema. erTobliobis yoveli wevri 

sxvadasxva sivrciT mdebareobasTan iqneba dakavSirebuli. TiToeul sivrciT 

mdebareobas sistemis ganmsazRvrel, dinamikuri kanoniT dadgenil ricxvsac 

SevusabamebT. Cven gvainteresebs, Tu ra SemTxvevaSi aRnoCndeba es ricxvebi 

korelirebadi Tu arakorelirebadi. sxvadasxva mdebareobebi umartives situaciaSi 

SeiZleba wrfeze iqnes datanili. CvenTvis arsebiTia mxolod erTi sivrciTi 

mimarTulebis dadgena.  

 rasakvirvelia, Tu sistemis TiToeuli wevri ubralod erTmaneTisagan 

damoukideblad moqmedebs, sainteresos verafers vnaxavT. Cven sxvadasxva sivrciT 

mdebareobebs Soris garkveuli kavSiri an urTierTqmedeba gvesaWiroeba. sxvadasxva 

mdebareobebs Soris kavSiris gaZlierebasTan erTad sistemas spontanurad SeuZlia 

warmoqmnas sivrciTi wesrigi anu gamovlenili ricxvebis korelirebad cvlilebebTan 

dakavSirebuli sivrciTi struqturebi. miuxedavad imisa, rom am models nebismier 

realur fizikur sistemas pirdapir ver SevusabamebT, savaraudoa, rom sivrculi 

TvalsazrisiT erTmaneTisagan daSorebul `oscilatorebs~ Soris kavSiris mqone 

realurma sistemebma SeiZleba zogierTi saerTo dinamikuri da sivrciTi Tvisebebi 

gamoavlinon.  

 konkretuli magaliTis saxiT ganvixiloT erTganzomilebiani modeli. 

davuSvaT, rom i = 1, 2, 3,..., N-iT aRniSnul mdebareobebs Seesabameba N-uri 

dinamikuri sistema. yoveli mdebareobis SemTxvevaSi vadgenT x(i) sidides: 

 

1

1
( ) [ ( ( )) ( ( 1)) ( ( 1))]

1 2n n n nx i f x i f x i f x i 
     


           (11.3-1) 
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naxazi. 11.5. saRebavis treki, rodesac igi 

Seyvanilia milisebr miqserSi gamaval nakadSi  

(TviT miqseris sqema marcxnivaa warmodgenili).  

marjvena mxares moyvanil milakSi siTxe zeda 

nawilSi Sedis da qvemodan gamodis. saRebavi 

qaosur traeqtoriebsa da karg gamokveTil 

SereviT qmedebas gviCvenebs (KUO92-is 

mixedviT) 

 

 

 

 

 

 

aq ε parametri gansazRvravs Tanmimdevrul sidideebs Soris arsebuli kavSiris 

xarisxs. f funqcia lojistikuri asaxvis tipis nebismieri funqcia SeiZleba iyos. 

1/(1+2ε) mamravli uzrunvelyofs x mniSvnelobebis nulsa da erTs Soris mdebareobas, 

magaliTad, f funqciis mier [0,1] diapazonis sakuTar Tavze asaxvis SemTxvevaSi. 

kidura 1 da N wertilebSi, aracalsaxobis Tavidan asacileblad, xSirad x(1) = x(N) 

toloba Semogvaqvs. SegviZlia mravali erTmaneTisagan gansxvavebuli funqciis 

gamoyeneba da Tanmimdevrul sidideebs Soris kavSiris damyarebis analogiurad, 

kavSirs SedarebiT daSorebul sidideebs Sorisac davamyarebT. 

 am tipis sistemis gamokvlevisTvis `Semogvaqvs~ x mniSvnelobebis SemTxveviTi 

saxiT SerCeuli simravle (rogorc wesi, nulsa da erTs Soris myofi 

mniSvnelobebiT) da Semdeg dinamikas TiToeuli mdebareobis SemTxvevaSi x 

mniSvnelobebis mimarT (11.3-1) damokidebulebis gamoyenebiT vamyarebT. Semdeg unda 

vcvaloT ori parametri. erT-erTi maTgani, asaxvis funqciasTan dakavSirebuli 

parametria (anu A parametri lojistikuri asaxvis funqciaSi), xolo meore ε _ 

axlomdebare sididebs Soris kavSiris ganmsazRvreli parametria.  

 aseTi korelirebadi sistemis qmedeba sakmaod rTulia da srulyofilad 

namdvilad ar aris gamokvleuli. yvelaze saintereso efeqtebi maSin vlindeba, 

rodesac yovel sivrciT mdebareobaze toli A mniSvnelobebi mdebareobs areSi, 

romlis mimarT individualuri asaxvis funqcia mezoblebTan  kavSiris damyarebis 
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gareSe qaosurad iqceva. kavSiris gaZlierebasTan erTad sistema erTdroulad cvladi 

ricxviTi mniSvnelobebis jgufebis an simravlis mixedviT organizebul sivrciT 

struqturas qmnis. sistema gansakuTrebul sivrciT wesrigs SemTxveviTi saxiT 

aRebuli sawyisi mdgomareobis SemTxvevaSi amyarebs.  

 k. kanekom (KAN89a, KAN90, KAN92) Seiswavla erTganzomilebiani 

korelirebad iteraciul asaxvaTa funqciebi, romelTa SemTxvevaSic yoveli sivrciTi 

mdebareoba erTmaneTTan Semdegi saxiTaa dakavSirebuli: 

 

1( ) (1 ) ( ( )) ( ( ))n n n
k

x i f x i f x k
N

                    (11.3-2) 

 

analizis simartivisTvis, me-5 Tavis analogiurad, x mniSvnelobaTa diapazoni or 

monakveTad SegviZlia davyoT da marjvena nawili R-iT, xolo marcxena -  L-iT 

aRvniSnoT. Semdeg R-isa da L-is Sesabamis sxvadasxva mdebareobebs Soris arsebul 

korelaciebs  davakvirdeT. kanekom daadgina, rom sistemis koherentuli rxevebi 

Cveulebrivad yalibdeba: yvela mdebareoba erTdroulad axdens cirkulacias R-sa da 

L-s Soris. ε-sa da asaxvis parametris zogierTi mniSvnelobisTvis sistema or 

urTierTmonacvle jgufad iSleba, romlebic axdenen cirkulacias R-sa da L-s Soris 

fazebis damTxvevis gareSe (anu ar aris aucilebeli, rom erTi jgufis wevrebi 

sivrceSi Tanmimdevruli aRmoCndnen). mTavari idea imaSi mdgomareobs, rom asaxvaTa 

koelirebadi sistemebi saintereso sivrciT wesrigs ayalibebs da es aris 

individualuri elementis qaosuri qmedebisa da Tanmimdevrul wevrebs  Soris 

kavSiris damyarebisTvis damaxasiaTebeli erTgvarovnebisken midrekilebas Soris 

konkurenciis Sedegi. konkurenciis amgvari tipi struqturebis warmomqneli mravali 

sistemis zogadi Tvisebaa.   

 korelirebad iteraciul asaxvaTa modelebs bevri saintereso Tviseba gaaCniaT. 

damatebiTma xmaurma isini SeiZleba ufro mowesrigebulad aqcios (SCK99). Tu 

dinamika maRalganzomilebiani xdeba, daCrdilvis Teorema (Tavi 2) SesaZloa dairRves 

da aseTi sistemebis kvlevis maTematikuri modelic aRar iarsebebs (LAG99). 

 

korelirebadi qaosuri asaxvebi martiv struqturebsac SeiZleba qmnides (SID98). 

bolo periodSi egolfma (EGO00) ivarauda, rom  korelirebadi qaosuri asaxvebis 

modelebis kvlevebiT dadgenili wonasworobis statistikuri meqanikis meTodebi 
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wonasworobis mdgomareobidan sakmaod gadaxrili sivrciTi evoluciis mqone qaosuri 

sistemebisTvis SeiZleba gamoviyenoT. aseTi sistemebis gaazreba, wonasworuli 

mdgomareobebisTvis danergili standartuli analitikuri meTodebiT Zalze rTulia 

(Tu ara SeuZlebeli).  

 

fiWuri avtomati 

 

fiWuri avtomatebi saintereso dro-sivrculi struqturebis mqone martivi, 

diskretuli sistemebia. saxelwodeba am tipis sistemis danergvis proceduridan 

gamomdinareobs. Cven raime sivrciT ares diskretul ujredebad vyofT. TiToeul 

ujreds ricxviTi mniSvneloba (aseve Tviseba an raime sxva tipis simbolo) aqvs. 

wesebis Tanaxmad, simbolo icvleba drois diskretuli bijebis mixedviT. umetes 

SemTxvevaSi wesebi gamomdinareoben `lokaluri~ urTierTqmedebebidan: mocemuli 

ujredi Tvisebas icvlis sakuTari da mosazRvre ujredebis maxasiaTeblebidan 

gamomdinare. amrigad, sistemis evolucia `avtomaturia~. SeuRlebul iteraciul 

asaxvaTa funqciebis erTganzomilebiani simravle qmnis martiv fiWur avtomats, 

romlis evoluciis wesebi msgavsia (11.3-1) an (11.3-2) damokidebulebebisa.  

fiWuri avtomatebis umravlesoba or an met sivrciT ganzomilebas iyenebs da 

TvisebaTa  SezRuduli (Zalzed mcire) raodenoba gaaCnia. fiWuri avtomatebis 

umravlesoba kompiuterebSia danergili da maTi warmoSoba 1940-iani wlebis adreul 

eleqtronul kompiuters ukavSirdeba [Toffoli da Margolus, 1987].  

 SevqmnaT martivi erTganzomilebiani avtomati erTganzomilebiani (SesaZloa 

usasrulo sididis)  aris ujredebad dayofis gziT. garkveuli sawyisi 

maxasiaTebeli Tvisebis TiToeul ujreds  SevusabamebT raime ricxvs (rogorc wesi, 

mTels). Semdeg drois diskretul momentebSi TiToeuli ujredi  sinqronulad 

gaivlis mniSvnelobaTa garkveul mimdevrobebs. magaliTad, SegviZlia avirCioT 1 

(mniSvnelobiT `cocxali~) an 0 (`mkvdari~). evolucia SesaZloa Semdegnairi iyos: 

 

1. Tu cocxal ujreds orive mxares cocxali mezoblebi hyavs, igi kvdeba 

(nulad gardaiqmneba) `Warbi dasaxlebulobis~ gamo.  

2. Tu mkvdar ujreds TiToeul mxares cocxali mezoblebi hyavs, maSin drois 

Semdgom momentSi cocxldeba (1) (”wyvili aCens Svils“) 
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3. Tu cocxal ujreds cocxali mezoblebi ar hyavs, igi kvdeba (nulad 

gardaiqmneba) `simartovis~ gamo. 

4. Tu ujreds (cocxals an mkvdars) erTi cocxali da erTic mkvdari mezobeli 

gaaCnia, igi ucvleli rCeba. 

5. Tu mkvdar ujreds ori mkvdari mezobeli gaaCnia, igi mkvdrad darCeba. 

 

zRvruli sigrZis mqone sivrciTi aris arsebobis SemTxvevaSi mis boloebTan 

dakavSirebuli wesebic unda ganisazRvros. jerjerobiT davuSvebT, rom usazRvrod 

grZeli are gagvaCnia. Semdeg erTianebisa da nulebis sawyis struqturas SevusabamebT 

ujredebs da sistemas arsebuli wesebis mixedviT evoluciis saSualebas mivcemT. 

magaliTad, daviwyebT ...0,1,0,...-iT anu TiToeuli nuliTa da izolirebuli erTianiT. 

me-(3) wesis Tanaxmad, mocemuli cocxali ujredi momdevno momentSi kvdeba, sistema 

TiToeuli nulis mimarTulebiT viTardeba da samudamod aqve rCeba.   

 amjerad meore sawyisi struqtura, vTqvaT ...0,1,1,0,... ganvixiloT (anu 

izolirebuli cocxali wyvilis mqone TiTqmis yoveli nuliani). rodesac TiToeul 

erTians mezoblad 1 da 0 aqvs, me-(4) wesis Tanaxmad, igi ucvleli rCeba. mesame 

magaliTia ...0,1,1,1,0,... sadac yvela elifsi aRniSnavs nulians. es struqtura pirvel 

droiT momentSi ...1,0,1,0,...mimdevrobiT, xolo Semdeg yovelTvis nulis mimarTulebiT 

viTardeba. amrigad ori gansxvavebuli sawyisi struqtura erTsa da imave saboloo 

mdgomareobas ganapirobebs.  

 es ubralo magaliTebi gviCvenebs, rom fiWuri avtomatis qmedebasTan 

dakavSirebiT Semdegi kiTxvebi SegviZlia davsvaT: 

1. ra tipis sawyisi struqturebi rCeba evuluciis wesebis miuxedavad ucvleli?  

2. sawyisi struqturebis ra tipis simravle iwvevs srul gadaSenebas 

(sikvdils)? 

3. sawyisi struqturebis ra tipis simravle iwvevs evoluciis wesebis mixedviT 

SemdgomSi ucvlel sxva struqturebs?  

4. sawyisi struqturebis ra tips axasiaTebs perioduloba? 

5. ra tipis struqturebi viTardeba `SemTxveviTi~ saxis sawyisi struqturebidan 

gamomdinare? 

6. aris, Tu ara rekurentuli struqturebi (an ciklebi) erT-erTi ujredis 

mniSvnelobis Secvlis `SeSfoTebebTan~ dakavSirebiT stabiluri? 

7. evoluciis wesebis SecvlasTan erTad ra emarTeba struqturebs? 
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Cven mier fiWur avtomatTan da sistemis dinamikasTan dakavSirebiT dasmul 

SekiTxvebs Soris aSkara msgavsebaa. faqtiurad, am SemTxvevaSi viyenebT igive 

terminologias. magaliTad, ucvleli struqtura evoluciis fiqsirebuli wertilia. 

rekurentuli struqturebis mimdevroba qmnis zRvrul cikls. SegviZlia ganvixiloT 

struqtura (an struqturebis perioduli cikli), romlis mimarT danarCeni 

struqturebis simravle sistemis evoluciis procesSi mimzidvels warmoadgens. Tu 

TiTqmis erTnairi struqturebi Zalze gansxvavebul saboloo struqturebs gvaZlevs, 

maSin SegviZlia vTqvaT, rom evolucia sawyisi pirobebis mimarT mgrZnobiare 

damokidebulebas amJRavnebs. amboben, rom struqtura stabiluria, Tu mcireodeni 

SeSfoTeba (magaliTad, erTerTi ujredis ricxviTi mniSvnelobis Secvla) kvlav 

sawyis struqturasTan dabrunebas iwvevs. winaaRmdeg SemTxvevaSi struqtura 

arastabiluria. 

 

amocana 11.3-1. zemoT moyvanil erTganzomilebian avtomatTan dakavSirebiT 

SeamowmeT sxvadasxvagvari sawyisi struqturebi da aRmoaCineT kidev erTi 

gansxvavebuli iteraciuli struqtura. SegiZliaT Tu ara struqturaTa perioduli 

ciklis dadgena? stabiluria Tu ara rekurentuli  struqturebi? 

 

amocana 11.3-2. SecvaleT erTganzomilebiani avtomatis evoluciis erT-erTi wesi. 

poulobT Tu vera rekurentul struqturebs da ciklebs? gamoikvlieT am 

struqturebis stabilurobis sakiTxi. 

 

amocana 11.3-3. SeadgineT ujredebis zRvruli raodenobis mqone avtomatis 

sasazRvro pirobebi imgvarad, rom Sesruldes x(1)=x(N), sadac N ujredebis 

raodenobaa. teqstSi moyvanili wesebis mixedviT gamoikvlieT am avtomatis 

mimzidvelebi, mizidulobis areebi da a.S.  

  

organzomilebiani fiWuri avtomati kidev ufro met SesaZleblobas gvaZlevs. 

amisTvis moviyvanT or magaliTs. maTematikos jon konveis mier warmodgenili 

`cxovrebis TamaSi~ organzomilebian ares ujredTa kvadratul cxrilad hyofs. 

TiToeul ujreds ~1~ (~cocxali~) an ~0~ (~mkvdari~) Seesabameba. yvela maTgans rva 
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mezobeli gaaCnia, romlebis mdgomareobac gavlenas axdens am ujredebis evoluciaze. 

konveis Tanaxmad, evoluciis wesebi ase gamoiyureba: 

1. cocxali ujredi (~1~) mxolod maSin gadarCeba, rodesac igi ori an sami 

cocxali mezobliT aris garemoculi. 

2. cocxali ujredi kvdeba, Tu mas 3-ze meti (Warbi mosaxleoba) an orze 

naklebi cocxali mezobeli (martooba) gaaCnia. 

3. mkvdari ujredi (~0~) erTianSi gadadis, Tu mas zustad sami cocxali 

mezobeli hyavs "( aSkarad, ufro rTuli socialuri urTierTobebi arsebobs am 

gamogonil samyaroSi. ) 

Cven kvlav zemoT dasmuli kiTxvebis winaSe vdgebiT. 11.6 naxazi gviCvenebs 

cxovrebis TamaSTan dakavSirebiT stabilur da periodul struqturebs. 

 11.7 naxazi SemTxveviTi saxis sawyisi pirobebis simravlis mixedviT 

gamovlenil struqturas gviCvenebs. cxadia, Cven SesaZleblobebis Zalian did  

simravles vflobT anu SegviZlia rogorc evoluciis wesebis simravlis Secvla, 

aseve avtomatis konstruqciis sam an met ganzomilebaSi ganvrcoba. damatebiTi 

informaciisTvis ixileT Tavis boloSi moyvanili literatura. 

 organzomilebiani fiWuri avtomatis meore magaliTi ujredebis (wveroebis) 

eqvskuTxed masivs iyenebs da mesris erTi wverodan meoreSi gadaadgilebis SemZle 

`nawilaks~ Seusabamebs veqtors (romelic wveroebis SemaerTebel erT-erT wrfeze 

SeiZleba aRmoCndes). 

 

 

naxazi. 11.6. cxovrebis TamaSis zogierTi rekurentuli struqtura. marcxniv 

naCvenebia evoluciis wesebis zegavlenis miuxedavad ucvlelad SenarCunebuli 

struqtura. marjvniv gamosaxulia evoluciis wesebis zegavlenis Sedegad (periodi-

2-is mqone) miRebuli periodulad rekurentuli struqtura. 
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naxazi. 11.7. cxovrebis TamaSis evoluciuli 

struqtura marTkuTxa gamoTvliT badesTan 

dakavSirebuli SemTxveviTi sawyisi pirobebis 

simravliT. struqtura ver aRwevs stabilur 

mdgomareobas, magram `struqturebis~ 

gamovlineba mainc SeimCneva. fraqtaluri 

(ujredis mTvleli) ganzomileba daaxloebiT 

1.7-ia (msgavsi ganzomilebebis mqone sxva struqturebi ix. 11.6 paragrafSi) 

 

11.8 naxazi gviCvenebs tipur masivs (modelis aseT tips xSirad `mesrisebri gazis 

models~ uwodeben, radgan wverodan wveroze nawilakis gadaadgileba rezervuarSi 

gazis nawilakebis moZraobas mogvagonebs). meserSi nawilakebis qmedebis Sesabamisi 

wesebis SerCevis SemTxvevaSi miRebuli suraTi mogvagonebs organzomilebiani siTxis 

nakads. detalebisTvis Tavis boloSi moyvanil literaturas gaecaniT. fiWuri 

avtomatis modelebi adamianis imunuri sistemis SeswavlisTvisac gamoiyeneba 

(ZOB98).  

 

qselebi 

 

diskretuli sivrciTi sistemebis bolo magaliTia mocemul paragrafSi moyvanili 

pirveli ori sistemisagan erTgvarad gansxvavebuli struqturis mqone sistemebis 

klasi, kerZod qselebi (organizmis nervuli ujredebis qsovilebTan msgavsebis gamo 

maT zogjer neironul qselebsac uwodeben). qselebi warmoadgens ujredTa masivebs. 

rogorc wesi, TiToeul ujreds erTi an ori SesaZlebelo simbolo Seesabameba. 

mocemuli ujredi amave qselSi ganlagebul sxva ujredebTan erT an met kavSirs 

SeiZleba amyarebdes. aseTi kavSirebi ujredSi Semaval signals gvaZlevs. evoluciis 

wesebi mocemuli ujredisTvis xSirad logikuri algebris msgavsi orobiTi 

operaciebis meSveobiT aris mocemuli. am SemTxvevaSi ujredidan gamomavali signali 

qselis sxva ujredisTvis (an ujredebisTvis) Semaval signalad gadaiqceva. fiWur 

avtomatsa da qsels Soris gansxvaveba kavSiris xasiaTSi gamoixateba. fiWur 

avtomatSi ujredis mdgomareobas drois momdevno momentSi mocemuli ujredis 

mezoblebi da arsebuli mdgomareoba gansazRvravs. ujredi gavlenas axdens 

mezoblebzec.   
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naxazi. 11.8. eqvskuTxa, organzomilebiani airis 

mesrisebri fiWuri avtomatis eskizi. TiToeuli 

wveros Sesabamisi veqtori aRniSnavs nawilakis 

moZraobis mimarTulebas. zogierT modelSi erTsa da 

imave wveroze nebismier dros erTze meti nawilaki SeiZleba aRmoCndes.  

 

naxazi. 11.9. qselis diagrama. 

Semavali blokebi an ujredebi 

ukavSirdeba sxvadasxva gamomaval 

blokebs da, mocemul SemTxvevaSi, 

faruli blokebis fenasac. sxvadasxva 

fenebTan dakavSirebuli gamomavali 

blokebis datvirTvebi SeiZleba 

Seicvalos.  

 

 

 

 

 

11.9 naxazi warmogvidgens martiv neironul qsels.  

 stiuart kaufmanma (KAU91) dawvrilebiT Seiswavla bulis qseli. aseTi 

qselis qmedeba rogorc calkeul ujredSi Semavali  signalis momcemi kavSirebis 

raodenobaze, aseve im wesebzea damokidebuli, romlebsac Semavali signali gamomaval 

signalSi gadahyavs. kaufmanma daamtkica, rom bulis qseli, romlisTvisac ujredebis 

raodenoba da TiToeul ujredSi Semavali signalebis raodenoba erTi da igivea, 

sawyis pirobebze sagrZnoblad aris damokidebuli da qaosur qmedebas avlens. 

mdgomareobaTa ciklebisa da mizidvis areebis raodenoba SedarebiT mcirea. amrigad, 

aseTi qselebi wesrigis sakvirvel dones avlens. amgvari Tvisebebi Semavali signalis 

raodenobis samamde dayvanis drosac ki narCundeba (KAU91). TiToeul ujredze 

mxolod ori Semavali signalis mqone qselebi sakmaod stabiluri koleqtiuri 

qmedebisken arian midrekili. mcireoden SeSfoTebebs sistemis mdgomareobidan 

gamoyvana ar SeuZlia. kaufmanma da sxvebma ivaraudes, rom wesrigisa da qaosis 
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sazRvarze myofi qseli adaptirebadi sistemis kargi magaliTia. garemo pirobebis 

cvlilebebze reagireba mas moxerxebulad da swrafad SeuZlia. 

 miuxedavad imisa, rom aseTi qselis modelebi mizanSewonilia, mainc gadaWriT 

ar SegviZlia Tqma SeuZliaT Tu ara maT realuri adaptaciisa da evoluciis aRqma. 

am sakiTxebis ufro detaluri kvleva ixileT [Kaufman, 1993] da [Kaufman, 1995]. 

internet qselis msgavs `bunebriv~ qselebs, eleqtroenergetikul sistemebsa da 

operatorTa jgufebs saintereso dinamika axasiaTebT (BAA99). amgvari qselebisTvis 

Cveulebrivi Tvisebaa, rom axali wveroebis (an SeerTebis wertilebis) damatebiT 

qseli farTovdeba da isini ukve kargad morgebul sxva wveroebTan kontaqtSi Sedian.  

 

daskvnebi 

ras gvaZlevs diskretuli modelebis Seswavla? saintereso sivrciTi 

struturebi sistemis evoluciis Zalze martivi wesebisa da SemTxveviTi saxiT 

SerCeuli pirobebis SemTxvevaSic ki vlindeba. miRebuli Sedegi realur fizikur da 

biologiur sistemebSi struqturis warmoqmnasTan dakavSirebuli martivi wesebis 

SemoRebis saSualebas gvaZlevs. agreTve vadgenT, rom arsebul wesebSi momxdarma 

umciresma cvlilebebmac ki zogierT sistemebSi mkveTrad gansxvavebuli 

struqturebis warmoqmna SeiZleba gamoiwvios, xolo sxva sistemebSi amgvarma 

cvlilebebma SeiZleba mcireodeni cvlileba an saerTod aranairi cvlileba  ar 

gamoiwvios. zogierT sistemaSi sivrciTi struqtura SeSfoTebis mimarT 

arastabilur xasiaTs amJRavnebs, zogic stabilurobas inarCunebs. amgvar modelebze 

dayrdnobiT SegviZlia SeviswavloT, struqturis warmoqmnis ra Tvisebebia 

mniSvnelovani realuri fizikuri, qimiuri da biologiuri sistemebis 

stabilurobisTvis.  

 

11.4 gadatanis modelebi 

 

sivrciTi struqturebis warmoqmnis mravali magaliTi gvxvdeba iseT sistemebSi, 

sadac adgili aqvs erTi sivrciTi aridan meoreSi  erTi an meti (nivTierebis) 

komponentis gadatanas. mocemul paragrafSi warmogidgenT gadatanis Teoriis 

safuZvlebis mcire Sesavals. moyvanil ganmartebebs momdevno paragrafebSi 

struqturebis warmoqmnasTan dakavSirebuli problemebis ganxilvisTvis gamoviyenebT. 

gadatanis modelebis mimarT gamoiyeneba diferencialuri gantolebebi, radgan es 
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meTodi komfortuli da `axlobelia~ mecnierTa da inJinerTa umravlesobisTvis. 

sabolood vnaxavT, rom wina paragrafSi ganxiluli diskretuli modelebis 

analogiurad, am modelebmac SeiZleba saintereso sivrciTi struqturebis warmoqmna 

aRweron.  

gadatanis modelebSi sivrciTi da droiTi cvladebi uwyvetad arian miCneuli. 

wina paragrafSi ganxiluli diskretuli modelebi ki diskretul sivrciT (da 

zogjer droiT) cvladebs iyenebs. diskretulobasa da uwyvetobas Soris amgvar 

gansxvavebas droiTi dinamikis Sesaxeb msjelobisas wavawydiT: uwyveti droiTi 

cvladis mqone sistemebi Cveulebrivi rigis diferencialuri gantolebebiT 

aRiwerebian, iteraciuli asaxvebi ki diskretul droiT bijebs iyeneben. diskretuli 

da uwyveti cvladebis mqone sistemebs Soris gansxvaveba xSirad aSkara ar aris. 

aSkaraa zusti mtkicebulebebis deficiti da Cvenc modelebis am gansxvavebuli 

kategoriebis gamorCevisa da Sedarebisas, eqsperimentsa da saR azrs Soris 

kompromisuli varianti unda vipovoT.  

 

molekuluri difuzia 

 

gadatanis tipiuri magaliTia molekulebis sivrciTi gadatana difuziis procesis 

meSveobiT. mikroskopul doneze difuzia ubralod molekulebis mouwesrigebel 

moZraobasTan aris dakavSirebuli. erTmaneTTan da garemos Semadgenel molekulebTan 

Sejaxebisas sakvlevi molekulebi maRali koncentraciis aridan dabali 

koncentraciis areSi gadadian. yuradRebas gavamaxvilebT mikroskopul doneze amgvari 

Sejaxebebisa da mouwesrigebeli moZraobis saboloo Sedegebze. molekulebi  

difuzias ganicdian maRali koncentraciis areebidan dabali koncentraciis areebis 

mimarTulebiT. 

 

naxazi. 11.10. denis ji simkvrivis fizikuri 

arsis sqematuri gamosaxuleba. denis simkvrive 

gadamravlebulia ganivi kveTis farTobze 

(perpendikularulia nakadis mimarTulebisa). 
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Tu maRali da dabali koncentraciis areebs gamyofi Txeli, magram gamtari 

barieriT gavmijnavT, am barieris siaxloves myofi, marcxniv an marjvniv mdebare 

molekulis gadaadgilebis toli albaTobis pirobebSic ki iarsebebs maRali 

koncentraciis aridan dabali koncentraciis arisaken moZravi nakadi, radgan maRali 

koncentraciis areSi molekulaTa Warbi raodenobaa Tavmoyrili.  

davubrundeT difuziis ufro formalur ganmartebas. molekulebis nakadi 

gamoisaxeba molekuluri denis simkvrivis meSveobiT (ix. naxazi. 11.10). magaliTad, x 

mimarTulebiT ji denis simkvrive, difuziis fikis kanonis Tanaxmad, koncentraciis 

cvlilebis siCqaris proporciulia: 

 

( , , )
x

C x y z
J D

x


 


                      (11.4-1) 

 

sadac D e.w. difuziis koeficientia, xolo C(x,y,z) sakvlevi molekulebis 

koncentraciaa (raodenoba moculobis erTeulze). kerZo warmoebuli x mimarTulebiT 

e.w. koncentraciis gradients gvaZlevs. (11.4-1) gantolebaSi (`_~) niSani gvamcnobs, 

rom nakadi maRali koncentraciis areebidan dabali koncentraciis areebisken 

miemarTeba (miRebulia, rom gradienti dadebiTia dabali koncentraciis aridan 

maRali koncentraciis aris mimarTulebiT). difuziis D koeficienti molekulis 

saxeobasa da siblantis gamomwvev garemo pirobebzea damokidebuli. D-s didi 

mniSvneloba imis maniSnebelia, rom molekulebi arsebul garemoSi sakmaod intensiur 

difuzias ganicdis. Tu molekulebis koncentracia y da z mimarTulebebiTac icvleba, 

maSin veqtoruli  gantolebis Sedgena dagvWirdeba: 

 

( , , )j D grad C x y z 


                     (11.4-2) 

 

sadac  grad C(x,y,z) simbolo koncentraciis gradientia: 

 

ˆˆ ˆ( , , )
C C C

grad C x y z i j k
x y z

  
  

  
                 (11.4-3) 

 

igi gvaZlevs veqtoris orientacias im mimarTulebiT, saiTac C sivrculi 

TvalsazrisiT yvelaze swrafad icvleba. SeniSneT, rom (11.4-2) gantolebis 
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Sedgenisas davuSviT, rom D sidide garemoSi yoveli mimarTulebiT erTi da igivea 

anu garemo `izotropiulia~.  

 Tu sakvlevi molekulebi arc warmoiqmneba da arc iSleba (qimiuri reaqciebis 

meSveobiT), vambobT, rom molekulebis qmedebas aRwers mudmivobis kanoni. Tu saxezea 

garkveuli aris farglebidan gamomavali molekulebis nakadi, maSin am areSi 

molekulebis koncentraciam unda daiklos. me-3 Tavis Tanaxmad, mocemuli nakadi 

maTematikurad e.w. denis simkvrivis veqtoris divergenciis meSveobiT aRiwereba. 

amrigad, Senaxvis kanoni (zogjer uwyvetobis gantolebad wodebuli) ase SeiZleba 

Caiweros: 

 

( , , , ) ˆ( , , , )
C x y z t

div j x y z t
t


 


                 (11.4-4) 

 

mudmivobis kanonis Tanaxmad, Tu mTlianobaSi saxezea raime  sivrciTi aridan 

gamomavali nakadi (rac gamoixateba denis simkvrivis veqtoris divergenciis dadebiTi 

mniSvnelobiT), maSin areSi arsebul sakvlev molekulaTa koncentracia klebulobs 

(misi droiTi warmoebuli uaryofiTia). 

  11.4.4 da 11.4.2 gantolebebis kombinaciis Sedegad miviRebT difuziiT 

gamowveuli gadatanis gantolebas: 

 

( , , , )
[ ( , , , , )]

C x y z t
div D drand C x y z t

t





             (11.4-5) 

 

xSirad difuziis koeficienti mdgomareobisagan damoukidebelia da SegviZlia 

davweroT (koncentraciis funqciis parametrebi araa moyvanili aRniSvnis 

gamartivebis mizniT): 

 

2

C
D div grad C

t

D C





 

                       (11.4-6) 

 

sadac 
2 operators ewodeba laplasiani frangi maTematikosis - J. p. laplasis 

pativsacemad. dekartis (x,y,z) koordinatTa sistemaSi laplasis funqciis ubralod 
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sami meore rigis warmoebulis jamis tolia: 2 C= ∂2C/∂x2 + ∂2C/∂y2 + ∂2C/∂z2. 

rogorc qvemoT vnaxavT, (11.4-6) gantoleba da misi ganzogadebebi garda difuziisa, 

gadatanis amsaxveli bevri sxva movlenis mimarTac SegviZlia gamoviyenoT. 

 

(11.4-6) gantoleba  gansazRvravs  zogierT iseT sidides, romelic gadatanis 

movlenis ukeT gaazrebaSi gvexmareba. Tavdapirvelad molekulebis koncentraciis 

cvlilebis maxasiaTebel d manZilsa da difuziis maxasiaTebel τD dros 

ganvsazRvravT. Sesabamisi gantolebebi aseTi iqneba: 

 

2 2

D

d C C

C
C

t


 





                            (11.4-7) 

 

difuziis maxasiaTebeli drois Sebrunebul sidides `difuziis siCqare~ ewodeba. 

am gansazRvrebebis (11.4-6) gantolebaSi gamoyenebiT Semdeg damokidebulebas miviRebT: 

 

2

D

d

D
                                  (11.4-8) 

 

romelic  difuziis D koeficients koncentraciis maxasiaTebel d manZilTan da 

difuziis maxasiaTebel τD drosTan akavSirebs. SeniSneT, rom D_s mcire 

mniSvnelobebis SemTxvevaSi τD-s (mocemuli d-saTvis) didi mniSvneloba gagvaCnia. aseT 

SemTxvevaSi molekulebis difuzia nela mimdinareobs da koncentraciis SesamCnevi 

cvlilebisTvis xangrZlivi droa saWiro. 

 

zogierTi Sesworeba 

 

aqamde yuradRebas calkeul (mcire) sivrciT areSi Semavali  molekulebis 

koncentraciaze vamaxvilebdiT da am aris farglebSi da mis gareT molekulebis 

difuziisaTvis koncentraciis maxasiaTebeli cvlilebebic aRvwereT. sxva 

SemTxvevebSi SesaZloa koncentraciis gamokvleva moZrav areSic mogvixdes. 

koncentraciis cvlileba rogorc difuziis, ise siTxis nakadTan erTad moZravi 

sakvlevi aris gansxvavebuli koncentraciis mqone areSi gadasvlis gamo SeiZleba 
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moxdes.  (11.4-6) gantolebis marcxena nawilSi viTvaliswinebT amgvari `masis 

gadinebas~ v


gradC wevris damatebis gziT: 

 

2C
grad C D C

t


   



                    (11.4-9) 

 

 maTematikuri TvalsazrisiT SegviZlia vTqvaT, rom gantolebis marcxena mxare 

koncentraciis sruli droiT warmoebuls iZleva. pirveli wevri fiqsirebul 

mdebareobis SemTxvevaSi C -s cvlilebis xasiaTs gvauwyebs, xolo meore gvamcnobs, 

Tu rogor icvleba C sidide gansxvavebuli koncentraciis mqone areSi arsebuli 

siTxis nakadis Sesabamisad. pirveli wevri warmogvidgens drois mimarT warmoebuls 

fiqsirebuli mdebareobis mqone damkvirveblis TvalsazrisiT. siTxeebis meqanikaSi am 

movlenas eileris Tvalsazrisi ewodeba. erTad aRebuli orive wevri ki lagranJis 

Tvalsazriss gvaZlevs da es aris drois mimarT damokidebuleba siTxis moculobis 

elementTan erTad moZravi damkvirveblis  TvalsazrisiT.  

 

 

nax. 11.11. laplasis gantolebis (miaxloebiTi) 

amonaxsnisTvis laplasianis  Tvisebis gasaSualoebis 

gamoyenebis ilustracia. P wertilSi funqciis 

mniSvneloba axlomdebare wertilebis Sesabamisi 

mniSvnelobebis saSualo sididis V(P) =1/4 {V(A)+ 

V(B) + V(C) +V(D)} TvalsazrisiT aris aRebuli.  

 

 

 

amocana 11.4-1. gamoiyeneT jaWvuri wesi kerZo warmoebulis dadgenisTvis da 

daamtkiceT, rom (11.4-9) gantolebis marcxena mxare koncentraciis sruli droiT 

warmoebulia.  

  

difuziis gantolebis srulyofis mizniT SegviZlia ganvixiloT iseTi qimiuri 

reaqciebi, romlebic iwveven koncentraciis cvlilebas. amisaTvis (11.4-9) gantolebis 

marjvena nawilSi davamatoT fsource wevri (Tu reaqciis Sedegad adgili aqvs CvenTvis 
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saintereso molekulebis `gaqrobas~, fsource wevrs aviRebT minus niSniT). am 

SesaZleblobebis Tavmoyris Sedegad difuziis gadatanis umniSvnelovanes 

gamosaxulebas vRebulobT: 

 

 

2
source

C
grad C D C f

t


    



                  (11.4-10) 

 

qvemoT davrwmundebiT, rom 2 laplasiani mniSvnelovan rols asrulebs 

gadatanis movlenTa farTo speqtris SemTxvevaSi. miuxedavad imisa, rom laplasis 

funqciis formaluri maTematikuri TvisebebiT fons ver gavalT, mniSvnelovania 

vicodeT, rom laplasis funqcia erTgvar gasaSualoebul efeqts gamosaxavs. es 

faqti difuziis (romelic midrekilia gaTanabrebisaken) msgavsi movlenis SemTxvevaSi 

iCens Tavs anu difuzia koncentraciis sxvaobebis Semcirebisken (`gagluvebisaken~) 

miiswrafvis. meore mxriv, sivrcis ama Tu im ubanSi lokalizebuli qimiuri reaqcia 

koncentraciis sxvaobas warmoqmnis. es aris konkurencia difuziisTvis 

damaxasiaTebel gagluvebasa da sivrciTi struqturebis gamomwvevi qimiuri 

reaqciebisTvis (an sxva meqanizmebisTvis) damaxasiaTebeli koncentraciuli sxvaobis 

warmoqmnis tendencias Soris.  

 radgan laplasianis gasaSualoebiTi bunebis detaluri maTematikuri 

damtkiceba Zalze Sors wagviyvans, dainteresebul mkiTxvels or saxelmZRvanelos 

[Griffiths, 1981] da [Purcell, 1985] vurCevT. ZiriTadi mtkicebuleba Semdegia: Tu 

C(x,y,z) funqcia raime areSi akmayofilebs gantolebas 
2 C = 0, maSin am aris  

garkveul P wertilSi C-s mniSvneloba P wertilSi centris mqone sferoze aRebuli 

C-s saSualo mniSvnelobis tolia. gasaSualoebis Tviseba gantolebaTa ricxviTi 

saxis amonaxsnebSi xSirad gamoiyeneba. 11.11 naxazi am meTodis gamoyenebas 

organzomilebian SemTxvevaSi warmogvidgens.  

 

amocana 11.4-2. laplasianis meSveobiT gasaSualoebis magaliTi erTi cvladis 

SemTxvevaSi. vTqvaT, vikvlevT garkveul f(x) funqcias da mis saSualo mniSvnelobas 

[_L/2, L/2] intervalSi. f(x) funqciis saSualo mniSvneloba am intervalSi 

ganisazRvreba, rogorc 
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/2

/2

1
( ) ( )

L

L

f x f x dx
L 

    

(a) moaxdineT teiloris mwkrivad warmodgena x=0 wertilis midamoSi da 

daamtkiceT, rom 

2

2 2

( ) 12
[ ( ) (0)]

d f x
f x f

dx L
     

 

Tuki ugulebelvyofT meoreze maRali rigis warmoebulebs. 

 

(b) aCveneT, rom Tu meore rigis warmoebuli nulis tolia (anu f  funqcia 

laplasis gantolebis erTganzomilebian versias akmayofilebs), maSin  

f(0)=<f(x)>; anu funqciis mniSvneloba intervalis centrSi mTlian intervalze 

aRebuli saSualo mniSvnelobis tolia. 

 

(c) mtkicebuleba ganavrceT samganzomilebiani SemTxvevisaTvis. 

 

gamtari siTburi energiis nakadi da gadatanis sxvagvari movlenebi 

 

mravali movlenis SemTxvevaSi gadatanis gantolebebi difuziis amsaxveli 

gantolebebis msgavs formas Rebulobs. gTavazobT ramdenime SemTxvevas. 

 gamtarobiT gamowveuli siTburi energiis  gadatana ukavSirdeeba 

temperaturis gradients. amrigad, temperaturis gradientisadmi proporciuli Tj

 

siTburi energiis denis simkvrivis gansazRvra Semdegi saxiT SegviZlia: 

 

( , , )T Tj grad T x y z 


                     (11.4-11) 

 

sadac T gamtaris temperaturaa, xolo σT-s – nivTierebis siTburi gamtaroba 

ewodeba. gantolebidan vadgenT, rom siTburi energia maRali temperaturis mqone 

areebidan dabali temperaturis mqone areebSi gadadis. mudmivobis kanoni gvamcnobs, 

rom Tu areSi energiis wyaroebi ara gvaqvs, maSin siTburi energiis mier aris 
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datovebisas mocemul aresTan dakavSirebuli siTburi energiis  ρT simkvrive unda 

Seicvalos. mudmivobis kanoni miiRebs Semdeg saxes: 

 

T
Tdiv j

t


 




                          (11.4-12) 

 

siTburi energiis simkvrivis cvlileba am areSi temperaturis cvlilebasac 

niSnavs.  CT kuTri siTbotevadoba siTburi energiis cvlilebisa da areSi 

temperaturis cvlilebis damakavSirebeli sididea: 

 

T TC T                              (11.4-13) 

 

11.4.12 da 11.4.13 damokidebulebebis gamoyeneba saSualebas gvaZlevs davweroT: 

 

2

2

T

T

T

T
T

t C

D T


 



 

                         (11.4-14), 

 

sadac ukanaskneli toloba masalis DT Tbogamtarobas gansazRvravs. 11.4.14 da 

11.4.16 gantolebebis Sedarebis Sedegad vnaxavT, rom TbogamtarobisTvis (siTburi 

energiis difuziisTvis) damaxasiaTebeli temperaturuli cvlilebebi molekuluri 

difuziisTvis damaxasiaTebeli koncentraciuli cvlilebebis amsaxveli gantolebis 

identuri saxiT moicema.  

 

damuxtuli nawilakebis moZraoba winaRobis Semcvel garemoSi  

 

Tu damuxtuli nawilakebi winaRobis Semcvel garemoSi gadaadgildeba, maSin 

eleqtruli denis ej

simkvrive eleqtruli potencialis V(x,y,z) funqciis 

gradientisadmi proporciulia (es mtkicebuleba omis cnobili kanonis 

eqvivalenturia). maTematikuri TvalsazrisiT gvaqvs: 

 

( , , )ej grad V x y z 


                      (11.4-15) 
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sadac σ garemos eleqtruli gamtarobaa (eleqtruli potencialis funqciis 

uaryofiTi gradienti eleqtruli velis daZabulobis tolia). Sesabamisi mudmivobis 

kanoni  eleqtruli muxtis simkvrivis ρe droiT warmoebuls eleqtruli denis 

simkvrivis (uaryofiT) divergenciasTan akavSirebs: 

 

e
ediv j

t


 




                          (11.4-16) 

 

11.4.15 da 11.4.16 gantolebebis gaerTianebis Sedegad vRebulobT: 

 

2e V
t

 
 


                          (11.4-17) 

 

am gantolebas aqamde warmodgenili gadatanis gantolebebis msgavsi struqtura 

gaaCnia, magram maT Soris mniSvnelovani gansxvavebac arsebobs. damuxtuli 

nawilakebis SemTxvevaSi muxtis ρe simkvrivesa da V eleqtrul potencials Soris 

elementaruli kavSiric  ar arsebobs. momdevno paragrafSi (11.4-17) gantoleba 

analogiebis mosanaxad sakmarisi aRmoCndeba.  

 (11.4-17) gantoleba eleqtrostatikaSi garkveuli studentebisTvis sakmaod 

ucnaurad gamoiyureba. gvinda aRvniSnoT, rom eleqtruli potencialis funqciis 

puasonis gantolebas aqvs Semdegi saxe: 

 

2 e

o

V



                               (11.4-18) 

 

es gantoleba eleqtruli potencialis laplasians muxtis simkvrivesTan 

akavSirebs. (11.4-14) gantolebaSi Cven sxva (rogorc wesi, fiqsirebul mdgomareobaSi 

myofi)  eleqtruli muxtebis mier warmoqmnili potencialis zegavleniT moZravi 

muxtebis cvlilebasTan gvaqvs saqme.   
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impulsis gadatana Txevad nakadSi 

 

siTxis moZraoba,  niutonis meore kanonze dayrdnobiT, impulsis (masis namravli 

siCqareze) nakadis meSveobiT SegviZlia gamovsaxoT. siTxisTvis es kanoni moculobis 

erTeulze mosuli impulsis meSveobiT gamoisaxeba.. magaliTad, impulsis  x 

gegmilTan dakavSirebiT gveqneba: 

 

( )
( )x

x x

v
grad v F

t

  
  




                   (11.4-19)  

 

sadac Fx siTxis moculobis erTeulze moqmedi Zalis x-komponentia.  

  11.4.19 gantolebis marcxena nawilis pirveli wevri gvamcnobs, rom siCqaris 

cvlilebis SemTxvevaSi impulsic SeiZleba Seicvalos (Cven mxolod iseT siTxeebs 

vikvlevT, romlebisTvisac simkvrive ucvlelia). meore wevri ki gviCvenebs, rom 

impulsis cvlileba SeiZleba gamoiwvios im garemoebam, rom siTxis elementi 

impulsis gansxvavebuli mniSvnelobis mqone mdebareobis mimarTulebiT ( v siCqariT) 

gadaadgildeba. SeniSneT, rom siCqaris meore wevri arawrfivia. 

 siTxe akmayofilebs mudmivobis kanons. Cven vvaraudobT, rom igi arc 

warmoiqmneba da arc ukvalod qreba. Tu calkeul areSi siTxis ρ simkvrive icvleba, 

maSin iarsebebs am areSi Semavali an aridan gamavali jamuri nakadi. amrigad, 

mudmivobis kanoni miiRebs Semdeg saxes:  

 

( )div
t

 
 



                          (11.4-20)  

 

iseTi siTxeebis SemTxvevaSi, rogoric wyalia, simkvrive ucvlelia (vambobT, rom 

siTxe arakumSvadia) da mudmivobis kanoni daiyvaneba Semdeg saxemde: 

 

0div 


                            (11.4-21)  

 

am  Sedegsac SemdgomSi bevrjer gamoviyenebT. 
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Cven mier gamokvleul siTxeebSi angariSgasawevi Zalebia: 1) masasTan 

dakavSirebuli Zalebi (magaliTad, gravitacia, romelic siTxis simkvrivis 

proporciulia); 2) wnevis gradientebi da 3) siblante. amrigad, vwerT: 

 

2
x x xF f

x

  
   


                      (11.4-22)  

 

sadac p siTxis wnevaa mocemul mdebareobaSi, xolo μ siblantea (siblantis 

Zalis martivi gamosaxuleba moyvanilia mocemuli paragrafis boloSi). masasTan 

dakavSirebuli Zalebi f(x)  simboloTia aRniSnuli. 11.4.22 da 11.4.19 gantolebebis 

gaerTianebis Sedegad viRebT siTxis moZraobis (“gadatanis”) fundamentur 

gantolebas:  

 

2( )
( )x

x x xgrad f
t x

      
     

 


            (11.4-23),  

 

analogiuri gamosaxulebebiT υy-isa da υz-saTvis. Tu sakvlevi siTxis   simkvrive 

ucvlelia, maSin warmoebulis niSnis gareT ρ-s gatana da ukanaskneli gantolebis ρ 

-ze gayofiT miviRebT: 

 

21x
x x x

p
grad f v

t x

   


 
    

 


               (11.4-24) 

 

sadac v=μ/ρ sidides kinematikuri siblante ewodeba. (11.4-24) gamosaxuleba 

arakumSvadi siTxeebis nakadisTvis cnobili navie-stoqsis gantolebaa.   

 

 

daskvna 

 

rogorc vnaxeT, gadatanis mravali movlenis formalur gansazRvrebebs msgavsi 

formebi gaaCniaT: gadatanis sididis droiT da sivrciT warmoebulebis momcemi 

gantoleba sxvadasxva `Zalur~ wevrebs utoldeba, romelTa umravlesobis gamosaxva 
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2 laplasianis safuZvelzea SesaZlebeli. amgvari formaluri gamosaxulebebis 

arsebobisas gadataniTi sistemebis qmedebebi erTmaneTis msgavsia.  

 

 

 

*blanti Zalis modelis martivi forma  

 

amjerad siblantes gamartivebuli formiT ganvixilavT. Cveni mizani 11.4.22 

gamosaxulebaSi gamoyenebuli siblantis Zalis Sesabamisi  μ
2 υx  gamosaxulebis 

damtkiceba. ufro detaluri ganxilva siTxis  meqanikis Sesaxeb arsebul 

standartul kursebSia SesaZlebeli.  

 viwyebT 11.12 naxazze moyvanili  x mimarTulebis mqone siTxis nakadiT. 

davuSvaT, rom qveda firfitis zemoT manZilis zrdasTan erTad siCqarec matulobs. 

Semdeg yuradReba firfitebs Soris myof siTxis viwro fenaze gavamaxviloT. 

firfitebis zemoT myofi siTxe uSualod fenasTan SedarebiT swrafad gadaadgildeba 

da mis x mimarTulebiT `waTrevas cdilobs~. swored es `wamTrevi~ Zala iqneba fenze 

moqmedi blanti Zala. isaak niutonma pirvelma 

 

nax. 11.12. x mimarTulebiT (marjvniv) moZravi 

siTxis fenis sqema diagrama. siCqare vertikaluri 

(y) mimarTulebiT matulobs. naCvenebia ∆y simaRlis 

mqone siTxis viwro fena. zemoT arsebuli siTxe 

fenidan gamomaval siTxes `miaTrevs~. qvemoT 

arsebuli siTxe ki, piriqiT, winaaRmdegobas uwevs.  

 

ivarauda, rom es Zala Wrilis (1) zeda firfitis A  farTobisa da (2) am 

farTobis erTeulze mosuli siCqaris cvlilebisadmi proporciulia:      

  

     ( ) x
xF y y A

y

 
   


                          (11.4-25) 
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sadac proporciulobis koeficienti warmoadgens siTxis siblantes. F(x)-is 

argumenti gveubneba, rom es Zala swored fenis zemoT arsebuli siTxis 

maxasiaTebeli Zalaa. ∆y _>0 zRvarSi 11.4.25 damokidebulebis marjvena mxareSi 

fardoba kerZo warmoebulad gadaiqceva. Zala proporciulia siCqarisa, rac 

warmoadgens tipur situacias siTxeSi arsebuli xaxunis ZalisaTvis.  

 amjerad fenis qvemoT myofi dabali siCqariT moZravi siTxis mxridan am fenaze 

moqmedi Zala ganvixiloT. blanti Zala cdilobs Seamciros fenis siCqare. Tu fenis 

qvemoT da  zemoT arsebuli blanti Zalebi moduliT toli, magram 

urTierTsawinaaRmdego mimarTulebisaa, maSin fenaze moqmedi jamuri Zala nulis 

toli iqneba (samagierod arsebobs fenis deformirebis tendencia). Tu fenis zeviT 

myofi siTxis gradienti qveda siTxisaze metia, maSin iarsebebs marjvniv mimarTuli 

Tanabari Zala, romelic SegviZlia ase gamovsaxoT: 

 

2

2

( ) ( )x x x

x

x

F F y y F y

F
y

y

y A
y



   


 



 



                   (11.4-26) 

 

amrigad, mocemuli Zala siCqaris x komponentis meore rigis warmoebulisadmi 

proporciulia. 

 rodesac siCqaris x komponenti x da z  mimarTulebebiTac icvleba, siblantis 

Zalas kidev ori komponenti daemateba. erTobliobaSi isini gvaZleven: 

 

2 2 2

2 2 2

2{ }

x x x
x

x z

x

F y A
y

y A

  

 

   
        
   

                (11.4-27) 

 

∆y∆A namravli gvaZlevs firfitebs Soris myofi fenis moculobas. (11.4-27)-is 

orive mxaris am sidideze gayofiT miviRebT moculobis erTeulze moqmedi Zalis 

gamosaxulebas: 

 

2
x xf                              (11.4-28), 
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risi damtkicebac gvindoda. 

unda aRiniSnos, rom Cven Tavi avarideT blanti Zalis gantolebidan gamomdinare 

siTxis brunviT gamowveuli moZraobis gamoricxvisTvis saWiro  rTul formalur 

midgomas. magaliTis saxiT moviyvanT centrSi gamavali RerZis irgvliv mbrunav 

wylian WurWels. amgvari brunva ar iwvevs xaxuns wylis sxvadasxva fenebs Soris. 

fenis zemoT myofi siTxisaTvis amgvari moZraobis gaTvaliswinebis mizniT SegviZlia 

davweroT: 

 

yx
xyF A

y x


 

     
                  (11.4-29) 

 

sadac Zalis wevris pirveli indeqsi gvauwyebs, rom Zala x mimarTulebiTaa, meore 

indeqsi ki gvamcnobs, rom Zala y RerZis mimarT  perpendikularulad ganlagebul 

sibrtyis gaswvrivac moqmedebs. msgavsi gamosaxulebebi zedapirebze x da y 

mimarTulebiT moqmed Zalebs gvaZlevs (SeniSneT, rom am gamosaxulebebis gamoyeneba 

aqamde gamoyenebul ZiriTad parametrs ar cvlis, radgan am SemTxvevaSi mxolod x 

mimarTulebiT arsebul Zalis komponents viyenebT). gamoTvlebi zemoT aRniSnuli 

sqemis msgavsad xdeba, div v

=0 damokidebulebis gaTvaliswineba gant. (11.4-28) 

Sedegamde migviyvans. 

 

amocana 11.4-3. detalurad gaarCieT zemoT moyvanili gamoTvlebi. am dros 

miiRebT, rom (11.4.28) warmoadgens blanti Zalis gamosaxulebis swor variants. 

miniSneba: ixileT [Feinman, Leighton, Sands, 1964], tomi II, gv. 41-4 an siTxis 

meqanikis Sesavali kursi. 

 

 

11.5 difuziur - reaqciuli sistemebi: struqturis warmoqmnis modeli 

 

gadatanis movlenidan gamomdinare, e.w. difuziur-reaqciuli sistema warmoSobs 

saintereso sivrciT struqturebs. amgvari sistemebisaTvis yuradRebas ori an meti 

tipis qimiur koncentraciebze vamaxvilebT, romelTagan sakvlev sivrciT areSi orive 
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maTgani ganicdis difuzias da Sedis qimiur  reaqciebSi. tiuringma (TUR52) amgvari 

sistema Teoriuli biologiis klasikur naSromSi ganixila. man daamtkica, rom 

difuziur-reaqciulma  sistemebma simetriis darRvevis fonze saintereso sivrciT 

struqturebs SeiZleba miscen dasabami. dResdReobiT aseT struqturebs tiuringis 

struqturebs uwodeben. miuxedavad imisa, rom amgvari struqturebis Teoria 

safuZvlianad aris Seswavlili, maTi arsebobis amsaxveli eqsperimentuli monacemebi 

mxolod bolo periodSi gaxda xelmisawvdomi (CDB90) (OUS91).Mmecnierebi 

fiqroben, rom aseTi difuziur-reaqciuli meqanizmebi biologiuri sistemebis 

CamoyalibebaSi did rols unda asrulebdnen [Murray, 1989]. Cven am models 

kerZowarmoebuliani diferencialuri gantolebebiT  aRwerili qmedebis mimarT 

gamoviyenebT. mniSvnelovania, rom sxvadasxvagvari sivrciTi modelebis droSi qmedebis 

gamosaxva saSualebas gvaZlevs struqturis warmoqmnis problemis  saxemde dayvanaSi, 

rodesac sivrciTi modebis amplitudebi mdgomareobaTa sivrcis cvladebis rolSi 

gvevlineba. dayvanis Semdeg dinamikasTan dakavSirebuli nebismieri Sedegis gamoyeneba 

SegveZleba struqturis warmoqmnasTan dakavSirebiT.  

  difuziur-reaqciul sistemaSi qimiuri saxeobebis Ci koncentraciebi aRiwereba 

Semdegi gantolebis meSveobiT: 

 

2(... ...)i
i j i i

C
f C D C

t


  


                     (11.5-1) 

 

sadac Di i-uri nivTierebis difuziis koeficientia. fi  funqcia yvela 

koncentraciis mimarT arawrfivi saxiT damokidebuli reaqciis meqanizms 

gansazRvravs. garda amisa, saWiroa sasazRvro pirobebis dadgenac. reagentebis Seyvana 

(anu Semavali signali) da amoReba SeiZleba mimdinareobdes sivrcesa da droSi. 

sakvirvelia, rom am gantolebebma da sasazRvro pirobebma SeiZleba bunebrivi sigrZis 

(`talRis sigrZis~) Sesabamisi sivrciTi struqturebis warmoqmna gamoiwvios, 

romlebic mxolod reagentebis  Seyvanis an amoRebis koncentraciebze an 

intensiurobaze da ara sistemis geometriul parametrebze iqnebian damokidebulni.  

 sivrciTi struqturebis warmoqmnisTvis aucilebelia ramdenime moTxovnis 

Sesruleba. reaqciis kinetikas, aqtivatorad wodebul erT-erT tipTan dakavSirebiT 

mainc, dadebiTi ukumeqanizmi da Semaferxebeli procesi unda gaaCndes. ricxviTi 

monacemebi gviCvenebs, rom sivrciT areSi inhibitorebi (Semaferxeblebi) 
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aqtivatorTan SedarebiT swrafad ganicdian difuzias. winaaRmdeg SemTxvevaSi, 

struqturebi makontrolebel parametrTa (miwodebisa da difuziis siCqareebi da a.S) 

SedarebiT mcire diapazonisaTvis iarsebeben.  

 difuziur-reaqciuli sistemis magaliTis saxiT ganvixiloT Semdegi 

orkomponentiani modeli [Murray, 1989, Tavi 14] [Nicolis da Prigogine, 1989, A 

danarTi]: davuSvaT, rom sistema C1-iTa da C2-iT mocemuli koncentraciebis mqone 

mxolod or  komponents Seicavs. komponent 1-is difuziis mudmiva iyos D1, xolo 

komponent 2-isa - D2. mocemuli sistemis amsaxveli gantolebebi Semdegnairia:  

 

21
1 1 2 1 1

22
2 1 2 2 2

( , )

( , )

C
f C C D C

t
C

f C C D C
t


  




  


                    (11.5-2) 

 

saWiroa davadginoT sasazRvro pirobebic. vinaidan gvainterebs struqturis 

warmoqmna `gare Zalebis moqmedebis gareSe~, am mizniT komponentTa nakads sazRvarze 

nulis tolad viRebT. amasTan, dagvWirdeba sawyisi sivrciTi koncentraciis C1( r

, t) 

=0), C2( r

, t) =0) gansazRvrac. davuSvaT, rom es moTxovnebi sruldeba.  

mivyvebiT diferencialuri gantolebebis amoxsnis standartul proceduras, 

romlis mixedviTac saboloo amonaxsnebi SesaZlebelia funqciaTa namravlis saxiT 

daiweros. erTi funqcia mxolod drozea damokidebuli, xolo meore – sivrcul 

koordinatebze. am proceduris gaazrebisTvis Tavdapirvelad sivrciTi 

damokidebuleba ugulebelvyoT anu `gamovricxoT~ difuzia. maSin gveqneba: 

 

1
1 1 2

2
2 1 2

( , )

( , )

dC
f C C

dt
dC

f C C
dt




                       (11.5-3) 

 

am gantolebebs me-3 TavSi detalurad ganxiluli organzomilebian mdgomareobaTa 

sivrcis amsaxveli gantolebebis msgavsi forma gaaCnia. zemoT miRebuli Sedegebis 

gamoyenebisaTvis yuradRebas vamaxvilebT 11.5.3 gantolebebSi Semavali wonasworuli 

mdgomareobis Seasabamisi C10 da C20  koncentraciebis mcire variaciebze, romlebic 

miRebuli arian fiqsirebuli wertilis SemTxvevaSi (vuSvebT, rom arsebobs mxolod 
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erTi fiqsirebuli wertili).  me-3 Tavis analogiurad,  am variaciebs Semdegnairad 

gamovsaxavT: 

 

1 1 1

2 2 2

o

o

c C C

c C C

 
 

                          (11.5-4) 

 rogorc viciT,  wonasworuli mdgomareobis siaxloves droze damokidebuleba 

f1 da f2 funqciebis warmoebulTa iakobianis maxasiaTebeli mniSvnelobebiT 

kontroldeba. 11.5.3 gantolebis wonasworul mniSvnelobebze ganvrcobis gziT 

vRebulobT Semdeg dinamikur gantolebebs:    

 

1 11 1 12 2

2 21 1 22 2

c f c f c

c f c f c

 
 




                       (11.5-5) 

 

sadac gamoyenebuli gvaqvs 3.11 paragrafis analogiuri aRniSvnaTa sistema. am 

SemTxvevasTan dakavSirebiT me-3 TavSi miRebuli Sedegebis gamoyeneba savsebiT 

SesaZlebelia. magaliTad, ucvleli mdgomareoba stabiluri iqneba, Tu iakobis 

matricis maxasiaTebeli mniSvnelobebis namdvili nawilebi uaryofiTia.  

 amjerad davubrundeT dro-sivrcis problemas. yuradRebas vamaxvilebT 

wonasworuli mdgomareobidan mcire gadaxrebze. simartivisTvis virCevT sivrciT 

erTgvarovan mdgomareobebs. sivrciTi, erTgvarovani, stacionaruli mdgomareobisTvis 

2 C10=0 Sedegis gamoyenebiT vpoulobT, rom c sidideebi aRiwereba Semdegi 

gantolebebis meSveobiT:  

 

2
1 11 1 12 2 1 1

2
2 21 1 22 2 2 2

c f c f c D c

c f c f c D c

   

   




                   (11.5-6) 

 

 

Tu komponentebs Soris kavSiri ar arsebobs (anu Tu rogorc f12, aseve f21 nulis 

tolia) c1 da c2 SegviZlia funqciebis saxiT  CavweroT. aqedan erTi droze, xolo 

meore sivrciT cvladebze iqneba damokidebuli. magaliTad, c1( ,r


t)= φ(t)U( r

). 

rodesac saboloo forma Casmulia 11.5.6 gamosaxulebebSi, c1-sTan dakavSirebiT 

gveqneba: 
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2
11 1( ) ( ) ( ) ( ) ( ) ( )U r t f t U r t D U r    

                   (11.5-7) 

 

c2-Tan dakavSirebiT miviRebT analogiur gantolebas. wina gantolebis 

gadajgufeba da φU-ze gayofa mogvcems: 

 

2
11

1

1 ( ) 1
( )

( ) ( )

t
f U r

D t U r



 

   
 

 
                   (11.5-8) 

 

axla ki gadavdivarT msjelobis daskvniT nawilze. 11.5.8 gantolebis mxolod 

marcxena nawilia drois funqcia, xolo marjvena nawili mxolod mdgomareobis 

funqciaa. imisaTvis, rom gvqondes orive mxaris toloba droisa da mdgomareobis 

yovelgvari kombinaciisTvis, amisaTvis TiToeuli maTgani toli unda iyos garkveuli 

mudmivobisa, romelsac _k2-iT aRvniSnavT. amrigad, sawyisi kerZowarmoebuliani 

diferencialuri gantoleba or Cveulebriv diferencialur gantolebad daiyofa: 

 

2
11 1

2 2

( ) ( ) ( )

( ) ( ) 0

t f k D t

U r k U r

  

  


                      (11.5-9) 

 

 pirveli gantoleba gvamcnobs, rom droze damokidebuleba, rogorc reaqciis f11 

funqciis warmoebulebze, aseve k mudmivaze damokidebuli maxasiaTebeli eqsponentis 

mqone drois eqsponencialuri funqciis saxiT SeiZleba Caiweros. meore  gantoleba 

da sistemasTan dakavSirebiT gamovlenili sasazRvro pirobebi am sistemisaTvis e.w. 

sivrciT modebs gansazRvravs. zRvrul sivrciT aresTan dakavSirebiT irkveva, rom k 

-s mxolod konkretuli mniSvnelobebi gvaZlevs gantolebisa da sasazRvro pirobebis 

damakmayofilebel amonaxsnebs. k-s aseT mniSvnelobebs sivrciTi modebis sakuTriv 

mniSvnelobebs (an maxasiaTebel mniSvnelobebs) uwodeben.  

 sivrciTi modebis martivi magaliTis saxiT ganvixiloT erTganzomilebiani 

amocana, risTvisac  virCevT x RerZs. vTqvaT,  sasazRvro pirobebi iseTia, rom x=0 

da x=L mniSvnelobebisaTvis (sakvlevi aris sazRvrebze) komponentis nakadi nulis 

tolia. rodesac difuziis gamo nakadi  koncentraciis gradientisadmi (sivrciTi 

warmoebulisadmi) proporciulia, fizikuri sasazRvro pirobebi x=0 da x=L 
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wertilebSi nulisaken miswrafebuli U(x)-is warmoebulis mqone maTematikur 

sasazRvro pirobebSi gadadian. funqciaTa simravle, romelic akmayofilebs am 

sasazRvro pirobebsa da 

 

2
2

2

( )
( ) 0

d U x
k U x

dx
                        (11.5-10) 

 

gantolebas, moicema Uk(x)=A cos kx saxiT, sadac k=nπ/L da  n=0, 1, 2, 3,... U 

funqciis indeqsi gvaxsenebs, rom funqcia k-zea damokidebuli. maSasadame, k-s 

mniSvnelobaTa mxolod diskretuli simravle gvaZlevs rogorc diferencialuri 

gantolebis, aseve sasazRvro pirobebis damakmayofilebel funqcias.  

aRsaniSnavia, rom Uk(x) funqcias gaaCnia 2π/k periodi (Sesabamisad, gveqneba 

`talRis sigrZec~). SedarebiT maRali ganzomilebis pirobebSi iarsebebs TiToeuli 

sivrciTi gamzomilebis Sesabamisi k-ebis simravle. amrigad k -s zogjer sivrciTi 

modebis talRur veqtors uwodeben. SeniSneT, rom k=0 SemTxveva erTgvarovan 

sivrciT mdgomareobas Seesabameba. 

  

amocana 11.5-1. SeamowmeT, rom  Uk(x)=A cos kx funqciebi, rodesac k=nπ/L da n=0, 1, 

2, 3,... 11.5.10 gantolebas da x=0 da x=L mniSvnelobebze damyarebul sasazRvro 

pirobebs  akmayofilebs. 

 

vTqvaT, gansazRvruli gvaqvs sivrciTi talRis funqciebi da k -s dasaSvebi 

mniSvnelobebi. Semdeg vuSvebT, rom c1  SeiZleba Caiweros,  droisa  da sivrciTi 

modebis funqciebis namravlTa jamis saxiT:  

 

1 1( , ) ( ) ( )k k
k

c r t a t U r 
                       (11.5-11) 

 

a1k(t) koeficientebs sivrciTi modis amplitudebi ewodeba. t=0 da  a1k(t=0) 

mniSvnelobebze koeficientebi ganisazRvreba mocemuli koncentraciebis Sesabamisi  

sawyisi pirobebis mixedviT. c2-is gamosaxuleba imave formiT SeiZleba Caiweros.  

 davubrundeT urTierTdakavSirebuli koncentraciebis problemas. Cveni 

umTavresi maTematikuri daSveba imaSi mdgomareobs, rom urTierTdakavSirebuli 
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koncentraciebis SemTxvevaSic ki 11.5.6 gantolebis gamoyvana 11.5.11-is analogiurad 

aris SesaZlebeli. Tu 11.5.11 gantolebas 11.5.6-Si CavsvamT da 11.5.9 gantolebaze 

dayrdnobiT 
2 U wevrs _k2U -iT SevcvliT, gveqneba: 

1 11 1 12 2

2
1 1

( ) ( ) ( ) ( ) ( )

( ) ( )

k k k k k k
k k k

k k
k

a U r f a t U r f a t U r

D a t k U r

 



  



  

            (11.5-12) 

(11.5-6)-is  meore gantolebis analogiurad. 

amjerad kidev erT gadamwyvet nabijs vdgamT:  moviTxovT, rom k -s TiToeul 

mniSvnelobasTan dakavSirebuli aik(t)Uk( r

) funqciebi gantolebebs erTmaneTisgan 

damoukideblad akmayofilebdes (ufro formalurad Tu vityviT, sivrciTi modis 

funqciebi gamosakvlev areSi erTmaneTis `orTogonaluria~. amgvari orTogonalobis 

gamoyenebiT k -s konkretuli mniSvnelobis SerCevasac SevZlebT). amrigad, k rigis 

sivrciTi modebis amplitudebisTvis vadgenT Semdeg gantolebebs:  

2
1 11 1 12 2 1 1

2
2 21 1 22 2 2 2

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

k k k k

k k k k

a t f a t f a t D a t k

a t f a t f a t D a t k

  
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


              (11.5-13) 

rogorc vxedavT, sivrciTi modebis amplitudebi erTimeorezea damokidebuli da 

gvaqvs korelirebadi modebi.  

sivrciTi modebis meTodis ganvrcobis gziT kerZowarmoebuliani diferencialuri 

gantolebebis sawyisi sistema dagvyavs sivrciTi modebis amplitudaTa Cveulebriv 

diferencialur gantolebaTa simravlemde. am gantolebebs gaaCniaT mdgomareobaTa 

sivrceSi dinamikis amsaxveli gantolebebis msgavsi forma, sadac sivrciTi modebis 

amplitudebi mdgomareobaTa sivrcis cvladebis rolSi gvevlineba. garkveuli 

sirTulec arsebobs, radgan k-s SesaZlo mniSvnelobebis usasrulo raodenobiT 

arsebobisas mdgomareobaTa sivrces praqtikulad ganzomilebaTa usasrulo raodenoba 

eqneba. amgvari Sedegi gvauwyebs, rom kerZowarmoebuliani diferencialuri 

gantolebebiT aRwerili sistemebi Tavisuflebis usazRvro raodenobiT xarisxebis 

mqone dinamikuri sistemebia. mdgomareobidan gamosavali `aqtiuri~ sivrciTi modebis 

mcire raodenobis arsebobis daSvebaSi mdgomareobs. pasiuri modebis amplitudaTa 

droze damokidebuleba uaryofiTi namdvili nawilis mqone maxasiaTebeli 

mniSvnelobis eqsponencialuri funqciiT gamoisaxeba. amgvari pasiuri modis 

nebismieri `agzneba~ droSi eqsponencialurad qreba. pasiuri talRa sistemis 

xangrZliv dinamikaSi aranair rols ar asrulebs. 
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 radganac 11.5.13 gantoleba 3.11 paragrafSi moyvanil gantolebebis simravlis 

analogiuria, SegviZlia me-3 TavSi miRebuli nebismieri Sedegi gamoviyenoT sistemis 

dinamikis kvlevisTvis. 3.11 paragrafis analogiurad vuSvebT, rom TiToeuli 

amplitudis droSi cvlileba drois eqsponencialuri funqciis saxiT SeiZleba 

gamoisaxos: 

 

( )( ) k t
ik ika t b e                        (11.5-14) 

 

sadac bik = aik(0) droisagan damoukidebelia, xolo λ(k) maxasiaTebeli 

eqsponentaa (SeniSneT, rom λ  ar aris talRis sigrZe.) aseTi formis 11.5.13-Si Casmis 

Sedegad miviRebT wrfivi algebruli gantolebebis Semdeg wyvils:  

 

2
1 11 1 12 2 1 1

2
2 21 1 22 2 2 2

k k k k

k k k k

b f b f b D k b

b f b f b D k b





  

  
                (11.5-15) 

 

 

am gantolebebs modebTan dakavSirebiT aratrivialuri amonaxsnebi mxolod im 

SemTxvevaSi eqneba, rodesac bik -s koeficientebis determinanti nulis toli araa 

(trivialuri amonaxsnebia, rodesac bik=0). amrigad, saboloo gantoleba aseTi iqneba: 

 

2 2 2 2
1 2 11 22 1 2 11 2 22 1

11 22 12 21

( [ ] ) ( )

0

k D D f f k D D k f D f D

f f f f

       
  

        (11.5-16) 

 

 

sazogadod, es gantoleba  k-s TiToeuli mniSvnelobisTvis λ -s or mniSvnelobas 

gvaZlevs. miRebul λ(k) funqcias xSirad sistemis dispersiul damokidebulebas 

uwodeben. (termini aRebulia talRuri optikidan, sadac analogiuri 

damokidebulebis meSveobiT, vigebT Tu rogor aris SesaZlebeli garkveul garemoSi 

sinaTlis talRebis gardatexa, rac  Cvens SemTxvevaSi λ(k)-iTa da talRuri 

veqtoriT gamosaxul droiT sixSireebs Soris kavSirs Seesabameba. aseTi kavSiri 

gansazRvravs talRis siCqares). 
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amocana 11.5-2. (a) miiReT 11.5.16 gantoleba 11.5.15 –dan; (b) gadaamowmeT, rom 

11.5.16 gantoleba zemoT moyvanil Sedegs k =0 SemTxvevaSi gvaZlevs; (c) ra pirobebi 

unda Sesruldes fij-ebisTvis, rom miviRoT sivrculad erTgvarovani amonaxsni 

stacionaruli mdgomareobis (k=0) SemTxvevaSi? 

 

 sawyisi erTgvarovani mdgomareobis mixedviT saintereso sivrciTi 

struqturebis adgilmdebareobebis dasadgenad ganvixiloT SemTxveva, rodesac k -s 

garkveuli mniSvnelobebisaTvis λ(k)-s namdvili nawili dadebiT mniSvnelobas 

Rebulobs. mdgomareobaTa sivrcis dinamikis eqsperimentebis safuZvelze vadgenT, rom 

λ(k)-s namdvili nawilis mier dadebiTi mniSvnelobis miRebis SemTxvevaSi 

mdgomareobaTa sivrceSi Sesabamisi mimarTulebiT sistemis `moZraoba~ arastabilur 

xasiaTs iZens. sivrciTi modis SemTxvevaSi es niSnavs, rom Uk( r

) anu sivrciTi modis 

funqciis Sesabamisi struqtura erTgvarovani sawyisi mdgomareobidan iwyebs 

Camoyalibebas. sxvagvarad rom vTqvaT, Tu sivrciTi, erTgvarovani, sawyisi 

mdgomareobidan daviwyebT da λ(k)-s namdvili nawili k≠0 SemTxvevaSi dadebiTi iqneba, 

maSin sistemas nebismieri mcire SeSfoTeba erTgvarovani mdgomareobis arastabiluri 

fiqsirebuli wertilidan daSorebisaken ubiZgebs.  

avirCioT makontrolebel parametrad difuziis D2 mudmiva im daSvebiT, rom 

yvela sxva parametri fiqsirebulia. 3.3 cxrilidan gamomdinare, k-s nebismieri 

mniSvnelobis SemTxvevaSi λ-s namdvili nawili mxolod im SemTxvevaSi iqneba 

dadebiTi, rodesac sruldeba Semdegi piroba: 

 

 

4 2
1 2 1 22 2 11 11 22 12 21( ) 0D D k k D f D f f f f f               (11.5-17) 

 

 

es SemTxveva detalurad aris gaanalizebuli [Murray, 1989, Tavi 14]-Si. D2 

parametris sxvadasxva mniSvnelobebisTvis dispersiuli damokidebulebis tipiuri 

mrudi 11.13 naxazzea naCvenebi. D2<Dc (kritikuli mniSvneloba) SemTxvevaSi nebismier 

λ-s uaryofiTi namdvili nawili gaaCnia da sivrculi erTgvarovani mdgomareoba 

stabiluria. D2=Dc pirobebSi sivrciTi talRa k = kc mniSvnelobasTan erTad zrdas 

iwyebs. D2>Dc pirobebSi k-s ramdenime mniSvnelobasTan dakavSirebuli modebi 
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SeiZleba gaizardos. am SemTxvevaSi mniSvnelovania zomierebis SenarCuneba: Cveni 

kvlevebi pasuxs ver iZleva, Tu ra mosdiT modebs amplitudebis zrdasTan erTad. 

Cveni kvlevebi gamosadegia mxolod erTgvarovani, stacionaruli  mdgomareobebis 

Sesabamisi sawyisi pirobebis SemTxvevaSi. 

 

 

amocana 11.5-3. 11.5.2 amocanaSi davadgineT, Tu ra SezRudvebi wesdeba  fij-ebis 

mimarT, rodesac vuSvebT, rom wonasworuli mdgomareoba gvaqvs mxolod k=0 

SemTxvevaSi.  (a) gamoiyeneT es Sedegebi,  11.5.17 piroba da daamtkiceT, rom 

difuziis orTave koeficientis tolobis SemTxvevaSi (D1= D2) verc erTi sivrciTi 

moda ver iqneba arastabiluri (da amgvarad, aranairi sivrciTi struqtura ar 

warmoiqmneba). (b) dauSviT, rom f11>0 (nivTiereba 1 aris TviTaqtivatori) da f22<0 

(nivTiereba 2 aris TviT-pasivatori). aCveneT, rom sivrciTi modis arastabilur 

mdgomareobaSi gadasayvanad gvWirdeba D2>D1 pirobis dakmayofileba. miniSneba: ixileT 

[Murray, 1989, Tavi 14]. 

 

 

 

 

nax. 11.13. orkomponentiani bmuli difuziur-reaqciuli sistemis  λ(k) 

dispersiuli damokidebulebis namdvili nawilis tipuri mrudi. rodesac λ(k)-s 

namdvili nawili dadebiTi xdeba, k-s Sesabamisi sivrciTi modis amplituda zrdas 

iwyebs. R=D2/D1  warmoadgens difuziis koeficientTa fardobas. 

 



 575

nax. 11.14 gviCvenebs erTganzomilebiani  koncentraciuli struqturis eskizs, 

romelic warmoqmnilia kc=8π/L SemTxvevaSi.  

 

 

nax. 11.14. c1 koncentraciis sivrciTi struqturis eskizi kc=8π/L mniSvnelobis 

SemTxvevaSi. rodesac c1> c1(0), nivTiereba 1-is koncentracia erTgvarovan 

mniSvnelobas aRemateba. struqtura warmoadgens maRali da dabali koncentraciis 

Sesabamisi areebis gansxvavebul mimdevrobas (c1-saTvis masStabi pirobiTia). 

 

procedurebis mokle Sinaarsi 

 

sakmaod xangrZlivi gamoTvlebis Catarebis Semdeg sasurvelia, rom SevajamoT 

miRebuli Sedegebi.   

difuziur-reaqciuli sistemisTvis gamoyenebuli meTodi struqturis warmoqmnis 

SeswavlisTvis gamoyenebuli gamoTvlebis prototipia. procedura aseTia: 

1. davadginoT sistemis amsaxveli ZiriTadi gantolebebi da sasazRvro pirobebi. 

mocemul paragrafSi ganxiluli modelebis SemTxvevaSi es gantolebebi rogorc 

sivrciTi, aseve droiTi warmoebulebis Semcveli kerZo diferencialuri 

gantolebebia.  

2. CavweroT zogadi amonaxsnebi ori funqciis namravlis saxiT, romelTagan 

pirveli droze, xolo meore sivrciT cvladebze aris damokidebuli. 

3. amoxsnis sivrciTi nawili aRiwereba gantolebiT, romelic sasazRvro 

pirobebTan erTad sistemis SesaZlo k talRur veqtorebsa da Uk( r

) talRur 

funqciebs gansazRvravs.  
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4. stabiluri mdgomareobis (fiqsirebuli wertili) pirobis Sesrulebis 

SemTxvevaSi fundamenturi gantolebebi wrfivi formiTaa  warmodgenili (teiloris 

mwkrivebi).  

5. sivrciTi modebis (SesaZloa droze damokidebuli) ganzogadeba fundamentur 

gantolebebSia gamoyenebuli, rac droze damokidebul amplitudebTan dakavSirebiT 

Cveulebriv diferencialuri gantolebebis sistemas gvaZlevs. 

6. drois mimarT damokidebuleba ganisazRvreba maxasiaTebeli eqsponentebis 

meSveobiT. sivrciTi modis amplitudebi mdgomareobaTa sivrcis cvladebis rols 

asrulebs. Tu modebs Soris urTierTqmedeba sakmaod iSviaTia, gamokvlevisTvis maTi 

mcire raodenobac sakmarisia.  

7. Cven veZebT sivrciTi wesrigis bifurkaciaTa meSveobiT gamovlenas. sivrciTi 

modebi arastabilur mdgomareobaSi gadadis da zrdas iwyebs. amgvari zrda 

gamoixateba droiTi maxasiaTebeli eqsponentebidan erT-erTis dadebiTi mniSvnelobis 

mqone namdvili nawilis meSveobiT.  

8. ufro sruli (`globaluri~) kvleva mzardi modebis `momavlis~ garkvevis 

mizniT unda Catardes (umetes SemTxvevaSi srulyofili kvleva Zalian did 

sirTuleebTan aris dakavSirebuli).  

 

organzomilebiani struqturis warmoqmna 

 

rodesac struqturis warmoqmnisTvis saWiro ori (an meti) sivrciTi ganzomileba 

arsebobs, `cxovreba bevrad saintereso~ xdeba. Cven mxolod gakvriT SevexebiT ori 

ganzomilebis SemTxvevaSi mimdinare movlenebs da meti informaciis misaRebad 

mkiTxvels Tavis boloSi moyvanil literaturas vurCevT.  

 maqsimaluri simartivisTvis avuSvebT, rom struqtura ori sivrciTi 

ganzomilebis farglebSi mdebareobs. magaliTad, erTi komponentisgan Semdgar 

difuziur-reaqciul sistemas moviyvanT. am SemTxvevaSi 11.5.11 gamosaxuleba SegviZlia 

ase CavweroT 

 

 

2 2

2 2

( , ) ( , ) ( , )
( )

C x y C x y C x y
f C D

t x y

   
      

             (11.5-18) 
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sadac reaqciis Sesabamisi wevri C-s arawrfivi funqciaa (Cven winaSea 

avtokatalizuri reaqcia). davuSvaT, rom erTgvarovani stabiluri mdgomareobis 

Sesabamisi struqturis gamovlenis pirobas mxolod erTi talRuri veqtoris 

absoluturi sidide akmayofilebs. stabilurobis pirobebi, sazogadod, araa 

damokidebuli veqtoris mimarTulebaze. rogori Tvisebebi eqnebaT SesaZlo 

struqturebs? 

 davuSvaT, mocemuli sistemis SemTxvevaSi gamorCeuli mimarTuleba da 

wertili ar arsebobs (sistema izotropuli da erTgvarovania). Tu moxda 

struqturis Camoyalibeba, maSin igi sibrtyis srulad damfaravi, erTmaneTTan kargad 

morgebuli regularuli mravalkuTxedebisagan unda iyos Semdgari. regularuli 

mravalkuTxedis warmoqmnis moTxovna SesaZlo struqturebs garkveulwilad 

zRudavs: Tu mravalkuTxeds n gverdi gaaCnia, maSin TiToeuli Sida kuTxe π(1_2/n) 

radianis tolia. sibrtyis srulad dafarvisaTvis 2π unda daiyos mTel ricxvjer, 

romelsac m-iT aRvniSnavT. mocemuli (n,m) wyvilebisTvis es ori piroba 

erTdroulad unda Sesruldes. tolgverda samkuTxedebis, kvadratebisa da 

eqvskuTxedebis Sesabamisi pirobebia (3,6), (4,4), (6,3). rasakvirvelia, sxvadasxva 

amplitudebTan, fazebTan da martivi mravalkuTxedis formebTan kombinaciaSi  

sistema ufro rTul struqturebs ganaviTarebs. Cven vuSvebT, rom struqturis 

warmoqmnis piras vimyofebiT, amitom mxolod martivi mravalkuTxedis SemTxvevis 

ganxilva gvesaWiroeba.  

 mraval sistemaSi `rulonis~ msgavsi struqturebic gvxvdeba, romlebic 11.14 

naxazze naCvenebi erTganzomilebiani struqturis ganzogadebebia or ganzomilebaSi. 

rulonis struqturaSi koncentracia (an sxva Sesabamisi fizikuri parametri) erTi 

mimarTulebiT perioduli saxiT icvleba, magram orTogonaluri mimarTulebiT 

Tanabaria.  

 rogorc rulonis, aseve mravalkuTxedis SemTxvevaSi, sistemis 

izotropulobis daSvebis Semdeg, sistemis asimetriulobam an SemTxveviTma 

fluqtuaciebma unda gansazRvron struqturis orientacia. unda moxdes sistemis 

RerZuli simetriis darRveva. 

 reaqciis funqcia gansazRvravs SesaZlo zrdadi struqturebidan romelia 

stabiluri. reaqciis funqcia, rasakvirvelia, sakvlev sistemazea damokidebuli. 

umetes SemTxvevaSi mas erTgvarovani stabiluri mdgomareobidan koncentraciis 

c(x,y)=C(x,y) _ C0 gadaxris mixedviT ganvsazRvravT. yvelaze mniSvnelovani reaqciis 
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funqciis pirveli da mesame xarisxis wevrebia, romelTac mivyavarT gincburg-

landaus gantolebamde:  

3 2( , )
( , ) ( , ) ( , )

c x y
ac x y bc x y D c x y

t


   


           (11.5-19) 

 

aq kvadratuli wevri gamotovebulia, radgan gvsurs, rom c-s -c-Ti Secvlis 

SemTxvevaSi gantolebam saxe SeinarCunos anu stabiluri mdgomareobis Sesabamisi 

koncentraciis zemoT an qvemoT gadaxra identuri iyos. gincburg-landaus gantoleba 

gamoiyeneba struqturis warmoqmnis modelirebisaTvis siTxeebSi, qimiur reaqciebSi, 

lazeruli gamosxivebis intensivobis formebsa da 

sxva mraval sferoSi.  

nax. 11.15. 11.5.20 damokidebulebis Sesabamisi 

eqvskuTxedis sqematuri diagrama. eqvskuTxedis 

centrSi c(x,y)>_1. samkuTxa momrgvalebuli 

konturebis SigniT c(x,y)<_1. 

 

miuxedavad imisa, rom amis gakeTeba xSirad 

sakmaod rTulia, parametrebis mocemul simravlis 

Sesabamisi stabiluri struqturebis gansazRvrisaTvis saWiro reaqciis funqciis 

zusti formis gamoyeneba SegviZlia.  

 eqvskuTxa struqturebi xSirad gvxvdeba (ix. magaliTad [Murray 1989] da 

[Chandrasekhar, 1981]). nakadis sasazRvro pirobebis damakmayofilebeli 11.5.10 

gantolebis organzomilebiani ganzogadebis gamoyvana da eqvskuTxa struqturis 

aRwera polarul koordinatebSi Semdegi gamosaxulebis mixedviT aris SesaZlebeli 

[Chandrasekhar, 1981]: 

 

( , ) cos{ sin( )}

cos{ sin( / 3)}

cos{ sin( 2 / 3)}

c r kr

kr

kr

 
 
 


 
 

                (11.5-20) 

 

sadac k=4π/(3L), xolo L eqvskuTxedis gverdis sigrZea (koncentraciaTa sxvaobis 

amplituda SerCeviTia. Cven SemTxvevaSi koordinatTa sistemis saTaveSi c=3). rogorc 

vxedavT, talRis veqtoris sididesa da struqturis geometriul zomas sasazRvro 
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pirobebis nacvlad stabilurobaTa pirobebi gansazRvravs. 11.15 naxazze erT-erTi 

aseTi eqvskuTxa struqturis diagramaa gamosaxuli. 

 

struqturis SerCeva da sivrce-drois `turbulentoba~ 

 

process, romlis meSveobiTac erTgvarovani sivrciTi mdgomareobidan 

araerTgvarovani struqtura warmoiqmneba,  struqturis SerCeva ewodeba. umartives 

SemTxvevebSi mxolod erTi sivrciTi moda arsebobs, romlis amplitudac sistemis 

sawyisi mdgomareobidan `wanacvlebasTan~ (magaliTad, SemTxveviTi SeSfoTebiT 

gamowveuli) erTad izrdeba. pirobaTa mocemuli simravlisaTvis ramdenime  

arastabiluri moda SeiZleba arsebobdes. maTi SerCeva sawyisi pirobebisa da 

`SemTxveviTi~ SeSfoTebis xasiaTis mixedviT xdeba. zogad SemTxvevaSi eqsperimentis 

ganmeorebam SeiZleba gansxvavebuli struqturebi mogvces, radgan sawyisi pirobebi 

zustad arasodes meordebian. miuxedavad imisa, rom sistemis `saboloo 

mdgomareobis~ anaTvalSi xmaurisa da fluqtuaciebis Seyvana SeiZleba ar gvsurdes, 

magram isini xSirad am struqturebis warmoqmnasa da ganviTarebaSi gadamwyvet rols 

asruleben.  

 rogorc difuziur-reaqciul sistemebTan dakavSirebiT vnaxeT, sistemis 

SesaZlo sivrciTi modebi misi erTgvarovani mdgomareobidan araerTgvarovanSi 

gadasvlisas warmoqmnili struqturebis tipebs gansazRvravs. realur situaciebSi 

modebis klasifikaciis mizniT damatebiTi informacia gvesaWiroeba. Tu sistemasa da 

Sesabamis sasazRvro pirobebs garkveuli sivrciTi simetria aqvs, maSin simetriis 

jgufebis maTematikuri Teoria SesaZlo struqturebis klasifikaciisaTvis SegviZlia 

gamoviyenoT (damatebiTi detalebisTvis ixileT [Golubitsky, Stewart, Schaeffer, 1988] 

da GMD90).  

 rodesac gamovlenil sivrciT struqturebs sakmao sivrciTi sirTule 

aReniSnebaT, vambobT, rom sistema dro-sivrcis qaoss an, SedarebiT iSviaTad, 

turbulentobas amJRavnebs (teqnikurad TvalsazrisiT am mdgomareobas `susti 

turbulentoba~ ewodeba. morevis da a.S. msgavs Zlier turbulentobasTan 

safuZvliani kavSiri jerjerobiT ar aris Seswavlili). dro-sivrcis qaosis mqone 

bevr sistemas e.w. defeqtebis Semcveli sivrciTi struqturebi gaaCniaT. defeqts 

ganvixilavT gansxvavebuli sivrciTi struqturebis mqone areebs Soris arsebuli 

sazRvris TvalsazrisiT. magaliTad, erT areSi struqtura konkretuli periodis 
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mqone xasiaTis SeiZleba iyos. mosazRvre areSi struqtura kvlav imave periodis 

mqone SeiZleba iyos, magram am SemTxvevaSi sazRvarze fazebis cvlileba xdeba. ekmanma 

da prokakiam (ECP91) daamtkices, rom mocemul paragrafSi ganxiluli 

stabilurobis kvlevis meTodebi defeqtis gamovlinebis sixSiris mizezebis 

ganxilvisas SegviZlia gamoviyenoT.  

 sivrciTi modebis mimzidvelebis cneba kompleqsuri sivrciTi struqturebis 

Sesaxeb msjelobisas gamogvadgeba. amgvari daSveba gamokvleulia da Sesabamisi 

kontrargumentebi moyvanilia CRK88-Si.   

 

11.6 difuziiT SezRuduli agregacia, eleqtrodekompozicia da siblantis enebi: 

dabruneba fraqtalebTan  

 

wina paragrafSi vnaxeT, rom sivrciTi talRis amplitudebis stabilurobisa da 

arastabilurobis Seswavlis gziT SegviZlia struqturis warmoqmnis sawyisi etapis 

gaazreba. miuxedavad amisa, stabiluri mdgomareobis pirobiT SezRuduli analizi 

mxolod romelime  sivrciTi talRis zrdis dawyebis moments Tu mogvcems. 

mocemuli analizi ver gvamcnobs sistemis saboloo mdgomareobas. faqtiurad, 

mravali sistema wina paragrafSi moyvanili analizis miRma darCenil rTul sivrciT 

struqturebs anviTarebs. mocemul paragrafSi erTimeoris msgavsi rTuli sivrciTi 

struqturebis ganmaviTarebel sam sakmaod gansxvavebul fizikur sistemas aRvwerT. 

 Cveni midgoma ufro warmosaxviTia, vidre analizuri anu maTematikuri 

modelebis meSveobiT am struqturebis kvlevis meTodebis ilustraciis mizniT 

Sesabamis modelebs SeZlebisdagvarad zustad gamoviyvanT. praqtikulad es sistemis 

kompiuterulad agebas niSnavs. sistemebi, rogorc maT mier warmoqmnili 

struqturebis saxeobebis, aseve maTi aRwerisTvis gamoyenebuli maTematikuri 

struqturebis mixedviT aris erTmaneTTan dakavSirebuli. 

 

nax. 11.16. difuziT SezRuduli agregaciis 

kompiuteruli modelis mixedviT warmoqmnili 

struqturis magaliTi. nawilaki sazRvarTan 

SemTxveviTi saxiT moZraobs, sanam masis mier 

dakavebul aresTan ar ganicdis kontaqts, 
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sadac rCeba kidec. naxazis marcxena zeda nawilSi naCvenebia masasTan miaxloebuli 

nawilaki. 

 

difuziiT SezRuduli agregacia 

difuziiT SezRuduli agregacia (DLA) warmoadgens process, romlis drosac 

nivTiereba mSvidad ganicdis difuzias, sanam ar daejaxeba sxeuls, romelsac 

SeiZleba miewebos. Tavdapirvelad es sxeuli SeiZleba iyos talaxis naWeri, romlis 

zedapirzec difundirebadi nivTierebis masa dagrovebas iwyebs da Sedegad warmoqmnas 

iwyebs `kristali~. realur SemTxvevebSi difundirebadi molekulebi masas sxvadasxva 

mimarTulebebidan Tanabari albaTobiT uaxlovdeba. amgvar izotropul pirobebSi 

warmoqmnili masa met-naklebad sferos formis unda iyos. sinamdvileSi, warmoqmnili 

struqturebi sxva sferoebs ar warmoadgens. maT 11.16 naxazze moyvanilis msgavsi 

rTuli struqturebis warmoqmnis tendencia aReniSnebaT.  

 rogor aRvweroT DLA analizurad? daviwyoT  difuziis (11.4.10) gantolebiT, 

Tanac davuSvaT, rom difuzia imdenad mSvidad  mimdinareobs, rom SegviZlia 

koncentraciis droiT warmoebulisa da v


grad wevris ugulebelyofa. maSin difuziis 

gantoleba Semdeg saxeze daiyvaneba: 

 

2 ( , , ) 0C x y z                              (11.6-1) 

 

dasadgenia Sesabamisi sasazRvro pirobebic. am SemTxvevaSi vuSvebT, rom 

koncentracia sazRvrebze (rogorc sistemis periferiaze, aseve warmoqmnili masis 

zedapirze) ucvlelia. 

 cxadi saxiT ar Cans, rom mocemuli sasazRvro pirobebis Semcveli 11.6.1 

gantoleba DLA -Si warmodgenili rTuli struqturebis warmoqmnas iwvevs. 

faqtiurad, 11.6.1 gantoleba fizikis samagistro kursebze Seswavlili damuxtuli 

sxeulebis garSemo eleqtruli potencialebisTvis gamoyvanili gantolebebis ricxvs 

miekuTvneba.  

 

nax. 11.17. DLA kristaluri meseri. marcxniv 

gvaqvs X-iT aRniSnuli erTi ujredi. oTxi 

mosazRvre ujredidan erT-erTSi moxvedris 
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albaToba 1/4-is tolia. marjvniv kompleqsuri qmedebis gamomwvevi ori mezobeli 

ujredia. aq kididan miwebebis albaToba gverdidan miwebebisas aRemateba.  

 

yvela SemTxvevaSi amonaxsnebi mdebareobis sakmaod gluvi funqciebia da  DLA 

grovebTan saerTo araferi aqvT. kidev ori gansxvavebuli fizikuri sistemis 

ganxilvis Semdeg 11.6.1 gantolebis gamosakvlev struqturebTan dakavSirebis 

maTematikur sakiTxs davubrundebiT.  

 Tumca, struqturebis warmoqmnasTan dakavSirebiT garkveuli intuiciuri 

daskvnebis gakeTebac SegviZlia gantolebebis amoxsnis gareSec. DLA-s Sesabamisi 

kompiuteruli programis Sedgena sakmaod advilia. kompiuters unda mivceT brZaneba 

gamouSvas `molekula~ monitoris kidis SemTxveviTi saxiT arCeuli wertilidan. 

maSin molekula `misawebebel~ sxeulTan dajaxebamde monitorze uwesrigod 

imoZravebs. Semdeg sxva molekula gaimeorebs igive process da a.S. sabolood masas 

11.16 naxazze naCvenebis msgavsi rTuli struqtura eqneba.  

 grZeli kompleqsuri Zafebis (an dendritebis) zrdis tendenciis mTavari 

fizikuri mizezi advilad gasagebia. 11.17 naxazis marcxniv gamosaxulia erTi X 

ujredi (magaliTad, kompiuteris ekrani) da mis irgvliv - carieli ujredebi. 

ganvixiloT umartivesi modeli, romlis mixedviTac molekulas miwebebis unari 

mxolod im SemTxvevaSi gaaCnia, rodesac igi ujredSi zustad zemoT an qvemoT an 

zustad marjvniv an marcxniv aRmoCndeba. rodesac molekula izotropulad ganicdis 

difuzias, erT-erT cariel ujredTan kontaqtis albaToba 1/4-is tolia. vTqvaT, 

gvaqvs ori X ujredi (11.17 naxazis marjvena nawili). molekula romelime maTgans im 

SemTxvevaSi miuerTdeba, Tu igi  zustad mis zemoT an qvemoT, marjvniv an marcxniv 

aRmoCndeba. zeda da qveda ujredebisaTvis albaTobebi miaxloebiT 0.145-ia, xolo 

kidura ujredebisaTvis 0.21-is tolia. mniSvnelovania, rom saxezea kideebze 

molekulis miwebebisa da Zafebis gagrZelebis araTanabari albaTobebi. 

 

amocana 11.6-1. gamoTvaleT 11.6.2 naxazze warmodgenili mierTebis  albaTobebi. 

miniSneba: gamoiyeneT simetriis argumentebi. 

 

meore meqanizms axasiaTebs bafTisebri struqturis gafarToebis tendencia. Tu 

ori kompleqsuri Zafi erTimeoris maxloblad iwyebs zrdas, isini `fiords~ 

warmoqmnian, romelSi SeRwevac romelime Zafis irgvliv difuzirebad da amave ZafTan 
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SewebebasTan axlos myof nawilaks uWirs. rodesac molekula kompleqsuri Zafis 

kides uerTdeba, igi gantotebuli Zafis kristals warmoqmnis, romelic Semdgom 

fiordis SigTavss gadaekvreba.  

 

nax. 11.18. marcxniv moyvanilia marTkuTxa eleqtrodekompoziciis ujredis sqema. 

eleqtrodeni SuSis firfitaze moTavsebul 0.1 mm diametris mqone or eleqtrods 

Soris gadis. eleqtrodebi, ori ganzomilebis farglebSi denis SenarCunebis mizniT, 

kidev erTi SuSis firfitiTaa (ar aris naCvenebi) dafaruli. firfitebs Soris 

sivrce, ZnSO4-is wyalxsnariTaa Sevsebuli. marjvniv, eleqtrodekompoziciis Sedegad 

miRebuli struqtura aris warmodgenili (AAG88-is mixedviT).  

 

amrigad, sqematurad Cans, Tu ratom gaaCnia DLA-s grZeli da Txeli 

gantotebuli kompleqsuri struqturebis gamowvevis tendencia. DLA modeli 

gamoiyeneba Tovlis fifqisebri struqturebisa da sxva mravali fizikuri movlenis 

axsnisTvis.  

 

eleqtrodekompozicia 

 

Tu eleqtrodebi ionuri minarevebis Semcvel xsnarSi arian  CaSvebuli da gvaqvs 

potencialTa sxvaoba or eleqtrods Soris, maSin aRiZvreba ionuri deni 

eleqtrodebs Soris. Tu ionuri minarevebi Zn+-is tipis liTonis ionia, maSin 

liTonis atomebi daileqeba fenis saxiT uaryofiT eleqtrodze. 11.18 naxazi  

warmogvidgens eleqtrodekompoziciis sqemas. eleqtrodekompoziciasa da 11.16 

naxazze warmodgenil DLA -s Soris struqturuli msgavseba aSkaraa.  

 eleqtrodekompoziciis maTematikuri aRwera msgavsia DLA  daxasiaTebis 

SemTxvevisa. rodesac ionuri nakadi Zalze mcirea, ionebis eleqtrostatikuri 

velebis saxiT `mmarTavi~  eleqtruli velebis (an eleqtruli potencialebis) 
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aRwera SesaZlebelia. V(x,y,z) eleqtruli potenciali aRiwereba laplasis 

gantolebis meSveobiT: 

 

2 ( , , ) 0V x y z                         (11.6-3) 

 

areSi, sadac ionebi gadaadgildeba (vuSvebT, rom moZravi ionebis koncentracia 

imdenad mcirea, rom isini erT-erTi ionis mier `dafiqsirebul~ potencialze 

zegavlenas ver axdenen). sasazRvro pirobebidan gamomdinare, V potencials dadebiTi 

eleqtrodis zedapirsa da uaryofiT eleqtrodze warmoqmnil liTonur fenaze 

mudmivi saxiT viRebT. gadatanis damokidebuleba moicema omis kanonis meSveobiT: 

 

 

 ( , , )j E grad V x y z   


                   (11.6-4) 

 

amrigad, eleqtrodekompoziciis maTematikuri aRwera DLA-is aRweris 

analogiuria.  

 eleqtrodekompoziciis dros dendritebis warmoSobis procesis axsna savsebiT 

SesaZlebelia. Tu liTonis fena Rebulobs wawvetebul formas, maSin sazRvris gluv 

nawilTan SedarebiT wvetiani daboloebis maxloblad eleqtruli veli ufro 

Zlieria. ufro Zlieri eleqtruli veli am areSi Semavali ionebis denis simkvrivis 

zrdas iwvevs da wvetis zrdis tendencia saxezea. vambobT, rom gluvi zedapiri 

arastabiluria mcire, sivrculad lokalizebuli SeSfoTebebis mimarT.   

 

 

 

siblantis enebi 

 

Tu naklebad blant siTxes metad blantSi nel-nela SeviyvanT, maSin naklebad 

blanti siTxe meore siTxeSi ganvrcobis tendencias gamoamJRavnebs. am dros 

warmoiSiba enismagvari grZeli da Txeli ganStoebebi. siblantis “enebis” tipuri 

struqtura 11.19 naxazzea naCvenebi.  
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 siblantis enebis warmomSobi fizikuri procesebi mniSvnelovania sxvadasxva 

sferoebSi. magaliTad, wyali xSirad SeyavT  navTobis WaburRilebSi, raTa wylis 

wneviT navTobis amoRebis intensiuroba gaizardos. amave dros, navTobSi gaCenilma 

wylis siblantis enebma amoRebis process SeiZleba xelic SeuSalos. siblantis 

enebis gamoyenebasTan dakavSirebiT  ufro detaluri msjelobisTvis ixileT WON88.  

 SemoviRoT garkveuli formaluri midgoma siblantis enebis aRweris mizniT. 

davuSvaT, rom siTxe imdenad mSvidia, rom misi siCqare proporciuliaa p wnevis 

gradientisadmi (e.w. dersis kanoni): 

                            grad p  


                         (11.6-6) 

  

sadac β parametri siTxis siblantezea damokidebuli. gamoyenebuli  

eqsperimentuli pirobebis Tanaxmad, siTxeebis kumSvadobis ugulebelyofa SegviZlia. 

amrigad, SegviZlia gamoviyenoT div v =0 arakumSvadobis piroba, rac mogvcems:  

 

 

nax. 11.19. marcxniv naCvenebia siblantis enebis Seswavlisas gamoyenebuli heil-

Sous ujredis sqema. blanti siTxis viwro Sre brtyel firfitebs Sorisaa 

ganTavsebuli. naklebad blanti siTxe mcire zomis xvrelis saSualebiT nel-nela 

SeyavT ujredis centrSi. marjvniv naCvenebia siblantis enebis tipuri struqtura 

wylisa da glicerinisTvis (WON88-is mixedviT.) 

 

2 0p                               (11.6-7) 

 

amrigad, p wneva imave rols asrulebs, rasac koncentracia DLA-Si, xolo 

eleqtruli potenciali eleqtrodekompoziciaSi. p-sTan dakavSirebuli sasazRvro 

piroba imaSi mdgomareobs, rom naklebad blant siTxeSi wneva mudmivi unda iyos. 

aseve unda ganvsazRvroT blant siTxeSi sazRvris maxloblad wnevis gradienti 

(BKL86). 
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 enebis warmoqmnis mizezis gasagebad kvlav martivi fizikuri argumentis 

moyvana SegviZlia: warmoidgineT or siTxes Soris myofi brtyeli gamyofi fena. Tu 

SemTxveviTi fluqtuaciebisaTvis damaxasiaTebel mcire deformacias eqneba adgili, 

maSin deformaciis siaxloves myof siTxes wnevis SedarebiT meti siCqare eqneba. 

rogorc vxedavT, gluvi fena arastabiluria mcire, sivrculad lokalizebuli 

SeSfoTebebis mimarT, deformacia ki izrdeba.  

  DLA-s, eleqtrodekompoziciisa da siblantis zogadi  gantoleba [11.6.1, 

11.6.3 da 11.6.7 gantolebebi] wrfivi kerZowarmoebuliani diferencialuri 

gantolebaa. rogor vixelmZRvaneloT wrfivi gantolebiT bifurkaciis movlenebTan 

da fraqtalur struqturebTan dakavSirebiT, romlebic arawrfiv gantolebebTan 

arian asocirebulni? pasuxi is aris, rom am paragrafSi ganxiluli movlenebis 

klasTan dakavSirebiT  arawrfivobebi sasazRvro pirobebSi gvxvdeba. sazRvris 

moZraobasTan erTad TiToeul sistemaze moqmedi jamuri efeqti sazRvarze 

arawrfivia. amgvar mdgomareobasTan dakavSirebuli maTematikuri aspeqtebi PET89-sa 

da BLT91-Sia moyvanili. 

 

fraqtaluri ganzomilebebi 

 

DLA-s mier warmoqmnil fizikur struqturebs, eleqtrodekompoziciasa da 

siblantis enebs me-9 TavSi ganxiluli martivi fraqtaluri obieqtebis 

geometriuli Tvisebis, kerZod, avtomodelurobis garkveuli xarisxi gaaCnia. 

ujredTa mTvleli algoriTmebis gamoyeneba umravlesoba DLA-s, 

eleqtrodekompoziciisaa da siblantis enebis eqsperimentebSi warmoqmnili 

organzomilebiani struqturebisTvis pirdapir aris SesaZlebeli. mravali aseTi 

struqturis ujredTa mTvleli ganzomileba 1.7-Tan axlosaa. am ricxvis 

universalobis damatebiTi mtkicebuleba DLA-s kompiuteruli modelirebebidan 

gamomdinareobs. modelebis farTo speqtri iZleva 1.7-Tan miaxlovebul ujredTa 

mTvlel ganzomilebas. ra Tqma unda, amgvari avtomodeluroba yvela masStabis 

struqturebisaTvis ver gamovlindeba. zeda zRvarSi SezRuduli varT sistemis 

zomiT,  qveda zRvarSi ki individualur atomebamde davdivarT. am sistemebs ama Tu 

im grZiv masStabebSi fraqtaluri ujredTa mTvleli ganzomileba aReniSneba. 

 unda aRiniSnos, rom amgvari struqturebis geometriis daxasiaTebisTvis 

mxolod fraqtaluri ganzomileba namdvilad ar aris sakmarisi. me-10 TavSi 
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ganxiluli multifraqtaluri midgoma DLA struqturebis kvlevisTvis gamoiyeneba. 

meti informaciisTvis ixileT Tavis boloSi citirebuli literatura.  

 

nax. 11.20. xis totze warmoqmnili yinulis kristalebis fotosuraTi diliT 

adre, rodesac temperatura uecrad 00C-is qvemoT ecema. temperaturis dacemamde 

tenianoba sakmaod maRalia. gayinulma orTqlma grZeli, konusisebri formis 

dendritebi warmoqmna (fotosuraTisTvis madlobas vuxdiT daniel krauss). 

multifraqtaluri da fraqtaluri ganzomilebebis meSveobiT bunebaSi arsebuli 

uamravi struqtura SeiZleba davaxasiaToT. dainteresebul mkiTxvels vurCevT, rom 

me-9 Tavis boloSi moyvanil saxelmZRvaneloebsa da mocemuli Tavis boloSi 

moyvanil literaturas gaecnos.  

 unda aRiniSnos, rom aq warmodgenili mravali sistemis geometria 

damokidebulebaSia am sistemebis arawonasworul bunebasTan. Tu sistemebis evolucia 

wonasworobis mimarTulebiT mimdinareobs, maSin fraqtaluri struqturebi  

SedarebiT gluv (Tanabar) struqturebamde viTardeba. fraqtaluridan gluv 

geometriaSi gadasvlis modelirebasTan dakavSirebiT ixileT SFM88. 

 

 

 

savarjiSo 11.6-2. 11.20 naxazi gviCvenebs noembris dilas xis totze warmoqmnili 

yinulis kristalebis fotosuraTs, rodesac haeris  temperatura uecrad 00C-is 

qvemoT daeca. zemoT moyvanili msjelobis safuZvelze ganmarteT, Tu ratom 

warmoqmnes yinulis kristalebma grZeli, konusisebri formis dendritebi.  
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11.7 TviTorganizebuli kritikuli mdgomareoba: fraqtalebis fizika? 

 

wina paragrafis boloSi aRvniSneT, rom difuziiT SezRuduli agregacia, 

eleqtrodekompoziciiTa da siblantis enebiT warmoqmnili struqturebis daxasiaTeba 

miaxloebiT 1.7-is toli wiladuri (ujredTa mTvleli) ganzomilebis meSveobiT aris 

SesaZlebeli. miRebuli Sedegi da fraqtaluri geometriis farglebSi warmodgenili 

araerTi nimuSi gviCvenebs, rom wiladuri ganzomilebis cneba gamosadegia 

geometriuli struqturebis daxasiaTebisTvis, romlebic mrudebs, zedapirebsa da 

moculobebs Soris imyofebian. miuxedavad amisa, umTavresi fizikuri SekiTxva kvlav 

ucvlelia: ratom aviTarebs esa Tu is obieqti wiladuri ganzomilebebiT 

daxasiaTebul struqturas? ra saxis fizikaa fraqtalebis miRma? 

fraqtalebis fizikis axsnisTvis SemoRebulia TviTorganizebuli kritikulobis 

meqanizmi. am saxelwodebaSi igulisxmeba, rom sistema Tavad eZebs kritikul 

mdgomareobas, romlis pirobebSic misi sivrciTi struqtura farTomasStabian 

diapazonisaTvis avtomodeluria. kritikuli mdgomareobis daxasiaTebis kidev erTi 

meTodi imaSi mdgomareobs, rom kritikul mdgomareobas maxasiaTebeli sivrciTi 

masStabebi ar gaaCnia da sxvadasxva masStabebis pirobebSi sistema zustad erTnairad 

gamoiyureba. TviTorganizebuli kritikuli mdgomareobis pirobebSi mravali 

ganvrcobili arawonasworuli sistema kritikuli mdgomareobis mimarTulebiT 

spontanurad viTardeba. wonasworuli sistemebi kritikul mdgomareobas (rogoricaa 

fazuri gardaqmna) mxolod im SemTxvevaSi aRwevs, rodesac sistemis maxasiaTebel 

parametrTa mniSvnelobebi TanxvedraSia kritikul mdgomareobasTan asocirebul  

mniSvnelobebTan. TviTorganizebuli kritikulobis SemTxvevaSi kritikuli 

mdgomareoba parametris mniSvnelobebis garkveuli diapazonis pirobebSi miiRweva.   

 dReisaTvis TviTorganizebuli kritikuloba umTavresad  Seswavlilia fiWuri 

avtomatebis tipis sxvadasxva sistemebisTvis, romelTa Tvisebebi garkveulwilad 

mogvagonebs sxvadasxva fizikur sistemebs. kargad aris Seswavlili `qviSis grovis~ 

modeli. gverdigverd ganlagebuli ujredebisTvis miweril ricxvebs Soris sxvaobis 

Zalian gazrdisas (grovaSi qviSis simaRlis Sesabamisad) fiWuri avtomatebis wesebi 

`zvavis~ gaCenas prognozirebs. dadgenilia, rom es modelebi spontanurad aRwevs 

kritikul mdgomareobas da am drosac yvela zomis zvavi vlindeba. zvavTa zomebis 

droSi ganawileba ar emTxveva qviSis grovebTan dakavSirebul eqsperementis 
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pirobebSi miRebuli zvavebis ganawilebas. amitom dReisaTvis TviTorganizebuli 

kritikuloba fraqtalebis fizikis srulad daxasiaTebas ver axerxebs.  

 radgan sistemebi kritikuli mdgomareobis pirobebSi ar yalibdeba, amitom 

bunebrivad ismis  SekiTxva, Tu rogor `pouloben~ sistemebi kritikul 

mdgomareobas. singularuli difuziis momcvel erT-erT SesaZlo meqanizms (CCG90) 

gvTavazobs. mTavari idea mdgomareobs imaSi, rom difuziur sistemaSi 

TviTorganizebuli kritikuloba difuziis koeficientis sakvlevi nivTierebis 

koncentraciaze damokidebulebis SemTxvevaSi vlindeba. am SemTxvevaSi gadatanis 

gantoleba C koncentraciis SemTxvevaSi moicema (11.4-5) saxiT, romelic D sidids 

koncentraciis mimarT damokidebuleba cxadi saxiTaa mocemuli: 

 

[ ( ) ]
C

div D C grad C
t





                     (11.7-1)   

 

Tu koncentraciis raime (vTqvaT C*) mniSvnelobaze difuziis koeficienti 

usasrulo xdeba, maSin sistema midrekilia im mdgomareobisken, romelSic misi 

sivrciTi diapazonis TiTqmis nebismier nawils (sasazRvro fenis garda, romlis 

fardobiTi zomac sistemis zomis zrdasTan erTad mcirdeba) kritikuli 

koncentracia gaaCnia da TviTorganizebuli kritikuli  mdgomareobisTvis saWiro 

qmedebas amJRavnebs. CCG90-Si Seswavlilia martivi modeluri sistemis qmedeba da 

moyvanilia ricxviTi mtkicebulebebi, romelTa mixedviTac analogiuri saxis qmedeba 

SedarebiT rTuli sistemebis SemTxvevaSic vlindeba.  

 miuxedavad imisa, rom TviTorganizebuli kritikulobis Seswavla dResdReobiT 

sawyis etapzea, iqmneba STabeWdileba, rom bunebaSi fraqtaluri struqturebis 

yovlismomcvelobis fizikuri axsna swored misi meSveobiT iqneba SesaZlebeli. Tu 

TviTorganizebul kritikulobas bunebaSi aRmoCenili fraqtaluri struqturebis 

axsnis  unari aqvs, maSin fraqtaluri struqturebis ganmapirobebeli detaluri 

meqanizmebis Seswavlasac SevZlebT. normirebis kanonebis ganmapirobebeli sxva 

meqanizmebi (ABH98)-Sia warmodgenili. TviTorganizebuli kritikuloba (RIZ99) 7.3 

paragrafSi aRniSnuli 1/f xmauris universaluri maxasiaTebeli Tvisebebis amxsneli 

dinamikuri meqanizmis saxiT aris SemoTavazebuli.   
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11.8. daskvnebi 

 

mocemul TavSi davrwmundiT, rom sistemaTa farTo speqtri avlens saerTo 

Tvisebas, romelic mdgomareobs arawonasworul pirobebSi sivrciTi struqturebis 

spontanur generaciaSi. miuxedavad imisa, rom struqturaTa aseTi saxiT warmoqmnis 

Seswavla dResdReobiT sawyis etapzea, ukve SegviZlia vTqvaT, rom bunebaSi wesrigis 

gamovlineba  iSviaTobas ar warmoadgens. faqtiurad, arawonasworuli mdgomareobebis 

SemTxvevaSi buneba wesrigsa da erTgvarovani struqturis Seqmnas aniWebs 

upiratesobas.  

miuxedavad imisa, rom koncentrireba movaxdineT SedarebiT martivi struqturebis 

gamovlinebaze, maTi warmoqmnis dinamikuri Sexedulebis Taobaze mniSvnelovani 

daskvnis gamotana SegviZlia da vcdilobT gavarkvioT, uzrunvelyofs Tu ara mcire 

raodenobiT sivrciTi modebis (arawrfivi)  urTierTqmedeba rTuli struqturebis 

ganviTarebas. zogierT SemTxvevaSi, albaTuri qmedebis  msgavsi rTuli dinamika 

mxolod mcire raodenobiT Tavisuflebis xarisxebis mqone sistemebis SemTxvevaSic 

ki  SeiZleba gamovlindes. siTxis Zlier turbulentobaSi gamovlenili rTuli 

sivrciTi struqturebis axsnisas am programis gamoyeneba optimizmis safuZvels 

gvaZlevs (MES87, FRO90). rogorc qaosuri qmedeba, aseve struqturis warmoqmna 

zogierTi sistemis evoluciisas arawrfivi efeqtebis saxiT vlindeba.  

 struqturis warmoqmnis procesi namdvilad imsaxurebs calke kurss. am 

saintereso da Tvalwarmtaci sferos erT TavSi Cateva sakmaod rTulia. Cven 

ramdenime mniSvnelovani sfero mTlianad gamovtoveT. ori maTgani fizikosebis 

gansakuTrebul yuradRebas imsaxurebs: (1) qaosuri gabneva da (2) arawrfivi talRis 

movlena anu solitonis efeqti (solitoni warmoadgens sivrculad lokalizebul 

talRuri saxis SeSfoTebas, romelic did manZilebze formis Secvlis gareSe 

vrceldeba. mokled aRvniSnavT, rom mravali arawrfivi struqtura sinqronul 

xasiaTs iZens da stabilur lokalizebul SeSfoTebas warmoSobs). mkiTxvelisTvis am 

da sxva sivrce-droiTi arawrfivi movlenis Sesaxeb warmodgenis SeqmnisaTvis vurCevT 

Tavis boloSi citirebuli  literaturis gacnobas.  

 Cven agreTve ganvixileT struqturebis daxasiaTebis ramdenime meTodi maTi 

dro-sivrciTi gamovlinebis formebze dayrdnobiT. karunen-loevis dekompoziciad 

wodebuli uZlieresi meTodi erTmaneTisagan gamoyofs droiT da  sivrciT 

damokidebulebebs da sivrciTi struqturis kvlevisaTvis saWiro maTematikuri 
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funqciebis farTo speqtrs gvaZlevs, romelTa gansazRvra uSualod sivrciT 

struqturaze dayrdnobiT warmoebs. am meTodis Sesaxeb safuZvlian warmodgenas 

gviqmnian AHK93 da TRS97.  

 ra Tqma unda, Cven jer kidev Sors varT kompleqsuri struqturis 

gamovlinebis (magaliTad biologiuri ujredis warmoqmnis) fizikuri Teoriis 

Camoyalibebisagan, magram sivrciTi struqturebis martivi saxeobebis SemTxvevaSi 

ukve vxvdebiT, rom maTi gamovlineba (pirdapiri) Carevis gareSea SesaZlebeli da 

Sesabamis mizezebsac vadgenT. maT,  visac surs daamtkicos, rom sicocxlis 

warmoSoba bunebis mier wesrigisken da struqturisken midrekilebidan gamomdinare 

gardauvali procesis gamovlinebaa, Cveni Sedegebi garkveuli optimizmis safuZvels 

miscems. sicocxlis fizikuri kanonebis daxmarebiT gaazrebisa Tu mecnieruli 

programis danergvisa da kompleqsuri struqturis gamovlinebis dafiqsirebis unaris 

SemuSavebis SemTxvevaSic ki Teologiuri daskvnebis gamotana SesaZlebelia. nebismier 

SemTxvevaSi struqturis warmoqmnis moZRvreba arawrfivi dinamikis erT-erTi 

saintereso aspeqtia. 
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mimarTeT saits: http://alife.santafe.edu/alife/topics/cas/ca-faq/ca-faq.html.  
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12 

 

kvanturi qaosi, kompleqsurobis Teoria da sxva 

sakiTxebi 

 

qaosi xSirad sicocxles asazrdoebs, xolo wesrigi asuldgmulebs tradicias. 

Henry Brooks Adams, The Education of Henry Adams.  

 

12.1 Sesavali 

 

mocemul TavSi gavecnobiT arawrfivi dinamikisa da qaosis urTierTkavSiris 

damadasturebel SemTxvevebs mecnierebis sxvadasxva sferoSi. pirveli SemTxveva 

arawrfiv dinamikasa da fizikis fundamentur Teorias Soris arsebul kavSirs exeba 

da, konkretulad, kvantur meqanikas ukavSirdeba. vnaxavT, rom es kavSirebi erTi 

SexedviT urTierTgamomricxavia. meore sakiTxi dinamikuri sistemebis kompleqsuri 

qmedebis daxasiaTebas exeba (anu erTi mxriv sruli determinizmisa da martivi 

qmedebis, xolo meore mxriv srul mouwesrigeblobasTan damakavSirebeli `uxilavi 

Zafis~ ZiebaSia). arawrfiv dinamikaSi am sakiTxebs praqtikuli  sargebloba didad ar 

moaqvT, Tumca maTgan gamomdinare Sedegebi mniSvnelovania. 

 mogawvdiT aseve mokle cnobebs aqamde garkveulwilad uyuradRebod 

datovebul ramdenime problemasTan dakavSirebiT - uban-uban wrfivi modelebi, droSi 

wanacvlebuli diferencialuri gantolebis modelebi, stoqastikuri rezonansi, 

qaosis kontroli da sinqronizacia, qaosuri qmedebis albaToba kompiuterul 

qselebSi. agreTve garkveul miniSnebebs gavakeTebT, Tu sad SegviZlia gamoviyenoT 

qaosisa da arawrfivi dinamikis ZiriTadi Sedegebi.  

 

12.2 kvanturi meqanika da qaosi 

 

me-20 saukunis mecniereba istoriaSi kvantis saxeliTac Seva. am drois 

ganmavlobaSi fizikosebma mikroskopul samyarosTan dakavSirebuli kvanturi Teoria 

Seqmnes. igi formalurad kvanturi meqanikis saxiT aris cnobili. man mecnierTa 
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yovelgvar molodins gadaaWarba da elementaluri nawilakebis, birTvebis, atomebisa 

da molekulebis mikroskopuli samyaroSi mimdinare movlenebis aRmwerad da 

mkvlevrad iqca. Tanamedrove qimiisa da molekuluri biologiis safuZveli kvanturi 

meqanikaa. kvanturma meqanikam gadamwyveti roli Seasrula maRali wnevis fizikis 

ganviTarebasa da mis danergvaSi naxevargamtaruli eleqtronikisa da kompiuterul 

sferoSi. es imas ar niSnavs, rom kvanturi meqanikis yvela meqanizmis dakavSireba 

gvsurs mecnierebis sxva dargebTan, magram nivTierebis stabilurobis, fundamenturi 

Zalebis bunebis, sinaTlisa da nivTierebis urTierTqmedebis da a.S. Sesaxeb sabaziso 

codnas swored es Teoria qmnis. garda amisa, aranairi niSani ar Cans imisa, rom 21-e 

saukunis mecniereba sxva gziT wava.  

aSkaraa, rom warmatebebTan erTad kvanturi meqanika mravali konceptualuri da 

filosofiuri xasiaTis problemis winaSe gvayenebs. Teoria gvamcnobs, rom garSemo 

arsebul samyaroze Cven mier SemuSavebuli azrebisa da koncefciebis safuZvelze 

mikroskopuli samyaros adeqvaturad aRqma SeuZlebelia. magaliTad kvanturi meqanika 

gveubneba, rom eleqtronTan (an sxva nebismier nawilakTan) dakavSirebiT SeuZlebelia 

(anu fizikuri TvalsazrisiT uazrobaa) zusti mdebareobisa da impulsis dadgena, 

amitom mdgomareobaTa sivrceSi nawilakis mkafiod gamoxatuli traeqtoriis Sesaxeb 

saubari zedmetia. kvanturi meqanika sawyisi pirobebis, Zalebisa da traeqtoriebis 

Sesaxeb gamoTqmuli mosazrebebis msxvrevas an Zirfesvianad modificirebas 

gvaiZulebs.   

 kvanturi meqanikis Sexedulebis Tanaxmad, mocemuli kursis farglebSi (da 

arakvantur meqanikaze agebul nebismier naSromSi) aRwerili fizika sicruea. Tumca 

vidre mTel Cvens namoRvawars gverdze gadavdebT, kvlav kvantur meqanikas 

moviSveliebT, romelic acxadebs, rom yoveldRiur cxovrebasTan dakavSirebul 

niutonis klasikur meTodebze damyarebuli Teoriebi mxolod mcire da umniSvnelo 

ricxobrivi cdomilebebis fonze SesaniSnavad muSaobs. am sakiTxs raodenobrivad 

qvemoT ganvixilavT.  

 albaTuri aRwera kvanturi Teoriis umniSvnelovanesi aspeqtia da gansazRvris 

tradiciuli meTodebis gadaxedvas gvaiZulebs. niutonis klasikuri meqanikisgan 

gansxvavebiT, romlis mixedviT sistemaze moqmedi Zalebis xasiaTisa da sawyisi 

pirobebis codnis SemTxvevaSi am sistemis momdevno qmedebis (`traeqtoriis~) 

gamoTvlas SevZlebT, kvanturi meqanika gvamcnobs, rom yvelaze didi, risi miRwevac 

SegviZlia, am sistemis sxvadasxva tipis Semdgomi qmedebebis albaTobebis gansazRvraa. 
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kvanturi meqanikis Tanaxmad, mTavari problema imaSi mdgomareobs, rom Cven 

principulad ar SegviZlia zustad gansazRvruli sawyisi mdebareobis da siCqaris (an 

impulsis) mqone sistemis (magaliTad, eleqtronis) moZebna. sawyis pirobebTan 

dakavSirebiT yovelTvis iarsebebs raime tipis `ganusazRvreloba~. mdgomareobaTa 

sivrcis enaze SegviZlia ganvacxadoT, rom sistemis traeqtoriebi saTaves iRebs 

sivrcis ganusazRvrel areSi. Cven mxolod evoluciis albaTobebis varaudi 

SegviZlia. mdgomareobaTa sivrcis am minimaluri aris sidide plankis h=6.626...X10-34 

j/wami mudmiviT  ganisazRvreba. plankis mudmivas klasikuri qmedebis erTeuli 

gaaCnia (gaixseneT me-8 Tavi). faqtobrivad, kvanturi mdgomareoba masTan 

dakavSirebuli qmedebis sididiT SeiZleba daxasiaTdes. Cveulebriv, es sidide 

fundamenturi h sididis mTeli jeradia.  

 kvantur mdgomareobaTa sivrcesTan dakavSirebuli ganusazRvrelobis pirobebSi 

unda vivaraudoT, rom eleqtronis mdebareoba mniSvnelobaTa garkveul diapazonSi, 

xolo misi impulsi raime sxva Sesabamisi diapazonis farglebSi iqneba moTavsebuli. 

kvanturi meqanikis specialistTa umravlesoba amtkicebs, rom eleqtronis 

traeqtoriis Sesaxeb saubari zedmetia. aq Cven aramyar filosofiur Sexedulebebs 

vuaxlovdebiT, sadac imaleba mniSvnelovani, magram damabneveli SekiTxvebi: gagvaCnia 

Tu ara calkeuli eleqtronis mdebareobisa da impulsis Sesaxeb safuZvliani 

msjelobis unari? aRwers Tu ara kvanturi meqanika mxolod nawilakebis jgufebs? 

sabednierod, rodesac sistema beisbolis burTis, standartul eleqtrul wredSi 

gamavali denis an sinjaraSi Casxmuli siTxis msgavsad didia, kvanturi meqanikis 

uzustobasTan asocirebuli ganusazRvrelobebi mTlianad qreba da sistemis 

aRwerisTvis klasikur meqanikas viyenebT.  

 arsebobs mravali fizikuri sistema, romlebSic  kvanturi meqanika 

fundamentur rols asrulebs. Cndeba SekiTxva: amJRavnebs Tu ara kvanturi meqanikis 

meSveobiT aRwerili sistemebi (saTanado pirobebSi) klasikuri qaosis analogiur 

qmedebas? am kiTxvaze pasuxis gacema metad rTulia. sirTule kvanturi meqanikis 

klasikuri meqanikisgan ganmasxvavebeli konceptualuri `morevidan~ warmodgeba. es 

Teoriebi sxvadasxva `enebze saubroben~, amitom kvanturi sistemis qaosur qmedebaze 

saubrisas frTxilad unda viyoT, raTa magaliTad vaSli da wyalbadis atomi 

`erTmaneTSi ar agverios~. meore mxriv, kvanturi da klasikuri meqanikebis erTsa da 

imave tipis fizikuri sistemebis modelebTan dakavSirebiT gamoyeneba SegviZlia. Tu 

klasikuri meqanika sistemasTan dakavSirebiT qaosur qmedebas gansazRvrul pirobebSi 



 602 

(anu makontrolebeli parametris mniSvnelobaTa gansazRvrul diapazonSi) 

winaswarmetyvelebs, SegviZlia vikiTxoT, Tu ras mogvcems kvanturi meqanika igive 

pirobebSi (rasakvirvelia, agreTve unda vikiTxoT, Tu ras gviCvenebs realuri 

fizikuri sistemebi imave pirobebSi).  

 klasikuri da kvanturi meqanikis prognozebis Sedareba rTulia im 

sistemebisTvis, romelTac klasikuri meqanika qaosurad moiazrebs. qaosuri sistemebi 

arawrfivia da klasikur meqanikaSi maT analizuri amonaxsnebi ar gaaCniaT. 

hamiltoniseuli sistemis SemTxvevaSi saqme araintegrebad sistemasTan gvaqvs. 

kvantur meqanikaSi am mxriv ukiduresi siZneleebi Cndeba da integrebadi 

sistemebisTvis gamoyenebuli mravali meTodi uvargisia araintegrebadi 

sistemebisTvis. kvantur meqanikasTan dakavSirebiT prognozireba, sazogadod, rTulia 

da darwmunebulebi unda viyoT, rom Cveni varaudi gamoTvlebis Casatarebeli 

miaxloebiTi sqemis damaxinjeba ar iqneba. kvanturi meqanika sistemis qmedebis zustad 

im maxasiaTeblebis gamoTvlis saSualebas ar gvaZlevs, romlebzec qaosis Sesaxeb 

Cveni klasikuri Sexedulebebia agebuli, kerZod, vgulisxmobT sistemis 

traeqtoriebs mdgomareobaTa sivrceSi. amrigad, kvanturi meqanikis mimarT sifrTxile 

unda gamoviCinoT, rodesac misi saSualebiT qaosuri qmedebis gamovlinebebze 

dakvirvebas vapirebT.  

 samwuxarod, am saxelmZRvanelos Seqmnisas (2000) mecnierebi jer kidev ar 

arian SeTanxmebulni saTanado maxasiaTeblebis Sesaxeb. zogierTi fizikosi amtkicebs, 

rom cneba `kvanturi qaosi~ saerTod ar unda arsebobdes, radgan, rogorc qvemoT 

vnaxavT, kvanturi meqanika praqtikulad wrfivi Teoriaa. vinaidan qaosi arawrfivobas 

saWiroebs, kvanturi meqanika qaosuri qmedebis gamomwvevi ver iqneba. Tu es Sedegi 

WeSmaritebas Seesabameba, fundamenturi problemis winaSe aRmovCndebiT rodesac 

realuri sistemebi qaosur qmedebas warmoaCens. 

kvanturi  meqanikis specialistebs sjeraT, rom kvanturi meqanikis prognozebi 

garkveul zRvrebSi klasikuri meqanikisas emTxveva. amgvari Sesabamisobis principi 

qmedebis rogorc did sidideebze, aseve h_>0 zRvarSic vrceldeba. amitom, Tu 

kvanturi meqanika qaosur qmedebas saerTod ar aRwers, misi dafiqsireba Zneli iqneba 

klasikur SemTxvevaSic. kvanturi meqanika an jerjerobiT CvenTvis bolomde 

gaurkveveli saxiT gamoxatavs qaosur qmedebas, an saerTod ar moicavs amgvar 

qmedebas anu am SemTxvevaSi kvanturi meqanika sruli sicruea! Tu aseTi `eretikuli~ 

daskvna sinamdviles warmoadgens, maSin kvanturi meqanikis meSveobiT `tyuilis~ 
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aRmoCena qaosis aRmweri  kvanturi meqanikis gacilebiT fundamentur TeoriasTan 

migviyvans. amasTan erTad, kvanturi meqanika albaT Seicvleba, radgan rasac 

dResdReobiT qaoss vuwodebT, realurad bunebis mier Seqmnili da detalurad 

gaTvlili `Tavsatexia~. radikaluri daskvnebis gamotanamde ufro dawvrilebiT unda 

gavaanalizoT, Tu ras gvamcnobs kvanturi meqanika qaosuri qmedebis gamomxatvel 

sistemebTan dakavSirebiT.  

 arsebobs kvanturi sistemebis speqtrSi qaosuri qmedebis ganxilvis kidev erTi 

mizezi. ubralo kvanturi meqanikis mniSvnelovani ganzogadeba   nawilakebis didi 

raodenobis mqone sistemebis daxasiaTeba _ e.w. kvantur-statistikuri meqanikaa. 

kvantur-statistikur meqanikaSi kvanturi meqanikis saTanado albaTobebis simkvrivis 

ganawilebebiT  moTxovnil dones emateba statistikuri an SemTxveviTobis done. 

Cndeba umniSvnelovanesi kiTxva: SeuZlia Tu ara kvantur meqanikas, rom 

“gaumklavdes” amgvar SemTxveviTobas, Tuki es ukanaskneli gansakuTrebuli movlenaa? 

qaosis analogiurad, kvantur-statistikuri meqanikis (KAM85) fundamenturi axsnis 

unari kvantsac Seswevs. Tu axsna TviT kvanturi meqanikidan ar gamomdinareobs, maSin 

kidev erTxel davaskvniT, rom kvanturi meqanika dRevandeli formiT 

arasrulyofilia.  

 pirvel rigSi gTavazobT kvanturi meqanikis mokle analizs, xolo Semdeg 

sxvadasxva midgomebs gavecnobiT, romlebsac orientirad gamoviyenebT kvantur 

meqanikaSi mimdinare iseTi movlenebisTvis, romelTa mimarTac klasikuri meqanika 

qaosur qmedebas prognozirebs. bolos kvanturi qaosis gamomxatveli (Tu aseTi 

saerTod arsebobs) zogierTi hipoTeturi eqsperimentis mokle ganxilviT 

SemovifarglebiT. 

 `kvanturi qaosis~ Sesaxeb arsebobs auracxeli literatura da mis gansjas 

calke saxelmZRvanelo dasWirdeba. Cven am swrafad ganviTarebadi sferos srulad 

ganxilvis pretenzia ar gagvaCnia. dainteresebul mkiTxvels codnis gasaRrmaveblad 

[Gutzwiller, 1990] da [Reichl, 1992] monografiebs vurCevT. 

 

 

kvanturi meqanikis mokle Sinaarsi 

mocemul paragrafSi gTavazobT kvanturi meqanikis Teoriis mokle Sesavals, 

romelic aucilebelia kvanturi qaosis kvlevis TvalsazrisiT. sabednierod, 

kvanturi qaosis SeswavlisaTvis kvanturi meqanikis formaluri midgomis ganvrcobis 
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aucilebloba ar arsebobs. msjelobas Sredingeris gantolebiT aRweril Cveulebriv 

kvantur meqanikamde daviyvanT.   

kvanturi meqanikis Sredingeriseuli midgoma sistemis qmedebis prognozirebisTvis 

mniSvnelovan maTematikur safuZvels gvaZlevs. am maTematikur, Suamaval formas 

sistemis talRuri funqcia ewodeba, radgan igi talRebis  aRwerisTvis saWiro 

funqciis bevr (magram ara yvela) Tvisebas atarebs. Ψ(x, y, z, t) simboloTi aRniSnul 

talRur funqcias pirdapiri fizikuri mniSvneloba ar gaaCnia, magram igi sistemis 

Tvisebebis kvlevis mizniT gamoiyeneba. magaliTad, talRuri funqciis absoluturi 

sididis kvadrati gvaZlevs konkretul  mdebareobaSi sistemis aRmoCenis albaTobis 

simkvrives anu nawilakisgan Semdgari sistemisTvis |Ψ(x, y, z, t) |2 sidide 

warmoadgens drois t momentisaTvis x, y, z koordinatebiT gansazRvrul mdebareobaSi 

nawilakis aRmoCenis  albaTobas (moculobis erTeulSi). 

 talRuri funqcia sistemis sxva maxasiaTeblebis saSualo mniSvnelobebis 

(`albaTuri mniSvnelobis~) gamoTvlisTvis gamoiyeneba. A(x,y,z)funqcia aRwers 

sistemis  romelime Tvisebas, maSin misi saSualo mniSvnelobis dadgena Semdegi 

integralis gansazRvris gziT aris SesaZlebeli: 

 

( , , , ) ( , , ) ( , , , )A dxdydz x y z t A x y z x y z t                  (12.2-1) 

 

sadac integreba xdeba koordinatebis yvela SesaZlo mniSvnelobis mixedviT, 

xolo Ψ* talRuri funqciis kompleqsurad SeuRlebuli ricxvia. [A(x,y,z) SesaZloa 

Cveulebrivi funqcia arc iyos da e.w. operatorebis saSualebiT iyos warmodgenili. 

aseTi mniSvnelovani maTematikuri Tviseba kvanturi meqanikis yvela standartul 

saxelmZRvaneloSia moyvanili, magram Cvens SemTxvevaSi igi ganxilvas ar saWiroebs]. 

kvanturi meqanikis zogad interpretaciaze dayrdnobiT, es albaTobebi sistemis 

qmedebis Sesaxeb yovelgvar informacias moicavs.  

 kvanturi meqanikis umTavresi niSani gaxlavT faqti, rom fundamenturi Ψ(x, y, 

z, t) sidide gvaZlevs albaTobis amplitudas. talRis (albaTobis) amplitudis 

gamoyeneba kvantur meqanikas eleqtronebTan, protonebTan, heliumis atomebTan da a.S. 

dakavSirebiT eqsperimentulad dadgenili Tvisebebis (rogoricaa interferencia da 

difraqcia) gamoTvlis saSualebas gvaZlevs.  

 rogor vadgenT sistemis talRur funqcias? amas sistemis Sesabamisi 

Sredingeris gantolebis amoxsnis saSualebiT vaRwevT. Sredingeris gantoleba 
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sistemasTan dakavSirebul hamiltonis funqcias iyenebs (me-8 Tavidan gaixseneT, rom 

martiv SemTxvevebSi hamiltonis funqcia sistemis kinetikuri da potenciuri 

energiebis jamis tolia). e.w. koordinatuli warmodgenis SemTxvevaSi, rodesac 

yovelive koordinatebis funqciis saxiT aris gamosaxuli, nawilakis Sesabamisi 

hamiltonis funqciaa H(x, y, z, t). 

 

maSin Sredingeris gantoleba aseT saxes miiRebs: 

 

( , , , )
( , , , ) ( , , )

2

ih x y z t
H x y z t x y z

t


 


                (12.2-2) 

 

sadac  1i , xolo h plankis mudmivaa, romelsac energiadro an 

impulsimdebareoba erTeulebiT zomaven (H funqcia operatoric SeiZleba iyos da 

miRebuli gantoleba talRuri funqciis kerZo diferencialuri gantoleba 

aRmoCndeba). Sredingeris gantolebis amonaxsnebi sistemis SesaZlo Ψ mniSvnelobebs 

gvaZlevs. hamiltonis funqciisa da Ψ-sTvis sasazRvro pirobebis saTanadod SerCevis 

gziT fizikuri sididis bunebas ganvsazRvravT. kvanturi meqanikis miRwevebis didi 

nawili `realuri~ hamiltonis funqciis dadgenaSi gamoixateba (magaliTad 

zegamtaroba maRali temperaturis pirobebSi an protonSi myofi kvarkebi). 

 mas Semdeg, rac hamiltonis funqciis sakiTxi mogvarebulia, vizrunoT 

Sredingeris gantolebis amonaxsnebis dadgenaze. amonaxsnebs mamravlebad daSlili 

saxiT veZebT: 

 

( , , , ) ( ) ( , , )x y z t g t x y z                       (12.2-3) 

 

Tu hamiltonis funqcia droze cxadi saxiT ar aris damokidebuli, maSin g(t) da 

Φ(x,y,z) funqciebi mocemulia Semdegi gantolebebis meSveobiT: 

 

2 /( )

( , , ) ( , , ) ( , , )

i Et hg t Ge

H x y z x y z E x y z


  

                 (12.2-4) 

 

 (12.2-4) gantolebaSi E sistemis energiaa.  miRebul Φ(x,y,z)-s energiis 

konkretuli mniSvnelobis Sesabamisi sakuTrivi funqcia ewodeba. arsebiTia is 
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garemoeba, rom talRuri  funqciis droze damokidebuleba g(t)-sTvis martivi 

eqsponencialuri saxiTaa warmodgenili da mxolod E energiis sakuTriv 

mniSvnelobazea damokidebuli.  

 talRuri funqciis dadgenis bolo safexuri im maTematikuri Sedegis 

gamoyenebaSi mdgomareobs, romlis Tanaxmadac Sredingeris gantolebis yvelaze 

zogadi amonaxsni amonaxsnTa wrfivi kombinaciis saxiT SeiZleba Caiweros:  

 

2 /( , , , ) ( , , )ii E t h
i i

i

x y z t c e x y z                    (12.2-5) 

 

wina paragrafSi E energiis sakuTrivi mniSvneloba da Φ(x,y,z) sakuTrivi funqcia 

maTTan dakavSirebuli SesaZlo sakuTrivi mniSvnelobebisa da sakuTrivi funqciebis 

aRniSvnis mizniT indeqsebiT aRvniSneT. jami sistemis energiis yvela SesaZlo 

mniSvnelobebis mixedviT aris aRebuli. yvelaze zogad SemTxvevebSi energiis 

mniSvnelobaTa raime uwyvet diapazonze integralis aRebac gvWirdeba. ci 

koeficientebi sistemis sawyisi pirobebis mixedviT dadgenili parametrebia. SeniSneT, 

rom (12.2-5) warmodgena  danarTsa da me-11 TavSi aRwerili furies jamebis 

identuria.  

 

 

 

nax. 12.1. energiis sakuTrivi mniSvnelobis speqtris eskizi SemosazRvruli 

kvanturi sistemisTvis. TiToeuli vertikaluri xazi energiis erT-erTi sakuTrivi 

mniSvnelobis mdebareobas aRniSnavs.   

 

Φi(x,y,z) sakuTrivi funqciebi aq sinusisa da kosinusis funqciaTa rols 

asrulebs.  

 kvantur meqanikaSi qaosis rolis dasadgenad unda gamoviyenoT  Sredingeris 

gantolebis amonaxsnebis umniSvnelovanesi Tviseba, kerZod SemosazRvruli 

sistemisTvis (anu sivrcis garkveul SemosazRvrul aremde dayvanili sistemisTvis) 

Ei energiis mxolod gansazRvruli diskretuli mniSvnelobebi gvaZlevs amonaxsnebs. 



 607

SemosazRvruli sistemisTvis talRuri funqcia dasaSvebia, Tu mis mixedviT 

gamoTvlili ganawilebis simkvrive  sivrcul koordinatTa didi mniSvnelobebis 

SemTxvevaSi nulisaken miiswrafvis. es aris zusti maTematikuri gansazRvris gza, 

rodesac sistema sivrcis garkveul SemosazRvrul areamdea dayvanili. es Tviseba E 

energiis mxolod diskretuli mniSvnelobebisTvis inarCunebs Zalas da am 

mniSvnelobebs sistemis energiis sakuTrivi mniSvnelobebi ewodeba (amgvari qmedeba me-

11 TavSi ganxiluli sivrciTi talRebis qmedebis ana;logiuria). ufro fizikuri 

eniT rom vTqvaT, Tu SemosazRvruli sistemis energias vzomavT, maSin energiis ara 

nebismier mniSvnelobas, aramed energiis sakuTrivi mniSvnelobebis mxolod 

diskretul simravles vadgenT. am dros sistemis energia `dakvantulia~. energiis 

daSvebuli mniSvnelobebis sailustraciod xSirad energetikul  doneTa diagramas 

viyenebT, romlis erT-erTi versiac 12.1 naxazzea moyvanili.  

 klasikuri talRis SemTxvevaSi furies analizi (ixileT A danarTi) gvauwyebs, 

rom nebismieri rxeviTi gamovlineba calkeul sixSiresTan asocirebuli talRebidan 

TiToeuli talRis wrfivi superpoziciis saxiT SegviZlia warmovidginoT. (12.2-5) 

formulaSi warmodgenili energiis sakuTrivi funqciebis superpozicia kvanturi 

meqanikis analogiur Sedegs asaxavs: nebismieri talRuri funqcia energiis calkeul 

mniSvnelobasTan asocirebuli sakuTrivi funqciebis wrfivi superpoziciis meSveobiT 

SeiZleba gamoisaxos.  

 droze damokidebuli hamiltonis funqciebi lazeruli sxiviT warmoqmnili 

vibraciuli eleqtromagnituri velis  mier garedan moqmedi ZaliT kontrolirebadi 

kvanturi sistemebis aRwerisTvis gamoiyeneba. am modelebSi gare velebi srulad 

kontroldeba da maT mkafiod gansazRvruli droSi qmedeba axasiaTebT. amgvari 

modelebi gaidealebulia, radgan sinamdvileSi gare velebi fizikuri sistemebia, 

romlebic kvanturi meqanikis wesebs unda emorCilebodnen. miuxedavad amisa, 

saTanadod modelirebuli qmedeba realur mdgomareobasTan miaxloebis kargi 

saSualebaa. 

 droze damokidebuli hamiltonis funqciisTvis, rogorc wesi, vadgenT e.w. 

dinamikur U(t,t0) operators, romelic urTierTqmedebs  Ψ(x,t0) talRur funqciasTan 

da  gvaZlevs drois Semdgomi momentis Sesabamis talRur funqcias: 

 

0 0( , ) ( , ) ( , )x t U t t x t                           (12.2-6) 
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nax. 12.2. mdgomareobaTa sivrceSi kvanturma 

meqanikurma sistemebma h/4π sididis are mainc unda 

daikavos. ares forma SeiZleba icvlebodes. 

 

 

aseT SemTxvevebSi sistemis droze damokidebuleba hamiltonis funqciebTan 

SedarebiT rTuli SeiZleba iyos, magram rogorc qvemoT vnaxavT, dinamika kvlavac 

wrfiv xasiaTs atarebs.  

 

kvanturi meqanika da mdgomareobaTa sivrcis traeqtoriebi 

 

kvantur meqanikaSi sistemis Sesabamisi sawyisi pirobebis gansazRvris sizuste 

SezRudulia. Tu mdgomareobaTa sivrces viyenebT, romelSic RerZebi x mdebareoba da 

impulsis px komponentia, maSin kvanturi meqanika gvauwyebs, rom sistemis sawyisi 

pirobebi am sivrcis h/4π -ze didi zomis ares unda Seesabamebodes (ixileT nax. 12.2). 

kvanturi meqanikis Tanaxmad, ufro  mcre aris gmoyeneba am TvalsazrisiT 

SeuZlebelia. es Sedegi haizenbergis ganusazRvrelobebis principis saxeliTaa 

cnobili:   

 

4x x

h
p


                             (12.2-7) 

 

sadac ∆x warmodgens x-is gansazRvris sizustes, xolo ∆px _ impulsisa. 

ganusazRvrelobebis principi gvauwyebs, rom Tu mdebareobasTan dakavSirebiT 

ganusazRvrelobis Semcirebas vcdilobT, ganusazRvreloba wrfivi impulsis mxriv 

unda gavzardoT. amrigad, mdgomareobaTa sivrceSi sawyis pirobebTan dakavSirebiT 

minimaluri zomis mqone are unda arsebobdes. sistemis evoluciasTan erTad 

mdgomareobaTa sivrceSi traeqtoriebis mier dakavebuli aris zoma idealuri 

kvanturi sistemis SemTxvevaSi mxolod gaizrdeba.  

 sawyisi pirobebis amgvari SezRudva nivTierebis talRuri bunebis 

gamoxatulebaa. Tu sivrcis umcires areSi (mcire ∆x) nebismieri talRis SeSfoTebis 
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gamowvevas vecdebiT, maSin furies analizidan gamomdinare (ixileT A danarTi), 

aucileblad miviRebT talRuri veqtoris garkveul diapazons. kvantur meqanikaSi 

cnobili de broilis Toremis Tanaxmad, k talRis veqtori impulsTan  

dakavSirebulia (p= hk/2π =h/λ) damokidebulebis meSveobiT. aq talRuri veqtorebis 

diapazonSi aRwerili nawilakis impulsis mniSvnelobaTa diapazoni igulisxmeba. 

 aqamde kvantur qaosTan dakavSirebuli kvleva, Sesabamisi pirobebis fonze, 

naxevrad klasikuri qmedebis pirobebSi tardeboda. es niSnavs, rom kvanturi sistemis 

qmedeba garkveulwilad klasikuri models waagavda. magaliTad, atomSi zogierT 

agznebul eleqtronul mdgomareobebze, rodesac eleqtroni birTvisgan Sors 

imyofeba, `talRuri paketebis~ miReba SegviZlia (rogorc Teoriulad, ise 

eqsperimentulad). aq igulisxmeba, rom naxevrad klasikuri qmedeba fazur sivrceSi 

sawyisi pirobebiT klasikuri traeqtoriis mTlian `zomasTan~ SedarebiT mcire aris 

dakavebasa da talRuri paketebis sakmarisad did mnZilze gavrcelebisTvis saWiro 

drosTan SedarebiT mcire intervalSi dakvirvebisas vlindeba. aseT pirobebSi, 

saTanadod interpretirebul klasikur modelTan da kvantur meqanikasTan 

dakavSirebiT gamotanili winaswari daskvnebi erTmaneTTan damakmayofilebel 

TanxvedraSia.  

 

SesaZlebelia Tu ara kvanturi qaosis arseboba? 

 

kvanturi meqanikis gamorCeuli sakiTxebis mokle mimoxilvis Semdeg kvanturi 

qaosis cnebis Sesaxeb msjelobisaTvis ukve mzad varT. radgan kvantur meqanikaSi 

SeuZlebelia individualuri traeqtoriebis identificireba, qaosuri qmedebis 

SemowmebisTvis traeqtoriebis eqsponencialuri divergenciis cnebas ver gamoviyenebT. 

amrigad, dinamikis sxva aspeqtebze mogvixdeba yuradRebis gadatana.  

 kvanturi qaosis SesaZlo arsebobis winaaRmdeg erT-erTi argumenti (12.2.5) 

superpoziciuli formiT gamosaxul talRuri funqciis droze damokidebulebas 

eyrdnoba. SemosazRvruli sistemisTvis da droisgan damoukidebeli 

hamiltonianisaTvis sistemis Sesabamisi nebismieri talRuri funqcia energiis 

sakuTrivi funqciebis wrfivi superpoziciis saxiT SeiZleba Caiweros, sadac 

TiToeuli mxaris droze damokidebuleba rTul eqsponencialur mamravlSi 

gaerTianebuli sinusuri da kosinusuri rxevebis kombinaciaa. rodesac energiis 

sakuTrivi mniSvnelobebi mxolod diskretul mniSvnelobebze vrceldeba, nebismieri 
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talRuri funqciis droze damokidebuleba, me-4 TavSi moyvanili gansazRvrebis 

Tanaxmad, sul cota kvaziperioduli xasiaTis mainc iqneba. amasTan, rodesac sistemis 

fizikuri Tvisebebis albaTuri mniSvnelobebis droze damokidebuleba 12.2.1 

damokidebulebiT anu talRuri funqciis saboloo saxis mixedviT ganisazRvreba, 

fizikuri Tvisebebi sul cota kvaziperioduli xasiaTis SeiZleba  iyos. amrigad, 

SemosazRvrul sistemaSi qaosuri qmedebis albaToba mxolod maSin gveqneba, Tu 

hamiltoniani droisagan damoukidebeli iqneba (am Sedegis sxvagvarad gamoxatva 

Sredingeris gantolebis wrfivobiT SeiZleba. aqedan gamomdinare, gantoleba 

qaosisTvis gansakuTrebulad saWiro arawrfivobis naklebobas ganicdis). fordma da 

ilgma (FOI92) es argumenti kvanturi sistemebis farTo speqtrze ganavrces. 

 davuSvaT, yuradReba gadagvaqvs qaosuri qmedebis sxva aspeqtze,  kerZod 

axlomdebare traeqtoriebis eqsponencialur divergenciaze. gviCvenebs Tu ara 

funqciebi eqsponencialur divergencias? 12.2.6 gamosaxulebaSi warmodgenili 

operatoris gamoyenebiT Sredingeris gantolebis amonaxsni Semdegi formiT SeiZleba 

davweroT (simartivisTvis talRuri funqciis sivrciTi damokidebuleba 

ugulebelyofili gvaqvs): 

 

( ) ( , ) ( )o ot U t t t                        (12.2-8) 

 

Ψ(t0) talRuri funqciis sawyisi mniSvnelobaa da sakvlevi sistemisTvis 

gansazRvravs sawyis pirobebs kvanturi meqanikis mixedviT dasaSveb diapazonSi. 

Tu odnav gansxvavebuli sawyisi pirobebis, kerZod Ψ(t0)+δ-is Sesabamis,  sistemas  

mivmarTavT, maSin Sredingeris gantolebis amonaxsni iqneba 

 

( ) ( , )ot U t t                         (12.2-9) 

 

aq meore wevric Sredingeris gantolebis amonaxsnia. amrigad, igi droSi 

eqsponencialurad ver gaizrdeba. droTa ganmavlobaSi ori `axlomdebare~ talRuri 

funqcia mcire gansaxvavebas SeinarCunebs.  

 amrigad, kvanturi qaosis SesaZlo testi axlomdebare traeqtoriebis 

eqsponencialuri divergencia ver iqneba. talRis funqciis qaosuri evoluciisaTvis 

aranairi SesaZlebloba ar iarsebebs.  



 611

 unda aRiniSnos, rom analogiur situaciaSi me-8 TavSi, hamiltoniseuli 

sistemebis ganxilvis SemTxvevaSic, aRmovCndiT. maSin davdagineT, rom mdgomareobaTa 

(an fazuri) sivrcis albaTobebis ganawilebis evolucia luivilis wrfivi 

gantolebiTaa mocemuli. Cven vaskvniT, rom Tu hamiltoniseul sistemas gaaCnia 

odnav gansxvavebuli albaTobebis sawyisi ganawileba, maSin albaTobaTa ori 

ganawileba erTimeorisgan eqsponencialurad ar `gadaixreba~ im SemTxvevaSic ki, 

rodesac sistema qaosurad iqceva, xolo axlomdebare traeqtoriebi ki divergencias 

ganicdis. kvantur meqanikaSic analogiuri mdgomareobaa. me-8 TavSi ganxiluli 

arnoldis katis asaxva kvanturi sistemis droze damokidebulebis gamovlinebaa 

(RIS87, FMR91).  

 kvantur meqanikaSi albaTobaTa ganawilebis rols e.w. vigneris ganawilebis 

funqcia asrulebs (ixileT Tavis boloSi citirebuli literatura). zedmeti 

detalebisgan Tavis asarideblad ubralod vambobT, rom es funqcia klasikur fazur 

sivrceSi albaTobebis ganawilebis analogiurad talRuri funqciis namravlebisgan 

aris Semdgari. mniSvnelovani gansxvaveba is aris, rom vigneris funqcia uaryofiTic 

SeiZleba iyos, xolo klasikuri ganawilebis funqcia yovelTvis dadebiTia 

(uaryofiToba interferenciis damsaxurebaa, rac talRur meqanikaSi umniSvnelovanes 

rols asrulebs). vigneris funqciis Sesabamisi dinamikuri gantoleba aseve wrfivia 

da, amrigad, sawyis pirobebze mgrZnobiare damokidebulebas ar amJRavnebs. ufro 

konkretulad rom vTqvaT, vigneris ori erTmaneTisagan mcired gansxvavebuli funqcia 

droSi eqsponencialur divergencias ver warmoaCens.  

vfiqrobT, rom kvantur meqanikaSi eqsponencialuriAdivergenciis ararsebobasTan 

dakavSirebiT moyvanili argumenti sworia. Cven mier gamotanili daskvnis mixedviT, 

SemosazRvruli sistemebis droisgan damoukidebeli hamiltonis funqciis mqone 

kvantur meqanikur modelebSi qaosi (rogorc sistemis maxasiaTeblebis droze 

qaossuri saxiT damokidebuleba) ver iarsebebs. unda aRiniSnos, rom es daskvna 

modelebis mxolod konkretul klasze vrceldeba. Tu modelebs sistemis mier 

garemosTan urTierTqmedebebsac davumatebT (magaliTad, eleqtromagnitur 

gamosxivebas), maSin diskretuli energiis sakuTrivi mniSvnelobebi energiis 

mniSvnelobaTa uwyveti ganawilebiT Seicvleba (energiis mniSvnelobaTa ganawileba 

SedarebiT izolirebuli sistemisTvis diskretul mniSvnelobebze an maT siaxloves 

gamovlindeba). amrigad, kvaziperiodul qmedebasTan dakavSirebuli SezRudva aRar 

arsebobs. 
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aseT SemTxvevaSic ki Sredingeris gantolebis wrfivoba qaoss kvlav 

ewinaaRmdegeba.  

     unda aRiniSnos, rom  zemoT moyvanili argumentebi Zalze zogadia. ra 

xdeba, rodesac realuri kvantur meqanikur gamoTvlebs vawarmoebT? kvanturi qaosis 

SesaZlo Sedegebis Sesaxeb mtkicebulebebis moyvana metismetad rTulia da Cvenc 

moxerxebulad SerCeul sistemebze Catarebuli gamoTvlebis mixedviT Catarebul 

analizs unda daveyrdnoT. droze damokidebuli hamiltonis funqciis mqone kvanturi 

sistemis (modelis) magaliTia perioduli biZgebiT moqmedi mbrunavi mowyobiloba. es 

aris myarad dafiqsirebuli mbrunavi CarCo, romelic periodul biZgebs ganicdis. me-

8 TavSi ganxiluli (CHI79) standartuli asaxvis eqvivalenturi sistemis 

klasikuri modeli parametris mniSvnelobaTa garkveul diapazonSi qaosur qmedebas 

amJRavnebs. aseT SemTxvevaSi qaosuri qmedebis roli droTa ganmavlobaSi mbrunavi 

CarCos kinetikuri energiis zrdaSi gamoixateba.  

      hamiltoniseul sistemebSi klasikuri qaosuri qmedebis erT-erTi 

gamoxatuleba mdgomareobaTa sivrceSi traeqtoriebis `xetialia~: mdgomareobaTa 

sivrcis erT areSi dawyebuli traeqtoria nebismieri KAM Toris rRvevisas 

mdgomareobaTa sivrcis mTlian  dasaSveb areSi imoZravebs. aseT SemTxvevaSi vityviT, 

rom sruliad qaosuri qmedebis winaSe aRmovCndiT. analogiur kvantur sistemebSi 

Tavdapirvelad mdgomareobaTa sivrcis garkveul areSi gansazRvruli sistemebi 

TavianTi klasikuri analogiebis msgavsad difundirebas daiwyeben, magram sabolo 

jamSi difuzia wydeba da kuTxe-qmedebis sivrceSi talRuri funqcia Sesabamisi 

klasikuri modelis farglebSi difuziis gagrZelebis SemTxvevaSic ki Tavdapirvel 

saxes SeinarCunebs.  

       amgvari modelis kvantur SemTxvevaSi Cirikovma aRmoaCina, rom 

SesaZlebelia drois mixedviT ukuintegreba zustad sawyis wertilSi dabrunebamde, 

rac klasikuri modelis SemTxvevaSi SeuZlebelia qaosuri qmedebis Sesabamisi 

liapunovis dadebiTi eqsponentis arsebobis gamo. klasikurad qaosuri sistemisTvis 

difuzia sawyisi mdgomareobis ganadgurebasa da mexsierebis dakargvas iwvevs. erTi 

SexedviT, kvanturi meqanika misi albaTuri xasiaTis miuxedavad, klasikuri qaosis 

moTxovnebis dakmayofilebisaTvis  sakmarisad mouwesrigebeli ar aris. 
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       SegviZlia vaCvenoT, Tu ratom aris zogjer kvanturi meqanika klasikur 

meqanikaze ufro deterministuli: fazur sivrceSi kvantur-meqanikur 

`ganusazRvrelobas~ mniSvnelovani dinamikuri azri gaaCnia. amgvari mdgomareoba 

gvxvdeba sistemebSi, sadac KAM Torebi daSlas iwyeben (me-8 TavSi vnaxeT, rom 

KAM Torebi fazuri sivrcis traeqtoriebs garkveuli areebis farglebSi zRudaven). 

klasikur meqanikaSi KAM Torebis daSlis  niSania mdgomareobaTa sivrcis 

farTomasStabian areebSi stoqastikuri (ergodikuli) qmedebis gamomwvevi 

traeqtoriebis gavrceleba  an difuzia. 

 

nax. 12.3. albaTobebis ganawilebis 

(husimis ganawilebis) 

ekvipotencialuri zedapirebi Zlier 

mikrotalRur velSi agznebuli 

wyalbadis atomebisaTvis. dinamika 

Seswavlilia qmedebis I da kuTxuri θ 

cvladebis meSveobiT. ganawileba 

Sesabamisi klasikuri modelis 

(arastabilur) periodul orbitebTan 

dakavSirebul dajgufebebs  (grovebs) gviCvenebs. arastabiluri perioduli 

wertilisaTvis Sida da gare simravleebi (stabiluri da arastabiluri 

mravalsaxeobebi) diagramaze, centris maxloblad, homoklinikur kuTxes warmoqmnis 

(JSS89). 

 

kvantur meqanikaSi talRuri funqcia KAM Torebis SemTxvevaSi garkveulwilad 

verc `aRiqvams~ dasaSveb areebs, romlebic fundamentur kvantur h/4π moculobaze 

mcire zomisani arian. amrigad, kvantur meqanikaSi albaTobaTa ganawilebebi KAM 

Torebis narCenebis mier SezRudul mdgomareobaSi SeiZleba darCes, rac klasikur 

meqanikaSi fazur sivrceSi traeqtoriebis `nebaze miSvebis~ tolfasia. aseT 

SemTxvevaSi kvanturi sistema eqvivalentur klasikur sistemasTan SedarebiT 

naklebad stoqastikuria.  

       fazur sivrceSi talRuri funqciebis amgvari `lokalizeba~ 

kondensirebuli nivTierebis fizikaSi mniSvnelovani da xangrZlivi kvlevis Sedegis, 

kerZod, SemTxveviTi potencialebis garemoSi  eleqtronebis sivrciTi ganlagebis 
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(andersonis lokalizacia) analogiuria. ixileT magaliTad JEN87 da [Gutzwiller, 

1990]. 

      zemoT moyvanili SezRudvis kvantur sistemebSi `gadatanis~ kidev erTi 

axsna kvanturi albaTobebis simkvrivis ganawilebebsa da Sesabamis klasikuri 

dinamikis topologias Soris kavSirSi mdgomareobs. albaTobaTa kvanturi 

ganawilebebi Sesabamisi klasikuri sistemis arastabiluri perioduli orbitebis 

irgvliv iyrian Tavs (ix. nax. 12.3) (12.3 naxazze gamoyenebuli husimis ganawileba 

sistemis e.w. koherentul mdgomareobebTan talRuri funqciis gadafarvaa. ixileT, 

magaliTad, RBW96). mecnierebi fiqroben, rom kvanturi albaTobebis simkvrivis 

ganawilebebSi perioduli orbitebi `grovebs" tovebs. moyvanili analizi (JSS89) 

mikrotalRuri velebis mier wyalbadis agznebuli atomebis ionizaciis Semcirebis 

axsnisaTvis gamoiyeneba.  

 

qaosur qmedebis kvanturi analogiebi 

 

radgan kvantur meqanikaSi qaosis droze damokidebuleba TiTqos 

ugulebelyofilia da kvanturi meqanika mdgomareobaTa sivrceSi myofi 

traeqtoriebis Sesaxeb msjelobis saSualebas ar gvaZlevs, sxva saxis SekiTxva unda 

davsvaT: gveqneba Tu ara kvantur meqanikur modelisis meSveobiT gakeTebul 

prognozSi Tvisobrivi cvlilebebi, rodesac Sesabamisi klasikuri modeli qaosur 

qmedebas winaswarmetyvelebs? ukanasknel wlebSi detalurad gamoikvlies ori sidide 

_ energiis sakuTrivi mniSvnelobebis statistikuri ganawileba da energiis 

sakuTrivi funqciebis sivrciTi korelaciebi. 

  

energiis sakuTrivi mniSvnelobebis daSorebaTa statistikuri ganawileba  

 

kvanturi qaosis erT-erTi SesaZlo niSani energiis sakuTrivi mniSvnelobebis 

daSorebaTa statistikuri ganawilebaa. gavixsenoT hamiltonis funqciis Sesaxeb, rom 

energiebis garkveul diapazonSi (sistemis yvela danarCeni parametris mudmivobis 

pirobebSi) mdgomareobaTa sivrcis areebSi SesaZlebelia gamovlindes qaosuri 

qmedeba. amrigad, klasikur modelSi Cveulebrivi qmedebis Sesabamis energiis areebSi 

energiis sakuTrivi mniSvnelobebis ganawilebasa da qaosuri qmedebis Sesabamis 
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energetikul diapazonebSi energiis sakuTrivi mniSvnelobebis daSorebaTa 

ganawilebebs Soris msgavseba TvalsaCinoa.  

pirvel rigSi unda aRiniSnos, rom energiis sakvlevi diapazonebi ar Seesabameba 

sistemis umcires energetikul mdgomareobebs, rogorc es kvantur meqanikaSi gvaqvs. 

mraval sistemaSi energiis aseT doneebs Cveulebrivi ganawileba gaaCniaT da maTgan 

siurprizebs ar veliT. ganvixiloT agznebuli mdgomareobebi, rodesac energiebi 

sistemis energiis umcires SesaZlo mniSvnelobebs bevrad aRemateba. aseT SemTxvevebSi 

energiis sakuTrivi mniSvnelobebis daSorebaTa ganawilebas gamokveTili saxiaTi ar 

gaaCnia (rogorc 12.1 naxazzea naCvenebi). maSin Cndeba SekiTxva: rogori iqneba 

energiis mocemul diapazonSi myof Tanmimdevrul sakuTriv mniSvnelobebs Soris 

arsebuli energetikuli intervalebis ganawileba? varaudoben, rom (klasikuri) 

Cveulebrivi da (klasikuri) qaosuri moZraobebis SemTxvevebSi ganawilebebi 

erTimeorisgan  mkveTrad gansxvavebuli iqneba. Cveulebrivi moZraobis Sesabamis 

areebSi kvanturi energiis mniSvnelobaTa intervalebi puasonis ganawilebiT 

aRiwereba, xolo qaosuri qmedebis areebSi e.w. vigneris tipis ganawileba gvaqvs ( 

JOS88, IZR90). orive tipis ganawileba 12.4 naxazzea naCvenebi.  

ganawilebebs Soris sxvaobas advilad SevamCnevT, Tu gaviTvaliswinebT sistemis 

klasikur modelSi Cveulebriv da qaosur qmedebas Soris gansxvavebas. rodesac 

klasikuri sistemis qmedeba regularulia (an kvaziperiodulia), maSin me-8 Tavis 

Tanaxmad, klasikuri fazuri sivrcis Tvisebebs metwilad KAM zedapirebi 

gansazRvravs. kvantur meqanikaSi nebismieri KAM zedapiri masze sistemis 

moZraobasTan erTad mudmivi asocirebuli kvanturi ricxvebis simravliT xasiaTdeba.  

 

 

nax. 12.4. puasonisa da vigneris ganawilebebi energetikuli doneebis 

daSorebebisaTvis. 
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amrigad, energiis sakuTrivi mniSvnelobebi  kvanturi ricxvebis mimdevrobis 

saSualebiT aris mocemuli. sakuTriv mniSvnelobaTa miRebuli mimdevroba, sxvebis 

fiqsirebul mdgomareobaSi darCenis fonze, TiToeuli kvanturi ricxvis cvlilebiT 

miRebuli mimdevrobebis `nazavia~. amgvari nazavi energiis sakuTrivi mniSvnelobebis 

ganawilebis (romelSic yvelaze sando intervali umciresia) winapirobaa.  

klasikuri sistemis qaosSi gadasvlisas igi araintegrebadi xdeba (ukidures 

SemTxvevaSi, mas energiis garda sxva integralebi ar gaaCnia) da traeqtoria 

mdgomareobaTa sivrceSi `xetials: iwyebs. aseT SemTxvevaSi Tavisuflebis xarisxebi 

erTmaneTTan `urTierTqmedebas iwyeben~ da maTi moqmedebis efeqti Zlier 

korelaciaSia energiis sakuTariv mniSvnelobebTan (integrirebad SemTxvevaSi vambobT, 

rom Tavisuflebis xarisxebi damoukidebelia). saboloo jamSi, naklebad 

mosalodnelia, rom  energiis sakuTrivi mniSvnelobebi erTmaneTis axlos iyvnen 

ganlagebuli (vambobT, rom saxezea `energetikul doneebs Soris ganzidva~. kvanturi 

mdgomareobebis zogadi Tviseba Tavisuflebis urTierTqmedi xarisxebis Sesabamis 

energetikul doneeTa mier urTierTganzidvis tendenciaa anu urTierTqmedebasTan 

erTad energiis donebi SedarebiT daSorebul mdgomareobaSia, vidre isini am 

urTierTqmedebis ararsebobis SemTxvevaSi iqnebodnen). amrigad, energetikul doneTa 

daSorebebis ganawileba vigneris tipis ganawilebis msgavsad gamoiyureba. 

      moyvanili argumentebi sinamdvileSi mxolod integrebadobisa da sruli 

araintegrebadobis ukidures SemTxvevebs miesadageba.  amgvarad, unda arsebobdes 

Sualeduri SemTxvevebic, metic, kvlevebma gamoavlines iseTi SemTxvevebi, rodesac 

klasikuri integrebadi sistemebis kvanturi analogiebi energetikul doneTa 

daSorebebis puasoniseul ganawilebas ar gviCvenebs (CCG85), rodesac klasikurad 

araintegrirebadi sistemebis kvanturi analogiebi energetikul doneTa daSorebebi 

vigneris tipis ganawilebiT ar xasiaTdeba (ZDD95) da klasikurad araqaosuri 

sistemebis energetikul doneTa daSorebebis ganawileba vigneris tipis 

ganawilebasTan axlosaa. amrigad, energetikul doneTa daSorebebis ganawilebis 

kvleva qaosis kvanturi analogiis saZieblad ar gamogvadgeba. nebismier SemTxvevaSi, 

energetikul doneTa gamoTvla Tavisuflebis mxolod mcire raodenobiT xarisxebis 

mqone sistemebisaa SesaZlebeli.   
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korelaciebi talRur funqciebSi 

 

talRuri funqciebis sivrciTi korelaciebis kvlevas vawarmoebT iseTi 

sistemebisTvis, romelTa klasikuri analogi qaosur qmedebas gviCvenebs. rodesac 

klasikuri sistemis qmedeba qaosuria, masTan dakavSirebuli mdgomareobaTa sivrcis 

albaTobebis ganawileba xSir SemTxvevaSi mdgomareobaTa sivrcis mimzidvelis 

fraqtalur geometrias asaxavs. kvantur-meqanikuri talRuri funqciebis SemTxvevaSi, 

arasimetriulad wagrZelebuli formebis ganviTarebis molodinSi varT im 

parametruli diapazonebisTvis, sadac Sesabamisi klasikuri modeli qaosur qmedebas 

avlens.  

      talRur funqciaSi `SemTxveviTobis~ xarisxi, me-10 TavSi aRwerili droSi 

avtokorelaciuri funqciebis gansazRvris analogiurad, sivrciTi korelaciuri 

funqciis saxiT SeiZleba Caiweros. 12.5 naxazi gviCvenebs talRuri funqciis 

konturul mruds biliardis kvanturi sistemisTvis energiis im diapazonSi, romlis 

Sesabamisi klasikuri sistema qaosuria (me-8 Tavidan gavixsenoT, rom biliardis 

modeli or ganzomilebaSi Tavisuflad gadaadgilebadi nawilakisagan Sedgeba). Cven 

SemTxvevaSi mcire sivrciTi korelaciis mqone talRuri funqciis arseboba 

aucilebelia, magram sakmarisi ar aris im movlenisTvis, rasac Cven qaosuri qmedeba 

gvinda vuwodoT.  

 

 

nax. 12.5. kvantur-meqanikuri talRuri funqciis konturuli mrudi biliardis 

tipis kvanturi sistemisaTvis, romlis klasikuri analogi qaosur qmedebas avlens. 

msxvili xazebi talRuri funqciis dadebiT mniSvnelobebs, xolo wyvetili xazebi 
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uaryofiT mniSvnelobebs Seesabameba. arasimetriuli forma kvanturi qmedebis qaosuri 

traeqtoriebis analogiis demonstraciis mizniT aris moyvanili (SHG84). amgvarad, 

kvlav mxolod nawilobrivi gansazRvrebis amara vrCebiT.  

arasimetriuli sakuTrivi funqciebi fraqtaluri ganzomilebebiT SeiZleba 

xasiaTdebodes. KKK97-ma daamtkica, rom me-9 TavSi warmodgenili ganzogadebuli D2 

ganzomileba kvanturi sistemis energiis donis speqtrisa da energiis sakuTrivi 

funqciebis daxasiaTebisTvis SeiZleba gamoviyenoT. mecnierebi varaudoben, rom ori 

ganzomilebis fardoba talRuri paketebis gavrcelebis siCqares unda 

akontrolebdes.  

 

qaosi da naxevrad klasikuri midgoma kvanturi meqanikis mimarT  

 

kvanturi qaosTan dakavSirebuli albaTobebis kvlevam kvanturi da klasikuri 

meqanikis nazavisaTvis gamoTvliTi meTodebis danergvisadmi mzardi interesi 

gamoiwvia. mravali sistemisTvis Sredingeris gantolebis mixedviT talRuri 

funqciis gamoTvla ara praqtikulia. amave dros, naklebad problematuri talRuri 

funqciebis Seswavla klasikuri meqanikidan nasesxebi ideebis meSveobiT aris 

SesaZlebeli. amrigad, mocemuli meTodi klasikur da kvantur ideebs aerTianebs, rac 

saxelwodebis anu naxevradklasikuri meTodis ganmsazRvrelia.  

meTodze garkveuli warmodgenis Seqmnis mizniT gamovyofT naxevrad klasikuri 

meTodis erT-erT tips: klasikur meqanikaSi SesaZlebelia e.w. hamiltonis 

maxasiaTebeli S(q) funqcia ise ganisazRvros, rom q ganzogadebul koordinatTan 

dakavSirebuli impuls hqondes Semdegi saxe:  

 

( )
( )

S q
p q

q





                        (12.2-10) 

 

(simartivisTvis msjeloba erT sivrciT ganzomilebamde dagvyavs) 12.2.10 

gvauwyebs, rom traeqtoriebi mudmivi S-is mrudebisadmi perpendikularulia. 

proceduras mTlianad SevcvliT, Tu  S(q)-s  nawilakis mTlian traeqtoriaze wrfivi 

impulsis integralis saxiT gamovsaxavT: 
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0

0( , ) ( )
q

q

S q q p q dq                      (12.2-11) 

 

sadac S sidide rogorc traeqtoriis sawyis wertilze, aseve saboloo 

wertilze iqneba damokidebuli. Tu mas perioduli orbitisaTvis gamovTvliT, maSin 

igi orbitasTan dakavSirebuli klasikuri qmedebisadmi proporciuli iqneba.  

      adreul kvantur TeoriaSi (Sredingeris gantolebis miRebamde) sistemebis 

daxasiaTeba `kvantirebuli~ iyo plankis h mudmivas mTeli jeradis toli qmedebis 

dadgenis gziT. es e.w. ainStain-briun-keleris meTodi mxolod im tipis qmedebebs 

aRiarebda, romlebic dasaSveb orbitebs Seesabameboda. mecnierebi male mixvdnen 

(EIN17), rom es procedura Zalas kargavs araintegrirebadi klasikuri 

sistemebisTvis, romelTac Caketili orbitebi ar gaaCniaT.  

rodesac cnobilia maxasiaTebeli funqcia, E energiis cvlilebasTan erTad S(q)-s 

cvlilebis xasiaTis dadgenis meSveobiT klasikuri orbitis T periodis 

gansazRvrasac SevZlebT:  

 

( )S q
T

E





                         (12.2-12) 

 

axla vnaxoT, Tu rogor unda gamoviyenoT S(q) sidide kvantur-meqanikuri 

talRuri funqciis miaxloebiTi formis misaRebad. kvantur meqanikaSi p impulsis 

gansazRvruli mniSvnelobis mqone nawilakisTvis talRur funqcias Semdegi forma 

gaaCnia: 

 

2

( )
pq

i
hq Ae


                        (12.2-13) 

 

Tu nawilaki raime Zalis zemoqmedebis qveS moeqca, maSin misi impulsi Seicvleba 

da talRuri funqciis naxevradklasikuri forma aseTi iqneba: 

 

2
( )

( ) ( )
i S q

hq A q e


                    (12.2-14) 
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sadac S(q) qmedeba 12.2.11 integraluri formiT aris mocemuli. rodesac 

integrali aRebulia klasikuri traeqtoriis gaswvriv, gvaqvs talRur funqciasTan 

naxevradklasikuri miaxloeba. am SemTxvevaSi S mudmivas mrudebi kvantur-meqanikuri 

talRebis `talRuri frontebia~, vinaidan talRuri fronti mudmivi fazis mrudia.  

rodesac klasikuri moZraoba atarebs regularul xasiaTs, maSin TiToeuli 

kvanturi mdgomareoba korelaciaSia kvantirebuli qmedebis calkeuli mniSvnelobis 

mqone klasikur traeqtoriasTan (magaliTad, wyalbadis atomis boris da bor-

zomerfeldis modelebSi Sesabamisad wriuli da elifsuri orbitebi). axlomdebare 

orbitebi erTimeores `mihyveba~ da S(q)-iT warmodgenili talRuri fronti gluvia. 

rodesac klasikuri moZraoba qaosuria, qaosuri traeqtoriebi (grad S(q)) ar 

warmoqmnis veqtorul vels, romlis mixedviT SesaZlebelia talRuri funqciis ageba.  

rogor unda moviqceT qaosur SemTxvevaSi? gucvilerma (GUT71, BER89) 

Sesabamisi kvanturi problemisTvis e.w. grinis funqciis dasadgenad klasikuri 

sistemis perioduli orbitebis Tvisebebze damyarebuli meTodi Seqmna (grinis 

funqcia iseTi  maTematikuri funqciaa, romelic talRuri funqciis evoluciis 

dadgenis saSualebas gvaZlevs). gucvileris meTodis gamoyeneba klasikuri qaosuri 

sistemebis mimarTac aris SesaZlebeli.  

 

kvantur qaosTan dakavSirebuli eqsperimentebi  

 

kvanturi qaosis Sesaxeb msjelobisas yuradRebas Teoriul modelebsa da 

sakiTxebze vamaxvilebT. ras gvamcnobs eqsperimentebi kvanturi qaosis Sesaxeb? mokle 

pasuxi imaSi mdgomareobs, rom qaosuri qmedebis momcvel sistemebze Catarebuli   

nebismieri eqsperimentis Sedegi kvanturi meqanikis prognozebTan TanxmobaSia anu 

kvanturi meqanika ar irRveva, rodesac klasikuri analogia qaosur qmedebas 

amJRavnebs. mokled aRvweroT ramdenime eqsperimenti. 

Tu erTi eleqtronis mqone atomi Zlier magnitur velSi mdebareobs, maSin 

klasikuri meqanikiT aRwerili sistemis dinamika araintegrebadia da sakmarisad 

maRali energiebis an Zlieri magnituri velebis SemTxvevaSi qaosur qmedebas 

amJRavnebs. sabednierod, es aris sistema, romlis mimarT kvantur meqanikas zusti 

eqsperimentebis meSveobiT kvleva (IWK91) da prognozireba SeuZlia (DBG91). 

amrigad, kvanturi meqanikis Teoriul prognozebsa da eqsperimentebs Soris Tanxmoba 
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maRal donezea, magram gamokvleuli kanonzomierebebis fizikur interpretaciasTan da 

gagebasTan dakavSirebiT win jer kidev didi samuSaoa.  

eqsperimentebis meore kategoriaSi maRal energetikul mdgomareobebamde 

agznebuli wyalbadis atomebi ionizebulia mikrotalRur sixSireebze vibrirebadi 

intensiuri eleqtruli velis zemoqmedebis gziT. vibrirebadi veli sistemisTvis 

hamiltonis droisgan damoukidebel funqcias iZleva da qaosuri qmedebisTvis  

saWiro  Tavisuflebis ukidures xarisxs uzrunvelyofs. eqsperimentis Sedegebi 

kvanturi meqanikis Teoriul prognozebTan kvlav TanxmobaSia. rogorc Teoriuli, 

aseve eqsperimentuli Sedegebis gacnobis mizniT ixileT JSS91.     

klasikur qaossa da kvantur meqanikas Soris kidev erTi winaaRmdegoba 

lazerebisa da atomebis urTierTqmedebisas vlindeba. Tu vakuumSi moZravi atomebis 

nakadi lazeruli sxivis urTierTqmedebas ganicdis, maSin atomebs fotonebis 

gamosxivebisa da STanTqmis unari gaaCniaT. rodesac atomi fotons STanTqavs, igi 

fotonisagan rogorc impulss, ise Sinagan energias Rebulobs. rodesac atomi 

fotons asxivebs, igi ukucemas ganicdis. intensiur lazerul gamosxivebasTan 

urTierTqmedebis Sedegad atomTa impulsebi TandaTanobiT izrdeba. am procesis 

klasikur-meqanikuri daxasiaTebis Tanaxmad, impulsis `difuzia~ qaosuri qmedebis 

Sedegia. kvanturi meqanikis Tanaxmad, impulsis zrda SezRudulia (dinamikuri 

lokalizaciis efeqti). (MRB94, RBM95) eqsperimentebi gvauwyebs, rom kvanturi 

meqanika klasikuri qmedebis qaosurobis SemTxvevaSic ki swor aRweras iZleva. 

LAW95 varaudobs, rom lokalizaciis axsnisTvis klasikuri arawrfivi dinamika 

sakmarisia da gamokvleuli efeqtebi dinamikuri lokalizaciis magaliTebi ar aris. 

eqsperimentebisa da daskvnebis safuZvliani ganxilvidan gamomdinare Sedegebis 

misaRebad ixileT RAI99. 

 

daskvnebi 

 

kvantur qaoss (Tuki aseTi ram saerTod arsebobs) makroskopuli sistemebis 

qaosur qmedebasa da kvanturi meqanikis albaTobebs Soris kavSiris sakiTxi mTeli 

msoflios laboratoriebSi yoveldRiurad Seiswavleba, Tumca aseTi kavSirebis 

aRmoCenamde jer kidev Sors varT. aRiarebul mecnierebs kvantur qaosTan 

dakavSirebiT gansxvavebuli Sexedulebebi aqvT. Cven gvjera, rom sabolood 

davadgenT, Tu rogor miesadageba kvanturi meqanikis prognozi klasikur qaoss. am 
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problemis gadaWras SeiZleba aspirantis naxevari cxovreba an sulac erTi saukune 

dasWirdes. savaraudod, kvantur da klasikur meqanikas Soris arsebuli “uxilavi 

Zafebis” Sesaxeb bevri ram SegviZlia SevityoT. 

 

 

12.3 qaosi da algoriTmuli kompleqsuroba 

 

CvenganTa umetesoba materiaze fiqrisas dinamikur qmedebas or gansxvavebul 

kategoriad hyofs: (1) Cveulebrivi, perioduli da aqedan gamomdinare, gansazRvras 

daqvemdebarebuli qmedeba da (2) SemTxveviTi (ganusazRvreli) qmedeba. arawrfivi 

dinamikis Tanaxmad, qmedebis mesame saxeobac arsebobs da mas qaosuri ewodeba. 

gagvaCnia qaosuri qmedebis evoluciis determinizebis wesebi, Tumca arsebobs 

Tavisuflebis realuri xarisxebis raodenobis miaxloebiT gansazRvris saSualebis 

momcemi analizuri meTodebic da, amrigad, Tavisuflebis  xarisxebis mcire 

raodenobis Semcvel qaosur qmedebasa da Tavisuflebis  xarisxebis usasrulo (an 

Zalze didi) xarisxebis raodenobiT  daxasiaTebul ~WeSmarit~ SemTxveviTobas Soris 

paralelis gavleba  SegviZlia.  

dinamikuri qmedebis Sualeduri tipis dadgena iZleva amgvari qmedebis 

kompleqsurobis gazomvis SesaZleblobas. igi mudmivad cirkulirebs  Tavisuflebis 

xarisxebis mcire raodenobis mqone deterministuli qaosuri qmedebiT miRebul 

martiv periodul moZraobasa da srul SemTxveviTobas Soris. Cven kompleqsurobis 

ricxviTi saxiT warmodgenis erT-erT aseT sqemas aRvwerT. 

me-5 TavSi vixileT, Tu rogor SeiZleba iteraciuli asaxvebis (da zogjer sxva 

dinamikuri sistemebis) dinamikis simbolur dinamikaze dayvana R  da  L simboloebiT 

an erTianebisa da nulebis meSveobiT. kompleqsurobis erT-erTi sazomi simboloebis 

amgvar mimdevrobaze amaxvilebs yuradRebas da mimdevrobis algoriTmul 

kompleqsurobas mimdevrobis amsaxveli umciresi kompiuteruli programis 

(algoriTmis) sigrZis mixedviT (bitebSi) zomavs. magaliTad, perioduli mimdevrobis 

algoriTmuli kompleqsuroba sakmaod mcirea, radgan Cven mxolod iteraciuli 

simboloebis ganmeorebadi niSan-Tvisebis gansazRvra da misi ganmeorebis dadgena 

gvesaWiroeba. meore mxriv, sruliad SemTxveviTi qmedebis SemTxvevaSi saWiroa imdeni 

algoriTmi, ramden wevrsac mimdevroba Seicavs.  
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raSi mdgomareobs qaosuri sistemiT gansazRvruli simboloebis mimdevrobis 

algoriTmuli kompleqsuroba? savaraudod,  qaosuri sistemis Sesabamis simboloTa 

iseT mimdevrobas, rogoricaa lojistikuri asaxvis funqcia A = A∞ mniSvnelobis 

SemTxvevaSi, eqneba Sualeduri algoriTmuli kompleqsuroba anu mxolod zomieri 

kompiuteruli programa SeZlebs lojistikuri asaxvis funqciis iteracias. 

bernulis gadaadgilebis asaxvisTvis mokle programaa sakmarisi, romelic bitebis 

mimdevrobas erTi poziciiT marcxniv waanacvlebs.   

am proceduris gamoyenebisas sifrTxile gvmarTebs, radgan konkretuli 

mimdevrobis SeqmnisTvis sawyisi mniSvnelobis (vTqvaT x0-is) gansazRvrac 

gvesaWiroeba. meti konkretulobisTvis davuSvaT, rom A=4 mniSvnelobaze 

lojistikuri asaxvis funqciis  aTi iteraciis mixedviT bitebis mimdevrobis 

gamosaxvis survili gvamoZravebs. me-5 TavSi vixileT, rom A=4 mniSvnelobisaTvis 

lojistikuri asaxva eqvivalenturia bernulis wanacvlebis  asaxvisa, amitom 

lojistikuri asaxvis Sesabamisi TiToeuli iteracia bitebis mimdevrobis erTi 

poziciiT marcxniv wanacvlebis tolfasia. 

vTqvaT, TiToeuli iteraciis dros erT bits binaruli wertilis marjvniv 

vwerT. amrigad, 100 bitisgan Semdgari mimdevrobis SeqmnisaTvis x0-is 100 bitis 

meSveobiT warmodgena  dagvWirdeba. sxvagvarad   axlomdebare traeqtoriebis 

eqsponencialuri divergencia x-is saboloo mniSvnelobis  sasurvelisagan 

gansxvavebas gamoiwvevs. aqedan gamomdinare, saWiroa mTliani mimdevrobis gansazRvra 

da saxezea maRali algoriTmuli kompleqsuroba. qaosuri sistemis mier warmoqmnili 

ricxvebis mimdevroba SemTxveviTi ricxvebis mimdevrobis eqvivalenturia. 

algoriTmuli kompleqsurobis martivi warmodgena TiTqosda sruli ar aris. 

qaosuri sistemis mier warmoqmnili ricxvebis mimdevrobis SemTxvevaSi ZiriTadi 

deterministuli algoriTmis gamosaxva (n+1) rigis iteraciis, rogorc n-rigis 

iteraciis funqciis, grafikis agebis gziT aris SesaZlebeli. zogjer es procedura 

ufro meti ganzomilebis mqone sistemebisTvisac SegviZlia ganvaxorcieloT.  

       determinizmze testis Catareba mimdevrobaze uSualo dakvirvebiTac 

SesaZlebelia. rodesac ricxvebi gansazRvrulia garkveuli zRvruli sizustiT, 

mimdevroba sabolood romelime gansazRvrul ricxvs ubrundeba. aseT SemTxvevaSi 

Cndeba SekiTxva, emTxveva Tu ara mimdevrobaSi mdgomi Semdegi ricxvi im ricxvs, 

romelic dakavSirebulia Cven mier gansazRvruli ricxvis pirvel gamovlinebasTan. 

Tu damTxvevas ar eqneba adgili, maSin gvecodineba, rom Cven winaSe ar aris 



 624 

erTganzomilebiani iteraciul asaxvaTa mimdevroba. Tu mimdevroba ori (an meti) 

ganzomilebis mqone asaxvis funqciis meSveobiTaa miRebuli, maSin determinizmis 

Sesamowmeblad mimdevrobis ori (an meti) ricxvis ganmeorebaze dakvirveba 

dagvWirdeba. ganzomilebebis SesaZlo raodenobis zrdasTan erTad TvalSisacemia 

determinizmis testirebasTan dakavSirebuli sirTuleebis aSkara mateba. amis 

paralelurad, me-10 TavSi ganxiluli Cadgmis sqemebi mcire ganzomilebis mqone 

sistemebis SemTxvevaSi mainc ganzomilebebis raodenobasTan dakavSirebul garkveul 

miniSnebas gvaZlevs da amgvarad `WeSmarit~ SemTxveviTobas deterministuli qaosisgan 

gamoarCevs. `WeSmarit~ SemTxveviTobasa da maRalganzomilebian deterministul qaoss 

Soris didi sxvaoba praqtikulad arc arsebobs.  

amrigad, albaT naadrevia imis Tqma, rom SemTxveviToba deterministuli qaosis 

gamoxatulebaa an SemTxveviTobis yvelanairi formis momcvel qaoss utoldeba (am 

mosazrebebis damamtkicebeli safuZvliani argumentebisTvis ixileT FOR89). 

algoriTmuli kompleqsurobis an sxva romelime sqemis mixedviT gansazRvrul 

deterministul qaossa (mcireganzomilebiani sistemebis SemTxvevaSi mainc) da 

`WeSmarit~ SemTxveviTobas Soris gansasxvavebeli garemoebebis SenarCuneba 

arapraqtikuli Tu ara, evristikuli maincaa. 

j. fordi (FOR89) acxadebs, rom algoriTmuli kompleqsuroba uzrunvelyofs 

SemTxveviTobis (rasac igi qaosur qmedebasTan aigivebs)  gansazRvras, rac kvantur 

meqanikaSi qaosis arseboba-ararsebobis testis Casatareblad gamogvadgeba. Tu 

kvantur meqanikaSi es testi `Cavardeba~, maSin fordis Tanaxmad, kvanturi meqanikis 

modifikacia dagvWirdeba, radgan viciT, rom bunebaSi arsebobs qaosuri sistemebi. 

unda aRiniSnos, rom arsebobs sxva SesaZleblobebic da algoriTmuli kompleqsuroba 

ver uzrunvelyofs qaosuri qmedebis saTanado saxiT gansazRvras. garda amisa, 

kvanturi meqanika, savaraudod, saTanadod gamoikvlevs maRali algoriTmuli 

kompleqsurobis mqone qmedebas. 
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12.4 sxvadasxva sakiTxebi: uban-uban wrfivi da droSi wanacvlebis modelebi, 

informaciuli Teoria, stoqastikuri rezonansi, kompiuteruli qselebi, qaosis 

kontroli da qaosis sinqronizacia 

 

mocemul paragrafSi ganvixilavT ramdenime sakiTxs, romlebic kursis farglebSi 

xSirad ar Segvxvedria. es sakiTxebi arawrfiv dinamikasTan dakavSirebul araerT 

saintereso aspeqts Seexeba da amitom garkveul yuradRebas imsaxurebs. 

pirveli ori sakiTxi arawrfiv dinamikaSi farTod gavrcelebuli modelis or 

klass exeba. maTi maTematikuri Tvisebebi Cven mier zemoT ganxiluli modelebis 

Tvisebebisgan sakmaod gansxvavdeba da amitom garkveul komentarebs saWiroebs.  

 

uban-uban wrfivi sistemebi 

sixSireTa sinqronizaciis, qaosuri qmedebisa da sxva saintereso efeqtebis 

kvlevisas yuradRebas vamaxvilebT arawrfivi dinamikuri gantolebebis arsebobis 

aucileblobaze. arsebobs modelTa klasi, romelic arawrfivi sistemebis 

modelirebisTvis iyenebs wrfiv diferencialur gantolebebs. am erTi SexedviT 

wrfivi modelebidan gamomdinare, ra pirobebSi gveqneba arawrfivi efeqtebi? aseT 

modelebs uban-uban wrfivi ewodeba, radgan drois garkveul intervalebSi sistemis 

evolucias aRwers wrfivi gantolebebi. mocemuli intervalis dasrulebisas modeli 

sxva wrfiv gantolebebze `gadaerTveba~. es procesi arawrfivi elementebis CarTvasac  

gulisxmobs. 

 uban-uban wrfivi modelis gamoyenebis upiratesoba gadasvlebs Soris arsebul 

intervalSi calsaxa amonaxsnis dadgenis SesaZleblobaSi mdgomareobs. gadasvlisas 

saZiebel fizikur sidideTa mniSvnelobebs erTmaneTTan vatolebT (raTa ar moxdes 

maTi naxtomisebri cvlileba). gadasvlis Semdeg axali wrfivi gantolebebis 

meSveobiT dinamikis Seswavlas zustad Semdeg gadasvlamde SevZlebT.  uban-uban 

wrfivma modelebma farTo gamoyeneba hpoves arawrfivi sistemebis modelirebis 

teqnikaSi.  

uban-uban wrfivi modelis saxiT ganvixiloT pirvel TavSi warmodgenili 

naxevargamtaruli diodis wredis aRwerisTvis gamoyenebuli modeli (ROH82). 

rodesac diodSi pirdapiri mimarTulebis potenciali fiqsirebul Vf mniSvnelobas 

miaRwevs, diodi fiqsirebuli Vf Zabvis (emZ) wyaro gaxdeba. rodesac diodSi gamavali 

pirdapiri denis Zala nulamde ecema, diodi gatarebas ganagrZobs e.w. `aRdgenis τ 
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drois~   ganmavlobaSi, romelic damokidebulia denis Zalis uaxloes maqsimalur 

mniSvnelobaze. aRdgenis drois dasrulebis Semdeg naxevargamtaruli diodi ukve 

fiqsirebuli kondensatoria. wredis ori modeli 12.6 naxazzea naCvenebi.  

cvladi denis wredis analizis gamoyenebiT SevZlebT modelebis Sesabamisi 

gantolebebis amoxsnas gadasvlebs Soris arsebul drois intervalebSi. arawrfivoba 

aRdgenis drois meSveobiT imitom aris warmodgenili, rom gadasvlis zusti dro 

diodSi gamavali denis wina istoriazea damokidebuli.  

 

nax. 12.6. wredis ori modeli pirvel TavSi warmodgenili naxevargamtaruli diodis 

uban-uban wrfivi daxasiaTebisTvis. diodi fiqsirebuli C mniSvnelobis mqone 

kondensatoria, garda im SemTxvevisa, rodesac misi pirdapiri gatarebis  

potencialTa sxvaoba Vf-s aRwevs. modeli am dros diodisTvis Vf-is tol 

fiqsirebul potencialTa sxvaobaze gadadis. wre aRniSnavs emZ-s sinusoiduri 

signalis generators.  

modelis ukuaRdgenis drois odnav modificirebasTan erTad naxevargamtaruli 

diodis uban-uban wrfiv models maRalganzomilebiani qmedebis  axsnac SeuZlia 

(HUR84). gansxvavebuli tipis uban-uban wrfivi modeli (pirdapiri an ukugamtarobis 

diodi gansxvavebuli fiqsirebuli tevadobiT) aseve avlens qaosur efeqtebs 

(MCT84). 

ganvixiloT ufro zogadi saxiT uban-uban  wrfivi modelebi. konkretulad 

SevexebiT mdgomareobaTa sivrcis ori ganzomilebisa da x1 da x2 cvladebis Sesabamis 

models. wrfivi sistemisTvis mdgomareobaTa sivrcis evolucia CvenTvis kargad 

nacnobi gantolebebiTaa mocemuli: 

 

1 11 1 12 2

2 21 1 22 2

x f x f x

x f x f x

 
 




                        (12.4-1) 
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sadac f-ebi mudmivi parametrebia. uban-uban wrfivi modeli drois garkveul 

intervalSi gviCvenebs amgvar dinamikas, xolo Semdeg gantolebaTa sxva sistemaze 

gadadis: 

 

1 11 1 12 2

2 21 1 22 2

x f x f x

x f x f x

  
  




                      (12.4-2) 

 

f-ebis axali mniSvnelobebiT. f-ebSi Tavs iCens wyvetebi, ramac arawrfivi efeqtebi 

SeiZleba gamoiwvios. Cven gadasvlebs Soris arsebuli dinamikis zustad modelirebis 

SesaZlebloba gvaqvs. sxva sityvebiT rom vTqvaT, SegviZlia asaxvis funqciis povna, 

romelic mdgomareobaTa sivrcis cvladebs zustad erTi gadasvlis Semdeg mianiWebs 

mniSvnelobebs.   

am meTodis gamoyenebis principis gacnobis mizniT davuSvaT, rom gadasvla maSin 

xdeba, rodesac x1 da x2 cvladebi Rebulobs konkretul X1 da X2 mniSvnelobebs. aseT 

pirobebSi drois mimarT warmoebulebi gadasvlisas gviCvenebs  wyvetas.  magaliTad, 

1x -saTvis gveqneba: 

 

1 1 11 11 1 12 12 2( ) ( )after beforex x f f X f f X                      (12.4-3) 

 

analogiuri gantoleba gveqneba 2x -saTvisac. 

 

gadasvlisas warmoebulis aseTi cvlileba sistemaze moqmedi impulsis `Zalis~ 

arsebobis tolfasia. amrigad, Cven winaSea droze damokidebuli sistema, romelic 

mdgomareobaT sivrcis kidev erT ganzomilebas moiTxovs. radgan gadasvlis dro 

cvladebis `warsulzea~ damokidebuli, sabolood arawrfiv sistemas vRebulobT. 

aqedan gamomdinare, uban-uban wrfivi modelis es tipi qaosur qmedebasTan 

dakavSirebiT Cven moTxovnebs akmayofilebs.  

 uban-uban wrfiv sistemebs an, sazogadod, uban-uban wrfiv gluv sistemebs 

(romlebisTvisac fazur sivrceSi SeiZleba arsebobdes wertilebi, sadac dinamikis 

ganmsazRvreli funqciebis warmoebulebi ar iqneba gansazRvruli) SeuZlia 

bifurkaciaTa axali tipebi gamoamJRavnon. aseT bifurkaciebSi sistemis parametris 

cvlilebasTan erTad erTdroulad ramdenime mimzidveli SeiZleba warmoiqmnas. 
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jeradi mimzidvelebis warmoqmna imis niSania, rom sistema xmaurTan dakavSirebiT 

mgrZnobiarobas amJRavnebs da Cven im mimzidvelis prognozirebis saSualebasac ki 

vkargavT, romlis mimarTulebiTac sistema ganicdis evolucias. bifurkaciis amgvari 

Teoria DNO99-Sia ganxiluli.  

 

 

 

droSi wanacvlebis diferencialuri gantolebis modelebi 

 

modelTa saintereso klasisTvis dinamikuri gantolebebi mdgomareobaTa sivrcis 

cvladebis warmoebulebs im funqciebis saxiT gvaZlevs, romlebic sistemis ara 

mxolod mimdinare t droSi arsebul mdgomareobaze, aramed SedarebiT adreuli t _ τ 

momentis Sesabamis mdgomareobaze arian damokidebuli, sadac τ-s sistemis 

wanacvlebis dro ewodeba. formalurad, mdgomareobaTa sivrcis erTi cvladisTvis 

droSi dinamikuri Semdegnairi iqneba 

 

( ( ), ) ))
dx

f x t x t
dt

                     (12.4-4) 

 

droSi wanacvlebis diferencialuri modelis cnobili magaliTia glas-makeis 

modeli [Glass da Mackey, 1988]: 

 

( )

1 ( )c

dx ax t
bx

dt x t





 

 
                 (12.4-5) 

 

sadac a, b da c ricxviTi parametrebia. aseTi modeli biologiur sistemebSi 

droSi winmswrebi efeqtebis aRwerisaTvis gamoiyeneba.  

droSi wanacvlebis modelis amonaxsnis zustad dadgenisaTvis unda ganvsazRvroT 

x-is sawyisi piroba τ intervalSi. davyoT es intervali N raodenobis diskretul 

erTeulebad. am SemTxvevaSi droSi wanacvlebis diferencialuri gantoleba N 

ganzomilebiani mdgomareobaTa sivrcis evoluciis eqvivalenturia. N_>∞ pirobebSi  

gvaqvs usasrulo ganzomilebis mqone mdgomareobaTa sivrce. amrigad, droSi 

wanacvlebis diferencialuri gantoleba Tavisuflebis usazRvro raodenobiT 
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xarisxebis mqone sistemis eqvivalenturia. Cndeba SekiTxva: rogor ganvasxvavoT 

erTmaneTisgan Tavisuflebis usazRvro raodenobiT xarisxebis mqone sistemis 

dinamika Tavisuflebis sasruli (da mcire) raodenobiT xarisxebis mqone sistemis 

dinamikisgan? arsebobs Tu ara mcireganzomilebian sistemebTan  dakavSirebuli 

konceptualuri da raodenobrivi meTodebi, romelTa gamoyeneba Tavisuflebis 

usazRvro raodenobiT xarisxebis mqone sistemisTvisac SesaZlebelia? farmerma 

(FAR82a) gamoikvlia glas-makeis modeli, Sesabamisi liapunovis eqsponentebi da 

sistemis mimzidvelebis fraqtaluri ganzomileba. man aRmoaCina, rom parametris 

mniSvnelobebis garkveuli diapazonisaTvis sistemis qmedeba ganisazRvreba sasruli 

ganzomilebis mqone mimzidvelis meSveobiT. droSi wanacvlebis modelSi 

Tavisuflebis usasrulo raodenobiT xarisxebsa  da Sesabamisi sistemebis sivrciT 

qmedebas Soris kavSiris (ixileT Tavi 11) sakiTxi kvlav Ria rCeba. 

 

informacia da qaosuri qmedeba 

 

1940-ian wlebSi klod Senonis mier informaciisa da informaciis gadacemis 

formaluri Teoriis danergvis Semdeg fizikosebma informaciis koncefciebi 

gamoiyenes statistikuri sistemebis fizikis kvlevis mizniT (ixileT magaliTad 

[Baierlein, 1971].) amgvarad, sulac ar aris gasakviri, rom informaciis cneba qaosuri 

sistemebis qmedebisTvisac gamoiyeneba. miuxedavad amisa, literaturaSi erTimeoris 

gamomricxavi ori Sexeduleba arsebobs: (1) qaosuri sistemebi qmnis informacias; (2) 

qaosuri sistemebi spobs informacias. saocaria, magram orive Sexeduleba sworia.  

Tavdapirvelad unda davadginoT, Tu ras vgulisxmobT informaciaSi. teqnikuri 

TvalsazrisiT, informaciis gansazRvreba axlosaa entropiis gansazRvrebasTan. 

yuradReba mivaqcioT simboloebis mimdevrobis  gamoyenebiT zogierTi sistemis 

qmedebis programirebis simbolur dinamikaze. simboloebis mocemuli mimdevrobiT 

miRebuli informaciis raodenoba mimdevrobis SeqmnisaTvis saWiro simboloebis 

ricxvis logariTmis mixedviT ganisazRvreba: 

 

2logI N                            (12.4-6) 

 

Tu mimdevroba Seicavs erTsa da imave ricxvebs, magaliTad, nulianebs,  mxolod 

erTi simbolos gansazRvra gvesaWiroeba da informacia aris 0. sruliad SemTxveviTi 
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mimdevrobisTvis simboloebis saWiro raodenoba mimdevrobis wevrTa raodenobis 

tolia da informaciis raodenobac didia (rogorc xedavT amgvari teqnikuri 

gansazRvreba, araprognozirebadobisa Tu siurprizis sakiTxs informaciis did 

raodenobasTan aigivebs. [Baierlein, 1971] gvTavazobs, rom am sidides `informaciis 

gadineba~ vuwodoT.) 

qaosur sistemasTan dakavSirebiT SegviZlia vTqvaT, rom drois mcire 

intervalebSi qaosuri qmedeba warmoSobs informacias. amis saCveneblad ganvixiloT 

mdgomareobaTa sivrcis Zalze mcire areSi dawyebuli ramdenime traeqtoria. Tu 

sawyisi pirobebi sakmarisad axlosaa erTmaneTTan, maSin ver vityviT, rom sxvadasxva 

traeqtoriebi gagvaCnia. axlomdebare traeqtoriebis eqsponencialuri divergenciis 

gamo saboloo jamSi traeqtoriebi erTimeores sakmarisad daSordeba da Cven maT 

gansxvavebaSi davrwmundebiT. amrigad, Cven sistemis Sesaxeb informacia movipoveT. 

maSasadame, Sexeduleba, rom qaosur sistemas kolmogorovis dadebiTi entropia 

gaaCniaa, sworia.  

qaosuri qmedeba spobs informacias xangrZlivi drois ganmavlobaSi. kvlav 

davubrundeT ramdenime sxvadasxva traeqtoriis dasawyiss, oRond am SemTxvevaSi 

mdgomareobaTa sivrcis sxvadasxva nawilebSi. drois didi intervalis Semdeg Cans, 

rom traeqtoriebi mimzidvelze mdebareobs da disipaciuri sistemebisTvis mravaljer 

imyofeba gaSlil da mokecil mdgomareobaSi. 

 

sabolood Cven ukve veRar SevZlebT imis Tqmas, Tu sawyisi pirobebis romeli 

simravlidan moemarTeba esa Tu is traeqtoria. sistemis Sesaxeb informacia 

dakargulia. 

Tu yuradRebas traeqtoriebis mier mdgomareobaTa sivrcis sxvadasxva ujredebis 

(an ujredebis mimdevrobebis) “monaxulebis” albaTobaze gavamaxvilebT, rogorc amas 

me-9 da me-10 TavebSi vakeTebdiT, maSin informaciis raodenoba am albaTobebis 

safuZvelze SeiZleba Semdegnairad ganisazRvros: 

 

Ini i
i

I p p                           (12.4-7) 
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`_~ niSnis gareSe gansazRvrul informacias zogjer negentropias uwodeben, 

radgan igi am SemTxvevaSi albaTobebis meSveobiT mocemuli Cveulebrivi entropiis 

funqciis uaryofiTi sididea. 

zemoT moyvanili msjelobidan gamogvaqvs daskvna, rom qaosuri dinamikisTvis 

informaciuli terminologiis gamoyeneba informaciuli Teoriis zogierTi aspeqtis 

gagebaSi gvexmareba, magram dinamikis SecnobaSi maincdamainc did samsaxurs ver 

gagviwevs.  

 

 

stoqastikuri rezonansi 

 

arawrfivi dinamika Cvens intuicias sxvadasxva mimarTulebiT anviTarebs. erT-erTi 

yvelaze saintereso mimarTuleba e.w stoqastikuri rezonansia. arsebobs pirobebi, 

rodesac sistemis qmedebaze xmauris damateba mas susti signalebis advilad 

aRdgenisadmi midrekilebas aZlevs. amgvari efeqti lazeruli da  eleqtruli 

sistemebis, qimiuri reaqciebisa  da adamianis aRqmis unarianobis SemTxvevebSi 

vlindeba. MOW95 da GHJ98 warmodgenas gviqmnis stoqastikuri rezonansisa da misi 

gamoyenebebis Sesaxeb.  

stoqastikuri rezonansis dasamyareblad sistemas `aqtivaciis barieris~ an 

`zRvaris~ raime saxeoba unda gaaCndes (anu sistema mgrZnobelobas  mxolod 

mmarTveli mowyobilobis mier garkveuli donis gadaWarbebis SemTxvevaSi unda 

amJRavnebdes). Tu sistemis marTvis mizniT gamoyenebulia rogorc susti perioduli 

signali, ise raime xmauri, maSin  sistemis  reaqcia susti perioduli signalis 

Sesabamis sixSireze Rebulobs maqsimalur amplitudas, rodesac xmauris amplituda 

gansxvavdeba nulisagan (anu saxezea Taviseburi rezonansi).  maSasadame, nulovani 

xmauris SemTxvevaSi sistemis reaqcia iSviaTia. xmauris did amplitudebze reaqcia 

ar arsebobs, xolo xmauris amplitudebis saSualo mniSvnelobebisas sistemis 

reaqcia sasurvel sixSireze maqsimaluria. xmauri daxmarebas uwevs sistemas 

aqtivaciis barierisa Tu zRvris daZlevaSi. Tavis boloSi moyvanili wyaroebi 

warmodgenas SegiqmniT stoqastiuri rezonansis gamoyenebis Sesaxeb.  
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qaosi kompiuterul qselebSi 

 

rogorc ukve araerTgzis aRvniSneT, kompiuterebisa da kompiuteruli grafikis 

gamoyeneba arawrfivi dinamikisa da qaosis Tanamedrove moZRvrebaSi Seucvlelia. 

Tumca TviT kompiuterebic kompleqsuri sistemebia. amJRavneben Tu ara isini qaosur 

qmedebas? ra Tqma unda, kompiuterTa umravlesoba deterministul da 

kontrolirebad programebs iyenebs, anu zusti Semavali signalisTvis zust reaqcias 

uzrunvelyofs. kompleqsuri qmedebis damaintrigebeli albaToba kompiuterul 

qselebSi anu sistemebSi vlindeba, sadac mravali kompiuteri erTmaneTTan aris 

dakavSirebuli. erTmaneTTan dakavSirebuli kompiuterebi dakavSirebuli 

oscilatorebis erT-erTi SemTxvevaa: TiToeuli maTgani prognozirebad qmedebas 

amJRavnebs, magram urTierTkavSirebma, oscilatorebis analogiurad, sistema SesaZloa 

sruliad qaosurad aqcios. amgvari qmedeba aucilebeli ar aris saxifaTo iyos. 

Sesabamisi  magaliTebi Tavis bolos moyvanil wyaroebSia gamokvleuli.  

 

qaosis kontroli 

 

lazerebis, eleqtruli wredebis, meqanikuri oscilatorebisa da a.S. tipis 

realur sistemebSi qaosuri qmedebis aRZvris Sesaxeb msjelobisas, aseT qmedebas, 

arasasurvel garemoebad aRviqvamT anu gvsurs, rom lazeri, eleqtruli wredi an 

meqanikuri oscilatori prognozirebad qmedebas amJRavnebdnen.  

bolodroindelma Sromebma gviCvenes, rom sistemaSi arsebuli qaosis marTvam 

parametris zogierT diapazonebSi garkveuli sargebloba SeiZleba moitanos. mTavari 

idea gamoixateba sistemis qaosuri qmedebis SemTxvevaSi mdgomareobaTa sivrcis 

SedarebiT vrceli areebis kvlevaSi. mocemul areSi mravali (arastabiluri) 

perioduli orbitaa ganTavsebuli. susti makontrolebeli signalis uzrunvelyofis 

gziT sistemis marTvas TiToeul periodul orbitasTan miaxlovebuli orbitis 

meSveobiT SevZlebT. amrigad, qaosuri qmedeba sistemis dinamikuri qmedebis farTo 

`landSafts~ qmnis da susti makontrolebeli signalis SecvliT sistemis mier 

sxvadasxva tipis perioduli qmedebis gamowveva SegviZlia.  
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adaptaciuri kontrolis es meTodi ar moiTxovs sistemis warsuli dinamikis 

codnas. faqtiurad, TviT sistemis qmedebis gamoyeneba SegviZlia, raTa gavigoT, Tu 

mcire mouwesrigeblobis ra tipi unda gamoviwvioT calkeuli perioduli orbitis 

miRebis mizniT (OGY90). amgvari kontrolis sqemebi sxvadasxva eqsperimentul 

sistemebSia gamoyenebuli (BRG91, HUN91, RMM92 da Tavis boloSi moyvanili sxva 

literatura). am meTodis ganvrcoba maRali ganzomilebis mqone sistemebis 

mimzidvelebisTvis (AGO92) SeiZleba da misi marTva vrcel parametrul 

diapazonebzec  xerxdeba (GIR92). [Kapitaniak, 1996, [Schuster, 1999] da DIS97, 

sxvadasxva tipis kontrolis teqnikis SesaniSnav magaliTebs gvawvdis.  

qaosuri qmedebis mqone sistemis pirobebSi, amgvari qmedebidan gamomdinare, 

biologiuri Sinaarsis daskvnebis gamotanac xdeba SesaZlebeli. mianiWebs Tu ara 

biologiur sistemebs upiratesobas qaosur reJimSi gadasvla, rodesac SesaZlo 

qmedebebis farTo arCevani pirobebis cvlilebebTan erTad, maT ufro martiv saxes 

miscems? Tu sistemebis qmedeba mkacrad periodulia, maT sirTuleebi SeeqmnebaT 

garemo pirobebis cvlilebaze adaptaciis TvalsazrisiT. ufro konkretulad, 

SegviZlia vimsjeloT tvinis qmedebis modelirebis SesaZleblobis Sesaxeb. iSviaTi 

gare SeSfoTebebis (magaliTad, fiqrTa msvlelobis) zemoqmedebiT nervuli sistema 

mexsierebis Semadgenel garkveul `periodul orbitaze~ SeiZleba aRmoCndes. 

magaliTad, rodesac vinmes saxelis gaxseneba gvsurs, tvinis `orbitebi~ 

mdgomareobaTa sivrcis SedarebiT vrcel areSi qaosurad `daexeteba~ da msjelobis  

romelime pirovnebaze SeCerebamde fiqrebis msvleloba mexsierebis Semadgeneli 

`perioduli orbitis~ gaswvrivaa mimarTuli.  

mniSvnelovania is faqti, rom qaosuri qmedeba da misi SesaZlo kontroli 

gvTavazobs axal models kompleqsuri sistemebis qmedebis marTvis Sesaxeb.  

 

qaosis sinqronizeba 

 

yuradReba mivaqcioT im  faqts, rom qaosis warmoSoba mouwesrigebeli qmedebis 

gamomwvev sawyis pirobebzea damokidebuli. am faqtis safuZvelze SeiZleba daskvna 

gamovitanoT, rom ori qaosuri sistema zustad erTnairad ver moiqceva, anu 

SeuZlebelia ori sistemis iseTi saxiT sinqronizacia, rom maTi qaosuri 

traeqtoriebi zustad erTi da igive iyos. miuxedavad amisa, SesaZlebelia ori (an 

meti) qaosuri sistemis imgvarad sinqronizebac, rom maTi Sesabamisi traeqtoriebi 
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(mdgomareobaTa sivrceSi) drois xangrZliv periodSi erTimeoresTan sakmaod axlos 

imyofebodnen. sawyis pirobebze mgrZnobiare damokidebulebas erTi sistemaze 

zemoqmedebis mizniT viyenebT, raTa igi meoresTan mimarTebaSi sinqronizebuli gaxdes.   

raSi gvWirdeba ori qaosuri sistemis siqronizeba? amisTvis mravali mizezi 

arsebobs. magaliTad, zogierT teqnologiur sferoSi aucilebelia ori 

sinqronizebuli `oscilatoris~ arseboba. xSirad saWiroa ori Zravis an cvladi 

denis warmomqmneli ori generatoris sinqronizacia. es sakiTxi araperiodul 

(qaosur) qmedebazec SegviZlia ganvavrcoT. janmrTeli adamianis rogorc guli, aseve 

tvini erTi SexedviT mcire dozoT qaosur qmedebasac amJRavnebs. gulis SemTxvevaSi 

mniSvnelovania, rom misi sxvadasxva nawilebi, romlebic erTmaneTisgan 

damoukideblad moqmedeben, drois intervalSi Zgeris siCqaris mcire cvlilebis 

SemTxvevaSic ki sinqronulobas inarCunebdnen. kidev erTi magaliTia sakomunikacio  

sistemebi. qaosuri signalebi SegviZlia gamoviyenoT ukanono gziT momsmen pirTagan 

`WeSmariti~ informaciis Semcveli signalis damalvis mizniT, oRond signalis 

gamgzavnisa da mimRebis qaosur qmedebebs Soris sinqronizacia unda arsebobdes. 

     Tavis boloSi miTiTebuli literatura saintereso informacias mogawvdiT 

qaosis sinqronizebis Sesaxeb.  

 

qaosis gamoyeneba momavlis winaswarmetyvelebis mizniT 

 

sistemis dinamikuri modelebis Seqmnisa da momavlis winaswarmetyvelebisTvis 

droiTi mwkrivebis monacemebis gamoyenebas xangrZlivi da STambeWdavi istoria 

gaaCnia. ukanasknel wlebSi arawrfiv sistemebSi qaosuri qmedebidan gamomdinare 

ideebs kompleqsuri qmedebis modelirebis mizniT warmatebiT iyeneben, rac 

prognozirebis sqemis gaumjobesebas uzrunvelyofs. igive ideebi droiT mwkrivebSi 

arsebuli xmauris efeqtebis Semcirebis mizniTac SeiZleba gamoviyenoT, anu am 

meTodebis saSualebiT dgindeba, Tu rogori situacia iqneboda xmauris arsebobis 

gareSe. prognozirebisa da xmauris Semcirebis Sesaxeb detaluri msjeloba Zalian 

Sors wagviyvans, amitom dainteresebuli mkiTxveli sasurvelia mocemuli Tavis 

boloSi moyvanil literaturas gaecnos. 
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12.5. qaosTan dakavSirebuli zogierTi martivi eqsperimenti 

 

kursis farglebSi yuradRebas vamaxvilebdiT sxvadasxva fizikuri, qimiuri Tu 

biologiuri sistemebis mimarT arawrfivi dinamikis gamoyenebaze. ukanasknel wlebSi 

gamoqveynda bifurkaciis, qaosSi gadasvlis gzebisa da a.S. sademonstraciod martivi 

eqsperimentuli sistemebis (metwilad fizikuri Sinaarsis) amsaxveli statiebi. 

mogiwodebT, rom Tavad gamoikvlioT zogierTi sistema. maTi umravlesoba TiTqmis 

yvela kolejisa Tu fizikis departamentisaTvis xelmisawvdom aparaturas moiTxovs.  

pirvel TavSi aRwerili diodis wredi erT-erTi yvelaze mravalmxrivi da 

advilad kontrolirebadi arawrfivi sistemaa. aseT sistemis vrceli daxasiaTeba 

BUJ85-Sia mocemuli. mocemuli sistemis gamoyeneba arawrfivi dinamikis mravali 

aspeqtis  ricxviTi gamoTvlebis CatarebaSi gvexmareba, magram igi saWiroebs 

eleqtronobis codnasa da osciloskopis gamoyenebas.  

miuxedavad imisa, rom raodenobrivi gazomvebis Catareba did sirTuleebTanaa 

dakavSirebuli, mravali meqanikuri sistema gamodgeba arawrfivi dinamikis efeqtebis 

sailustraciod. literaturaSi aRweril eqsperimentebs Sorisaa myar, vibrirebad 

zedapirze mxtunav burTze (TUA86, MET87), cvladi deniT marTul sxvadasxva 

magnitebze (BSS90, MES86, OMH91) da onkanidan momaval wylis wveTze (DRH91) 

Catarebuli eqsperimentebi. ramdenime sxva eleqtruli da arawrfivi meqanikuri 

sistema BRI87-Sia ganxiluli. C danarTi [Moon, 1992] sxvadasxva `qaosur xerxebs~ 

warmogvidgens. milevadi qanqaris komerciuli versiebs amzadeben Daedalon, Inc. 

(Danvers, MA) da TEl-Atomic, (Jackson, MI)  

 

 

12.6 zogadi komentarebi da ganxilva: qaosis momavali 

 

21-e saukunis fizikaSi ori gadatrialeba moxda _ ainStainis fardobiTobis 

Teoriis da kvanturi meqanikis Seqmna. isini fizikuri realobis zRvrebis gadalaxvis 

da, aqedan gamomdinare, samyaros Sesaxeb cnobierebis gaRrmavebisaken gvibiZgeben: 

fardobiToba gvaswavlis, rom arsebobs energiisa da informaciis gadatanis siCqaris 

zeda zRvari (sinaTlis c siCqare), rac sivrcisa da drois Sesaxeb Cven Sexedulebebs 

diametralurad cvlis. kvanturi meqanika gvauwyebs, rom arsebobs sistemebs Soris 

urTierTqmedebis qveda zRvari, romelic plankis h mudmivaTi ganisazRvreba. amrigad, 
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nebismieri fizikuri urTierTqmedeba da, aqedan gamomdinare, nebismieri gazomva 

sakvlev sistemaze aucileblad aisaxeba. es aris efeqti, romlis ugulebelyofac 

SeuZlebelia.  

arawrfivi dinamikisa da qaosis dabadeba da ganviTareba bunebis SecnobasTan 

dakavSirebuli gadatrialebis Semadgeneli nawilia. qaosis arseboba kidev erT 

SezRudvas qmnis. qaosur sistemebSi, zogierTi maTganis deterministulobis 

SemTxvevaSic ki, drois xangrZliv intervalze aRebuli qmedebis prognozirebasTan  

dakavSirebiT Cveni SesaZleblobebi SezRudulia. zogjer amgvari SezRuduloba 

Zireuli da iseTive mniSvnelovania, rogorc fardobiTobiTa da kvanturi meqanikiT 

warmodgenili SezRudvebi. 

arawrfivi dinamika da qaosi fardobiTobisa da kvanturi meqanikis donis 

gadatrialebis gamomwvevi ar aris, Tumca farTo msjelobis sagania. arawrfivi 

dinamikisa da qaosis sferoSi bolodroindeli Zvrebi maCvenebelia imisa, Tu rogor 

vRebulobT bunebaSi arsebuli fundamenturi Zalebis urTierTqmedebis Sedegad Cvens 

garemomcvel rTul samyaros. Tumca arsebobs siZneleebic. puankarem da sxva 

mkvlevarebma gaacnobieres, rom arawrfivi dinamika iseT problemebTanaa 

dakavSirebuli, romelTa gadawyveta konkretuli formulebis meSveobiT ver 

xerxdeba. prognozirebis Tandayolili deficitis mqone qaosur qmedebad wodebuli 

signalis amoxsna ki SesaZlebelia. metic, puankare mixvda, rom bunebaSi arsebul 

procesTa umetesobas axasiaTebs arawrfivoba, Tumca mas ar hqonda kompiuteri. 

gacilebiT mniSvnelovani ki is aris, rom arawrfivi dinamikis geometriuli 

aspeqtebis gamokvlevisTvis maSin arc kompiuteruli grafika arsebobda. miuxedavad 

amisa, puanakrem gaaTvicnobiera gamovlenili kompleqsuri qmedebis geometriuli 

aspeqtebis mniSvnelobis fundamenturoba.  

arawrfivi dinamikis mniSvnelobis gadmosacemad movaxdenT nobelis premiis 

laureatis _ fizikos riCard feinmanis citirebas: `mraval sferosTan dakavSirebiT 

uZvelesi da saerTo fizikuri problema  arsebobs. igi dRemde gadauWrelia. es ar 

aris axali fundamenturi nawilakebis aRmoCenis problema, aramed raRac Zveli _ 

aswleulebis danatovari. monaTesave mecnierebebTan kavSiris miuxedavad, misi 

maTematikuri gamokvleva, jerjerobiT verc erTma fizikosma ver moaxerxa. es 

turbulenturi siTxeebis cirkulaciis analizia... Cven amindis kvlevas ver 

vaxerxebT. Cven ar viciT dedamiwis SigniT arsebuli SesaZlo moZraobis formebi~ 

[Feynman, Leighton, Sands, 1963], tomi I, gv. 3-9.  
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cxadia, feinmani gulisxmobda arawrfivi problemaTa mTel klass, romelic 

ukavSirdeba turbulentobas, formis warmoqmnasa da  qaoss.  

arawrfivi dinamikisa da qaosis Seswavlas  kvanturi meqanikisa da myari sxeulis 

fizikis saTanado ganviTarebamde lodini dasWirdeba, rac Tavis mxriv iolad 

marTvadi da swrafi kompiuterebis ganviTarebas Seuwyobs xels. amasTan erTad, 

maTematikosebis mcdelobebma da statistikuri meqanikis SeswavlasTan dakavSirebulma 

progresma ukanaskneli 20 wlis ganmavlobaSi arawrfivi dinamikis swrafi 

ganviTarebisaTvis myari safuZveli Seamzada. 

fizikis erT-erTi miRweva arawrfivi sistemebis Tvisobrivi da raodenobrivi 

qmedebis TvalsazrisiT universaluri klasebis aRmoCenaa. adreul literaturaSi 

arawrfivi dinamikis arsebobis Sesaxeb miniSneba ar arsebobs. mecnierTa sazogadoeba 

didi siurprizis winaSe aRmoCnda. 

qaosis kidev erTi saocari Tviseba gaxlavT mecnierebis TiTqmis yvela sferoSi 

da teqnologiaSi misi gamoyenebis SesaZleblobaa. am saxelmZRvaneloSi mecnierebis, 

inJineriisa da teqnologiis praqtikulad yvela sferoSi asobiT Catarebuli 

eqsperimentis moyvanasTan erTad, qaosisa da sxva `tipuri~ arawrfivi qmedebis 

gamovlinebaze maqsimalurad gavamaxvileT yuradReba. arawrfivi dinamikisa da qaosis 

Teoria, ganviTarebis sawyisi etapis miuxedavad, Zalze kompleqsuri qmedebis 

aRweraSi, organizebasa da ricxviTi saxiT warmodgenaSi gvexmareba.  

rasakvirvelia, uamravi azria gamoTqmuli am koncefciebis sabunebismetyvelo 

mecnierebebisa da teqnologiebis miRma arsebuli movlenebis mimarT gamoyenebis 

Taobaze. am SemTxvevaSi arawrfivi dinamikis, ekonomikisa da sociologiis movlenebis 

Seswavlis mizniT misi gamoyenebis Taobaze gamoTqmul ideas myari safuZveli gaaCnia. 

literaturul TeoriaSi analogiuri aRmoCenebi dafiqsirebulia kidec [Hayles, 

1991]. nebismier SemTxvevaSi arawrfivma dinamikam da qaosma, rogorc sityvieri, aseve 

konceptualuri TvalsazrisiT, Cveni leqsikoni gaamdidra da garemomcveli samyaros 

axali modelebic mogvca. 
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danarTi A 

 

furies energetikuli speqtrebi 

 

A.1 Sesavali da ZiriTadi gansazRvrebebi 

 

mocemul danarTSi SemogTavazebT furies analizsa da sinTezTan, agreTve furies 

energetikul speqtrebTan dakavSirebuli meTodebis mokle Sesavals. detaluri 

maTematikuri informaciis misaRebad ix. Mary L. Boas, Mathematical Methods for Physical 

Sciences, 2nd ed. (Wiley, New York, 1983).  

  furies analizis umTavresi nawili furies Teoremaa, romelic nebismieri 

saxis perioduli funqciis sinusisa da kosinusis funqciebis mwkrivebad warmodgenis 

saSualebas gvaZlevs.   

 

gansazRvreba: T  periodis mqone perioduli funqcia akmayofilebs pirobas f(t+T) 

= f(t) nebismieri t-sTvis. 

 

furies Teorema: T  periodis mqone nebismieri perioduli funqcia SesaZlebelia 

gamoisaxos Semdegi saxiT: 

0
0 0

1 1

( ) cos( ) sin( )
2 n n

n n

a
f t a n t b n t 

 

 

                  (A.1-1) 

 

sadac ω0=2π/T. 

 furies Teorema gvauwyebs, rom SesaZlebelia perioduli funqciis gamosaxva 

mudmivi wevrisa da kosinusisa da sinusis wevrebis mwkrivebis meSveobiT, sadac 

sinusebTan da kosinusebTan dakavSirebuli sixSireebi `ZiriTadi sixSiris~ mTeli 

jeradebia (`harmonikebia~) (qvemoT davrwmundebiT, Tu ratom imyofeba oriani a0 

wevris mniSvnelSi.)  

 rogor vadgenT an da bn `furies amplitudebs~ (an `furies koeficientebs~) 

mocemuli f(t) funqciisaTvis? koeficientebs e.w `furies xerxiT~ vpoulobT: am 

koeficientis gansazRvrisTvis (A.1-1) gamosaxulebis orive mxares jer cos(mω0t)-ze 
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vamravlebT, sadac m dadebiTi mTeli ricxvia, xolo Semdeg  vaintegrebT Semdeg t=0-

dan t=T-mde: 

 

0
0 0 0 0

10 0 0

0 0
1 0

( ) cos( ) cos( ) cos( ) cos( )
2

cos( )sin( )

T T T

n
n

T

n
n

a
f t m t dt dt m t a dt m t n t

b dt m t n t
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 









 



  

 
     (A.1-2) 

 

rodesac m=n, (A.1-2)-is marjvena mxareSi myofi nebismieri integrali, garda 

meorisa,  nulis tolia (vambobT, rom gansxvavebuli m-isa da n-is mqone sinusebi da 

kosinusebi `orTogonaluria nulidan T-mde intervalSi integraciis TvalsazrisiT~). 

sin(mω0t)-ze gadamravlebis Sedegad miviRebT: 

 

0

0

0

0

2
( ) cos( )

2
( )sin( )

T

n

T

n

a dt f t m t
T

b dt f t m t
T












                     (A.1-3) 

 

SeniSneT, rom a0/2 warmoadgens f(t)-is saSualo sidides erTi periodis 

ganmavlobaSi. 

 

amocana A.1. aCveneT, rom Tu (A.1-2) da (A.1-3) gamosaxulebebSi integralebs 

SevafasebT drois iseTi intervalisaTvis, romlis xangrZlivobac T periodia, t 

RerZis gaswvriv am intervalis mdebareobasac ganvsazRvravT.  

(A.1-3) formulebi gvaZlevs furies koeficientebis dadgenis saSualebas 

nebismieri f(t)-sTvis. am process furies analizs vuwodebT, radgan f(t) `signalis~ 

speqtrul Semadgenlobas vikvlevT. awonili sinusebisa da kosinusebis mwkrivebis 

meSveobiT f(t)-s gansazRvris Sebrunebul process furies sinTezi ewodeba. nebismieri 

koeficienti gviCvenebs, Tu ra saxiTaa sawyisi f(t) funqcia dakavSirebuli TiToeul 

harmonikasTan. Tu f(t) `Zalian hgavs~ cos(mω0t)-s, maSin nulidan T -mde integrebisas 

f(t) da  cos(mω0t) erTmaneTTan `fazaSi~ iqneba da integralqveSa gamosaxuleba cos2-is 

proporciuli iqneba. Sedegad miRebuli am koeficientis absoluturi sidide didi 

iqneba. Tu f(t) saerTod ar `mohgavs~ cos(mω0t)-s, maSin nulidan T -mde integrebisas 
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integralqveSa gamosaxuleba dadebiT da uaryofiT mniSvnelobebs Soris meryeobs da 

miRebuli am koeficientis absoluturi sidide mcire iqneba. koeficientebis fizikur 

arss ufro detalurad qvemoT avxsniT. 

 

maTematikuri pirobebi 

 

f(t)-s furies mwkrivis arsebobis funqciis mier e.w. dirixles pirobebis 

dakmayofileba:  

1. f(t) funqcias gaaCnia wyvetaTa sasruli raodenoba T periodis farglebSi (aris 

uban-uban diferencirebadi). 

2. f(t) funqcias gaaCnia sasruli saSualo mniSvneloba. 

3. f(t) funqcias T periodis farglebSi gaaCnia fardobiTi maqsimumebisa da 

minimumebis sasruli raodenoba. 

 

Tu zemoT moyvanili pirobebi sruldeba, maSin mwkrivi f(t)-s mimarT krebadia 

(sadac f(t) uwyvetia), xolo im t wertilebSi ki, sadac  f(t) funqcia wyvetas 

ganicdis, gveqneba krebadoba f(t+) da f(t-) mniSvnelobebis saSualo ariTmetikulis 

mimarT.  

 

 

A.2 eqsponencialuri mwkrivebi 

 

Tu sinusebisa da kosinusebis mwkrivebs kompleqsuri eqsponencialuri funqciebis 

saxiT gadavwerT, miviRebT didi raodenobiT algebrul gamartivebebs. amovweroT 

sinusebisa da kosinusebis Semcveli mwkrivis ramdenime wevri da Semdeg eileris 

formulis gamoyenebiT es wevrebi xelaxla davajgufoT: 

 

0 0 0 0

0 0

0
1 0 1 0

0 1 1

0 1 1 1 1

( ) cos( ) sin( ) ...
2

...
2 2 2

...
2 2 2 2 2

i t i t i t i t

i t i t

a
f t a t b t

a a b
e e e e

i
a a ib a ib

e e

   

 

 

 



   

           

              

              (A.2-1) 
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amrigad, SegviZlia f(t)funqciis kompleqsuri eqsponencialebis jamis saxiT 

gamosaxva:  

 

0( ) in t
n

n

f t c e 




                             (A.2-2) 

 

sadac cn =1/2(an_ibn) da c-n =1/2(an+ibn). 

cn koeficientebis dadgena (A.2-2) gantolebis orive mxaris e-imω0t-ze 

gamravlebisa da Semdeg nulidan T -mde integrirebis gziT xdeba. marjvena mxareSi 

miRebuli saboloo integrali nulis tolia, m=n SemTxvevis garda, rodesac 

integrali T -s tolia. amrigad:  

 

0

0

1
( )

T
im t

mc dt f t e
T

                         (A.2-3) 

 

SeniSvna: Tu f(t) namdvili funqciaa, maSin cn=(c-n)*. 

 

amocana A.2. daamtkiceT, rom qvemoT moyvanili funqciisTvis da nulis aratoli 

m-sTvis: 

  

2 / 1
2

im T
m

iA
c e

m



     

 

da c0=Aτ/T. f(t) funqcia warmoadgens periodul `marTkuTxa talRas~, 

romlisTvisac f(t)=A, rodesac 0<t<τ, f(t)=0 rodesac τ<t<T da f(t)=(t+T).  
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A.3 energetikuli speqtri 

 

rogorc ukve aRvniSneT, furies koeficientebi gvamcnobs, Tu ramdeni sxvadasxva 

tipis sixSirisagan SeiZleba Sedgebodes signali. Cven Tavdapirvelad viTvliT 

signalis droSi gasaSualoebul kvadratul mniSvnelobas. amas imitom vakeTebT, rom 

xSirad (magram ara yovelTvis) gamzomi xelsawyoebi reagirebs saSualo 

mniSvnelobaze. magaliTad, ganvixiloT rezistori, romelSic saSualo simZlavre 

rezistorSi gamavali denis Zalis droSi gasaSualoebuli kvadratuli 

mniSvnelobisadmi proporciulia. garda amisa, eleqtromagnituri talRis mier 

gadatanili energiis saSualo simZlavre leqtruli velis daZabulobis amplitudis 

kvadratis droSi gasaSualoebuli mniSvnelobisadmi proporciulia. droSi 

gasaSualoebuli mniSvneloba gansazRvrulia, rogorc 

 

 22

0

1
( ) ( )

T

f t dt f t
T

                          (A.3-1) 

 

mrgval frCxilebSi t–s yofna ar niSnavs, rom saSualo mniSvneloba 

damokidebulia droze. perioduli funqciisTvis amgvarad gansazRvruli saSualo 

mniSvneloba drois mimarT damoukidebelia. 

 amjerad [f(t)]2-s furies eqsponencialuri jamis saxiT CavwerT:  

 

  0 0

0

2

( )

,

( ) im t in t
m n

m n

i n m t
m n

m n

f t c e c e

c c e

 



     
  



 


                (A.3-2) 

 

cxadia, rom rodesac marjvena nawilis integrebas movaxdenT nulidan T -mde 

intervalSi, miviRebT nulis tol mniSvnelobs, garda m= _n SemTxvevisa, rodesac 

gveqneba T –s toli mniSvneloba. amrigad, signalis saSualo kvadratuli 

mniSvneloba moicema Semdegi formuliT: 

 

22( ) n n n
n n

f t c c c                       (A.3-3) 
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sadac vuSvebT, rom f(t) funqcia namdvilia da, amrigad, c-n= cn*. Tu avagebT |cn|2 

sididis grafiks, rogorc harmonikis rigiTi n nomris funqcias, miRebul mruds 

signalis  `energetikuli speqtri~ ewodeba. miRebuli Sedegi gvamcnobs, rom furies 

cn koeficientis absoluturi mniSvnelobis kvadrati n rigis harmonikasTan 

dakavSirebuli simZlavris mniSvnelobas gvaZlevs.  

 

amocana A.3. amocana A.2-Si moyvanili SemTxvevisaTvis aCveneT, rom furies 

energetikuli speqtri moicema Semdegi saxiT: 

 

 
2

2

2 2
1 cos(2 / )

2n

A
c n T

n
 


   

miRebuli Sedegis mixedviT aageT grafiki n-is funqciis saxiT, rodesac τ=T/2. 

 

 

A.4 araperioduli funqciebi 

 

SesaZlebelia furies analizis mraval araperiodul funqciaze ganzogadeba (es 

SemTxveva gansakuTrebul interess iwvevs qaosis mkvlevarTa Soris). mTavari idea 

mdgomareobs imaSi, rom warmodgenas viwyebT perioduli talRis meSveobiT da Semdeg 

periods vaniWebT usasrulo mniSvnelobas. magaliTad, marTkuTxa impulsis signalis 

kvleva marTkuTxa impulsebis periodul mwkrivebTan dakavSirebiT zemoT miRebuli 

Sedegis gamoyenebiTa da A.1 naxazze warmodgenili T periodisTvis usasrulod didi 

mniSvnelobis  miniWebis gziT SegviZlia.   

 magaliTisaTvis ganvixiloT Semdegi saxiT warmodgenili furies 

eqsponencialuri mwkrivi.  

 

0 0

/2

/2

1
( ) ( )

T
im t im t

m T

f t dt f t e e
T

 




 

 
   

 
              (A.4-1) 

 

moxerxebulobisTvis integrebis diapazoni aRebulia imgvarad, rom igi 

simetriuli iyos t=0 mniSvnelobis mimarT.  

 SemoviyvanoT axali cvladi ωm= mω0. SeniSneT, rom mosazRvre ωm 

mniSvnelobebs Soris sxvaoba  
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0m                                  (A.4-2) 

 

amrigad, (A.4-1) SegviZlia ase gadavweroT 

 

/2

/2

( ) ( )
2

m m

T
i t i tm

m T

f t dt f t e e 





 

     
 

                  (A.4-3) 

 

T_>∞ zRvarSi vuSvebT, rom ∆ωm_>dω. Semdeg jams _ integraliT, xolo ωm -s ω 

uwyveti cvladiT SevcvliT da mocemuli zRvris pirobebSi davwerT: 

 

1
( ) ( )

2
i tf t d c e  







                      (A.4-4) 

sadac 

 

1
( ) ( )

2
i tc dt f t e 








                     (A.4-5) 

 

nax. A.1. Tu marTkuTxa impulsebis mwkrivis 

periodi usasrulo xdeba (rodesac TiToeuli 

impulsis sigane fiqsirebulia), maSin signali 

izolirebuli marTkuTxa impulsis eqvivalenturi 

iqneba.  

 

c(ω) funqcias f(t)-s furies gardaqmna ewodeba. vambobT, rom c(ω) da f(t) 

funqciebi qmnis furies gardaqmnaTa wyvils (1/2π sidide simetriul nawilebad 

davyaviT, amitom gveqneba rogorc f(t)-sTan, aseve mis furies gardaqmnasTan 

dakavSirebuli 1/√2π koeficienti). 

unda aRiniSnos, rom (A.4-5) furies gardaqmnis integrali ω cvladis 

uaryofiTi mniSvnelobebis mixedviT  integrebasac moicavs. es uaryofiTi 

mniSvnelobebi (A.2-2) gantolebaSi n mTeli ricxvis dadebiTi da uaryofiTi 

mniSvnelobebis momcemi  sinusebisa da kosinusebis jamebis kompleqsur 

eqsponencialebad `gardaqmnili~ mimdevrobaa da uwyvet cvladze gadasvla 
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kompleqsuri eqsponencialebis mTeli ricxvis indeqsis mimarT proporciulia. 

uaryofiT sixSireebs raime gansakuTrebuli datvirTva ar ukavSirdeba. 

 

araperioduli funqciis SemTxvevaSi energetikuli speqtri furies gardaqmnis 

funqciis absoluturi mniSvnelobis kvadratiTaa mocemuli da gardaqmnis cvladis 

uwyveti funqciaa. |c(ω)|2dω sidide wamoadgens sixSireTa (ω;ω+dω diapazonSi 

arsebuli simZlavrisadmi proporciul sidides. magaliTad, zemoT moyvanili 

marTkuTxa impulsisTvis energetikuli speqtri moicema Semdegi saxiT: 

 

2
2

2
( ) [1 cos ]

A
c  


                       (A.4-6) 

 

miRebuli Sedegis mixedviT agebuli grafiki A.2 naxazzea naCvenebi.  

 aRsaniSnavia, rom energetikuli speqtri ω-s cvlilebasTan erTad swrafad 

ecema. energetikuli speqtris `siganis~ sazomad SegviZlia speqtris pirvel or 

nuls (ω=±2π/τ )Soris arsebuli diapazonis gamoyeneba.  

 

 

 

nax. A.2. furies energetikuli speqtri τ xangrZlivobis mqone marTkuTxa 

impulsisgan Semdgari araperioduli signalisTvis. energetikuli speqtri amjerad ω 

sixSiris uwyveti funqciaa. (Aτ)2/2π warmoadgens maqsimalur mniSvnelobas.  
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amrigad, siganis mniSvnelobaa ∆ω=4π/τ. aRsaniSnavia, rom ∆ω-sa da τ-s namravli 

mudmivi sididea: 

 

( ) 4                             (A.4-7) 

 

es Sedegi faqtobrivad araperioduli signalis droiT xangrZlivobasa da 

Sesabamisi furies energetikuli speqtris `farTobs~ an signalSi Semaval sixSireTa 

diapazons Soris zogadi kavSiris magaliTia (am namravls zogjer impulsis 

xangrZlivobisa da siganis namravls uwodeben). Tu gadavalT `Cveulebriv”  f=ω/2π 

sixSireze, zemoT xsenebuli namravli Semdeg saxes miiRebs: 

 

( ) 2f                           (A.4-8) 

 

SedarebiT detaluri, magram rTuli damtkiceba gviCvenebs, rom (∆f)τ≥1. 

[magaliTad, ixileT M. Born and E. Wolf, Priciples of Optics, 5nd ed. (Pergamon Press, 

New York, 1975, gv. 540-44] (literaturaSi namravlis sxva formebi ∆f-sa da τ-s 

zust gansazRvrebebzea damokidebuli. mniSvnelovania, rom arsebobs namravlis 

garkveuli qveda zRvari. τ-is SemcirebasTan erTad signalSi Semavali ∆f sixSireebis 

ganvrcoba aucileblad matulobs). 

 

amocana A.4. miiReT furies gardaqmna, Sesabamisi energetikuli speqtri da 

impulsis xangrZlivobisa da siganis namravli araperioduli xasiaTs mqone Semdegi 

talRisaTvis: 

f(t)=0, t<0-isa da t>τ-sTvis. 

f(t)=Acos(ωt), 0≤t≤τ-sTvis. 

 

SeadareT Tqven mier miRebuli Sedegebi (A.4-6) da (A.4-7) gamosaxulebebis 

mixedviT miRebul Sedegebs. 
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A.5 furies analizi da arawrfivi dinamika 

 

ra sargebloba moaqvs furies analizs arawrfiv dinamikasTan dakavSirebiT? 

rogorc ukve vnaxeT, furies analizi signalis speqtruli Semadgenlobis 

gansazRvris saSualebas gvaZlevs. Tu signali perioduli an kvazi-periodulia, maSin 

furies energetikuli speqtri ZiriTad sixSireebze `pikebis~ mimdevrobisgan, maTi 

harmonikebisa da sxvadasxva sixSireebis jamebiTa da sxvaobebiT  miRebuli 

sixSireebisgan Sedgeba. aq mTavari is aris, rom speqtri sixSireTa diskretuli 

simravlisgan Sedgeba. rodesac signali arc periodulia da arc kvaziperioduli 

(magaliTad, qaosuria), maSin furies energetikuli speqtri uwyveti iqneba (ixileT 

H danarTis  H.2 naxazi. amrigad, sistemis maxasiaTebeli romelime parametris 

cvlilebasTan erTad diskretuli speqtridan uwyveti energetikuli speqtris 

momentaluri gamovlineba qaosuri qmedebis sawyisi etapis indikatoria.  

furies uwyveti energetikuli speqtri gareSe xmauris arsebobis SemTxvevaSic 

SeiZleba iqnes miRebuli. amasTan, Tavisuflebis didi raodenobiT xarisxebis 

SemTxvevaSi imdeni ZiriTadi sixSire da harmonika iarsebebs, rom mocemuli 

eqsperimentis pirobebSi sixSireebis umaRlesi sizustiT gansazRvris SemTxvevaSic ki 

furies energetikuli speqtri uwyveti ar iyos. amrigad, uwyveti energetikuli 

speqtris arseboba aucileblad qaosis arsebobis dakavSirebuli utyuari 

mtkicebuleba ar aris. ubralod, SegiZliaT darwmundeT, rom gare xmauri arsebobs 

da eqsperimentuli gadawyvetileba sakmarisia Tavisuflebis xarisxebis mosalodneli 

raodenobisTvis arsebuli nebismieri  sixSiris dasadgenad.  

 

A.6 furies sivrciTi gardaqmnebi da ricxviT meTodebTan dakavSirebuli 

komentarebi 

 

furies gardaqmna (sixSiris cvladis funqcia) droze damokidebuli funqciisTvis 

gvaqvs ganxiluli. sivrcul cvladze damokidebul funqciasTan dakavSirebiTac 

TamaSis igive wesebs viyenebT. am SemTxvevaSi furies gardaqmnis cvlads talRur k 

veqtors uwodeben (k-s talRuri veqtori ewodeba imitom, rom Cven am cnebas erTze 

meti sivrciTi ganzomilebis mqone funqciebze ganzogadebas vaxdenT. am SemTxvevaSi 

TiToeuli sivrciTi ganzomilebisTvis k-s gansxvavebuli `komponenti~ iarsebebs). 

furies sivrciTi gardaqmnisTvis (erT ganzomilebaSi) gveqneba: 
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1
( ) ( )

2

1
( ) ( )

2

ikx

ikx

f x dk F k e

F k dx f x e






















                      (A.6-1) 

 

eqsponencialebSi niSani `+~ da `_~ isea SerCeuli, rom talRasTan dakavSirebiT 

rogorc sivrciTi, aseve droiTi damokidebulebis arsebobis daSvebisas (A.6-1) 

gantolebis pirvel nawilSi eqsponencialuri funqcia x-is dadebiTi mimarTulebiT 

gadaadgilebadi talRis amsaxveli  ei(ωt - kx) saxiT gveqneba.  

 

ricxviTi da programuli uzrunvelyofa 

arsebobs kompiuterul programaTa mravali paketi, romlebic Fast Fourier 

Transform (FFT) algoriTmis meSveeobiT furies gardaqmnebsa da energetikul 

speqtrebs gvaZlevs. magaliTad, ixileT W. H. Press, Numerical receipes, The Art of 

Scientific Computing, (Cambridge University Press, Cambridge, 1986).  

 arsebobs furies gardaqmnis sxvadasxva variaciebi, rogoricaa hartlis 

gardaqmna, impulsis analizi da a.S. aseTi meTodebis SesaniSnavi mimoxilva moyvanilia 

publikaciaSi R. N. Bracewell, `The Fourier Transform~ The Scientific American 260 (6), 

86-95 (ivnisi, 1989).  
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danarTi B 

bifurkaciis Teoria 

 

B.1 Sesavali 

 

mocemul danarTSi warmogidgenT arawrfivi dinamikuri sistemebis myisieri 

cvlilebebis gamovlinebis kvlevisaTvis gamoyenebuli  bifurkaciis Teoriis mokle 

mimoxilvas. es Teoria dRemde dausrulebeli msjelobis sagania. bifurkaciis 

Teoriis Tanaxmad, mravali formisa da zomis auracxeli raodenobiT xeebis 

arsebobis gamo tyis aRqma SeiZleba daikargos. amitomac meti maTematikuri da 

vizualuri detalebis gacnobis msurvelTaTvis damatebis bolos mravali naSromia 

citirebuli.  

  bifurkaciis Teoria cdilobs, rom moaxdinos dinamikuri sistemebis 

Tvisobriv qmedebaSi dakvirvebuli myisieri cvlilebebis sistematuri klasificireba. 

es mizani or nawilad iyofa. pirveli nawili yuradRebas rogorc fiqsirebuli 

wertilebis, aseve zRvruli ciklebis stabilurobasTan dakavSirebul bifurkaciebze 

amaxvilebs. aseT bifurkaciebs lokalurs vuwodebT, radgan maTi kvleva Sesabamisi 

fiqsirebuli wertilis an zRvruli ciklis maxloblad sistemis lokaluri 

qmedebis TvalsazrisiTaa SesaZlebeli. Teoriis meore nawili, romelic dResdReobiT 

bevrad sustadaa ganviTarebuli, mdgomareobebis sivrcis ufro farTomasStabiani 

qmedebis momcvel bifurkacias Seexeba da amitom maT globalur bifurkaciebs 

uwodeben. amgvari globaluri movlenebi iseTi struqturebis ufro did masStabs 

moicavs, rogoricaa mizidulobis areebi da sayrden wertilebTan dakavSirebuli 

homoklinikuri da heteroklinikuri orbitebi.  

 bifurkaciis Teoriis mizania moaxdinos dinamikur sistemebSi daikvirvebul 

bifurkaciaTa saxeobebis klasificireba (an Sesabamisi fiqsirebuli wertilebis an 

zRvruli ciklebis maxloblad traeqtoriebTan dakavSirebuli efeqturi 

ganzomilebis klasificireba), romlebic warmoadgenen mdgomareobaTa sivrcis 

ganzomilebis funqciebs. mocemuli Teoria aseve dainteresebulia bifurkaciis 

parametruli damokidebulebiT. parametrebis raodenobas, romelic bifurkaciis 

cvlilebis `mizezad~ SeiZleba iqces, bifurkaciis Tanaganzomileba ewodeba. Cven 
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umetes SemTxvevaSi erTis toli Tanaganzomilebis mqone bifurkaciebze gavamaxvilebT 

yuradRebas (rodesac mxolod erTi parametri icvleba).  

 Tanaganzomileba geometriulad SegviZlia ufro TvalsaCinod ganvsazRvroT. 

Tu n-ganzomilebian sivrceSi gvaqvs m ganzomilebis mqone `zedapiri~ (an ufro 

`maTematikuri eniT~ rom vTqvaT _ mravalsaxeoba), maSin mravalsaxeobis 

Tanaganzomileba iqneba n_m. magaliTad, samganzomilebian sivrceSi mdebare zedapiris 

farTobs erTis toli Tanaganzomileba eqneba, rodesac imave samganzomilebian 

sivrceSi (erTganzomilebian) mruds 2-is toli Tanaganzomileba SeiZleba gaaCndes. 

parametris Tanaganzomilebasa da bifurkaciasTan dakavSirebul geometriul 

Tanaganzomilebas Soris kavSiri gamokvleulia [Guckenheimer da Holmes, 1990]-Si, 

magram mTavari arsi imaSi mdgomareobs, rom ZiriTadi maTematikuri moTxovnebis 

SesrulebisTvis parametrebis raodenoba geometriul Tanaganzomilebas unda 

gautoldes. 

bifurkaciebis Sesaxeb msjelobisas yuradRebas vamaxvilebT e.w. 

transversalurobis pirobis damakmayofilebel bifurkaciebze. pirobebis 

damakmayofilebel bifurkaciebs zogads uwodeben. bifurkacia parametrebis sivrceSi 

mrudebis, zedapirebisa da aS. gadakveTis TvalsazrisiT ganixileba (CvenTvis kargad 

nacnobi bifurkaciuli diagramis ageba). Tu kveTebi transversaluria, maSin mcire 

SeSfoTebebi kveTis bunebaze zegavlenas ver moaxdens. aratransversaluri kveTebi ki, 

piriqiT, ganicdis SeSfoTebaTa zegavlenas. magaliTad, samganzomilebian sivrceSi ori 

(organzomilebiani) zedapiri transversalur TanakveTas axdenen da Sedegad mruds 

gvaZlevs (erTganzomilebiani mravalsaxeoba). Tu zedapirebi odnav SeSfoTebuliaa, 

kveTa moZravia, magram erTganzomilebian mravalsaxeobas inarCunebs. samganzomilebiani 

sivrcis wertilSi gadamkveTi ori mrudi aratransversalur kveTas gvaZlevs da  

mrudebis odnavi SeSfoTebac ki kveTas aqrobs.  

 transversalurobis piroba gadamkveTi mravalsaxeobebis Tanaganzomilebebis 

saxiT SeiZleba gamoisaxos. Tu gadamkveTi mravalsaxeobebis Tanaganzomilebebis jami 

kveTis Sedegad miRebuli mravalsaxeobis Tanaganzomilebis tolia, maSin kveTa 

transversaluria. magaliTad, samganzomilebian sivrceSi ori (organzomilebiani) 

zedapiris mqone Tanaganzomilebebis jami kveTis Sedegad miRebuli mrudis 

Tanaganzomilebis mniSvnelobis, kerZod 2-is tolia. amrigad, kveTa transversaluria. 

ori mrudis SemTxvevaSi Tanaganzomilebebis jami ukve 4-is tolia da wertilSi 



 662 

miRebuli saboloo kveTa transversaluri aRar aris. samganzomilebian sivrceSi 

mrudisa da zedapiris gadakveTa, sazogadod, transversaluria.  

transversalurulobis pirobis dawesebiT Cven yuradReba gavamaxvileT iseT 

bifurkaciebze, romlebic ar ganicdian mcire SeSfoTebebis  zegavlenas 

[Guckenheimer da Holmes, 1990]. zogjer aratransversaluri bifurkaciebic 

mniSvnelovania, rodesac sistemis mimarT dawesebulia sxva SezRudvebi, magaliTad, 

garkveuli simetriebis Sesaxeb.  

rogorc Tanaganzomileba, aseve efeqturi ganzomileba mniSvnelovan rols 

asrulebs bifurkaciul movlenaTa garkveuli tipis e.w. struqturuli 

stabilurobis gansazRvraSi (aRsaniSnavia, rom struqturuli stabilurobis cneba 

dinamikur gantolebaTa amonaxsnebis Tvisebebis Sesaswavladac gamoiyeneba. 

bifurkaciul wertilSi amonaxsnebi struqturulad arastabiluria). mTavari kiTxva 

mgomareobs imaSi, inarCunebs Tu ara bifurkacia Tavdapirvel saxes, rodesac 

dinamikur gantolebebSi mcire wevrebis Seyvanis Sedegad sistema SeSfoTebulia. Tu 

bifurkacia ucvlelia, maSin igi struqturulad stabiluria. arsebobs Sexeduleba, 

romlis Tanaxmadac struqturulad arastabiluri bifurkaciebi realur sistemebSi 

ar vlindeba, radganac `xmauri~ da Tavisuflebis uamravi raodenobis xarisxi 

sistemis “SemSfoTeblebis” rols asrulebs.  

 

B.2 lokaluri bifurkaciebi 

 

rogorc ukve vTqviT, lokaluri bifurkaciebis SemTxvevaSi fiqsirebuli 

wertilebi an zRvruli ciklebi Cndeba, qreba an icvlis stabilurobis xasiaTs. 

vinaidan SegviZlia  zRvruli ciklebis, rogorc puankares kveTebis fiqsirebuli 

wertilebis, ganxilva, orTave tipis SemTxvevaSi viyenebT termins fiqsirebuli 

wertilis bifurkacia. stabilurobis cvlilebis niSania am fiqsirebuli wertilis 

erTi (an meti) maxasiaTebeli eqsponentis namdvili nawilis cvlileba: lokaluri 

bifurkaciis SemTxvevaSi sistemis romelime parametris (an parametrebis) 

cvlilebasTan erTad realuri nawili nulis toli xdeba (gaixseneT, rom 

maxasiaTebeli eqsponentebi kompleqsuri ricxvebic SeiZleba iyvnen). magaliTad, 

maxasiaTebeli eqsponentis namdvili nawilis uaryofiTidan dadebiT mniSvnelobaze 

gadasvlasTan erTad, maxasiaTebel mimarTulebasTan dakavSirebuli moZraoba 

stabilurobidan (fiqsirebuli wertilisaken miziduli) arastabilurobaSi 
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(fiqsirebuli wertilidan  ganziduli) gadadis. puankares asaxvis fiqsirebul 

wertilTan dakavSirebiT es kriteriumi maxasiaTebeli mamravlis erTis toli 

absoluturi mniSvnelobis arsebobis tolfasia.  

 centraluri mravalsaxeobis Teoremis mixedviT, lokaluri bifurkaciis 

SemTxvevaSi SegviZlia yuradReba gavamaxviloT Tavisuflebis im xarisxebis mimarT, 

romelTa Sesabamisi eqsponentebis namdvili nawilebi miiswrafvis nulisaken. es aris 

bifurkaciasTan dakavSirebuli efeqtur ganzomilebaTa raodenoba, kerZod, nulis 

toli namdvili nawilebis mqone maxasiaTebeli eqsponentebis raodenoba. centraluri 

mravalsaxeoba iseTi `qvesivrcea~, romelic nulis toli namdvili nawilebis mqone 

maxasiaTebel eqsponentebTanaa dakavSirebuli (igi unda ganvasxvavoT stabiluri 

mravalsaxeobisgan, sadac namdvili nawilebi uaryofiTi mniSvnelobis mqonea da aseve 

arastabiluri mravalsaxeobisagan, sadac namdvili nawilebi dadebiTi mniSvnelobisaa). 

 bifurkaciis tipebis klasificikaciis mizniT dinamikuri gantolebebi 

daiyvaneba standartul, normalur saxemde [ixileT magaliTad Kahn da Zarmi, 1997], 

romlis mixedviTac bifurkacia maSin aRiZvreba, rodesac µ parametris mniSvneloba 

nuls aRwevs da x=0-Si mdebare fiqsirebul wertils nulis toli namdvili 

nawilis mqone maxasiaTebeli eqsponenta gaaCnia. normalur formebTan dakavSirebuli 

ufro zogadi formebi koordinatisa da parametris cvlilebaTa meSveobiT miiReba, 

amitom gamartivebuli normaluri formebis gamoyenebisas zogadi xasiaTi ar ikargeba.  

 sistemisTvis, romlis centraluri mravalsaxeobis dinamika erTganzomilebiania 

da diferencialuri gantolebiT aRiwereba, dinamikuri gantoleba Caiwerba Semdegi 

saxiT:   

 

 
 

2
0 0 0

2
1 1 1

2 2
2 2 2

...

...

...

...

dx
A B x C x

dt

A B x C x

A B x C x





   

   

   



                   (B.2-1) 

 

 

sadac A-s, B-sa da C-s da a.S. indeqsebi gvauwyebs Tu µ parametris romel 

xarisxTan arian isini dakavSirebuli. mudmivebisTvis mniSvnelobebis SerCevis gziT 

xerxdeba bifurkaciebis sistematuri klasifikacia. iteraciuli asaxvebis meSveobiT 
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aRwerili sistemebisTvis (rogoricaa zRvruli ciklebis puankares asaxvebi), 

bifurkaciis wertilis midamoSi SegviZlia davweroT: 

 

 
2

1 0 0 0

2
1 1 1

...

...

...

n n n

n n

x A B x C x

A B x C x
    

   



                  (B.2-2) 

 

klasifikaciis sqemis praqtikuli gamoyenebis principis sailustraciod 

ganvixiloT ramdenime SemTxveva. Tu diferencialuri gantolebebiT aRwerili 

sistemisTvis aviRebT A1=1, C0= _1 da nebismier sxva mudmivas nuls gavutolebT, 

gveqneba: 

 

2dx
x

dt
                          (B.2-3) 

 

3.17 paragrafis Tanaxmad, es gantoleba aRwers sistemis qmedebas kvanZi-

ganmzidveli bifurkaciis pirobebSi (an ufro maRali ganzomilebis SemTxvevaSi _ 

kvanZi-`unagirisebri~). 

 Tu gamoviyenebT iteraciuli asaxvis zogad formas, rodesac B0= _1, B1= _1 

da D0= 1, maSin Semdegi damokidebuleba: 

 

3
1 (1 )n n nx x x                        (B.2-4) 

 

aRwers feigenbaumis kaskadis msgavs periodis gaormagebis bifurkacias. 

mdgomareobaTa sivrcisadmi meore ganzomilebis damatebis Sedegad SevZlebT me-3 

TavSi aRwerili hopfis bifurkaciis modelirebas.  

 bifurkaciebi aseve klasificirebulia, rogorc faqizi (an zekritikuli) da 

katastrofuli (an qvekritikuli). pirvel SemTxvevaSi bifurkaciuli wertilis 

midamoSi parametris cvlilebasTan erTad (stabiluri) fiqsirebuli wertilic 

monotonurad icvleba. me-3 TavSi aRwerili hopfis bifurkacia faqizi bifurkaciis 

magaliTia. katastrofuli bifurkaciisas (stabiluri) fiqsirebuli wertili uecrad 

Cndeba, uCinardeba an gauTaveblad icvlis adgilmdebareobas.  
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qvekritikuli bifurkaciis magaliTisaTvis ganvixiloT qvemoT moyvanili 

normaluri saxis gantoleba: 

 

3 5x x x x                              (B.2-5) 

 

sadac µ makontrolebeli parametria. µ<0 pirobebSi miRebuli mdgradi 

mdgomareobis Sesabamisi amonaxsni x=0 stabiluria. µ>0 pirobebSi arsebobs Semdegi 

gantolebiT mocemuli ori stabiluri mdgomareoba:  

 

1 1
1 4

2 2
x                             (B.2-6) 

 

bifurkacia vlindeba µ =0 mniSvnelobis SemTxvevaSi da stabiluri mdgomareobis 

ganlagebebi myisierad axal mdebareobebs daikavebs. 

 bifurkaciebis Sesabamisi sxvadasxva normaluri formebisa da nimuSebis 

CamonaTvalis gacnoba SesaZlebelia [Thompson da Stewart, 1986]-sa da [Abraham da 

Marsden, 1978]-Si. 

 

 

B.3 globaluri bifurkaciebi 

 

globaluri bifurkaciebi ukavSirdeba mizidulobis areebis, homoklinikuri da 

heteroklinikuri orbitebisa da mdgomareobaTa sivrcis farTomasStabian regionebTan 

gavrcelebul cvlilebebs. aseTi bifurkaciebi moicavs  me-7 TavSi aRweril wyvetasa 

da krizisebs. rodesac mdgomareobaTa sivrcis farTomasStabian areebSi gamovlenili 

qmedeba gvainteresebs, amgvari bifurkaciebis Seswavlis sxvadasxva xerxebis codnis 

aucilebloba aSkara xdeba. samwuxarod, lokaluri bifurkaciebis TeoriasTan 

SedarebiT, globaluri bifurkaciebis Teoria ufro rTulia da iSviaTadaa  

ganxiluli. homoklinikuri tangensebisa da krizisis gansakuTrebuli SemTxvevebi 

detaluradaa Seswavlili, magram zogadi klasificirebis sqema dRemde daudgenelia. 

qaosuri mimzidvelebis momcveli bifurkaciebis zogadi klasifikacia mocemulia 

[Thompson da Stewart, 1986 Tavi 13]-sa da [Wiggins, 1988]-Si. 
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danarTi C 

 

lorencis modeli 

 

C.1 Sesavali 

 

mocemul danarTSi vnaxavT, Tu rogor miiReba pirvel TavSi moyvanili lorencis 

modeli navie-stoqsisa da siTburi energiis difuziis amsaxveli gantolebebis 

meSveobiT.  rodesac fizikuri mdgomareobis aRmweri ZiriTadi gantolebebis 

analizur amoxsnas ver vaxerxebT, lorencis modelSi gamoyenebuli midgoma gviqmnis 

warmodgenas  amonaxsnebis miaxloebiTi saxiT gansazRvris Sesaxeb.  

 lorencis modeli metad mniSvnelovania arawrfivi dinamikisaTvis. samwuxarod, 

lorencis modelis gantolebebis amonaxsnTa umravlesoba mkiTxvels iseTi doziT 

aZlevs informacias, rom isini praqtikulad usargebloni xdebian, garda siTxeebis 

dinamikisa. imedia, rom mocemuli danarTis farglebSi amomwurav informacias 

mogawvdiT lorencis modelTan dakavSirebiT rogorc maTematikur miaxloebebis, ise 

fizikur arsis TvalsazrisiT.   

lorencis modeli aRwers siTxis moZraobas relei-benardis pirobebSi: 

arakumSvadi siTxe Seyvanilia ujredSi, romelsac gaaCnia SedarebiT maRali Tw 

temperatura qveda nawilSi, xolo dabali Tc temperatura ki zeda nawilSi. 

δT=Tw_Tc temperaturuli sxvaoba sistemis makontrolebeli parametria. Sesabamisi 

geometria C.1 naxazzea warmodgenili.  

 relei-benardis nakadis formalur ganxilvamde mokled mimovixiloT 

konveqciuri nakadis gamomwvevi pirobebi. uxeSad rom vTqvaT, rodesac zeda da qveda 

fenebs Soris temperaturuli gradienti sakmaod didia, siTxis moculobis elementi 

amomgdebi Zalis zemoqmedebis Sedegad zemoTken amoZravdeba, radgan igi moxvdeba 

SedarebiT dabali temperaturisa da, aqedan gamomdinare maRali simkvrivis garemoSi. 

am SemTxvevaSi mas garemosTan SedarebiT naklebi simkvrive gaaCnia.  Tu amomgdebi 

Zala sakmarisad Zlieria, maSin siTxis masa zemoT amosvlas temperaturis dacemamde 

moaswrebs (rodesac elementis masa garemoze Tbilia, igi siTbur energias garemos 

gadascems). 
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nax. C.1. lorencis modelis geometria. sistema 

usasruloa horizontaluri mimarTulebiT.  

 

 

aseT SemTxvevaSi adgili eqnebaT konveqciur dinebebs. meore mxriv, Tu amomgdebi 

Zala SedarebiT sustia, maSin elemetis temperatura mis mier didi manZilis 

gavlamde iklebs da aqedan gamomdinare, elementi praqtikulad ucvlel mdebareobas 

inarCunebs.  

 amgvari qmedeba SegviZlia raodenobrivad ganvixiloT, Tu gamoviyenebT Cven 

codnas siTxeebSi siTburi energiis difuziasTan da siblantis ZalebTan 

dakavSirebiT. warmoidgineT, rom siTxe Tavdapirvelad uZravia. Cven davadginoT, aris 

Tu ara amgvari piroba stabilurobis maniSnebeli. Tavdapirvelad viwyebT siTxis 

mcire masis ganxilviT, romelic zemoTken mcire ∆z manZiliTaa wanacvlebuli. axal 

areSi temperatura ∆T=(δT/h)∆z -iT naklebi iqneba. siTburi energiis difuziis 

gantolebaze dayrdnobiT (me-11 Tavi), temperaturis cvlilebis siCqare laplasis 

temperaturuli funqciisa da  difuziis siTburi DT koeficientis namravlis tolia. 

zemoT xsenebuli wanacvlebis Semdeg, laplasis funqciis miaxloeba aseTi iqneba: 

 

2
2

T z
T

h h

 
                               (C.1-1) 

 

siTburi relaqsaciis δtT drosaTvis  gveqneba: 

 

2
T T T

dT
t T t D T

dt
                           (C.1-2) 

 

sadac meore toloba siTburi difuziis gantolebidan gamomdinareobs. laplasis 

funqciis mimarT zemoT moyvanili miaxloebis gamoyenebis Sedegad miviRebTa: 

 

2

T
T

h
t

D
                                   (C.1-3) 

 



 669

amjerad ganvixiloT siTxis masaze moqmedi amomgdebi Zalis efeqti. amomgdebi 

Zala proporciulia siTxis masisa da elementisa da garemos simkvriveebs Soris 

sxvaobisa. es ukanaskneli, Tavis mxriv, siTburi gafarToebis α koeficientisa 

(romelic temperaturis cvlilebis erTeulze mosuli simkvrivis fardobiTi 

cvlilebaa) da ∆T temperaturuli sxvaobisadmi proporciulia. amrigad, amomgdeb 

ZalasTan dakavSirebiT gveqneba: 

 

o o

T
F p g T p g z

h

                         (C.1-4) 

 

sadac ρ0 siTxis sawyisi simkvrivea, xolo g Tavisufali vardnis aCqareba 

(dedamiwis zedapiris siaxloves g =9.8n/kg=9.8m/wm2). 

 davuSvaT, rom amomgdebi Zala siTxis blanti xaxunis Zalas awonasworebs, 

amitom elementi mudmivi vz siCqariT gadaadgildeba. ∆z manZilis gasavlelad 

smasτd=∆z/vz dro esaWiroeba. me-11 Tavis Tanaxmad, Sida xaxunis Zala siCqaris 

laplasis funqciaze gamravlebuli siTxis siblantis tolia. amrigad, blanti 

xaxunis Zalas ase warmovadgenT: 

 

2
2
z

v zF
h

                                 (C.1-5) 

 

sadac miaxloebiTi tolobis niSani vz-is laplasiianis miaxloebiT warmodgenas 

aRniSnavs. 

 Tu amomgdebi Zalis Sida xaxunis ZalasTan tolobas moviTxovT, vz-is 

gamosaxva Semdegnairad moxdeba: 

 

o
z

gh T
z

 


                          (C.1-6) 

 

maSin wanacvlebis dro mocemuli iqneba  

 

d
o gh T


 

                          (C.1-7) 

 



 670 

sawyisi arakonveqciuri mdgomareoba stabiluria, Tu siTburi difuziis dro 

wanacvlebis droze mcirea. Tu siTburi difuzia ufro didxans mimdinareobs, maSin 

siTxis masa kvlav zemoT mimarTuli Zalis zemoqmedebas ganicdis da konveqciac 

gagrZeldeba. siTburi difuziisa da wanacvlebis droebis fardoba mniSvnelovani 

maxasiaTebelia. am fardobas releis R ricxvi ewodeba da mas Semdegi forma gaaCnia: 

 

3
o

T

gh T
R

D

 


                          (C.1-8) 

 

relei-benardis konveqciisaTvis releis ricxvi ZiriTadi parametria, magram 

konveqciis dawyebisas misi realuri mniSvnelobis misaRebad ufro detaluri 

gamoTvlebis Catarebaa saWiro. 

 

C.2. navie-stoqsis gantolebebi 

 

zemoT moyvanili geometria gvaZlevs SesaZleblobas davuSvaT, rom siTxis nakadi 

organzomilebiania. amrigad, siTxis siCqaris mxolod x (horizontaluri) da z 

(vertikaluri) mdgenelebis ganxilva gvesaWiroeba. maTi Sesabamisi navie-stoqsis 

gantolebebi aseTia  (ixileT me-11 Tavi): 

 

2

2

z
z z

x
x x

p
grad g

t z
p

grad
t x

     

    

 
      

 
 

     
 




              (C.2-1) 

 

 sadac ρ siTxis simkvrivea, p - wneva, xolo µ siTxis siblantea. aRsaniSnavia, 

rom simZimis Zala mxolod z mdgenelis Sesabamis gantolebaSi iCens Tavs.  

 siTxis T temperatura siTburi difuziis gantolebis meSveobiT Semdegnairad 

gamoisaxeba (ixileT me-11 Tavi):   

 

2
T

T
grad T D T

t


   



                      (C.2-2) 
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sadac DT siTburi difuziis koeficientia.  

 stabilur arakonveqciur mdgomareobaSi (rodesac siTxe uZravia) temperatura 

qvemodan zemoT wrfivi saxiT icvleba: 

 

( , , ) w

z
T x z t T T

h
                        (C.2-3) 

 

Cven yuradRebas gavamaxvilebT τ(x,z,t) funqciaze, romelic wrfivobidan 

temperaturis gadaxris xasiaTs gvamcnobs: 

 

( , , ) ( , , ) w

z
x z t T x z t T T

h
                     (C.2-4) 

 

 (C.2-4) gamosaxulebis (C.2-2) gantolebaSi Casmis Sedegad τ daakmayofilebs 

Semdeg gantolebas: 

 

2
z T

T
grad D

t h

    
    




                (C.2-5)  

 

Cven amjerad gasaTvaliswinebeli gvaqvs siTxis simkvrivis cvlileba 

temperaturis cvlilebasTan erTad. warmovadginoT siTxis simkvrive Semdegi mwkrivis 

meSveobiT: 

 

( ) ( ) ...o wT T T
T

  
   


                (C.2-6) 

 

sadac ρ0 warmoadgens Tw-s Sesabamis simkvrives.  

SemoviyvanoT siTburi gafarToebis α koeficienti, romelic Semdegnairad 

ganisazRvreba:  

 

1

o T





 


                           (C.2-7) 
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Tu T_Tw-s ganvsazRvravT (C.2-4) gamosaxulebis meSveobiT, simkvrivis 

temperaturis mixedviT cvlileba SegviZlia ase CavweroT: 

 

( ) ( , , )o o

z
T T x z t

h
          

                 (C.2-8) 

 

siTxis ρ simkvrive navier-stouqsis gantolebaTa sxvadasxva wevrebSi Sedis. 

siTxeTa dinamikaSi farTod gamoyenebuli busineskis miaxloeba gvamcnobs, rom 

simkvrivis cvalebadobis ugulebelyofa yovel wevrSia SesaZlebeli, garda simZimis 

Zalis Semcveli wevrisa. amgvari miaxloebis safuZvelze (C.2-1) sistema vz-s mimarT 

Caweril gantolebas Semdeg saxemde daiyvans: 

 

2( , , )

z
o o Z o o

o z

z p
grad g g T

t h z

g x z t

       

    

 
     

 
  


          (C.2-9) 

 

 

rodesac siTxis konveqcia ar mimdinareobs, gantolebis marjvena nawilis pirveli 

sami wevri nulis tolia. amrigad, Semogvaqvs efeqturi wnevis gradienti, romelsac 

siTxis uZraobisas nulovani mniSvneloba gaaCnia: 

 

2

2o o

o o

z T
p p gz g

h
p p z

g g T
z z h

  

   

   

 
  

 

                   (C.2-10) 

 

efeqturi wnevis gradients navie-stoqsis gantolebebSi viyenebT da ρ0-ze gayofis 

Sedegad vRebulobT: 

 

2

2

1

1

z
z z

o

z
x x

o

v p
grad g v

t z

v p
grad v

t z

   


  


 
      

 
 

     
 




               (C.2-11) 
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sadac v=µ/ρ0 e.w. kinematikuri siblantea. 

 

C.3 uganzomilebo cvladebi 

 

lorencis modelis Semdegi etapi uganzomilebo cvladebis meSveobiT navie-

stoqsis (C.2-11) gantolebis SedgenaSi mdgomareobs.  uganzomilebo cvladebis 

gamoyenebis saSualebiT Cans, Tu romeli parametrebis kombinaciaa mniSvnelovani 

sistemis qmedebis gansazRvrisTvis. amasTan erTad, h simaRlis, δT temperaturuli 

sxvaobis da a.S. garkveul ricxviT mniSvnelobebze damokidebulebas ugulebelvyofT 

da vamartivebT gantolebebis ricxviTi amoxsnis process.  

 Tavdapirvelad Semogvyavs  drois  uganzomilebo t' cvladi:  

 

2
TD

t t
h

                             (C.3-1) 

 

[(C.1-3) gantolebidan da me-11 Tavidan gavixsenoT, rom h2/DT fardoba h manZilze 

siTburi difuziis tipuri droa]. aseve Semogvaqvs manZilisa da temperaturis 

uganzomilebo cvladebi: 

 

x z
x z

h h T




                           (C.3-2) 

 

manZilis da temperaturis uganzomilebo cvladebis gamoyenebiT uganzomilebo 

siCqaris gansazRvrasac SevZlebT. magaliTad, uganzomilebo siCqaris x mdgeneli 

iqneba: 

 

' T
x x

Ddx

dt h
 


 


                       (C.3-3) 

 

axali cvladebis daxmarebiT SesaZlebelia laplasis operatoris gamosaxvac:  

 

2 2 2h                             (C.3-4) 
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Tu axal cvladebs navie-stoqsis (C.2-11) gantolebaSi CavsvamT da maT h3/(vDT)-ze 

gavamravlebT, miviRebT 

 

2

3
2 '

T z
z

T o

z
T

D h p
grad

v t vD z

Tgh

vD

  


  

            

  



             (C.3-5) 

 

2
2xT

x x
T o

D h p
grad

v t vD x

   


              


            (C.3-6) 

 

gantolebebSi Tavs iCens parametrTa garkveuli uganzomilebo fardobebi. 

prandtlis σ ricxvi kinematikuri siblantisa da siTbur difuziis koeficientebis 

fardobas gvaZlevs: 

  

T

v

D
                              (C.3-7) 

 

prandtlis ricxvi zomavs SedarebiT siblantis fardobiT mniSvnelobas siTbur 

difuziasTan SedarebiT. prandtlis ricxvi wylisaTvis oTaxis temperaturaze 

daaxloebiT 7-is tolia.  

releis R ricxvi asaxavs balanss siTxis elementis zemoTken moZraobis 

tendenciasa da siTburi difuzias Soris. igi formalurad ase ganisazRvreba: 

 

3

T

gh
R T

v D

                          (C.3-8) 

 

releis ricxvi ujredis qveda da zeda nawilebs Soris temperaturuli sxvaobis 

uganzomilebo sazomia. reili-benardis eqsperimentTa umravlesobaSi reilis ricxvi 

temperaturuli sxvaobis cvlilebis  mixedviT damyarebuli makontrolebeli 

parametria.   

 dabolos, SemoviyvanoT wnevis uganzomilebo П cvladi: 
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2

o T

p h

v D


                                (C.3-9) 

 

Semdeg viyenebT yvela uganzomilebo sidides navie-stoqsis gantolebebisa da 

siTburi difuziis gantolebis Casawerad, sadac meti simartivisTvis ′ simboloebi ar 

gamogviyenebia (gaxsovdeT, rom yoveli cvladi uganzomileboa): 

 

2

2

2

1

1

z
z z

x
x x

z

grad R
t z

v
grad

t x

grad
t

    


  


    

          
         


    








              (C.3-10) 

 

unda aRiniSnos, rom uganzomilebo cvladebisa da parametrebis SemoRebiT Cven 

arc gantolebebis fizikuri Sinaarsi Segvicvlia da arc raime tipis maTematikuri 

miaxloebebi Semogvitania. 

 

C.4 nakadis funqcia 

 

me-11 Tavis mixedviT, organzomilebiani nakadisTvis SegviZlia yovelgvari 

informaciis Semcveli Ψ(x,z,t) nakadis funqciis SemoReba. siTxis siCqaris 

komponentebi miiReba nakadis funqciis kerZo warmoebulebis meSveobiT: 

 

( , , ) ( , , )
x z

x z t x z t

z x
  

  
 

               (C.4-1) 

 

(Cven SegviZlia siCqaris romelime komponentis win `_~ niSnis dasma. niSnis arCeva 

lorencis modelSi pirobiT xasiaTs atarebs). Semdeg nakadis funqcias viyenebT 

siTburi difuziis gantolebaSi: 

 

2

t z x x z x

        
    

     
                (C.4-2) 
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romelSic grad wevri gaSlili saxiTaa warmodgenili (maTematikuri codnis mqone 

mkiTxveli albaT mixvda, rom wina gantolebis marcxena nawilSi mdgomi ori Sua 

wevri x da z cvladebze damokidebuli Ψ da τ funqciebis iakobianis 

determinantebia). 

 siTxis nakadis gantolebebi nakadis funqciis safuZvelzec  SegviZlia 

CavweroT. vz–is mimarT Cawerili gantoleba Semdegi saxisaa: 

 

2 2 2
2

2

1
R

t x z x x z z x



          

               
          (C.4-3) 

 

xolo vx  gantoleba Semdegi saxisaa:  

 

2 2 2
21

t z z x z x z x x z
          
                

            (C.4-4) 

 

Tu (C.4-3) gantolebaze vimoqmedebT ∂/∂x-s operatoriT da movaxdenT mis 

gamoklebas ∂/∂z-iT aRebuli(C.4-4) gantolebidan, wnevis wevrebi gabaTildeba da 

miviRebT: 

 

2 2 2 2
2

2 2

4

1
( )

t z z x z x z x z x x z x

R
x





                  
                          


  



     (C.4-5) 

 

 (C.4-2) da (C.4-5) gantolebebi moicavs amomwurav informacias siTxis nakadis 

Sesaxeb. 
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C.5 furies mwkrivebi, galerkinis procedura da sasazRvro pirobebi 

 

cxadia, Cveni modeluri sistemis amsaxveli diferencialuri gantolebebis 

amoxsna urTulesi amocanaa. kerZowarmoebuliani diferencialuri gantolebebis 

amoxsnis Cveulebrivi praqtika mdgomareobs iseTi amonaxsnebis povnaSi, romlebic 

x,z,t damoukidebeli cvladebidan mxolod erT-erTze damokidebuli funqciebis 

namravlis saxiT SeiZleba Caiweros. vinaidan SerCeuli gvaqvs marTkuTxa geometria, 

arsebobs Semdegi tipis amonaxsnis miRebis SesaZlebloba:  

 

,

,

( , , ) { cos sin }

{ cos sin }

m nt
m m m m

m n

n n n n

x z t e A z B z

C x D x

  

 

  

 


               (C.5-1) 

 

sadac λ-ebi furies sivrculi modebis Sesabamisi talRis sigrZeebia, xolo ωmn - 

Sesabamisi sixSireebia. rasakvirvelia, τ temperaturis cvladTan dakavSirebiT 

arsebobs analogiuri gantoleba (danarTi A).  

 me-11 TavSi vnaxeT, rom Cveulebrivi diferencialuri gantolebebis sistemis 

Sedgenis standartuli procedura sawyisi kerZowarmoebuliani diferencialuri 

gantolebebis  sinusisa da kosinusis funqciebis saxiT warmodgenaSi gamoixateba. es 

procedura Cveulebrivi diferencialuri gantolebebis usasrulo simravles 

gvaZlevs. progresis mizniT unda movaxerxoT gantolebebis usasrulo simravlis 

zRvrul simravlemde dayvana. Sekvecis amgvar process galiorkinis procedura 

ewodeba.  

 lorencis modelis SemTxvevaSi veZebT nakadis funqciisa da temperaturuli 

gadaxris funqciis damakmayofilebel sasazRvro pirobebs da Semdeg virCevT am 

pirobebis damakmayofilebeli sinusebisa da kosinusebis Semcveli wevrebis zRvrul 

simravles. amgvari gabaTilebis winaswar gansazRvra rTulia, magram gantolebebis 

SedarebiT didi simravlis ricxviTi amonaxsnebi mianiSnebs (SAL62), rom gabaTilebis 

forma parametrebis mniSvnelobebis zRvrul diapazonSi dinamikis umetes nawils 

moicavs.  

 temperaturuli gadaxris funqciasTan dakavSirebuli sasazRvro pirobebi 

martivia. rodesac wrfivi temperaturis gradients τ simboloTi aRvniSnavT, xolo 

ujredis zeda da qveda nawilebSi temperaturebi fiqsirebulia, maSin gveqneba    
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    0 0,1z                               (C.5-2) 

 

nakadis funqciis SemTxvevaSi, upirveles yovlisa, siCqaris mdgenelebTan 

dakavSirebul sasazRvro pirobebs vadgenT. vaxdenT daSvebas, rom zeda da qveda 

zedapirebze vz -is mdgeneli nulis tolia. agreTve vuSvebT, rom zeda da qveda 

zedapirebze wanacvlebis Zala ar arsebobs. me-11 TavSi vnaxeT, rom es Zalebi 

siCqaris tangensuri mdgenelis gradientis mimarT proporciulia, amitom  z=0 da 

z=1 mniSvnelobebisaTvis gadavdivarT ∂vx/∂z=0 pirobaze. lorencis modelTan 

dakavSirebiT, es pirobebi nakadis funqciisa da temperaturis gadaxris funqciisTvis 

Semdegi daSvebis Tanaxmad sruldeba: 

 

1 2

( , , ) ( ) ( )sin( )sin( )

( , , ) T ( )sin( )cos( ) T ( )sin(2 )

x z t t t z ax

x z t t z ax t z

 
  

   
 

               (C.5-3) 

 

sadac saZiebelia a parametri. funqciebis aseTi arCevani ara mxolod sasazRvro 

pirobebs akmayofilebs, aramed sagrZnoblad amartivebs miRebul gantolebebs.  

 nakadis Ψ funqciis sivrciTi nawilis forma siTxis konveqciis dawyebisas 

arsebuli konveqciuri rgolebis modelirebas axdens. (C.4-1) temperaturis gadaxris 

funqcia forma ori nawilisgan Sedgeba. pirveli T1 nawili konveqciuri ujredis 

zeda da qveda moZrav nawilebs Soris temperaturul sxvaobas iZleva, xolo meore 

T2 nawili ki gviCvenebs temperaturis wrfivobidan gadaxras konveqciuri ujredis 

centris Sesabamisi  z funqciis saxiT (T2 wevris win `_~ niSani isea SerCeuli, rom 

T2  dadebiTia: siTxis temperatura Tw-sa da Tc-s Soris unda meryeobdes)  

 

C.6 lorencis gantolebebis saboloo forma 

amjerad (C.4-2) da (C.4-5) gantolebebSi CavsvamT nakadisa da temperaturis 

gadaxris funqciaTa gamosaxulebebs. Sedegad wevrTa umravlesoba gamartivdeba. 

magaliTad, gveqneba: 

 

2 2 2

4 2 2 2

( )

( )

a

a





     

     
                       (C.6-1) 
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Sedegad miviRebT, rom gradvv  wevrebTan dakavSirebuli zogierTi rTuli 

gantoleba aRar iarsebebs da dagvrCeba: 

 

2 2
1

2 2 2

( )
( )sin sin T ( )sin sin

( ) ( )sin sin

d t
a z ax R t z ax

dt

a t z ax

    

   

   

 
         (C.6-2) 

mokled SegviZlia ase CavweroT: 

2 2
12 2

( )
T ( ) ( ) ( )

d t R
t a t

dt a

    


  


                (C.6-3) 

 

temperaturis gadaxris gantoleba odnav ufro rTulia. igi Semdeg formas 

Rebulobs: 

 

2 2
1 1 1

2
2

1

1

2

T sin cos T sin 2 ( )T sin cos

4 T sin 2 sin cos

[ cos sin ][ T sin sin ]

[ sin cos ][ T cos cos ]

[ sin cos ][2 T cos 2 ]

z ax z a z ax

z a z ax

z ax a z ax

a z ax z ax

z ax z

   

   

 
   
   

  

 

 



  


            (C.6-4) 

 

Tavdapirvelad sin π z cosax-is Semcvel yvela wevrs erTad davajgufebT. (C.6-4) 

gantolebis wevrTagan ukanaskneli aris 2aπΨT2sinπ z cos2π z. standartuli 

trigoniometriuli igiveobebis gamoyenebiT es wevri sinusebisa da kosinusebis 

Semdegi kombinaciebis saxiT SeiZleba daiweros: (_1/2sinπ z + 1/2sin3π z). sin3πz 

gadavagdebT imis gamo, ro mas ufro maRali rigis sivrculi damokidebuleba gaaCnia, 

vidre amas Cveni daSveba iTvaliswinebs. amis Semdeg (C.6-4) gantolebis sin π z cosax-

is Semcveli koeficientebis gatolebis gziT miviRebT: 

 

2 2
1 1 2T ( )T Ta a a                        (C.6-5) 

 

temperaturuli gadaxris gantolebis danarCeni wevrebi sin2π z koeficientzea 

gamravlebuli. koeficientTa gatolebis Sedegad kvlav miviRebT: 

 

2
2 1 2T T 4 T

2

a                           (C.6-6) 
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lorencis gantolebebis standartuli formis misaRebad cvladebis Secvlis 

mciremasStabian operacias vanxorcielebT. Tavdapirvelad axali t'''=( π2+a2)t' cvladis 

Semoyvanis gziT drois cvlads kidev erTxel SevcvliT, Semdeg ki aseTi saxis 

Canacvlebebs ganvaxorcielebT:  

 

2 2

1

2

( ) ( )
( ) 2

( ) T ( )
2

( ) T ( )

a
X t t

a

r
Y t t

Z t r t

 













                      (C.6-7) 

 

sadac r e.w. releis dayvanili ricxvia: 

 

2

2 2 3( )

a
r R

a 



                       (C.6-8) 

 

aseve Semogvaqvs axali b parametri: 

 

2

2 2

4
b

a







                         (C.6-9) 

 

yvela Canacvlebisa da prandtlis σ ricxvis  p-Ti Secvlis Sedegad lorencis 

miviRebT gantolebebis standartul formas: 

 

( )X p Y X

Y rX XZ Y

Z XY bZ

 

  

 





                        (C.6-10) 

 

zemoT moyvanil gamartivebebSi igulisxmeba, rom lorencis modeli x 

mimarTulebiT 2π/a talRis sigrZis mqone mxolod erTi sivrculi formisTvisaa 

daSvebuli. radgan zeda da qveda firfitebs Soris temperaturuli sxvaobis 

sagrZnob zrdasTan erTad siTxis realuri moZraoba SedarebiT rTul struqturul 
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formas iRebs, maSin dinamikasTan dakavSirebuli lorencis gantolebebi modelad 

aRar gamogvadgeba.  

 aseve unda aRiniSnos, Tu sad iCens Tavs arawrfivoba lorencis modelSi. 

(C.6-10) gantolebidan Cans, rom arawrfivi mxolod XZ da XY wevrebia. es siTxis 

moZraobasa (nakadis funqciisadmi proporciuli X) da temperaturis gadaxras (T1-Tan 

da T2 -Tan proporciul damokidebulebaSi myofi Y da Z) Soris kavSirs gviCvenebs. 

lorencis modeli sivrciTi formis funqciebis SerCevis gamo navie-stoqsis 

gantolebebi Cveulebriv gradvv   arawrfiv wevrebs aRar Seicavs.  

 

 

C.7 arakonveqciuri mdgomareobis stabilurobis analizi 

 

a parametri arakonveqciuri mdgomareobis stabilurobasTan dakavSirebiT 

pirobebis Semowmebis gziT ganisazRvreba. arakonveqciuri mdgomareobis SemTxvevaSi 

Ψ=0 da τ=0, rac Seesabameba X,X,Z=0 pirobas. Tu x-s, y-sa da z-s am fiqsirebuli 

wertilis maxloblad X-iT, Y-iTa da Z-iT gamovsaxavT da lorencis gantolebebidan 

yovel arawrfiv wevrs gadavagdebT, fiqsirebuli wertilis midamoSi sistemis 

dinamika Semdegi wrfivi diferencialuri gantolebebis meSveobiT iqneba 

modelirebuli:  

 

( )x p x y

y rx y

z bz

 
 
 





                          (C.7-1) 

 

 

SeniSneT, rom rodesac b parametri dadebiTia, z(t) eqsponencialurad mcirdeba. 

amrigad, mxolod  x da y gantolebebis gaTvaliswineba gvesaWiroeba. CvenTvis ukve 

cnobili 3.11 paragrafis Sedegebis gamoyenebiT Cans, rom arakonveqciuri fiqsirebuli 

wertili arastabiluri xdeba r>1 pirobebSi. releis sawyis ricxvze dabrunebis 

Sedegad gveqneba Semdegi piroba:  

 

2 2 3

2

( )a
R

a

 
                         (C.7-2) 
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a parametris mniSvnelobas ise virCevT, rom igi konveqciis dawyebisas releis 

umcires ricxvs gvaZlevdes. sistema talRis 2π/a sigrZes releis umcires SesaZlo 

ricxvze konveqciis formis SesabamisobaSi moyvanis gziT irCevs. es piroba gvaZlevs 

a=π/√2. amrigad, R=27π4/4 releis is ricxvia, romelzec konveqcia iwyeba. b 

parametri lorencis modelis analizTa umravlesobaSi gamoyenebuli 8/3-is tolia. 
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danarTi D 

 

qaosis kvlevasTan dakavSirebuli perioduli 

gamocemebi 

 

ganxilva 

 

arawrfivi dinamikisa da qaosisisadmi miZRvnili publikaciebi mecnierebisa da 

teqnologiis TiTqmis yvela sferos amsaxvel JurnalSi  gvxvdeba. aq mogvyavs im 

Jurnalebis saxelwodebebis CamonaTvali, romlebSic arawrfiv sistemebsa da maT 

analizTan, aseve arawrfiv dinamikaSi arsebul problemebTan dakavSirebul mraval 

naSroms gaecnobiT. maTi mopoveba TiTqmis yvela kolejisa Tu universitetis 

samecniero biblioTekaSia SesaZlebeli.  
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danarTi E 

 

kompiuteruli programebi 

 

E.1 zogadi komentarebi 

 

mocemuli danarTi moicavs sam martiv kompiuterul programas. pirveli maTganis 

meSveobiT xdeba lojistikur asaxvasTan dakavSirebuli traeqtoriis wertilebis 

daTvla da Semdeg maTi grafikulad gamosaxva iteraciaTa rigis funqciis saxiT. 

meore programa agebs bifurkaciul diagramas lojistikur asaxvasTan dakavSirebiT. 

Tqven SegiZliaT parametrisa da x cvladis mniSvnelobaTa diapazonis SerCeva. mesame 

programa warmogvidgens grafikuli iteraciis meTods. qvemoT aseve moyvanilia 

kompiuteris monitorze gamotanili Setyobinebebi.  

 programebi QuickBasic enazea Sedgenili, magram isini sxva enebsac advilad 

miesadagebian. gamoTvlebi sakmaod martivia. komentarebs ' simbolo axlavs da 

kompiuteri maT ar iTvaliswinebs. 

 

E.2 traeqtoriis wertilebis gamoTvlisa da maTi grafikulad gamosaxvis 

programa lojistikuri asaxvisaTvis 

 

(SeniSvna: programirebis dros komentarebi SegviZlia CavweroT mxolod inglisur 

enaze! gTxovT gaiTvaliswinoT es garemoeba yvela kompiuterul programaSi! – b. k.) 

 

' asaxvis funqciaa X= AX (1_X). 

CLS: ' gaasufTaveT ekrani 

 

' SearCieT ekranis forma da ferebi 

SCREEN 11: VGA640x480 grafika, teqsti moicavs 80 svetsa da 30 rigs 

CNUMW = 65536*63+256*63+63: ' gvaZlevs mkafio TeTrs 

CNUMB = 0:  ' gvaZlevs Savs 

PALETTE 0, CNUMW: ' gvaZlevs TeTr fons 

PALETTE 1, CNUMW: ' gvaZlevs Sav teqstsa da zolebs 
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' survilis SemTxvevaSi SCREEN 12 ferebis SerCevis met saSualebas gvaZlevs. 

' beWvdiTi informacia momxmareblisTvis 

PRINT  `es programa lojistikuri asaxvisaTvis traeqtoriis wertilebs iTvlis 

da grafikulad gamosaxavs.~ 

PRINT  

PRINT  `asaxvis funqciaa X=A*X* (1_X)~  

PRINT 

PRINT  `Tqvengan moiTxoves A parametris mniSvneloba (0< A <4)~  

PRINT `da x-is sawyisi mniSvnelobisTvis (0< x <1)~ 

PRINT  `da gamosaTvleli da grafikulad asagebi wertilebis raodenobisaTvis.~ 

PRINT 

PRINT  `daaWireT nebismier Rilaks procesis gagrZelebisTvis.~  

' es aris lodinis cikli 

 

cbase: A$=INKEY$: IFA$="" THEN GOTO cbase 

CLS: ' gaasufTaveT ekrani 

kvlav: ' programa ganmeorebiT warmodgenas ubrundeba 

CLS0: ' sruliad gaasufTaveT ekrani teqstisa da grafikebisgan 

LOCATE 1, 1: ' daabruneT kursori ukan, ekranis marcxena zeda nawilSi 

AIN: INPUT "A-s mniSvneloba (0< A <4)~; A 

Tu A<0 an A>4, maSin GOTO AIN ' SeamowmeT A-s diapazoni 

XIN: INPUT  ~x-is sawyisi mniSvneloba (0< x <1)~; xi 

Tu x<0 an x>1 maSin GOTO XIN ' SeamowmeT x-is diapazoni 

INPUT ~gamosaTvleli da grafikulad asagebi wertilebis raodenoba~; NP 

x = xi: gamoiyeneT x-is sawyisi mniSvnelobis saxiT 

INPUT ~dauSviT gardamavali procesis ararseboba [y an n]~; T$ 

Tu T$="y" an T$="Y" maSin  

I= 1-dan 200-mde ' gardamavali procesebisgan Tavis daRweva 

x= A*x* (1_x): ' lojistikuri asaxvis funqcia 

NEXT I: gardamavali procesis molodinis dasasruli 

da Tu 

J=1-dan NP-mde ' aRbeWdeT Semdegi NP wertilebi ekranze 

x= A*x* (1_x): ' lojistikuri asaxvis funqcia 
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PRINT J, x 

NEXT J: aRbeWdvis molodinis dasasruli 

' komentarebi: Semdegi paragrafi QuickBasic-is grafikul brZanebebs _ VIEW, 

WINDOW, LINE da PSET iyenebs. Basic-is gansxvavebul versiebsa da sxva enebze 

gadasvlisas, maTi Secvla SeiZleba dagvWirdes. brZaneba LOCATE uSvebs, rom ekranze 

simboloebis  80 svetsa da 30 rigs viyenebT.  

 

' momxmareblisgan moiTxoveT wertilebis grafikulad gamosaxva: 

INPUT ~gamosaxeT [y an n]~; B$  

Tu  B$="y" an B$="Y" maSin CLS0: 

' waSaleT mTliani teqsti da grafika 

VIEW (1,1)-(639,439): ' grafikisTvis daadgineT analizis wertili 

WINDOW (0,0)-(NP, 1): ' grafikuli gamosaxvisTvis daadgineT koordinatebi 

LINE (0,0)-(NP, 1), ,B: 'daxateT ujredi 

'daxateT saxeloebis nakerebi  

J=1-dan NP-mde dakavSirebiT:  

LINE (J,0)-(J, .05)  

NEXT J:  

LOCATE 30, 40: aRbeWdeT `ganmeorebis ricxvi~ 

LOCATE 2, 2:  aRbeWdeT  "X           A="; A;  

Tu T$="N" an T$="n" maSin x=xi: 

' Tavidan mohyeviT gardamavali procesis dasanaxad 

 

(0, x): ' aageT pirveli wertili 

J=1-dan NP -mde dakavSirebiT 

x= A*x* (1_x) 

LINE-(J,x): ' gaavleT monakveTi Semdeg wertilamde 

NEXT J 

da Tu 'axla dabeWdeT meTodivnilebi momxmareblis momaval qmedebebTan 

dakavSirebiT 

LOCATE 30, 1: PRINT ~daaWireT r-s ganmeorebisaTvis. daaWireT q-s gasvlisaTvis. 

'daelodeT moTxovnas 

aq: A$=INKEY$: IFA$="" THEN GOTO Here 
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Tu A$="q" an A$="Q" THEN GOTO qbase 

Tu A$="r" an A$="R" THEN GOTO again 

qbase: 'miatove programa 

dasasruli 

 

 

 

nax. E.1. programirebis grafikuli Sedegi lojistikuri asaxvisaTvis. aq A=3.5 da 

x0=0.1sawyisi gardamavali stadiis dasrulebis Semdeg qmedeba Seesabameba periodi-4-s. 

 

E.3.  BIFUR, bifurkaciuli diagramis amgebi programa lojistikuri asaxvisaTvis  

'asaxvis funqciaa X=A*X* (1_X)~ 

' gaasufTaveT ekrani da akrifeT moTxovnebi 

CLS0 

PRINT `es programa lojistikuri asaxvisaTvis gaorebis diagramas hqmnis~ 

PRINT 

PRINT `Tqven mogeTxovebaT parametris mniSvnelobebis diapazoni~ 

PRINT `da x-is mniSvnelobebis diapazonisaTvis (vertikaluri seqcia).~ 

PRINT `daaWireT nebismier Rilaks procesis gagrZelebisaTvis.~  

abase: A$=INKEY$: IFA$="" THEN GOTO abase: ' lodinis cikli 

 

' SearCieT ekranis forma da ferebi 

SCREEN 11: VGA640x480 grafika, teqsti moicavs 80 svetsa da 30 rigs 

CNUMW = 65536*63+256*63+63: ' gvaZlevs mkafio TeTrs 

CNUMB = 0:  ' gvaZlevs Savs 
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PALETTE 0, CNUMW: ' gvaZlevs TeTr fons 

PALETTE 1, CNUMW: ' gvaZlevs Sav teqstsa da zolebs 

' survilis SemTxvevaSi SCREEN 12 ferebis SerCevis met saSualebas gvaZlevs. 

rbase: ' aq dabrundiT programis ganmeorebisaTvis 

CLS0: ' gaasufTaveT ekrani 

' moiTxoveT A -sa da x-is diapazonebi 

INPUT "A-s sawyisi mniSvneloba A (0<A<4)~; AI 

INPUT "A-s saboloo mniSvneloba A (0<A<4)~; AF 

PRINT 

INPUT  `unda aigos x-is mcire mniSvnelobis grafiki (0<x<1)~; XL 

INPUT  `unda aigos x-is mcire mniSvnelobebidan udidesis grafiki (0<x<1)~; XU 

PRINT 

PRINT  `rCeva: aageT NP=50/(XU_XL) wertilebi.~ 

PRINT 

INPUT  `A-s TiToeuli mniSvnelobisaTvis grafikis asagebad wertilebis ricxvi~; 

NP  

CLS0: ' gaasufTaveT ekrani 

' daadgineT analizis wertili aRniSvnebisaTvis sivrcis miniWebiT 

 

' komentarebi: Semdegi seqcia QuickBasic-is grafikul brZanebebs _ VIEW, 

WINDOW, LINE da PSET moixmars.  Basic-is gansxvavebul versiebsa da sxva enebze 

gadasvlis dros, maTi Secvla SeiZleba dagvWirdes. brZaneba LOCATE dauSvebs, rom 

ekranze simboloebis  80 svetsa da 30 rigs viyenebT.  

 

' daadgineT xedvis sivrce grafikebisaTvis  

VIEW (50,0)-(639,479) 

' daadgineT fanjara RerZebiT XL-sa da XU-s Soris  

WINDOW (AI,XL)-(AF, XU)  

' daxazeT ujredi 

LINE (AI,XL)-(AF, XU), , B 

' grafikisaTvis gaakeTeT aRniSvnebi 

LOCATE 5, 1: PRINT `X~ 

LOCATE 28, 1:  PRINT `XL~; 
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LOCATE 1,1: PRINT XU; 

LOCATE 29,40: PRINT `A~; 

LOCATE 29,3: PRINT AI; 

LOCATE 29,80: PRINT - LEN(STR$(AF)): PRINT AF; 

' akrifeT informacia samoqmedo RilakebiT 

LOCATE 30,1: PRINT ~daaWireT r-s ganmeorebisaTvis. daaWireT q-s gasvlisaTvis. 

' axla gamoTvaleT traeqtoriebi da aageT diagrama 

K=0-dan 639-mde dros 'ekranze gamoiyeneT 640 biji 

A=AI+(AF_AI)* K/639: 'parametris realuri mniSvneloba 

X=.2: 'sawyisi mniSvneloba 

I= 1-dan 200-mde dros: ' gardamavali procesebisagan Tavis daRweva 

X= A*X* (1_X) 

NEXT I: gardamavali procesis molodinis dasasruli 

J=1-dan NP -mde dros: ' aRbeWdeT Semdegi NP wertilebi ekranze 

X= A*X* (1_X) 

PY=X 

PSET (A, PY) 

NEXT J: grafikis agebis molodinis dasasruli 

' daaWireT Rilaks 

A$=INKEY$ 

Tu A$="q" an A$="Q" an A$="r" an A$="R" THEN EXIT FOR 

'  moeSviT lodins, Tu aqtiuri Rilaki qmedebaSia  

NEXT K: ' parametris mniSvnelobis lodinis dasasruli  

'Semdegi moqmedebisaTvis gadawyvetilebis miReba 

Tu A$="q" an A$="Q" THEN END 

Tu A$="r" an A$="R" THEN GOTO rbase 

HERE: A$=INKEY$: Tu A$="" THEN GOTO HERE 

'survilis SemTxvevaSi daicadeT ekranis gadasaRebad 

Tu A$="r" an A$="R" THEN GOTO rbase 

dasasruli 
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E.4 asaxvis funqciaTa grafikuli iteraciebis gamomsaxveli programa 

 

es programa ganmeorebadi asaxvis funqcias QuickBasic-is FUNCTION  operatoris 

meSveobiT gansazRvravs imgvarad, rom asaxvis sxva funqciebis Canacvleba advili 

SesaZlebelia. A kontrolis parametria, xolo x iteraciis cvladi.  

 

DECLARE FUNCTION MF! (A!, x!) 

DECLARE SUB Waitsub (A$) 

'asaxvis funqciis grafiks agebs da ganmeorebiTi sqemis grafikul versiaSi aRwevs 

'asaxvis funqcia MF(A,x) funqciaSia gansazRvruli 

'daadgineT grafikuli ekrani 

'daadgineT ekranis forma da ferebi 

SCREEN 11: VGA640x480 grafika, teqsti moicavs 80 svetsa da 30 rigs 

 

CNUMW = 65536*63+256*63+63: ' gvaZlevs mkafio TeTrs 

CNUMB = 0:  ' gvaZlevs Savs 

PALETTE 0, CNUMW: ' gvaZlevs TeTr fons 

PALETTE 1, CNUMW: ' gvaZlevs Sav teqstsa da zolebs 

' survilis SemTxvevaSi SCREEN 12 ferebis SerCevis met saSualebas gvaZlevs. 

CLS0: ' gaasufTaveT ekrani 

' gauSviT pirveli meTodivnili 

PRINT "es programa lojistikur asaxvas grafikulad imeorebs~ 

PRINT "nabij-nabij~ 

PRINT  

PRINT "yoveli nabijis Semdeg, programa Cerdeba. daaWireT nebismier Rilaks 

Semdeg nabijze gadasvlisaTvis~ 

PRINT 

PRINT  ~daaWireT nebismier Rilaks procesis gagrZelebisaTvis.~  

cbase: A$=INKEY$: IFA$="" THEN GOTO cbase: daelodeT 

 

rbase: ' dabrundiT aq programis ganmeorebisaTvis 

CLS0: ' gaasufTaveT ekrani 

' SeiyvaneT parametris mniSvneloba da x-is sawyisi mniSvneloba 
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INPUT "A parametri (0<A<4)~; A 

Tu A<0 an A>4 maSin GOTO rbase ' SeamowmeT mniSvnelobebis diapazoni 

 

 

 

nax. E.2. programa BIFUR-iT Sedgenili gaorebis tipuri diagrama 

 

 

PRINT 

dbase: INPUT  ~sawyisi x (0<x<1)="; XI 

Tu x<0 an x>1 THEN GOTO dbase:  ' SeamowmeT mniSvnelobebis diapazoni 

CLS0: ' gaasufTaveT ekrani 

 

' komentarebi: Semdegi seqcia QuickBasic-is grafikul brZanebebs _ VIEW, 

WINDOW, LINE da PSET moixmars.  Basic-is gansxvavebul versiebsa da sxva enebze 

gadasvlis dros, maTi Secvla SeiZleba dagvWirdes. brZaneba LOCATE dauSvebs, rom 

ekranze simboloebis  80 svetsa da 25 rigs viyenebT.  

 

' daadgineT analizis wertili aRniSvnebisaTvis sivrcis miniWebiT 

 

VIEW (35,32)-(425,317): es qmnis kvadrats 

' daadgineT fanjara RerZebiT 0 -sa da 1 -s Soris  
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WINDOW (0,0)-(1, 1)  

' daxazeT ujredi 

LINE (0,0)-(1, 1), , B 

' grafikisaTvis gaakeTeT aRniSvnebi 

LOCATE 3, 1: PRINT `1~ 

LOCATE 7, 1:  PRINT `f(X)~; 

LOCATE 29, 28:  PRINT "x~; 

LOCATE 29, 2:  PRINT "0~; 

LOCATE 29, 55:  PRINT "1~; 

LOCATE 5, 10:  PRINT "A=~; A; 

LOCATE 5, 60:  PRINT "Hit a key~;  

LOCATE 10, 70:  PRINT "q=quit~;  

LOCATE 15, 70:  PRINT "r=restart~;  

LOCATE 20, 70:  PRINT "n=next step~;  

 

'aageT x=y wrfe 

LINE (0,0)-(1, 1) 

'aageT funqcia  

 J=0-dan 639-mde dros 

x= J/639  

y=MF(A,x) 

PSET (x, y) 

NEXTj 

'gaavleT wrfe XI-dan f(x)-mde, Semdeg  x=y wrfemde 

y=MF(A,XI) 

LINE (XI,0)-(XI, y) 

LINE -(y, y) 

'pauzisaTvis Canacvleba gaakeTeT 

CALL Waitsub (A$) 

axla procesis ganmeorebisTvis cikli dadgineT 

xx=y: gadaiyvaneT y mniSvneloba xx-Si 

 

AGAIN: 

y=MF(A,xx) 
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LINE -(xx, y) 

LINE -(y, y) 

CALL Waitsub (A$) 

Tu A$="r" an A$="R" THEN GOTO rbase 

Tu A$="q" an A$="Q" THEN GOTOqbase 

xx=y 

GOTO AGAIN 

qbase: 'gadiT programidan 

END 

'operatori FUNCTION ganmeorebad asaxvas gamoyenebulad miiCnevs. 

FUNCTION  MF(A,x)  

MF= A*x* (1_X) 

END FUNCTION  

SUB Waitsub (A$) 

' es mdgomareoba momxmareblisagan Rilakis daWeris molodinSia. 

' lodinis dros ekrani SeiZleba CarTuli iyos. 

DO 

j=1-dan 1000-mde dros: NEXTj 

A$=INKEY$ 

LOOP WHILE A$="" 

END SUB 

 

 

 

nax. E.3. grafikuli iteraciis Sedegi  lojistikuri asaxvisTvis  
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danarTi F 

 

feigenbaumis universaluri ricxvebis Teoria 

 

F.1 feigenbaumis α 

 

me-2 Tavidan gvaxsovs, rom mravali erTganzomilebiani iteraciuli asaxva 

rogorc saerTo raodenobriv, ise xarisxobriv Tvisebebs amJRavnebs. kerZod, rodesac 

sistema `miiswrafvis~ qaosisaken periodis gaormagebis mimdevrobis gavliT, gvaqvs 

krebadobis zogadi koeficienti (feigenbaumis δ ricxvi) da normirebis koeficienti 

(feigenbaumis α ricxvi). am universaluri raodenobrivi Tvisebebis aRmoCenam 

arawrfivi dinamikis midgomebis mniSvneloba da saWiroeba aSkara gaxada. 

 mocemul danarTSi mogawvdiT feigenbaumis α da δ ricxvebis universalobis 

evristikul Teorias. aq moyvanili mosazrebebi erTdroulad martivi da 

maxvilgonivrulia. miuxedavad imisa, rom am TeoriasTan dakavSirebuli maTematikuri 

midgoma daxvewas ar iTxovs, msjeloba sakmaod rTulia da zogierT mkiTxvels 

SesaZloa am danarTis gamotovebis survilic ki gauCndes.  

 mTavari idea imaSi mdgomareobs, rom α-sa da δ-s dadgenisas yuradReba mxolod 

iteraciuli f funqciis Tvisebebze unda gavamaxviloT xc mniSvnelobis midamoSi, 

romelSic mocemul funqcias gaaCnia maqsimumi. Cven aqcents xc-s Semcvel 

traeqtoriebze (superciklebze) gavakeTebT.     

periodis gaormagebis mimdevrobasTan erTad yuradRebas f(n) funqciebis mimarTac 

vamaxvilebT. Tu periodis TiToeul gaormagebaze Cveni grafikis masStabs α =2.502...  

koeficientiT SevcvliT, maSin xc-s midamoSi  f(n) miiswrafvis e.w. universaluri g(x) 

funqciisaken. F.1 naxazi warmogvidgens ori sxvadasxva asaxvis funqciis maRali rigis 

iteraciebs. xc-s axlomdebare regionebi mosalodnel universalur qmedebas gviCvenebs.  

Cven vamtkicebT, rom amgvari universaluri qmedeba zomis normirebis 

damokidebulebas emorCileba. normirebis damokidebulebis Cawerisas Semogvaqvs axali 

y=x_xc cvladi, romelic xc-sagan daSorebas gvaZlevs (SeniSneT, rom y cvladis 

gamoyeneba  eqvivalenturia asaxvis funqciis x RerZis gaswvriv iseTi wanacvlebisa, 

rom misi maqsimumi x=0 mniSvnelobisaTvis vlindeba). am cvladze dayrdnobiT, zomis 

normirebis damokidebuleba Rebulobs formas, romelsac namravlis wesi ewodeba:  
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( ) ( ( / ))g y g g y                          (F.1-1)   

 

mocemuli gaosaxulebis Tanaxmad, miRebuli universaluri funqciis iteraciis 

Sedegi zustad igivea, rasac _y/α-iT dawyebis, iteraciis proceduris orjer 

Catarebisa da saboloo Sedegis α-ze gamravlebis SemTxvevaSi. F.2 naxazi amgvar 

eqvivalenturobas grafikuladwarmogvidgens. 

 

 

 

 

 

 

 

nax F.1. zeda diagrama warmogvidgens lojistikuri asaxvis merve rigis iteraciis 

grafiks,  qveda ki eqsponencialuri asaxvis funqciis merve rigis iteracias 

Seesabameba. parametrTa mniSvnelobebi mcired gansxvavdebian periodis gaormagebis 

zRvruli wertilis mniSvnelobisagan. SeniSneT, rom xc wertilis midamoSi  

(TiTo euli mrudis centrSi) 
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orTave funqcias erTi da igive saxe aqvs. lojistikuri asaxvis SemTxvevaSi xc=0.5, 

xolo eqsponencialuri asaxvisaTvis ki xc=0. gansxvavebebi xc-sgan moSorebiT 

vlindeba. ordinatebisa da abscisebis saTanado normirebisas diagramebis centraluri 

nawilebi TiTqmis erTmaneTs emTxveva.  

 

universaluri funqciis arseboba, xc-s midamoSi zomis normireba da f-is formis 

codna yvelaferia, rac α-sa da δ-s mniSvnelobebis dadgenisaTvis gvWirdeba. aseT 

midgomas `renormalizaciis Teoria~ ewodeba da Tanamedrove Teoriul fizikaSi 

farTod gamoiyeneba. renormalizaciis Teoria statistikur meqanikaSi fazuri 

gardaqmnebis Teoriasa da kvantur TeoriaSi uaRresad mniSvnelovania. nebismier 

SemTxvevaSi zogadi Tviseba zomis normirebis cnebaSi mdgomareobs: sistemis 

saTanadod gadidebuli da wanacvlebuli versiebi erTidaigive suraTs gviCveneben.  

 

nax F.2. (F.1-1) gantolebiT aRwerili namravlis 

wesis grafikuli gamosaxuleba. Tu daviwyebT y0-iT 

da movaxdenT g(y)funqciis erT iteracias, maSin 

movxvdebiT y1-iT aRniSnul wertilSi. _y/α-iT 

dawyebis, orgzis iteraciisa da Semdeg α-ze 

gamravlebis SemTxvevaSic SegviZlia y1-Si mocvedra. 

es procedura mxolod maSin iqneba vargisi, 

rodesac g(y) specialuri universaluri funqciaa. 

 

 amjerad Teoria ufro detalurad ganvixiloT (ganxilva eyrdnoba [Schuster, 

1995]-sa da FEI79-Si moyvanil argumentebs) da Tavdapirvelad α ricxvi maRali 

sizustiT ganvsazRvroT. ramdenad gvaSorebs asaxvis funqciis erTi iteracias  xc 

wertilisagan, rodesac xc perioduli ciklis nawilia? Tavdapirvelad vsazRvravT 

manZilebs: 

 

1

2

1

1

(2)
2

(2 )

( )

( )

( )
n

n

A c c

A c c

n A c c

d f x x

d f x x

d f x x


 

 

 

                         (F.1-2)  
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sadac An superciklis parametris mniSvnelobaa, romlisTvisac xc periodi-2
n-is 

Sesabamisi stabiluri ciklis nawilia (anu periodi iqneba 2, 4, 8, 16, . . rigisa). 

(meore TavSi Cven mas As
n vuwodebT, magram aq simartivisTvis indeqss movacilebT). 

dn aris sxvaoba xc-sa da f asaxvis funqciis Sesabamisi iteraciis ganmeorebiTi 

gamoyenebis Sedegad miRebuli x-is mniSvnelobas Soris. F.3 naxazi warmogvidgens 

mocemul situacias. am naxazidan cxadia, rom perioduli ciklis Suamde miRwevisas 

traeqtoriis xc-Tan yvelaze axlos myof wertils mivakvlevT. amrigad, ds
n 

warmoadgens ciklSi xc-sTan yvelaze axlomdebare wertilamde manZilis sazoms.  

  y cvladis gamoyenebaiT  dn SegviZlia ase CavweroT: 

 

1(2 ) (0)
n

nn Ad f


                          (F.1-3)  

 

periodis gaormagebis mimdevrobasTan dakavSirebuli zomis normirebis ZiriTadi 

gansazRvreba gvaZlevs: 

 

nax. F.3. feigenbaumis α-s gansazRvrebaSi 

gamoyenebuli d1, d2, da a.S. manZilebis gansazRvris 

sqema. SeniSneT, rom dn warmoadgens periodul ciklSi 

xc-sTan yvelaze axlomdebare wertilamde manZils 

supercikluri mniSvnelobisTvis.  

 

 

1

lim n

n
n

d

d





                              (F.1-4)  

 

 

gantolebaSi `_~ niSani imis gasaTvaliswineblad aris Sesuli, rom F.3 naxazis 

Tanaxmad,  Tanmimdevruli superciklebisTvis  xc-s uaxloesi `mezobeli~ xc-s zemoT 

da qvemoT cirkulirebs.  

 Tu davuSvebT, rom (F.1-4) damokidebuleba ZalaSia n=1 SemTxvevaSic, maSin 

SegviZlia davweroT 
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1 1( )n
nd d                           (F.1-5)  

 

(me-2 Tavis Tanaxmad, n-is mcire mniSvnelobebis SemTxvevaSi normirebis 

gansazRvraSi arsebuli cdomilebis miuxedavad, lojistikur asaxvasTan dakavSirebiT, 

n=2,3 da a.S. SemTxvevaSic ki normireba sakmaod kargi sizustiT aris gansazRvruli). 

(F.1-3) gamosaxulebis gamoyenebiT ukanaskneli damokidebulebis Cawera SesaZlebelia 

iteraciuli funqciis meSveobiT: 

 

(2 )
1( ) (0)

n

n

n
Af d                       (F.1-6)  

 

Cven nawilobriv F.1 naxazze naCveneb qmedebaze dayrdnobiT, davuSvaT, rom didi n-

ebis zRvarSi, y-is mniSvnelobebisTvis y=0-is midamoSi (F.1-6) gantoleba ZalaSia 

Semdegi azriT: 

 

 (2 )
1lim( ) / ( ) ( )

n

n

n n
An

f y g y 


                    (F.1-7)  

 

es gamosaxuleba y funqciis universalurobis ganmsazRvrelia, Tumca igi 

garkveul komentarebs saWiroebs. upirveles yovlisa, igi gvamcnobs, rom Tu 

funqciis zomis normirebas (_α)n koeficientiT movaxdenT (dn manZilis zomis 

masStabirebis CaTvliT) da imavdroulad y RerZis diapazons 1/(_α)n koeficientze 

gamravleiT SevcvliT, maSin saTanadod `renormalizebuli~ an Secvlili masStabis 

mqone funqciebi Cvens mier g1(y)-ad wodebul universaluri funqciisaken 

miiswrafvian (g-s indeqsis arsebobis mizezi momdevno paragrafSi gaxdeba cnobili). 

 renormalizaciis argumentze dayrdnobiT, gadavdgaT Semdgomi nabiji, romelic 

SesaZloa erTi SexedviT ucnaurad mogveCvenos. SemoviyvanoT gi(y) funqciebis Semdegi 

mwkrivebi: 

 

 
1

(2 )( ) lim( ) / ( ) 1, 2,3,...
n

n i

n n
i An

g y f y i 
 

               (F.1-8)  

 

rogorc vxedavT, funqciebis mocemuli mwkrivi gansazRvravs f funqciis umaRlesi 

rigis iteraciebs parametris superciklur An mniSvnelobisaTvis. [advili 
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saCvenebelia, rom (F.1-8) damokidebuleba ZalaSia, rodesac y=0. (F.1-8) gantolebis 

mniSvneloba y-is aranulovani mniSvnelobebis mimarT mis ganvrcobaSi gamoixateba]. 

Cveni msjelobis mTavari momenti is aris, rom gi(y) funqciebi eqvemdebarebian 

gamravlebis wess:  

 

 1 ( / )i i ig g g y                            (F.1-9)  

 

am Sedegis damtkicebis mizniT amovweroT gantolebis marjvena nawilSi myofi 

funqciebis namravli da vaCvenoT, rom igi daiyvaneba (F.1-9)-is marcxena nawilze. 

amisaTvis  viyenebT (F.1-8) damokidebulebas: 

 

1 1

1 1

(2 ) (2 )

1 (2 ) (2 ) 1

( )
[ ( / )] ( )( ) ( / ( ) )

( )

( ) ( / ( ) )

n n

n i n i

n n

n i n i

n
n n

i i A An

n n
A A

g g y f f y

f f y

     


 

   

   

 

 
        

    

          (F.1-10)  

 

amasTan (5.4-3 amocanis Sedegze dayrdnobiT): 

 

1(2 ) (2 ) (2 2 ) (2 )( ) ( ) ( )
n n n n

f f y f y f y
                      (F.1-11)  

 

gamoviyenoT aRniSvna n+1=m. Sedegad miviRebT, rom (F.1-10)-is ukanaskneli 

namravli daiyvaneba 

 

1

(2 )( )
( )

m

m i

m
A m

y
f

 

 
   

                     (F.1-12)  

 

saxeze. zRvarze gadasvliT, rodesac m∞,  (F.1-12) igivurad iqneba  ygi 1 . 

amrigad, gamravlebis wesi damtkicebulia. 

 analizis saboloo da gadamwyvet etapze mtkicdeba (damtkicebisTvis ixileT 

FEI79 da [Collet da Eckmann, 1980]), rom i_>∞ zRvarSi (rodesac i-sa da i_1-s 

Soris gansxvaveba praqtikulad ar arsebobs) gi(y) funqciebi Cvens mier g(y)-iT 

aRniSnuli universaluri funqciisaken miiswrafvis. SeniSneT, rom zRvarze gadasvla, 
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rodesac i_>∞, tolfasia A parametris periodis gaormagebis zRvrul A∞ 

mniSvnelobisTvis aRebisa. universaluri funqcia akmayofilebs gamravlebis wess:  

 

 ( ) ( / )g y g g y                        (F.1-13) 

 

wina gantolebas ormag CarCoSi imitom vaTavsebT, rom igi renormalizaciis 

mtkicebulebas moicavs. amgvari funqciis arsebobis Sesaxeb mtkiceba  tolfasia 

feigenbaumis ricxvebis universalobis Sesaxeb mtkicebisa: 

α-s ricxviTi mniSvnelobis dasadgenad ganvsazRvroT g(y) funqciis Tvisebebi y=0 

wertilis midamoSi, rac gansazRvravs `universalobis klasebs~ iteraciuli 

asaxvebisaTvis. y=0 wertilSi maqsimumis mqone kvadratuli funqcia sazogadod, 

Semdegi formiT Caiwereba: 

 

2( )g y b cy                          (F.1-14) 

 

sadac b da c fiqsirebuli parametrebia, romelTa mniSvnelobebsac unda 

ganvsazRvroT. 

 

 

amocana F.1-1. ratomaa (F.1-14) saxe yvelaze zogadi? moaxdineT g(y) funqciis  

teiloris mwkrivad warmodgena y=0 wertilis midamoSi. pirveli rigis warmoebuli 

wevri qreba (ratom?). ra SegviZlia vTqvaT pirvel aranulovan wevrTan 

dakavSirebiT?  

 

amocana F.1-2. aCveneT, rom lojistikuri asaxva da me-2 TavSi ganxiluli 

sinusuri asaxva xc wertilis midamoSi teiloris mwkivad gaSlisa da b-sa da c-s 

koeficientebis dadgenis Sedegad Rebulobs (F.1-14) saxes.  

 

Tu (F.1-14)-s  CavTvliT g(y)-is miaxloebiT gamosaxulebad, (F.1-13) 

damokidebulebaSi (F.1-14)-is Casmis Sedegad SevZlebT -s mniSvnelobis gansazRvras. 

Sedegad miviRebT: 
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22
2

2

2 4
2 2

2 4

2 3 4
2 2

3

2

2

y
b cy b c b c

y y
b c b bc c

bc c y
b cb y





 


 

  
      

   
  

      
  

      

                 (F.1-15) 

 

amjerad damatebiTi miaxloebis ganxorcieleba gvesaWiroeba. Tu y-s Zlier 

SevamcirebT, maSin y4-is Semcveli wevri pirvel or wevrTan SedarebiT bevrad mcire 

iqneba. amgvarad, SegviZlia imis daSveba, rom danarCen wevrebTan SedarebiT misi 

ugulvebelyofa SegviZlia. aseT SemTxvevaSi, tolobis SenarCunebisTvis gantolebis 

or mxareze arsebuli wevrebis y-isgan damoukidebeli koeficientebi da y2-is 

mamravli koeficientebi Sesabamisad toli unda iyvnen:  

 

2[ ]b b cb                            (F.1-16) 

 

22bc
c


                             (F.1-17) 

 

(F.1-16) gamosaxulebaSi (F.1-17)-is Casmis Sedegad miviRebT Semdeg kvadratul 

gantolebas -sTvis:  

 

2 2 2 0                          (F.1-18) 

romlis amonaxsnebia 

 

1
1 12

2
                          (F.1-19) 

 

dadebiTi -s SemTxvevaSi gveqneba: =2.73..., rac feigenbaumiseuli 2.502...is 

mimarT 10%-iani cdomilebis farglebSia. (F.1-14)-Si g(y)-isaTvis teiloris mwkrivis 

ufro maRali rigis wevrebis aRebis gziT zemoTmoyvanili miaxloebis gaumjobeseba 

SegviZlia]. 
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kiTxva: gaaCnia Tu ara uaryofiTi fesvis mqone amonaxsns raime fizikuri 

mniSvneloba?  

 

SeniSneT, rom b parametri (F.1-14) damokidelebaSi warmoadgens g(y)-is 

mniSvnelobas y=0 wertilSi. universalobis darRvevis gareSe SegviZlia davadginoT, 

rom b=1, vinaidan b vertikaluri RerZis masStabs gansazRvravs. (F.1-17) gantolebaSi 

-sTan dakavSirebiT am mniSvnelobis gamoyenebiT c-s mniSvnelobis povnas da aqedan 

gamomdinare, g(y) universaluri funqciis miaxloebiTi gamosaxulebis dadgenas  

SevZlebT: 

 

2( ) 1 1.36g y y                      (F.1-20) 

 

(F.1-20) damokidebuleba y=0 wertilSi maqsimumis mqone erTerTi Cveulebrivi 

kvadratuli funqciaa, magram mniSvnelovania is faqti, rom (F.1-13) gamravlebis wesi 

α-sa da c-s mxolod TiTo konkretuli mniSvnelobis SemTxvevaSia ZalaSi. g(y)-is 

erTaderTobaSi darwmunebisaTvis kompoziciis wesis grafikuli gamosaxulebis ageba 

dagexmarebaT.  

 msgavsi proceduris gamoyenebiT lanfordma (LAN82) moaxdines g(y)-is 

xarisxovan mwkrivad warmodgena:  

 

2

4

6

( ) 1 1.52763

0.104815

0.026705 ...

g y y

y

y

 





                   (F.1-21) 

 

romelic universalur funqcias ufro zusti saxiT warmogvidgens.  

 

F.2. * feigenbaumis δ ricxvis gansazRvra 

 

CavataroT igive saxis analizi feigenbaumis δ-s mniSvnelobis dasadgenad, 

risTvisac gamravlebis wesis odnav gansxvavebul aRniSvnaTa sistemas SemoviRebT:  

 

 1( ) ( / ) ( )i i i ig y g g y Tg y                     (F.2-1) 
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ukanaskneli toloba gansazRvravs T `operators~, romelsac gi(y)-isTvis orjer 

gamoyenebis SemTxvevaSi ganmeorebis gardaqmna ewodeba. am operatoris gi(y) funqciaze 

moqmedebis Sedegad xdeba axali gi_1(y) funqciis warmoqmna. 

 

am SemTxvevaSi gi(y) universaluri funqcia gaigivebulia rogorc Semdegi 

gardaqmnis  

 

( ) ( )g y Tg y                         (F.2-2) 

 

`fiqsirebuli wertili~. Tu raime iteraciuli asaxvis x*=f(x*) funqciisTvis 

fiqsirebuli wertilis gansazRvrebas gavixsenebT, mivxvdebiT, Tu ratom ewodeba 

g(y)-s gardaqmnis fiqsirebuli wertili. am SemTxvevaSi ricxvebis nacvlad saqme 

gvaqvs funqciebTan, magram idea erTidaigivea.  

 Semdeg SevniSnavT, rom gvainteresebs A∞-is midamoSi arsebuli  parametris 

mniSvnelobebi. wina paragrafSi aRwerili SemTxvevis analogiurad, am areSi f 

funqciis iteraciebi masStabis saTanado cvlilebebis Sedegad  daemTxveva 

universalur g(y) funqcias. amrigad, A∞ wertilis midamoSi movaxdenT f funqciis 

teiloris mwkrivad warmodgenas parametris  (da ara y cvladis) meSveobiT: 

 

( )
( ) ( ) ( ) ...A

A A
A

f y
f y f y A A

A






   


              (F.2-3) 

 

SeniSneT, rom rodesac f funqcia rogorc y-ze, aseve A-zea damokidebuli, A 

viyenebT parametris kerZo warmoebulebs. 

 momdevno safexurze vadgenT, gvaaxlovebs Tu ara sul ufrodaufro  

ganmeorebis operatoris fA∞(y)-is mimarT ganmeorebiTi gamoyeneba g(y)-Tan. Tu T-s n-

jer gamoviyenebT, gveqneba: 

 

 ( ) (2 )( ) ( ) / ( ) ( )
nn n n

A AT f y f y g y 
 

                 (F.2-4) 

 

n>>1-sTvis. amrigad, (F.2-3) gamosaxulebas vwerT Semdegi formiT: 
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( ) ( ) ( )
( ) ( ) ( ) ...n n A

A
A

f y
T f y g y A A T

A





   


         (F.2-5) 

 

Tu yuradRebas A=An superciklurmniSvnelobaze gavamaxvilebT, maSin gveqneba 

(superciklis gansazRvrebis Tanaxmad): 

 

( ) (2 )(0) ( ) (0) 0
n

n n

n n
A AT f f                    (F.2-6) 

amrigad 

( )(0) ( ) nAn
n

A

f
g A A T

A





  


                 (F.2-7) 

 

 

sadac (F.2-5) gantolebis marjvena nawilSi SenarCunebuli mxolod pirveli 

rigis warmoebuli. Tu (F.2-7) damokidebuleba ZalaSia n-is nebismieri 

mniSvnelobisTvis, maSin gveqneba: 

 

( ) constantnAn n

A

f
T

A





 


                   (F.2-8) 

 

sadac feigenbaumis δ ganisazRvreba Semdegnairad: 

 

1

1

lim n n

n
n n

A A

A A
 








                        (F.2-9) 

 

parametris im mniSvnelobebze dayrdnobiT, romlebzec supercikli vlindeba. (F.2-

8) gamosaxuleba amtkicebs, rom parametris normireba ZalaSia n-is nebismier 

mniSvnelobisaTvis.  

 (F.2-8) damokidebulebis samarTlianobis saCveneblad gavixsenoT meore TavSi 

miRebuli gamosaxuleba: 
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2

2 1( ) ( ) constant
1

n
nA A A A


     


           (F.2-10) 

 

 (5.7-8) damokidebulebidan gamomdinare, rodesac T operatori moqmedebs g(y)-ze, 

A  A∞ zRvarSi gveqneba: 

 

( ) ( )Tg y g y                        (F.2-11) 

 

g(0)-is midamoSi mwkrivad warmodgenis gziT  es gamosaxuleba mogvcems:  

 

 

 
(0)

( ) ( / )

(0) [ ( ) (0)] ...
g

Tg y g g y

g
g g g y g

y

 



  

         

               (F.2-12) 

 

vertikaluri RerZis normirebis Tanaxmad g(0)=1. agreTve SevniSnoT, rom  g(1)= 

_1/α da miviRebT: 

 

1y

g

y





 


                            (F.2-13) 

 

miRebuli Sedegebis (F.2-12)-is mimarT gamoyeneba da aseve moTxovna, rom 

dakmayofilebuli iqnas (F.2-11) piroba, mogvcems Semdegi saxis damokidebulebas 

feigenbaumis or ricxvs Soris: 

 

( 1)                            (F.2-14) 

 

 

Tu gavixsenebT Cvens mier zemoT gamoTvlil -s mniSvnelobas, miviRebT, rom  

δ~4.72, rac saocrad axlosaa gamoTvlebis ufro daxvewili versiiT gansazRvrul 

4.669... mniSvnelobasTan. 
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amocana F.2-1. daamtkiceT (F.2-13) da (F.2-14) damokidebulebebis mixedviT 

miRebuli Sedegebis siswore da Semdeg δ-sTan dakavSirebiT zemoTmiRebuli Sedegi 

SeamowmeT. aRsaniSnavia, rom saocari Tanxvedra nawilobriv SemTxveviTia: Tu (F.2-

14)-Si ufro zust α=2.502... mniSvnelobas gamoviyenebT, δ -s ufro zust 

mniSvnelobasTan Tanxvedra naklebi iqneba.  

 

me-2 TavSi feigenbaumis δ ganvsazRvreT parametris im mniSvnelobebis sxvaobaTa 

fardobis saxiT, romelTaTvisac bifurkaciebi vlindeba. Tu bifurkaciis parametris 

mniSvnelobebs an-iT, xolo superciklisas An-iT aRvniSnavT, miviRebT an<An<an+1<An+1. 

amrigad n_>∞ pirobebSi, Tanmimdevrul bifurkaciebTan da Tanmimdevrul 

superciklebTan dakavSirebiT parametrTa sxvaobebis fardobebs Soris mosalodnelia 

tolobis arseboba.   

 SevajamoT feigenbaumis ricxvebis gamoTvlebisaTvis gamoyenebuli argumentebi. 

Cven SegviZlia sami ZiriTadi momentis Camoyalibeba: (1) funqciaTa krebadoba 

universaluri funqciis mimarT, romelic mxolod maqsimaluri mniSvnelobis midamoSi 

iteraciuli asaxvis funqciis Tvisebebzea damokidebuli; (2) periodis gaormagebis 

zRvrul wertilTan miaxloebisas funqciis zomis universaluri normireba, (3) 

periodis gaormagebis zRvrul mniSvnelobasTan miaxloebisas parametruli sxvaobis 

normireba. maqsimaluri mniSvnelobis midamoSi, iteraciuli asaxvis funqciis 

Tvisebebis gansazRvrasTan erTad, zemoTmoyvanili argumentebis gamoyenebis Sedegi 

imaSi mdgomareobs, rom feigenbaumis -sa da δ-s mniSvnelobebi `avtomaturadaa~ 

gansazRvruli. es mniSvnelobebi maqsimumis maxloblad erTnairi maTematikuri 

xasiaTis mqone nebismieri   iteraciuli asaxvis funqciisTvis universaluria.  

 amjerad ukve SegviZlia davaskvnaT, Tu ratom arsebobs universalurobis 

klasebi iteraciuli asaxvis funqciebisTvis. universalurobis klasebi ganisazRvreba 

asaxvis funqciis Tvisebebze dayrdnobiT maqsimaluri mniSvnelobis midamoSi. 

kvadratuli maqsimumis mqone asaxvis funqciebi zemoT gansazRvruli universaluri 

funqciis dadgenisa da  α-sa da δ-s Sesabamisad 2.502-isa da 4.669-s toli 

mniSvnelobebis miRebis winapirobaa. Tu asaxvis funqcia y4-is msgavsad iqceva, maSin  

Sesabamisi krebadobisa da normirebis koeficientebi gansxvavebuli iqneba. msgavsi 

meTodis gamoyenebiT hium da satiam (HUS83) daadgines -sa da δ-s mniSvnelobebi 

f(x)= 1_a|x|z saxis iteraciuli asaxvis funqciebisTvis, sadac z eqsponenti 

universalobis klass gansazRvravs. maT daamtkices, rom feigenbaumis ricxvebi z -is 
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cvlasTan erTad monotonurad icvlebian. kerZod, z-is zrdasTan erTad δ 

monotonurad mcirdeba da maRali z -is SemTxvevaSi 1.27-is toli mniSvnelobisaken 

miiswrafvis. z -is didi mniSvnelobisaTvis δ wrfivad izrdeba.  

 

 

sxva perioduli diapazonebi 

 

iteraciuli asaxvis mravali funqcia gvaZlevs perioduli dapazonebs qaosur 

zolebSi (magaliTad, ixileT nax. 5.9). TiToeuli diapazoni ki moicavs periodis 

gaormagebis mimdevrobas, romelic  kidev ufro meti qaosuri diapazonis warmoqmnis 

winapirobaa. TiToeuli aseTi diapazonisaTvis arseboben feigenbaumis -sa da δ-s 

analogiuri feigenbaumis ricxvebi. es ricxvebi moyvanili DHK85-Si ori 

gansxvavebuli asaxvis funqciisTvis. mecnierebma daadgines, rom ricxvebi diapazonis 

periodis zrdasTan erTad eqsponencialuri saxiT izrdebian. magaliTad, periodi-3 

fanjris SemTxvevaSi δ3=55.26 da α3=9.277. SedarebisTvis vityviT, rom  kvadratuli 

eqstremumis mqone iteraciuli asaxvis funqciebisTvis nebismieri perioduli 

fanjris SemTxvevaSi ZalaSia 3δN=2
2
N

  saxis damokidebuleba, sadac N sidide 

diapazonis Sesabamisi periodia. 

 

F.3 damatebiTi literatura 
  

M. Feigenbaum, 'The Universal Metric Properties of Nonlinear Transformations," /. Stat. 
Phys. 21, 669-706 (1979) (reprinted in [Hao, 1984]). α-sa da δ-s universalurobis 

damtkiceba. 
M. J. Feigenbaum, "Universal Behavior in Nonlinear Systems," Los Alamos Science 1, 4-

27 (1980) (reprinted in [Cvitanovic, 1984]). saintereso Sesavali kursi erTganzomilebiani 
iteraciuli asaxvebis universaluri Tvisebebis Sesaxeb. 

O. E. Lanford III, "A Computer-Assisted Proof of the Feigenbaum Conjectures," Bull. 
Am. Math. Soc. 6, 427-34 (1982) (reprinted in [Cvitanovic, 1984]).  
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danarTi G 

 

dafingis oscilatori ori potencialuri ormoTi 

 

G.1. modeli 

 

bunebaSi arsebul mraval sistemas energiuli barierebiT gancalkevebuli 

sxvadasxva stabiluri mdgomareoba gaaCnia. rodesac sistemas stabiluri 

mdgomareobebs Soris `moZraobis~ unari gaaCnia, dinamika sakmaod kompleqsurad xdeba. 

am Tvisebis mqone martiv models dafingis oscilatori ori potencialuri ormoTi. 

es modeli pirvelad gamoiyenes sawarmoo danadgarebis iZulebiTi rxevebis 

SeswavlisTvis [Duffing, 1918]. am modelSi nawilaki iZulebiT gadaadgildeba erT 

sivrciT ganzomilebaSi. nawilakze gare Zala moqmedebs, romelic Semdegi kanoniT 

gamoisaxeba: 

 

3F kx bx                                  (G-1)  

 

saxelwodeba `ormagi potencialuri~ imitom Seiqmna, rom potenciuri energiis  

Sesabamis funqcias ormagi struqtura gaaCnia. potenciuri energiis funqcia Caiwereba 

Semdegi saxiT: 

 

2 41 1
( )

2 4
U x kx kx                              (G-2)  

 

G.1 naxazi gviCvenebs potenciuri energiis funqciis grafiks. rogorc vxedavT, 

arsebobs x=±√k/b mniSvnelobebis Sesabamisi ori stabiluri wonasworuli 

mdgomareoba, xolo x=0 SemTxvevaSi gvaqvs arastabiluri wonasworuli wertili.  

 milevadi oscilatoris martivi meqanikuri modelis agebis mizniT vertikalur 

mdgomareobaSi davamagroT elastiuri liTonis viwro firfita. Semdeg firfitaze 

davdoT moZravi masa. Tu masa sakmarisad dabla mdebareobs, maSin stabiluri 

mdgomareoba firfitis vertikaluri mimarTulebiT orientaciis SemTxvevaSi 

gamovlindeba. am mdgomareobidan mciredi gadaxrebi vertikaluri mdgomareobis 
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mimarT rxevebs gamoiwvevs. Tu masas TandaTan zemoT gadavanacvlebT, maSin 

vertikaluri mdgomareoba sabolood arastabiluri xdeba da masac erT an meore 

mxares `iqanavebs~. am SemTxvevaSi arsebobs ori stabiluri mdgomareoba da maT Soris 

imyofeba barieri. aseTi sistemis agebis detalebisTvis ixileT BEN97.  

 

amocana G.1. arsebobs milevadi osciliatoris araerTi saxesxvaoba. Tu aviRebT, 

rom k<0, maSin b=0 mniSvnelobisTvis Cveulebriv martiv harmoniul oscilators 

miviRebT. Tu b≠0, oscilatori ar aris harmoniuli. b>0 pirobebSi x=0 

wertilisagan moSorebiT Zalis moqmedeba sustia da gveqneba e.w. Sesustebuli 

zambaris mdgomareoba. b<0 pirobebSi didi gadaxrebis SemTxvevaSi Zala matulobs da 

saxezea gamagrebuli zambaris mdgomareoba. orive SemTxvevisTvis aageT U(x)funqciis 

grafiki da moaxdineT wonasworuli wertilebis identificireba. 

 

nax. G.1. dafingis oscilatori ori 

potencialuri ormoTi, rodesac k =1 da b =1. 

 

 

 

 

 mdgomareobaTa sivrceSi dinamikuri gantolebebi, rogorc wesi, Sedgenilia k 

=1 da b =1 pirobebis dacviT (universalurobis Tvisebis darRvevis gareSe) 

Semdegnairad: 

 

3

x y

y x x y



  




                          (G-3)  

 

sadac γ warmoadgens milevis koeficients, romelic  nawilakis siCqaris 

proporciulia. aseT situaciaSi nawilakis moZraoba SedarebiT martivia. Tu 

gansazRvruli sawyisi kinetikuri energiis sididis mqone nawilaki win da ukan 

moZraobs milevis xarjze energiis mcireodeni danakargis fonze, igi bolosdabolos 

gaCerdeba erT-erTi potencialori ormos maxloblad. osciliatori saintereso 

rxevebis periodis amplitudaze damokidebulebis gamoa. tipiuri traeqtoria G.2 

naxazzea warmodgenili. yuradReba miaqcieT  Tavdapirveli Zlieri rxevis Sesabamisi 
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periodis gansxvavebas SedarebiT mcire amplitudis rxevebTan SedarebiT. mcire 

rxevebis SemTxvevaSi rxevis periodia n√2 anu Tavisufali rxevis ω0 sixSire √2-is 

tolia.  

 

 

nax. G.2. marcxniv gamosaxulia x-is grafiki drois funqciis saxiT. marjvniv 

naCvenebia sawyisi x =1 da y =1.5 mniSvnelobebis mqone milevadi oscilatoris mrudi 

mdgomareobaTa sivrceSi ((G-3) gantolebebis mixedviT). milevis koeficienti γ=0.5.  

 

amocana G.2. darwmundiT, rom mcire amplitudis rxevebis SemTxvevaSi arsebobs 

rxevis n√2-is toli periodi. miniSneba: aiReT δ = 1 + x da gamoiyeneT igi (G-3)-Si. 

dauSviT, rom δ<<1, kuburi wevris mimarT gamoiyeneT binomuri mwkrivi da 

gantolebebi daiyvaneT martivi harmoniuli oscilatoris  Sesabamis sazeze. 

 

 qmedeba gacilebiT saintereso xdeba, rodesac nawilakis qmedebas kidev erTi 

cvladi _ droSi perioduli gare Zala~ daemateba. am SemTxvevaSi mdgomareobebis 

sivrcis Sesabamisi gantolebebi iqneba 

 

3 cos( )

x y

y x x y F t 



   




                         (G-4)  

 

martiv harmoniul oscilatorze Catarebuli eqsperimentidan gamomdinare, 

nawilakis amplituda SedarebiT didi iqneba, rodesac gare Zalis sixSire nawilakis 

Tavisufali rxevis sixSires emTxveva. sirTule imaSi mdgomareobs, rom Tavisufali 

rxevis sixSire damokidebulia gadaxris amplitudaze. Tu nawilaki gare merxev 

Zalaze reagirebas iwyebs, misi amplituda icvleba da aqedan gamomdinare, Tavisufali 

rxevis sixSirec icvleba. Tavs iCens ramdenime axali Tviseba: 
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1. gare merxevi Zalis amplitudis zrdasTan erTad sistemis maxasiaTebeli 

mrudi formas icvlis. 

2. sistemis maxasiaTebeli mrudi avlens fazaSi CamorCenas: maxasiaTebeli 

amplituda damokidebulia sixSiris gazrdasa da Semcirebaze rezonansul areSi.  

3. sistemam SesaZloa gamoavlinos qaosuri qmedeba. 

 

pirveli ori Tviseba analizurad aris Seswavlili [Strogatz, 1994]-sa, gv. 226-7 

da 238-40 da [Jackson, 1991]-Si, tomi 1. gv. 308-314. Cven yuradRebas gavamaxvilebT 

qaosur qmedebaze.  

 ganvixiloT SedarebiT mcire amplitudis mqone gareSe merxevi Zalis 

SemTxveva. sawyisi gardamavali etapebis dasrulebis Semdeg sistema asrulebs martiv 

harmoniul rxevebs x=±1 mniSvnelobis mimarT. G.3 naxazi gviCvenebs zogierT 

SesaZleblo SemTxvevas.  

 arsebobs ori mimzidveli: x=1 da x=_1 mniSvnelobebze. romeli sawyisi piroba 

(mdgomareobebis sivrceSi) romel mimzidvels iwvevs? am kiTxvaze pasuxis gacema 

Zalze rTulia, radgan mizidulobis areebi erTimeoreSia aRreuli da maTi sazRvrebi 

warmoqmnis fraqtalur struqturas mdgomareobaTa sivrceSi (MOL85).  

 F-is mniSvnelobebisTvis 0.38-sa da 0.84-s Soris (rodesac γ =1 da ω=1.0) 

vRebulobT qaosuri qmedebisa da  perioduli diapazonebis narevs. G.4 naxazze aseTi 

SemTxvevis ori magaliTia moyvanili. 

 

 

 

nax. G.3. mdgomareobebis sivrcis traeqtoriebi milevadi oscialtoris 

modelisTvis, rodesac F=0.25, γ=0.25 da ω=1.0. marcxniv γ0= _1.0, x0=0.5. marjvniv 

γ0= _0.5, x0=0.5. ori traeqtoria or sxvadasxva zRvrul cikls Seesabameba. 
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G.5 naxazi gviCvenebs mdgomareobaTa sivrcis puankares kveTas (stroboskopuli 

suraTi) im fazis SemTxvevaSi, rodesac maiZuleel Zalas gaaCnia udidesi mniSvneloba 

anu rodesac cos(ωt)=1. cxadia, qaosur mimzidvels aqvs kompleqsuri struqtura. F-

is didi mniSvnelobebis SemTxvevaSi qmedeba periodulia maiZulebeli Zalis toli 

periodiT.  

 

 SedarebiT martivi maTematikuri midgomis miuxedavad, milevis oscilatori 

saocrad mravalferovan qmedebas iZleva. damatebiTi literaturis Sesaxeb cnobebi 

momdevno paragrafSia moyvanili.  

 

 

 

 nax. G.4. marcxniv naCvenebia periodi-4-is Sesabamisi mimzidveli, rodesac F=0.5. 

marjvniv moyvanili qaosuri mimzidveli, rodesac F=0.7. orive SemTxvevaSi  γ=0.5 da 

ω=1.0. 

 

nax. G.5. G.4 naxazis marjvena nawilSi 

moyvanili mdgomareobaTa sivrcis puankares kveTa 

qaosuri mimzidvelisaTvis. 
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G-2. damatebiTi literatura 
 

G. Duffing, Erzwungene Schwingungen bei veranderlicher Eigenfrequenz and ihre 
technische Bedeutung (Friedr. Vieweg & Sohn, Braunschweig, 1918). 

F. C. Moon and G.-X. Li, "Fractal Basin Boundaries and Homoclinic Orbits for Periodic 
Motion in a Two-Well Potential," Phys. Rev. Lett. 55,1439-42 (1985). 

[Moon, 1992]. moicavs saintereso msjelobas dafingis modelis Sesaxeb. 
C. L. Olson and M. G. Olsson, "Dynamical symmetry breaking and chaos in Duffing's 

equation," Am. J. Phys. 59, 907-11 (1991).  
J. E. Berger and G. Nunes, Jr., "A mechanical Duffing oscillator for the undergraduate 

laboratory," Am. J. Phys. 65, 841-846 (1997). 
 

G-3. kompiuteruli amocanebi 

 

CEG-1.  dafingis oscilatoris dinamikis kvlevisTvis isargebleT Chaos Dynamics 

Workbench-iT. c-sa da ω-s fiqsirebuli mniSvnelobebisTvis daadgineT qaosuri 

qmedebis gamomwvevi F-is diapazoni. SeZlebisdagvarad daadgineT periodis gaormagebis 

mimdevroba. 

 

CEG-2.  gamoiyeneT Dynamics: Numerical Explorations [Nusse da Yorke, 1998] G-3 

naxazze warmodgenili zRvruli ciklebis ori tipis mizidulobis areis 

kvlevisTvis. SeniSvna: Tu areebTan dakavSirebiT maRali sizustis suraTis Seqmna 

gsurT, gamoTvliT operaciebs SesaZloaa didi dro dasWirdes.  

 

CEG-3.  gamoiyeneT Dynamics: Numerical Explorations [Nusse da Yorke, 1998] cvladi 

F parametris mqone milevis oscilatoris Sesabamisi bifurkaciuli diagramis 

asagebad. ramdenad xarT darwmunebulni, rom miRebul diagramaze gamoisaxeba 

nebismieri mimzidveli? 
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danarTi H 

 

erTganzomilebiani iteraciuli asaxvebis 

damaxasiaTebeli sxva universaluri Tvisebebi 

 

 

H.1 Sesavali 

 

mocemul danarTSi damatebiT visaubrebT me-5 TavSi warmodgenil Tvisebebze da 

yovelgvari gamoyvanisa da mtkicebulebis gareSe erTganzomilebiani iteraciuli 

asaxvebis zogierT raodenobriv universalur Tvisebas aRvwerT. am Tvisebebis 

ricxviTi mniSvnelobebis miReba me-5 Tavsa da F danarTSi gamoyenebulis msgavsi 

meTodebiTaa SesaZlebeli. gamoyvanis detalebi Zalian Sors wagviyvans, amitom 

msjeloba mxolod aRweriTi xasiaTisa iqneba. 

 

H.2 energetikuli speqtri 

 

CvenTvis ukve cnobilia, rom periodis gaormagebis bifurkaciebis mimdinareobisas, 

TiToeul axal bifurkaciasTan erTad vlindeba sistemis ZiriTadi periodis axali 

subharmonikebi. amrigad, Tu avagebT iteraciuli asaxvis funqciis traeqtoriebis 

Sesabamis energetikul speqtrs, n rigis bifurkaciisas periodi 2n-is `dabadebisas~ 

mosalodnelia axali subharmonikebis gamoCenac. magram radganac sistema arawrfivia, 

unda velodoT harmonikebebis Sesabamisi sixSireebis jamebisa da sxvaobebis 

Sesabamisi komponentebis gamovlenasac.. yvelaze ukeT am sakiTxebs  martivi 

magaliTis moyvanis meSveobiT gaviazrebT.  

  iteraciuli asaxvis funqciasTan dakavSirebiT pirveli rigis periodis 

Sesabamis bifurkaciaze dabali mniSvnelobis mqone parametrisTvis traeqtorias 

gaaCnia periodi, romelsac Cven T=1 vuwodebT. gardamavali procesebis dasrulebis 

Semdeg nebismieri iteraciis mniSvneloba erTi da igive iqneba. amrigad, energetikuli 

speqtri zustad erTi mdgenelisgan iqneba Semdgari, romelic daikvirveba  v=1/T =1 
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sixSireze. pirveli rigis periodis gaormagebis bifurkaciis aRZvris Semdeg ukve 

T=2 periodis mqone qmedeba aRiniSneba. amrigad, energetikul speqtrs mdgeneli ukve 

v=1/2 mniSvnelobaze gaaCnia. radgan sistema arawrfivia, v=2X(1/2)=1 mniSvnelobaze 

iarsebebs harmonikis meore mdgenelic (Cven ugulvebelyofT nebismieri ufro maRali 

sixSiris mqone harmonikas). meore rigis periodis gaormagebis bifurkaciis aRZvris 

Semdeg sistema ukve T=4 periodis Sesabamis qmedebas amJRavnebs da, amrigad, 

energetikuli speqtris mdgeneli v=1/4 mniSvnelobaze daikvirveba. arawrfivobis gamo 

energetikuli speqtris mdgenelebi v=1/2, 3/4-sa da 1 mniSvnelobebzec warmoiqmneba. 

energetikuli speqtris amgvari evolucia H-1 naxazzea naCvenebi.  

 feigenbaumma (FEI80) daamtkica, rom sixSiris axal mdgenelebTan  

dakavSirebuli sruli `intensivoba~ (furies gardaqmnis amplitudebis jami)  

wina bifurkaciasTan asocirebul `intensivobasTan~ SedarebiT universalur 

mudmiv mamravljer mcirea, romlis sididec miaxloebiT 0.1525-is tolia. 

 

nax. H.1. energetikuli speqtris evolucia ramdenime periodis gaormagebis 

bifurkaciis SemTxvevaSi. furies amplitudis logariTmi gamosaxulia sixSiris 

funqciis saxiT. sixSire isea normirebuli, rom periodi 1 tipis qmedebas Seesabameba 

erTisis toli sixSire aReniSneba. v=1 mniSvnelobaze maRali sixSireebi 

ugulvebelyofilia. marcxena zeda nawili: periodi-2-is supercikli. marjvena zeda 

nawili: periodi-4-is supercikli. SeniSneT axali mdgenelebi v=1/4 da v=1/4 

mniSvnelobebze.  qveda nawili: periodi-8-is supercikli. axla mdgenelebi v=1/8, 3/8, 

5/8 da 7/8-ze vlindeba. amplitudebis jamTa Toriis Tanaxmad, periodis TiToeul 
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gaormagebisas sixSiris axali mdgenelebis amplitudebis jami unda iyos 8.17 

decibeliT mcire, vidre aqamde arsebul sixSiresTan asocirebuli mdgeneli. 

mocemul diagramebze 8.17 decibeli Seesabameba vertikaluri skalis daaxloebiT 0.8 

erTeuli.  

 

(radganac energetikuli speqtri xSirad gamosaxulia logariTmul masStabSi, es 

mamravli Seesabameba 10 log 10 (0.1525) = _ 8.17 dB (dB = decibeli)-is tol 

sxvaobas]. energetikuli speqtris zemoTxsenebuli Tanafardoba ramdenime 

eqsperimentSia gamokvleuli (GMP81, TPJ82), romelTa Sedegebi TanxmobaSia 

universalobis amgvar prognozTan, miuxedavad imisa, rom sxvadasxva kenti ricxvis 

Sesabamisi harmonikebis gansxvavebuli simZlavreebis gamo, eqsperimentuli monacemebiT 

saSualo mniSvnelobebis gansazRvra xSirad sakmaod rTulia (ixileT gasaSualoebis 

sxvadasxva meTodTan dakavSirebiT moyvanili cnobebi).  

 Tu furies energetikuli speqtrs qaosuri signalisTvis vsazRvravT, maSin 

vRebulobT sixSiris mixedviT uwyvet gadanawilebas. H.2. naxazi gviCvenebs 

energetikul speqtrs lojistikuri asaxvis funqciis mixedviT miRebuli 

signalisTvis, rodesac A=3.609. parametris es mniSvneloba aisaxeba qaosur 

traeqtoriebze, romlebic 5.9 naxazis mixedviT, or kvanZs Soris cirkulireben. 

energetikuli speqtri uwyvetia, magram FfarTo maqsimums or qaosur diapazonSi 

v=0.5 mniSvnelobis maxloblad avlens, rac Seesabameba cirkulacias or qaosur 

diapazons Soris Soris. 
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nax. H.2. ordiapazoniani qaosuri qmedebis Sesabamisi energetikuli speqtris 

(aTobiTi) logariTmi lojistikuri asaxvisTvis, rodesac A=3.609. SeniSneT, rom 

qaosur qmedebisTvis arsebobs sixSireTa uwyveti diapazoni. or diapazons Soris 

cirkulaciaa aisaxeba speqtris farTo maqsimumSi v=0.5 mniSvnelobis maxloblad.  

 

H.3 xmaurisaTvis damaxasiaTebeli efeqtebi 

 

arawrfivi sistemebis Sesaxeb msjelobisas aqamde sruliad veridebodiT  xmauris 

sakiTxs anu garedan momarTul da mouwesrigebeli bunebis mqone arakontrolirebad 

qmedebebs, romlebic nebismier realur mecnierul gazomvebSi prognozirebis 

SesaZleblobebs zRudavs. arawrfiv sistemebSi xmauri zogierT aSkara efeqts iwvevs. 

magaliTad, Tu sistemis makontrolebeli parametris Sesabamisi eqsperimentuli 

sidide `xmauris Semcvelia~, maSin parametris  raime sruliad gansazRvrul 

mniSvnelobaze (Teoriulad) aRZvradi nebismieri efeqti xmaurSi `Caikargeba~. kerZod,  

ganvixiloT pirvel TavSi moyvanil diodis wredSi kontrolis parametris saxiT 

gamoyenebuli Zabvis Sesaxeb. am ukanasknelis sakmao sizustiT kontrolis mcdelobis 

SemTxvevaSic ki yovelTvis iarsebebs eleqtruli `xmauris~ garkveuli raodenoba. am 

SemTxvevaSi xmauri sakuTar Tavs ZabvaSi arsebuli mcire rxevebis saxiT 

warmogvidgens. amrigad, rodesac vambobT, rom pirveli periodis gaormagebis 

bifurkacia v=1.3345 voltze aRiZvreba, realurad vgulisxmobT, rom es bifurkacia  

v=1.3345±0.0002 voltze vlindeba, sadac xmauris sidide miaxloebiT 0.0002 

voltia.  

cxadia, rodesac maRali rigis bifurkaciebTan gvaqvs saqme, Tanmimdevrul 

bifurkaciebs Soris arsebul ZabvaTa sxvaoba xmauris donesTan SedarebiT mcire 

iqneba da qaosSi gardamavali stadiis Sesabamisi bifurkaciebi erTimeorisagan 

ganurCeveli iqnebian. 

 xmauris arseboba sakvlev cvladis mniSvnelobebSic SesaZlebelia iCendes Tavs 

(magaliTad, xmauri erTganzomilebiani iteraciuli asaxvias gamoyenebul x-is 

mniSvnelobebSi). iteraciuli asaxvebisTvis xmauris am saxeobis ricxviTi Seswavla 

asaxvis funqciis mixedviT gamoTvlil xn+1 mniSvnelobaze xmauris mcire dozis 

damatebiTaa SesaZlebeli. es operacia mraval kompiuterul enaSi danergili 

`SemTxveviTi ricxvis generatoris~ gamoyenebiT sruldeba. formalurad vwerT: 
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1 ( )n n nx f x                                 (H.3-1)  

 

sadac σn, sazogadod, imgvarad SerCeuli SemTxveviTi ricxvia, rom σn-ebis 

saSualo ariTmetikuli nulis toli unda iyos (nulis saSualo mniSvnelobas ise 

virCevT, rom dadebiTi da uaryofiTi mniSvnelobebis albaToba Tanabaria). 

SemTxveviTi ricxvebis kvadratebis saSualo mniSvneloba garkveuli fiqsirebuli 

sididea, romlis kvadratuli fesvi σ simboloTi aRiniSneba. kraCfildma, farmerma 

da hubermanma (CFH82) lojistikuri asaxvis iteraciebTan dakavSirebiT `damatebiTi 

xmauris~ efeqti Seiswavles. maT aRmoaCines, rom xmauris arsebobisas qaosuri 

qmedeba, savaraudod, makontrolebeli A parametris mcire mniSvnelobebis SemTxvevaSi 

aRiZvreba. maT gviCvenes, rom A∞ (parametris is mniSvneloba, romlisTvisac qaosi 

Tavs iCens xmauris ararsebobis pirobebSi) da A* (parametris mniSvneloba, 

romlisTvisac qaosi Tavs iCens xmauris arsebobisas) parametrebs Soris sxvaoba 

eqvemdebareba universaluri xarisxovan kanons: 

 

*A A k                                 (H.3-2)  

 

sadac γ=logδ/logμ, xolo μ=1/0.1525 energetikuli speqtris normirebis ricxvis 

Sebrunebuli sididea (δ, rasakvirvelia, feigenbaumis ricxvia 4.669....-is toli 

mniSvnelobiT). Tu σm sakmarisad didia saSualo zomis xmauris mier garkveul m 

mniSvnelobaze meti indeqsis mqone yvela subharmonikis `damalvisTvis~, maSin qaosi, 

savaraudod, Tavs iCens A=Am mniSvnelobaze. momdevno, ufro dabali subharmonikis 

damalvisTvis anu qaosuri qmedebis A-s SedarebiT mcire mniSvnelobebisTvis 

gadatanisTvis, rodesac energetikuli speqtris mimdevruli mdgenelebis fardobiT 

sidides gvaZlevs, σ-s gazrda μ-sadmi proporciuli saxiT gvWirdeba. amrigad, 

SegviZlia davweroT: 

 

1

mm 


                                  (H.3-3) 

 

sadac σ1 warmoadgens qaosis parametris A1 mniSvnelobidan dawyebisaTvis saWiro 

xmauris sidides. m-is amosaxsnelad (H.3-3) gantolebis galogariTmeba da miRebuli 

mniSvnelobis 2.4-1 amocanis SedegSi Casma SegviZlia. sabolood miviRebT 
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2

2 1
1

( ) ( )
1

m
mA A A A




 

 
      

                      (H.3-4) 

 

 (H.3-4) gamosaxuleba igivea, rac (H.3-2). amgvari qmedeba lojistikur asaxvasTan 

(CFH82) da eleqtronul oscilatorebTan (TPJ82 da YEK82) dakavSirebiT 

Catarebul eqsperimentebSi ricxobrivad dadasturebuli iqna. 

 

amocana H-1. miiReT (H.3-4) gamosaxuleba (H.3-3)-dan.  

 

 praqtikaSi mdgomareoba odnav ufro rTulia. zogierT SemTxvevaSi xmaurma 

qaosuri qmedebis gamowvevis gareSe periodis gaormagebis kaskadi ubralod SeiZleba 

gadafaros, xolo sxva SemTxvevaSi xmaurma SesaZloa qaosuri qmedeba gamoiwvios. 

lojistikuri asaxvis konteqstSi am ori SemTxvevis safuZvliani SeswavlisTvis 

ixileT GHL99. 
 Tu qaosuri qmedebis mqone sistemebi sawyisi pirobebis umniSvnelo 

cvlilebebze reagireben, isini `xmauris gamaZliereblebadac~ funqciasac Seasruleben 

(FOE93). maSasadame mcire, mikroskopuli xmaurma SesaZloa makroskopuli masStabebi 

miiRos.  
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danarTi I 

 

van der polis oscilatori 

 

I.1 van der polis modeli 

 

zogierT modelSi zRvruli ciklebi aRweren droze damokidebuli perioduli 

qmedebis spontanur aRZvras. gamoviyenoT organzomilebian modeli imis gasagebad, Tu 

rogor urTierTqmedeben sistemis sxvadasxva nawilebi zRvruli ciklis warmoqmnisas. 

maTematikisadmi naklebi midrekilebis mqone mkiTxvels SeuZlia mocemul danarTs 

zedapirulad gadaavlos Tvali. 

 mocemul models saintereso warsuli gaaCnia. Tavdapirvelad igi 1920-ian 

wlebSi van der polma (VDP26) gamoiyena triodis eleqtronuli oscilatoris 

aRwerisTvis (triodi sami elementisgan Semdgari vakuumovani eleqtruli milakia). 

van der polis kvlevis detalebs Cven ar ganvixilavT da vecdebiT gadmogceT 

mxolod ZiriTadi momentebi. Semdeg ki vaCvenoT, Tu rogor unda gavigoT zRvruli 

ciklis arsebobis Sesaxeb. danarTis darCenili nawili van der polis oscilatoris 

miaxloebiT aRmweri analizuri meTodebis ganxilvas daeTmoba.  

 van der polis modelis Tanaxmad, triodis milakSi gamavali eleqtruli 

muxti wrfivi, milevadi martivi harmoniuli oscilatoris amsaxveli gantolebiT 

aRiwereba:  

 

2
2

2
0

d q dq
q

dt dt
                                  (I-1) 

 

sadac γ e.w. milevis siCqarea, xolo ω  - muxtis rxevis sixSire milevis 

ararsebobis pirobebSi. van der polis ideis arsi gamoixateba triodis qmedebis 

iseTi saxiT modelirebaSi, rom milevis parametri q muxtis sidideze unda iyos 

damokidebuli. mcire q-s SemTxvevaSi aRiniSneba rxevis amplitudis zrdis tendencia. 

didi q-s SemTxvevaSi merxevi muxtis sidide milakTan da wredTan dakavSirebuli e.w. 

gajerebis efeqtis mier iqneba SezRuduli. amgvari qmedebis modelireba SesaZlebeli 

xdeba γ sididis  q muxtze imgvari funqcionaluri  damokidebulebis SemoRebiT, rom  
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mcire q-s SemTxvevaSi γ<0. `disipaciis~ uaryofiTi mniSvneloba gviCvenebs, rom 

rxevebis amplituda izrdeba. didi q-s SemTxvevaSi γ dadebiTi xdeba da adgili aqvs 

merxevi muxtis energiis disipacias. van der polma SearCia Semdegi martivi funqcia:  

 

 

2

2
1o

o

q

q
 

 
   

 
                                 (I-2) 

 

sadac γ0>0. rodesac q<q0, milevis γ parametri uaryofiTia da q>q0 SemTxvevaSi 

ki, piriqiT, dadebiTi. Tu (I-2) gamosaxulebas (I-1) gantolebaSi CavsvamT da 

SemoyvanT Semdeg cvladebs 

 

/

/

o
o

o

q
Q

q

t

R

 

 
 






                                 (I-3) 

 

maSin van der polis gantoleba miiRebs Semdeg saxes:  

 

2
2

2
( ) 0

d Q dQ
R Q Q

d dt
                             (I-4) 

 

U=Q =dQ/dt cvladis Semoyvanis Sedegad (I-4) gantoleba daiyvaneba pirveli rigis 

gantolebaze da gveqneba: 

 

1( , )Q U f Q U                                  (I-5) 

 

2
2( ) ( , )U R Q U Q f Q U                               (I-6) 

 

Semdeg f1( Q,U)=0 da f2( Q,U)=0 pirobebis meSveobiT vpoulobT sistemis Sesabamis 

fiqsirebul wertilebs. cxadia, fiqsirebuli wertili iqneba mxolod (U=0; Q=0), 

rac rxevis ararsebobis pirobas Seesabameba. stabiluria es wertili Tu 
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arastabiluri? am kiTxvaze pasuxis gacemisTvis I.5 da I.6 gantolebaTa sistemisTvis 

ganvsazRvravT iakobiians. 

 

1 1

2
2 2

0 1

2 1

f f

Q U
J

f f QU R Q
Q U

  
              
   

                     (I-7) 

 

amrigad (0;0)wertilebSi determinanti ∆=1 da TrJ= R. gansazRvrebis Tanaxmad, 

rodesac R dadebiTia, ararxevadi fiqsirebuli wertili arastabiluria. misi 

Sesabamisi maxasiaTebeli mniSvnelobebia 

 

 21
4

2
R R                                       (I-8) 

 

amrigad, R<2 SemTxvevaSi fiqsirebuli wertili spiraluri ganmzidvelia. R>2 

SemTxvevaSi fiqsirebuli wertili Cveulebrivi gambnevia. I.1 naxazze moyvanilia 

R=0.3 mniSvnelobis Sesabamisi qmedeba. 

 

nax. I.1. (U=0.1; O=0.1) wertilis midamoSi dawyebuli traeqtoria van der polis 

oscilatorisaTvis mdgomareobaTa sivrceSi, rodesac R=0.3. (0;0) fiqsirebuli 

wertili aSkarad spiraluri tipis ganmzidvelia. rodesac t_>∞, traeqtoriebi 

miiswrafvian zRvrul ciklisaken. 
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 gavixsenoT, rom fiqsirebuli wertilis stabilurobis analizi am wertilis 

mier ganziduli traeqtoriebis Sesaxeb informacias ar gvawvdis. intuiciaze 

dayrdnobiT SegviZlia vifiqroT, rom traeqtoriebi (0,0) wertilidan `Sors ver 

wavlen~, radgan milevasTan dakavSirebuli wevri dadebiTi xdeba da energiis 

Sesabamisi disipacia traeqtoriis zomebs zRudavs. 

 gamovikvlioT muxtis rxevebTan dakavSirebuli energiis droze 

damokidebuleba. mocemuli energiis gamosaxva SegviZlia im  wevrebis jamis saxiT, 

romlebic meqanikuri oscilatoris SemTxvevaSi kinetikuri da potenciuri energiebis 

analogiuria (Berg, Pomeau da Vidal, 1986], gv. 28-29):  

 

2
21 1

( , )
2 2

Q
W U Q LU

C
                              (I-9) 

 

L oscilatoris wredis induqciaa, xolo C - tevadobaa. erTeulebi ise 

SegviZlia SevarCioT, rom Sesruldes pirobebi L =1 da C =1. maSin am energiis 

cvlilebis siCqare iqneba 

 

dW dU dQ
U Q

d d d  
                                (I-10) 

 

U-sa da Q-s drois mimarT I.5 da I.6 damokidebulebebis gamoyeneba mogvcems:  

 

2 2

2 2

( )

( )

dW
U R Q QU QU

d

U R Q


   

 
                        (I-11) 

 

energiis cvlilebas vasaSualoebT rxevis erT ciklze: 

 

2 2 2

2 2 2

dW
RU U Q

d

RQ Q Q


 

  
                               (I-12) 

 

 (gasaSualebas vaxdenT rxevis daaxloebiT erTi periodisTvis saWiro drois 

mixedviT, rac daSvebis Tanaxmad, milevis 1/γ0 droze mcirea). miRebuli 
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gamosaxulebis marjvena nawilSi myofi pirveli wevri gviCvenebs energiis generaciis 

simZlavres wredSi, uaryofiTi niSnis mqone meore wevri ki -  energiis disipaciis 

siCqares. stabiluri mdgomareoba am wevrebs Soris balansis SemTxvevaSi miiRweva.  

 Tu davuSvebT, rom wredSi myardeba sinusoidur rxevebi (ganmzidvelis 

spiraluri bunebidan gamomdinare, es SemTxveva  faqtobrivad R-is mcire 

mniSvnelobebisas vlindeba). SegviZlia davweroT: 

 

0 0( ) sin sinQ t Q t Q                               (I-13) 

 

sadac Q0 rxevis amplitudaa, xolo ω  - rxevis sixSirea. gamoviyenoT 

zemoTmoyvanili daSveba rxevebis amplitudis R-ze damokidebulebis xasiaTis 

gansazRvrisTvis. Tavdapirvelad vsazRvravT droSi gasaSualoebul sidideebs: 

 

2 2 2 2 21
( ) cos

2o oQ Q t Q                             (I-14) 

 

2 2 2 41

8 oQ Q Q                                    (I-15) 

 

 

wonasworuli mdgomareobis Sesabamis rxevebTan dakavSirebiT (I-12) aviRebT 

dW/dt=0 da Semdeg viyenebT I.14 da I.15 gamosaxulebebs: 

 

 

2oQ R                                       (I-16) 

 

 

savarjiSo I-1. gamoiyvaneT (I-16) formula.  

 

 

mcire R-is SemTxvevaSi mdgomareobebis sivrceSi R2 radiusis mqone wrewiriT 

warmodgenili sinusoiduri rxevebis arsebobas unda velodeT. R-is SedarebiT didi 
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mniSvnelobebisas rxevebi ukve arasinusoidur xasiaTs iZens. tipiuri qmedeba 

naCvenebia I.2 naxazze, rodesac R=3.0.  

 

nax. I.2. van der polis oscilatoris qmedeba, rodesac R=3.0. marcxniv 

gamosaxulia Q(t) da U(t). marjvniv moyvanilia grafikuli damokidebuleba Q da U 

sidideTa Soris mdgomareobebis sivrceSi. miaqcieT yuradReba koordinatTa sistemis 

saTaveSi mdebare fiqsirebuli wertilis gammzidvel bunebas.  

 

erTi ukiduresi mniSvnelobidan meoreSi gardamaval rxevebs van der polma 

`relaqsaciuri rxevebi~ uwoda. mdgomareobebis sivrcis aseTi traeqtoria I.2 naxazis 

marjvena nawilSia naCvenebi.  

 amrigad, CvenTvis ukve cxadia Tu rogor unda gavaanalizoT zRvruli ciklis 

stabiluroba anu gaverkveT zRvruli ciklis siaxloves traeqtoriebis mizidvisa Tu 

ganzidvis sakiTxSi. am meTods `amplitudisa da fazis mcired Secvlis meTodi~ 

ewodeba. arawrfivi dinamikaSi igi farTod gamoiyeneba (magaliTad ixileT [Sanders da 

Verhulst, 1984]). mas Semdeg, rac maTematikosebma _ krilovma, bogoliubovma da 

mitropulskim ganaviTares mocemul meTodTan dakavSirebuli zogadi formaluri 

midgoma, mas aseve KBM gasaSualebis meTodi ewodeba.  

 gadavweroT (I-4) diferencialuri gantoleba Semdegnairad: 

 

2
2

2
( )

d Q dQ
Q R Q

d d 
                                  (I-17) 
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Tu gantolebis marjvena nawili igivurad nulis tolia, maSin Q-s cvlileba 

droSi iqneba sinusoiduri. amgvarad, mizanSewonilia Semdegi warmodgena: 

 

( ) ( )sin( ( ))Q a                                    (I-18a) 

 

 

( ) ( ) cos( ( ))Q a                                    (I-18b) 

 

aq a cvladi amplitudaa, xolo φ- cvladi faza. SeniSneT, rom Cven a(τ)-sa da  

φ(τ)-s ise vsazRvravT, rom zemoTmoyvanili  pirobebi ZalaSi darCes Q  araa 

miRebuli. pirveli gamosaxulebis gawarmoebis gziT, magram Tu CavatarebT am 

operacias, gveqneba Semdegi toloba 

sin( ( )) ( 1)cos( ) cos( )a a a                             (I-19) 

 

anu 

 

sin( ) cos( ) 0a a                               (I-20) 

 

Semdeg (I-18)-is meore gantolebis gawarmoebis saSualebiT  Q-s meore rigis 

warmoebuls gamovTvliT da miviRebT: 

 

cos( ) (1 )sin( )Q a a                              (I-21) 

 

Semdeg I.21 da I.18 gantolebebis (I-17)-Casmis Sedegad gveqneba: 

 

2 2cos( ) sin( ) [ sin ( ) cos( )]a a R a a                          (I-22) 

 

gamovyoT gantolebebi a da  cvladebis mimarT.  amisaTvis jer (I-20) gantolebas 

vamravlebT sin(τ+φ)-ze, xolo (I-22)-s _ cos(τ+φ)-ze da miRebul or gantolebas 

SevkrebT. Semdeg (I-20) gantolebas cos(τ+φ)-ze, xolo (I-22)-s ki _sin(τ+φ)-ze 
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gavamravlebT da maTac SevajamebT. algebruli moqmedebebis dasrulebis Semdeg mi 

viRebT: 

 

2 2 2

2 2

{ sin ( )} cos ( )

[ sin ( )]sin( )cos( )

a R a a

R a

   

      

   

     


            (I-23) 

 

albaT SeniSneT, rom (I-23) gantolebebi (I-17)-is eqvivalenturia, Cven ubralod 

cvladebi SevcvaleT. rodesac traeqtoria zRvruli ciklis maxloblad gadis, misi 

a amplituda da φ faza  ganicdian nel cvlilebebs rxevis periodis rigis drois 

ganmavlobaSi. amrigad, rxevis erTi periodis ganmavlobaSi am sidideebis droiT 

warmoebulebi TiTqmis mudmivi sidideebia. Tu es parametrebi zRvruli ciklis 

siaxloves mdebare traeqtoriebisTvis gamoviyenebT, maSin erTi periodis 

ganmavlobaSi (I-23) gantolebaTa marjvena nawilebis  integrebis Sedegad SevZlebT 

amplitudisa da fazis miRebas. amisaTvis gamoviyenoT Semdegi integralebi: 

 

2
2

0

1 1
cos ( )

2 2
d



 


                      (I-24a) 

2
2 2

0

1 1
sin ( ) cos

2 8
d



 


                   (I-24b) 

2
2

0

sin ( )sin cos 0d


                      (I-24c) 

 

Sedegad miviRebT miaxloebiT gantolebebs:  

 

2

2 4

0

a a
a R



 
  

 





                         (I-25) 

 

savarjiSo I-2. gamoiyvaneT (I-25) gantolebebi. 

 

aRsaniSnavia, rom zRvruli cikli gveqneba a =0 SemTxvevaSi anu Cvens mier zemoT 

napovni Ra 2  mniSvnelobisaTvis miiRweva. mocemuli meTodi gvaZlevs axlomdebare 
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traeqtoriebis zRvruli ciklisaken krebadobis siCqaris dadgenis saSualebasac. am 

ukanasknels (I-25) gantolebebis pirveli gantolebis marjvena nawils zRvruli 

Ra 2*   ciklis midamoSi warmovadgenT  teiloris mwkrivis saxiT: 

 

( )

( ) ( ) ...

( ) ...

a f a

df
f a a a

da

R a a

 





   

  



                   (I-26) 

 

(I-26) gamosaxuleba gvamcnobs, rom traeqtoriebi eqsponencialuri saxiT 

miiswrafvian zRvruli ciklisaken. Tu davuSvebT, rom warmoadgens sxvaobas 

traeqtoriis a(t) amplitudasa da zRvruli ciklis a* amplitudas Soris, gveqneba:  

 

( ) R
od t d e                           (I-27) 

 

sadac d0 wamoadgens  d sididis mniSvnelobas, rodesac τ=0. amrigad, zRvruli 

cikli stabiluria, radgan zRvruli ciklis erT an meore mxareze ganlagebuli 

traeqtoriebi droTa ganmavlobaSi am ciklisaken miiswrafvian.   

 gamoviyenoT Cvens mier dagrovili codna van der polis oscilatorTan 

dakavSirebiT puankares asaxvis funqciis miaxloebiTi agebis mizniT. Tu puankares 

kveTis saxiT avirCevT dadebiT Q RerZs mdgomareobaTa sivrceSi, maSin a(τ) 

amplituda mogvcems traeqtoriis mier masTan gadakveTis wertilis mdebareobas. Tu 

Cvens mier SerCeul drois erTeulSi kveTebs Soris drois intervalebi 2π-s tolia, 

maSin (I-27)-is ZaliT, zRvruli ciklidan manZilis meASveobiT gamosaxuli puankares 

asaxvis funqcia miiRebs Semdeg saxes: 

 

2
1

R
n nd d e 
                          (I-28) 
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nax. I-3. van der polis oscilatoris puankares asaxvis funqciis eskizi. vuSvebT, 

rom R<1.  

 

zRvruli ciklis gadakveTis is wertili, romlisTvisac dn=0, warmoadgens 

puankares asaxvis stabilur fiqsirebul wertils.  

 

savarjiSo I-3. van der polis oscilatoris puankares asaxvis grafikuli analizi 

R<1 SemTxvevaSi. parametris im mniSvnelobebisaTvis, romelTaTvisac (U=0; Q=0)  

koordinatTa sistemis saTave ganmzidvelia da )2,2( RR  warmoadgens mimzidvels, 

puankares asaxvis F(Q) funqcia I-3 naxazze moyvanili  saxiT moicema. gamoiyeneT 1.4 

paragrafSi warmodgenili grafikuli meTodi da daadgineT, Tu ra saxiT miiswarfvis 

Q sidide fiqsirebuli RQ 2  mniSvnelobisaken.  

 

 

savarjiSo I-4. R<1 da Q-s mcire amplitudis rxevebis SemTxvevaSi (rodesac 

qmedeba sinusoiduria) mdgomareobebis sivrcis Q _ U sibrtyeze nebismier 

monakveTTan dakavSirebiT SesaZlebelia puankares asaxvis funqciis saxis dadgena. 

ipoveT es funqcia. 

 

I.2  damatebiTi literatura 
 

B. van der Pol, "On Relaxation Oscillations," Phil. Mag.(7) 2,978-92 (1926).  
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I.3 kompiuteruli amocanebi 

 

CEI-1. isargebleT Chaos Demonstrations van der polis gantolebis zRvruli 

ciklebis  Seswavlis mizniT. cvaleT h parametri (ekvivalenturia teqstSi 

gamoyenebuli R parametrisa) rxevebis martivi harmoniulidan (mcire mniSvnelobebi) 

relaqsaciur rxevebze (didi mniSvnelobebi) gadasvlis xasiaTis warmodgenis mizniT.  

 

CEI-2. gamoiyeneT Chaos Dinamics Workbench da SeiswavleT Sou _ van der polis 

oscilatori, rodesac Zalismier wevrs gaaCnia nulis toli mniSvneloba 

(mdgomareobaTa organzomilebiani sivrcis miRebis mizniT). SeiswavleT dinamikuri 

cvladebis droze damokidebuleba da mdgomareobaTa sivrcis diagramebi  A 

koeficientis zrdasTan erTad.  
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danarTi J 

 

lazeris dinamikis martivi modelebi 

 

J.1 martivi modeli 

 

mocemul danarTSi lazeruli dinamikis modelirebasTan dakavSirebiT me-3 TavSi 

moyvanil mosazrebebs gamoviyenebT. rogorc irkveva, bifurkaciis cneba lazeris 

fizikis SeswavlaSi garkveul daxmarebas gviwevs. ganvixiloT lazerSi aRZruli 

sinaTlis gaZlierebis procesis metad martivi modeli. gavamaxviloT yuradReban 

lazerSi  fotonebis (sinaTlis energiis `nawilakebis~) raodenobis  droSi 

cvlilebaze. lazeris mier gamosxiveebuli sinaTlis intensivoba proporciulia 

fotonebis raodenobisa, romelic aRvniSnoT N simboloTi.  

 lazerSi sinaTlis intensivobas aZlierebs misi urTierTqmedeba `aqtiur 

garemosTan~, romelsac qmnis atomTa erToblioba. rodesac gamosxiveba atomebTan 

urTierTqmedebs, atomebs dabali energetikuli mdgomareobidan maRalSi gadasvlisas 

gaaCnia gamosxivebis STanTqmis unari. maRali energetikuli  mdgomareobidan dabalSi 

gadasvlisas ki piriqiT, adgili aqvs fotonTa gamosxivebas. gadasvlisTvis saWiro 

atomis energiis cvlileba gadasvlis dros gamosxivebuli an STanTqmuli fotonis 

energiis tolia. gamosxivebis intensivoba gadasvlis dros proporciulia atomebis 

raodenobisa. amgvarad, lazerSi gamosxivebis gaZliereba maRal da dabal doneebze 

arsebul atomTa raodenobebs Soris sxvaobis proporciulia. es sxvaobas avRniSnoT  

Na simboloTi. 

 N-is droSi cvlilebis fenomenologiuri modeli emyareba fotonTa kanons: 

 

aN GNN N                            (J-1) 

 

sadac rogorc N, aseve Na moculobis erTeulzea gaTvlili. γ warmoadgens 

lazeridan fotonebis gamosvlis siCqares. G sidides lazeris `gaZlierebis~ 

koeficienti ewodeba. zemoTmoyvanili gamosaxuleba gvamcnobs, rom lazerSi 

fotonebis raodenoba, iZulebiTi gamosxivebis gaZlierebis procesidan gamomdinare, 
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izrdeba (mogebiTi nawili) da klebulobs lazeridan fotonebis kargvis (kargviTi 

nawili). lazeris gamosxivebis  amgvar saxes iZulebiTi gamosxiveba ewodeba, radgan 

fotonebis arseboba sinaTles ufro didi intensivobiT gamosxivebas aiZulebs.  

rodesac iZulebiT gamosxivebas (romlis albaTobac proporciulia fotonebis 

raodenobisadmi) atomi agznebuli mdgomareobidan raime ufro dabali energetikul 

mdgomareobaSi gadahyavs, xolo STanTqmas ki dablidan _ maRalSi, atomebis 

dasaxlebulobaTa sxvaoba fotonebis raodenobaze iqneba damokidebuli.  

amrigad, vwerT: 

 

a apN N BN                           (J-2) 

 

sadac Nap warmoadgens garkveuli `datumbvis~ procesidan (magaliTad, atomebis 

eleqtronebTan an erTmaneTTan SejaxebiT gaowveuli) gamomdinare atomis 

dasaxlebulobaTa sxvaoba, xolo B _ arsebuli fotonebis raodenobisadmi 

proporciuli iZulebiTi gamosxivebis koeficientia. ((J-2) gantolebis 

WeSmaritebasTan dakavSirebiT bunebrivad SeiZleba gaCndes kiTxva. Cven mokled 

mogawvdiT dasaxlebulobaTa sxvaobaSi cvlilebis SedarebiT `realur~ aRweras). 

mocemuli gamosaxulebis (J-1)-Si Casmis Sedegad Cans, rom fotonebis raodenobis 

droiSi cvlileba Semdegnairad aRiwereba: 

 

2
1 2 ( )N k N k N f N                       (J-3) 

 

sadac k1=GNap _ γ da k2=GB.  

 es gaxlavT mdgomareobaTa erTganzomilebiani sivrcis modeli. lazeris 

stabiluri mdgomareobis Sesabamisi qmedeba ki Seesabameba (J-3)-is fiqsirebul 

wertilebs. advili sanaxavia, rom arsebobs ori fiqsirebuli wertili, romelTac 

N0-iTa da N*-iT aRvniSnavT: 

 

1

2

0oN

k
N

k




                             (J-4) 
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 Tu Nap sidides ganvixilavT, rogorc makontrolebel parametrs, maSin k1 da k2 

sidideebis Sesabamisi gamosaxulebebidan vnaxavT, rom Nap<γ/G SemTxvevaSi N* 

uaryofiTia, rac fizikurad uinteresoa, vinaidan fotonTa  ricxvi nulis toli an 

dadebiTia. Nap>γ/G SemTxvevaSi gveqneba ori mniSvnelovani N0 da N*  fiqsirebuli 

wertili. Nap=γ/G `zRvruli mniSvnelobaa~, rodesac lazeruli gaZliereba masze  

maRali mniSvnelobebisaTvis iwyebs gamovlinebas.  

 davadginoT fiqsirebuli wertilebis stabiluroba maTSi warmoebulebis 

gansazRvris gziT: 

 

1

1

o

df
k

dN

df
k

dN 

 

 
                          (J-5) 

 

zRvruli γ/G mniSvnelobaze dabali Nap-Tvis (arawrfivi dinamikis eniT rom 

vTqvaT, bifurkaciulze mcire mniSvnelobis SemTxvevaSi), N0 stabiluri fiqsirebuli 

wertilia, xolo N* _ arastabiluria. amrigad, zRvruli mniSvnelobis qvemoT 

fotonTa ricxvi nulisaken miiswrafvis da lazeric misTvis damaxasiaTebel 

gamosxivebas ar avlens (kvlav arsebebs `mouwesrigebeli~ spontanuri 

gamosxivebisaTvis damaxasiaTebeli garkveuli sinaTle, magram gaZlierebuli 

gamosxiveba ukve aRar gvaqvs). zRvruli mniSvnelobaze metobisas N*  gardaiqmneba 

stabilur fiqsirebul wertilad da  Nap parametris zrdasTan erTad fotonebis 

raodenobac wrfivad matulobs. maTematikuri TvalsazrisiT, N*  sasazRvro 

mniSvnelobaze qvemoT  myofi arastabiluri fiqsirebuli wertili  da vambobT, rom 

bifurkaciis wertilSi aRiniSneba stabilurobis cvlileba.  

 lazeris amgvari modelis Sesabamisi dinamikuri gantolebis zustad amoxsna 

SesaZlebelia, radgan  axal u=k1/(k2N) cvladze gadasvlis saSualebiT igi wrfiv 

diferencialur gantolebamde daiyvaneba. u-sTvis dinamikur gantolebs eqneba Semdegi 

saxe: 

 

1(2 )u k u                             (J-6) 

 

romelsac gaaCnia Semdegi saxis amonaxsni: 
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11 ( ) {1 (0)} k tu t u e                         (J-7) 

 

sawyis N(t) cvladze dabruneba mogvcems 

 

1

1 2

1

2

/
( )

1 1
(0)

k t

k k
N t

k
e

k N



 

  
 

                     (J-8) 

 

amrigad zRvruli mniSvnelobis qvemoT, rodesac k1<0, adgili aqvs mocemuli 

gamosaxulebis mniSvnelSi eqsponencialuri funqciis dominirebas da droTa 

ganmavlobaSi N(t)_>0. saswinaaRmdeg SemTxvevaSi: 

 

1

2

( ) apNk
N t

k B GB


                        (J-9) 

 

romelic Nap parametris zrdasTan erTad wrfivad izrdeba anu meti energiis 

“CatumbviT” meti fotoni “gamoidevneba”. 

   

amocana J-1. gamoiyvaneT (J-8) gamosaxuleba. 

 

 zemoTmoyvanili SemTxvevidan gamomdinare, unda gaviazroT ramdenime 

mniSvnelovani momenti: 1) nebismieri arawrfivi diferencialuri gantoleba 

amouxsneli ar aris. magaliTad, N cvladis TvalsazrisiT (J-3) gantoleba 

arawrfivia, magram cvladis Secvlis Sedegad misi wrfivi diferencialuri formis 

mqone (J-6) gantolebaze dayvana xdeba SesaZlebeli; 2) wrfivi diferencialuri 

gantolebebis amonaxsnebma SesaZlebelia bifurkaciebi gamoavlinon. (J-6) gantolebas 

fiqsirebuli wertili u=1 mniSvnelobis SemTxvevaSi aReniSneba. k1<0-sTvis igi 

arastabiluri iqneba da droTa ganmavlobaSi Sesabamisi amonaxsni u(t)_> (rac 

fotonebis raodenobis nulisaken miswrafebas Seesabameba). k1>0 pirobebSi 

fiqsirebuli wertili stabiluria. yuradReba miaqcieT, rom (J-6) gamosaxulebis 

mixedviT,  N=0 SemTxvevaSi fiqsirebuli wertili cxadi axiT ukve aRar gvaqvs; 3) 

zemoTmoyvanili modeli friad gamartivebulia da WeSmariti lazerebis rTul 
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dinamikas ar aRwers. (J-2) gantolebaSi Na-sa da N-s Soris moyvanili martivi 

kavSiri lazerTa umravlesobasTan dakavSirebiT jerjerobiT dadasturebuli araa. 

 

 

J.2 lazeris gaumjobesebuli modeli 

 

lazeris gaumjobesebuli modelis Tanaxmad, rom dasaxlebulobaTa Soris Na 

sxvaobis cvlilebis siCqare iZulebiTi procesis Sesabamisi “Catumbvisa” da 

gadasvlis siCqareTa sxvaobisadmi proporciulia. amrigad: 

 

( )a a r ap aN BN N N N                       (J-10) 

 

es gantoleba gvauwyebs, rom gaZlierebis ararsebobis pirobebSi (B=0) atomebis 

raodenoba Na mniSvnelobas uaxlovdeba, rac garedan moqmedi Catumbvis procesis 

mier ganisazRvreba. γr parametri gvaZlevs agznebul mdgomareobaSi myofi atomebis 

raodenobis am mniSvnelobamde Semcirebis siCqares. gantolebis pirveli wevri 

gvaZlevs gaZlierebis procesTan dakavSirebuli agzebuli atomebis raodenobis 

cvlilebis (klebis) intensivobis xarisxs, romelsac atomi agznebuli 

mdgomareobidan raime ufro stabilur mdgomareobaSi gadahyavs. mTlianobaSi (J-1) da 

(J-10) gantolebebi lazeris qmedebis organzomilebian models uqmnian safuZvels. Na 

da N mdgomareobebis sivrcis cvladebia. amjerad sistemasTan dakavSirebuli 

fiqsirebuli wertilebisa da bifurkaciebis Seswavlis mizniT viyenebT me-3 TavSi 

aRwerili meTods.  

 Tavdapirvelad (J-1) gantolebaSi vuSvebT, rom G=B, vinaidan gantolebis 

pirveli wevri ukavSirdeba (J-10)-Si aRweril imave iZulebiTi gamosxivebis process. 

Semdeg axali cvladebis Semoyvanis gziT xdeba  dinamikuri gantolebebis 

uganzomilebo formaSi gadayvana:  

 

ap ap
a

r

r
r

BN BN
P R n

BN
t n


  

 


  

 
                 (J-11) 
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sadac P sidide `Catumbuli~ agznebuli atomebisTvis damaxasiaTebeli fotonebis 

gaZlierebis siCqarea fotonebis gadinebis siCqaris mimarT, R - fotonis gadinebis 

siCqare agznebuli mdgomareobis relaqsaciis siCqaris mimarT. τ agznebuli 

mdgomareobis relaqsaciis siCqaris Sebrunebuli sididea, n da na Sesabamisad 

`normalizebuli~ fotonebis raodenoba da atomis dasaxlebulobaTa sxvaobaa. 

lalisferi lazerisTvis P=30, R=105, xolo Nd_YAG lazerisTvis ki P=2, R=104. 

am cvladebis gamoyenebiT dinamikur gantolebas gamovsaxavT Semdegi saxiT: 

 

( 1)

( 1)

a

a
a

dn
Rn n

d
dn

P n n
d





 

  
                         (J-12) 

 

savarjiSo J-2. gamoiyeneT uganzomilebo cvladebis gansazRvrebebi (J-12) 

gantolebis (J-1) da (J-10) gantolebebidan gamomdinareobis Sesamowmeblad. 

 

 

amis Semdeg gvesaWiroeba n da na  cvladebis mqone organzomilebiani sistemisTvis 

fiqsirebuli wertilebis identificireba. (J-12) gantolebaSi droiTi warmoebulebis 

nulTan gatolebis Semdeg vpoulobT, rom arsebobs ori fiqsirebuli wertili: 

 

0,

1, 1
a

a

n n P

n P n

 
  

                     (J-13) 

 

fiqsirebuli wertili II _ lazeris generaciis piroba gvaqvs mxolod P>1 

SemTxvevaSi. meore fiqsirebuli wertili nulis toli mniSvnelobis mqone fotonebis 

raodenobis Sesabamisia da amrigad, P<1 SemTxvevaSi igi stabiluri fiqsirebuli 

wertilia. amgvarad P=1 zRvruli (an bifurkaciuli) mniSvnelobaa.  

 SevamowmoT fiqsirebuli wertilebis stabiluroba, raTa ganisazRvros 

amonaxsnebis xasiaTi fiqsirebuli wertilebis midamoSi. Sesabamisi iakobiani iqneba: 

 

( 1)

( 1)
a

a

R n Rn
J

n n

 
     

                    (J-14) 
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fiqsirebuli wertili I_sTvis iarsebebs ori sakuTrivi mniSvneloba:  

 

( 1)

1

R P





 
 

                          (J-15) 

 

amrigad, P<1 SemTxvevaSi orive sakuTrivi mniSvneloba uaryofiTia, fiqsirebuli 

wertili I stabiluria da kvanZia. P<1 (sasazRvro mniSvnelobaze mcire) SemTxvevaSi, 

sistema arafotonuri (n=0) mdgomareobisken miiswrafvis nebismieri sawyisi 

pirobisaTvis. P>1 SemTxvevaSi, fiqsirebuli wertili I arastabiluria. igi 

“unagiris” wertilia da mdgomareobaTa sivrcis yoveli traeqtoria (n=0 wertilSi 

dawyebuli traeqtoriebis garda) mocemul fiqsirebul wertils Sordeba.  

 fiqsirebuli wertili II _is (rodesac na=1 da n=P_1) ori sakuTrivi 

mniSvneloba SeiZleba ase gamoisaxos:  

 

21
4 ( 1)

2 2

P
P R P                        (J-16) 

 

Cven ukve vnaxeT, rom lalisferi da Nd_YAG lazerebis SemTxvevaSi 

4R(P_1)>>P2. am dros kvadratuli fesvis funqciis  argumenti P>1-saTvis 

uaryofiTia da vwerT: 

 

( 1)
2

P
i R P                       (J-17) 

 

P>1 SemTxvevaSi fiqsirebuli wertili II stabiluri spiraluri kvanZia, rodesac 

sakuTar mniSvnelobebs uaryofiTi namdvili da aranulovani warmosaxviTi nawilebi 

gaaCniaT. mocemuli sistemis Sesabamisi mdgomareobaTa sivrcis traeqtoriebis 

detaluri analizisaTvis ix. [Tarasov, 1983]. J.1 naxazi am modelTan dakavSirebul 

mdgomareobaTa sivrcis tipur traeqtorias warmogvidgens. aqve naCvenebia fotonTa 

raodenobis droze damokidebulebac. lazeris stabilur muSa mdgomareobasTan 

miaaxlovebisas fotonebis raodenoba “wvetiani” formis mwkrivebs gvaZlevs 

(fiqsirebuli wertili II).   
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nax. J.1. marcxniv, fotonis n raodenobasa da na atomuri dasaxlebulobis 

sxvaobis droze damokidebulebaa naCvenebi lazeruli modelisaTvis, rodesac  R=104 

da P=2.0. marjvniv moyvanilia Sesabamisi traeqtoria mdgomareobaTa sivrceSi. sawyisi 

pirobebia n=0.1 da na=1. fiqsirebuli wertili II  warmoadgens stabilur spiralur 

kvanZs. 

 

qmedebis amgvari saxe gamokvleulia lalisfer da Nd_YAG lazerebTan 

dakavSirebiT. 

 

amocana J-3. CaatareT detalurad sakuTrivi mniSvnelobebis gamoTvla orive 

fiqsirebuli wertilisTvis da gadaamowmeT zemoTmoyvanili Sedegebi. SeamowmeT 

fiqsirebuli wertili II-is stabiluroba P<1 SemTxvevaSi. fiqsirebuli wertilis 

romel tips miekuTvneba igi? arsebobs Tu ara raime sawyisi pirobebi P<1 

SemTxvevaSi, romlebic ar ganapirobeben fiqsirebul wertil I-ze dasrulebul 

traeqtoriebs? bifurkaciis ra tipi vlindeba, rodesac  P=1? 

 

sistemis stabilur mdgomareobaSi gadasvlis momentSi rxevebis gamovlinebis 

SemTxvevaSi fotonis raodenobisa da dasaxlebulobaTa sxvaobis amgvar meryeobas 

relaqsaciur rxevebs uwodeben. raime saxis SeSfoTebis SemTxvevaSi rxevebi vlindeba 

yvelgan, sadac es SesaZlebelia, magaliTad, Catumbvis intensivobis araTanabar 
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mimdinareobas an spontanuri gamosxivebidan gamomdinare damatebiT fotons sistema 

stabiluri mdgomareobidan gamohyavs. miuxedavad imisa, rom amgvari relaqsaciuri 

rxevebi mraval myar sxeulsa da naxevargamtarul lazerebSi mniSvnelovan rols 

asruleben, isini ar daikvirvebian gazovani lazerebis umravlesobaSi, radgan aq 

fotonis danakargisa da dasaxlebulobis relaqsaciis xarisxebis fardoba mcire 

sididea. mcire R-is SemTxvevaSi, (J-16) gamosaxulebaSi kvadratuli fesvis qveS 

mdebare P2 wevri dominirebs da sakuTrivi mniSvnelobebic namdvilia.  

unda aRiniSnos aseve, rom P=1 zRvruli mniSvnelobis SemTxvevaSi lazeruli 

modelis gaumjobesebuli versia saintereso dinamikur efeqtebs avlens, Tumca 

modeli sakmaod gamartivebulia. kerZod, Cven ugulebelvyofT atomur 

dasaxlebulobaTa Soris sxvaobebis mniSvnelovan cvlilebis arsebobasa da realur 

lazerebSi warmoSobil fotonTa raodenobas. 

 

J.3 damatebiTi literatura 
 

lazeruli dinamikaSi siCqaris gantolebis gamoyenebis saintereso ganxilva 

mocemulia: L. V. Tarasov, Laser Physics (Mir Publishers, Moscow, 1983). 
L. M. Narducci and N. B. Abraham, Laser Physics and Laser Instabilities (World 

Scientific, Singapore, New Jersey, Hong Kong, 1988). 
Ya. I. Khanin, "Low-frequency dynamics of lasers," Chaos 6, 373-80 (1996). 

 

J.4 kompiuteruli amocana 

 

CEJ-1. SeadgineT (J-12) gantolebebis integrebis kompiuteruli programa martivi 

lazeruli modelisTvis da teqstSi da SeamowmeT J.1 naxazze moyvanili Sedegebi. 

fotonis raodenobasa da dasaxlebulobaTa sxvaobasTan dakavSirebiT cvaleT sawyisi 

pirobebi da axseniT miRebuli Sedegebis fizikuri arsi. 
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