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Tavi

elementaruli wesebi 

materialur sxeulTa moZraobas jer kidev fizikis fuZemdeblebi ikvlevdnen. 

maTi Zalisxmevis Sedegad sakmaod mravlismomcveli dargi, saxelwodebiT dinami-

ka, igive analitikuri meqanika (an ubralod meqanika) Camoyalibda. me-20 saukuneSi 

axali Teoriebi  (gansakuTrebiT kvanturi meqanika) Camoayalibes, xolo fizikis 

am dargis saxelwodebad `klasikuri meqanika~ darCa. Cven miRebul praqtikas ar 

vewinaaRmdegebiT da klasikur meqanikaSi fardobiTobis specialuri Teori-

idan miRebul dargebs gavaerTianebT. mocemuli saxelmZRvanelos mizani kla-

sikuri meqanikis struqturis gamovlena da misi yoveldRiurobaSi gamoyenebis 

magaliTebis Seswavlaa. meqanikis safuZveli fundamenturi fizikuri cnebebia, 

rogorebicaa sivrce, dro, erTdrouloba, masa, Zala da a.S. am saxelmZRvaneloSi 

xsenebul fizikur cnebebs kritikulad ar gavaanalizebT da davuSvebT, rom maTi 

mniSvnelobebi mkiTxvelisTvis TavisTavad cxadia.

  nawilakis meqanika

vTqvaT, r  aris nawilakis radius-veqtori raime aTvlis saTavidan da v  misi 

siCqaris veqtoria: 

.
dt
dv r

=        (1.1)

nawilakisP p impulsi wertilis masis da siCqaris namravlia:

.mp v=       (1.2)

gare sagnebis da velebis arsebobis Sedegad nawilakze sxvadasxva saxis Zalam, 

magaliTad mizidulobis an eleqtrodinamikurma Zalam SeiZleba imoqmedos. 

nawilakze moqmedi Zalebis veqtorul jamis  FF   tolqmedi Zala ewodeba. nawila-

kis meqanikas niutonis moZraobis meore kanoni asaxavs. am kanonis Tanaxmad, ar-

seboben iseTi aTvlis sistemebi, romlebSic nawilakis moZraobas Semdegi dife-

rencialuri gantoleba aRwers:

,
dt
dF p p/= o      (1.3)

an
 

( ).
dt
d mF v=     (1.4)

1
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nawilakis  masa umetes SemTxvevaSi mudmivia da 1.4 formula aseT saxes iRebs:

,m
dt
d mF v a= =   (1.5)

sadac a
"

 aris nawilakis aCqarebis veqtori:

.
dt
da r

2

2

=    (1.6)

maSasadame, moZraobis gantoleba meore rigis diferencialuri gantolebaa, 

Tu davuSvebT, rom FF  Zala maRali rigis warmoebulebze damokidebuli ar aris.

aTvlis sistemas, romelSic 1.3 formula vargisia, inerciuli anu galileis 

sistema ewodeba. klasikur meqanikaSic ki inerciuli sistemis cneba idealizire-

bulia. praqtikulad SesaZlebelia iseTi koordinatTa sistemis ageba, romelsac 

CvenTvis sasurveli Tvisebebi aqvs. Zalian xSirad, dedamiwasTan dakavSirebuli 

aTvlis sistema (`laboratoriul sistemas~) SeiZleba kargi miaxloebiT CavT-

valoT inerciul sistemad. maSin, rodesac zogierTi astronomiuli  miznebisaT-

vis  inerciuli sistema Soreul  galaqtikebTan unda  davakavSiroT.

meqanikasTan dakavSirebuli mniSvnelovani daskvnebi mudmivobis kanonebis 

Teoremebis saSualebiT gamoisaxebian, romlebic aRweren, ra pirobebSia esa Tu 

is meqanikuri sidide droSi ucvleli. 

1.3 formula amgvari Teoremis klasikuri magaliTia.

nawilakis impulsis mudmivobis kanoni: Tu tolqmedi FF  Zala nulis tol-

ia, maSin 0p =o  da p  impulsi mudmivia.

nawilakis kuTxuri momenti  OO  wertilis garSemo L L simboloTi gamoisaxeba da 

Semdegi formuliT gamoiTvleba:

L r p,= #    (1.7)

sadac r  aris radius-veqtori O-dan nawilakamde  gaiTvaliswineT, rom Tanama-

mravlebis mimdevrobas mniSvneloba aqvs. OO  wertilis garSemo Zalis momenti anu 

mabruni momentia:

.N r F= #  F  (1.8)

N N-isTvis 1.3 formulis analogiuri formula miiReba, Tu r-s 1.4 formulaze 

veqtorulad gavamravlebT:

.
dt
d mr F N r v= =# # ] g

   (1.9)

1.9 formula veqtoruli igiveobis saSualebiT sxva saxiTac SeiZleba Caiwe-

ros:
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( ) ,
dt
d m m

dt
d mr v v v r v= +# # # ] g    (1.10)

am formulis marjvena mxaris pirveli wevri nulis tolia. amis Sedegad 1.9 

formula aseT saxes iRebs:

.
dt
d m

dt
dN r v L L/= =# o] g     (1.11)

yuradReba miaqcieT, rom NN  da LL  im O O wertilzea damokidebuli, romlis 

garSemo momentebi gamoiTvleba.

1.3 formulis msgavsad, 1.11 formulac mudmivobis kanons asaxavs.

nawilakis kuTxuri momentis mudmivobis kanoni: Tu  Zalis sruli momenti 

N
"

nulis tolia, maSin 0L =o  da LL  kuTxuri momenti mudmivia.

ganvixiloT F F gare Zalis mier nawilakze Sesrulebuli muSaoba, ganvixiloT, 

rodesac is 1 wertilidan 2 wertilisken gadaadgildeba. gansazRvrebis Tanaxmad, 

muSaoba aris:

.W dF s12
1

2

$= #      (1.12)

masis mudmivobis SemTxvevaSi (rasac amis Semdeg yovelTvis vigulisxmebT, Tu 

ariqneba miTiTebuli sawinaaRmdego mosazreba) 1.12 formulis integrali Sem-

degi saxiT gardaiqmneba:

( ) ,d m
dt
d dt m

dt
d v dt

2
F s v v 2$ $= =# # #

aqedan gamomdinare:

.W m v v
212 2

2
1
2

= -^ h     (1.13)

/m 22y  skalarul sidides nawilakis kinetikuri energia ewodeba da  T  simbo-

loTi aRiniSneba. amgvarad, Sesrulebuli muSaoba kinetikuri energiis cvli-

lebis tolia:

.W T T12 2 1= -     (1.14)

Tu Zalis veli imgvaria, rom W12  muSaoba 1 da 2 wertilebs Soris nebismieri 

fizikurad SesaZlo traeqtoriisTvis Tanabaria, maSin Zalas (da sistemas) kon-

servatiuli ewodeba. SesZlebelia konservatiuli sistemis sxvagvari aRwerac, 

Tu warmovidgenT, rom nawilaki 1 wertilidan 2 wertilisken erTi SesaZlo trae-
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qtoriiT gadaadgildeba da Semdeg 1 wertils sxva traeqtoriiT ubrundeba. W12  

muSaoba traeqtoriaze damokidebuli ar aris da amitom Caketil wreze Sesrule-

buli muSaoba nulis tolia:

0.dF s$ =#        (1.15)

Tu xaxunis an disipaciis raime sxva Zala arsebobs, maSin sistema konservatiu-

li veRar iqneba, vinaidan xaxuniT gamowveuli dF s$  yovelTvis dadebiTia da in-

tegralic ver gabaTildeba. 

veqtoruli analizis Sedegad miRebuli cnobili Teoriis Tanaxmad, imisaT-

vis, rom W12  muSaoba nawilakis fizikur traeqtoriaze damokidebuli ar iyos, 

aucilebeli da sakmarisia, rom F Zala mdebareobis raime skalaruli funqciis 

gradienti iyos:

( ),VF rd=-     (1.16)

sadac V  aris potenciali anu potencialuri energia. V -s arsebobis damt-

kiceba martivi argumentiT xdeba. Tu W12  muSaoba 1 da 2 wertilebs Soris inte-

grebis traeqtoriaze damokidebuli ar aris, maSin W12-is gamosaxva im sididis cv-

lilebiT aris SesaZlebeli, romelic mxolod bolo wertilebis mdebareobebzea 

damokidebuli. es sidide _ V  simboloTi SegviZlia aRvniSnoT, rac usasrulod 

mcire sigrZis traeqtoriis SemTxvevaSi gvaZlevs:

 d dVF s$ =-
an

,F
s
V

s 2
2

=-

miRebuli formula 1.16 formulis eqvivalenturia. 1.16 formulaSi Semaval 

V -s sivrceSi mudmivi nebismieri sidide SegviZlia davumatoT da Sedegi ar Seicv-

leba. aqedan gamomdinare, V -s nulovani donis SerCeva pirobiTia. 

konservatiuli sistemis SemTxvevaSi Zalebis mier Sesrulebuli muSaoba ase 

gamoisaxeba:

.W V V12 1 2= -     (1.17)

1.17 da 1.14 formulebis gaerTianebis Sedegad miviRebT:

,T V T V1 1 2 2+ = +     (1.18)

1.18 formula mudmivobis kidev erT kanons aRwers.

energiis mudmivobis kanoni nawilakisaTvis: Tu nawilakze moqmedi Zalebi 

konservatulia, maSin nawilakis T V+  sruli energia mudmivia.

nawilakze modebuli Zala zogierT SemTxvevaSi skalaruli funqciis gradi-

entis saxiT SeiZleba warmoidginos, romelic mxolod nawilakis mdebareobasa da 
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drozea damokidebuli. miuxedavad amisa, nawilakze Sesrulebuli muSaoba, rode-

sac is ds  manZils gadis, aRar aris gadaadgilebis ganmavlobaSi -V  cvlilebis 

toli, vinaidan V  sidide nawilakis moZraobis dros v sididec icvleba:

,d
s
V dsF s$
2
2

=-

aqedan gamomdinare, 1 da 2 wertilebs Soris nawilakis moZraobisas Sesrule-

buli muSaoba am wertilebs Soris V  funqciebs Soris sxvaobis toli aRar aris. 

Tumca T V+  sruli energiis gansazRvra kvlav SesaZlebelia, magram nawilakis 

moZraobisas es  sidide mudmivi aRar aris.

  nawilakTa sistemis meqanika

amjerad wina paragrafSi moyvanili mosazrebebi mravali nawilakisagan Semdga-

ri sistemebisTvis ganvazogadoT. amisTvis sistemis gare wyaroebidan nawilakeb-

ze moqmedi gare Zalebi da sistemis sxva nawilakebidan raime i  nawilakze moqme-

di Sida Zalebi unda ganvasxvavoT. i  -uri nawilakisTvis moZraobis gantoleba 

(niutonis meore kanoni) aseTi saxiT Caiwereba:

,F F p( )
ji i

e

j

i+ = o/             (1.19)

sadac F ( )
i

e  aris gare Zala, xolo Fji  - j  -uri nawilakidan i  -ur nawilakze moqmedi 

Sida Zala (bunebrivia, Fii  Zala nulis tolia). vuSvebT, rom Fij  Zala (F ( )
i

e -s msgavsad) 

niutonis mesame kanons emorCileba anu or nivTier wertils Soris moqmedi Za-

lebi sididiT toli da mimarTulebiT sapirispironi arian. amgvari daSveba yve-

la saxis ZalisTvis marTebuli ar aris da zogjer mas qmedebisa da ukuqmedebis 

sust kanons uwodeben. 

yvela nawilakisTvis Sekrebis Sedegad 1.19 formula aseT saxes iRebs:

.
dt
d m r F F( )

,

i i

i

i
e

ji

i j

i j

i

2

2

= +

!

/ //     (1.20)

formulis marjvena mxares moqceuli pirveli jami ubralod F( )e  tolqmedi 

gare Zalaa, xolo meore wevri baTildeba, vinaidan qmedebis da ukuqmedebis kan-

onis Tanaxmad, TiToeuli FF Fij ji+ F wyvili nulis tolia. formulis marcxena mx-

aris gasamartiveblad SemoviRoT R veqtori, romelic   toli  iqneba nawilakTa 

masisa da radius-veqtorebis jamis fardobisa nawilakTamasebis jamTan:
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.R
m

m
M
mr r

i

i i i i

= =/
/ /

       (1.21)

R  veqtori sistemis masebis centris an gravitaciuli centris mdebareo-

bas gansazRvravs (nax. 1.1). amgvari ganmartebis Sedegad 1.20 formula aseT saxes 

iRebs:

       ,M
dt

d R F F( ) ( )
i

e

i

e

2

2

/= /      (1.22)

1.22 formulis Tanaxmad, masebis centri ise moZraobs, TiTqos tolqmedi gare 

Zala sistemis masebis centrze koncentrirebul mTlian masaze moqmedebs. Sida Za-

lebi niutonis mesame kanons emorCilebian anu masebis centris moZraobaze gavlenas 

ar axdenen. xSirad moyavT garsis afeTqebis magaliTi, rodesac misi fragmentebis 

masebis centri ise moZraobs, TiTqos garsi kvlav erTi mTliani sxeuli iyos. 

igive principi moqmedebs reaqtiuli da saraketo moZraobisas. masebis cen-

tris moZraoba ar icvleba, vinaidan maRali siCqariT gamosrolil gamonabolqvs 

transportis dabali siCqariT win moZraoba abalansebs. 

 

nax.1.1. nawilakTa 

sistemis masebis centri

1.21 formulidan gamomdinare, sistemis sruli impulsi sistemis jamuri masis 

namravlia masebis centris siCqareze:

,m
dt
d M

dt
dP r R

i
i= =/       (1.23)

masebis centris moZraobis gantoleba (1.23) mudmivobis kidev erT kanons asaxavs.

wertilTa sistemis impulsis mudmivobis kanoni: Tu tolqmedi gare Zala 

nulis tolia, maSin nawilakTa sistemis sruli impulsi mudmivia.

Tu SevadgenT  r pi i#  veqtorul namravls da avjamavT i-iT miviRebT sistemis 
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srul kuTxur moments. Tu es operacia 1.19 formulaSi CavatareT, maSin 1.10 igi-

veobis gaTvaliswinebiT miviRebT:

.
dt
d rr p r p r F F( )

,

i i

i i

i i i i
e

i

i ji

i j

i j

# # # #= = +

!

o^ ^h h/ / / /               (1.24)

1.24 formulis marjvena mxares mdebare ukanaskneli wevri, qmedeba-ukuq-

medebis tolobis gaTvaliswinebiT SegviZlia ganvixiloT rogorc aseTi formis 

wyvilTa jami:

,r F r F r r Fi ji j ij i j ji# #+ =# -^ h   (1.25)

r ri j-  j-dan i-mde gavlebuli rij  veqtoris identuria (nax. 1.2.), amitom 1.25 

formulis marjvena mxare aseTi saxiT SeiZleba Caiweros:

.r Fij ji#

 

nax. 1.2. rij  veqtori i  da j  

rigis nnawilakebs Soris

Tu or wertils Soris moqmedi Sida Zalebi, garda imisa, rom sididiT tolebi 

da mimarTulebiT sapirispironi arian, wertilebis SemaerTebuli wrfis gaswvr-

iv moqmedeben (aseT mdgomareobas qmedebis da ukuqmedebis mkacri kanoni aRw-

ers), maSin yvela veqtoruli namravli baTildeba. wyvilebisaTvis miRebuli jami 

nulis tolia da 1.24 formula aseTi saxiT Caiwereba:

.
dt
dL N( )e

=     (1.26)

sruli kuTxuri momentis droiT warmoebuli mocemuli wertilis mimarT gare 

Zalis impulsis tolia. 1.26 formula mudmivobis kidev erT kanons asaxavs.

sruli kuTxuri momentis mudmivobis kanoni: L L droSi mudmivia Tu mode-

buli gare Zalis momenti nulis tolia.

 (xazgasmiT unda iTqvas, rom es Teorema veqtorulia anu L  mudmivi iqneba im Sem-

TxvevaSi, Tu N  nulis tolia, xolo N  da NN  SesaZloa nulisgan gansxvavdebodnen).

modebuli Zalebis ararsebobis pirobebSi impulsis mudmivobisTvis saWiroa 
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daSveba, rom qmedebisa  da ukuqmedebis susti kanoni Sida Zalebs miesadageba. 

SevniSnoT, rom impulsis Senaxva modebuli Zalebis ararsebobis SemTxvevaSi gu-

lisxmobs, rom qmedeba-ukuqmedebis susti kanoni samarTliania Sida ZalebisaT-

vis. sistemis sruli kuTxuri momentis Senaxva modebuli Zalis momentis ararse-

bobis SemTxvevaSi iTxovs qmedeba-ukuqmedebis Zlieri kanonis samarTlianobas 

da, damatebiT, imas, rom Sida Zalebi centraluri iyos.  mravali cnobili fizi-

kuri Zala, magaliTad miziduloba, kanonis mkacr formas akmayofilebs. miuxe-

davad amisa, SesaZlebelia iseTi Zalebis gamovlena, romlebic centralurebi ar 

arian, magram maTTvis qmedeba da ukuqmedeba Tanabaria. 

magaliTad, moZravi muxtebis sistemaSi moqmedi, bio-savaris kanoniT nawinas-

warmetyvelebi Zalebi kanonis orive formas arRveven.* aseT SemTxvevaSi 1.23 da 

1.26 formulebi da maTi Sesabamisi mudmivobiskanonebi vargisni ar arian. yovel 

SemTxvevaSi im formiT, rogorc es aq aris mocemuli. am dros SesaZlebelia P P an L

L-is raime ganzogadebis povna, romelic inaxeba. maSasadame, moZravi muxtebis 

izolirebul sistemaSi meqanikuri kuTxuri momentisa da velis eleqtromagni-

turi `kuTxuri momentis~ jami inaxeba. 

sur. 1.3. aTvlis wertilis ZvrasTan 

dakavSirebuli veqtorebi kuTxuri 

impulsisTvis

1.23 formulis Tanaxmad, sistemis sruli impulsia iseTia, TiTqos mTliani 

masa sistemis masTa centrSia koncentrirebuli da masTan erTad moZraobs. kuTx-

uri momentisaTvis gankuTvnili analogiuri Teorema ufro rTulad JRers. Tu 

O aTvlis saTave aTvlis wertilia, maSin sistemis sruli kuTxuri momenti ase 

gamoisaxeba:

.L r pi i

i

= #/

R  iyos O O-dan masebis centramde gavlebuli radius-veqtori, xolo r il - masebis 

centridan i-ur wertilamde gavlebuli radius-veqtori. am SemTxvevaSi miviRebT 

(nax. 1.3.):
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r r Ri i= +l     (1.27)

da

v v vi i= +l

sadac v  aris masaTa centris siCqare OO-s mimarT:

    

dt
dv R

=     
dt
dv r

i
i=l
l

xolo v il  aris i  -uri nawilakis siCqare sistemis masaTa centris mimarT. 1.27 

formulis saSualebiT sruli kuTxuri momenti ase gamoiTvleba:

.m m m
dt
d mrL R v v r v R r

i

i

i

i i i i

i

i i

i

# # # #= + + +l l la k/ / / /

am formulis bolo ori wevri nulis tolia, vinaidan orive maTgani m ri il/ -s 

Seicavs. m ri il/  masebis centris radius-veqtors swored im koordinatTa sistemaSi 

gansazRvravs, romlis saTave masaTa centrSi aris moTavsebuli.  darCenili wevrebi 

xelaxla gadavweroT da sruli kuTxuri momenti O O wertilis mimarT iqneba: 

.ML R v r pi

i

i# #= + l l/       (1.28)

1.28 formulis Tanaxmad, OO  wertilis mimarT srulikuTxuri momenti aris ma-

saTa centris kuTxuri momenti plus masaTa centris mimarT moZraobis kuTxuri 

momenti. 1.28 formulis mixedviT, LL  damokidebulia  O O  koordinatTa saTaveze, 

romelzec R  veqtori gadis.mxolod maSin, rodesac masaTa centri uZravia  O  -s 

mimarT, kuTxuri momenti damoukidebelia aTvlis wertilisagan.  am SemTxvevaSi 

(1.28)-is pirveli wevri nulis toli xdeba da L   momenti dadis masaTa centris  

mimarT aRebul kuTxur momentze. 

axla energiis gantoleba ganvixiloT. iseve rogorc erTi wertilis SemTx-

vevaSi, yvela Zalis mier Sesrulebuli muSaoba gamovTvaloT, rodesac sistema 1  

mdgomareobidan 2 mdgomareobaSi gadadis:

.W d d dF s F s F s( )

,

i i

i

i
e

i ji i

i j

i j

i

12
1

2

1

2

1

2

$ $ $= +=

!

/ //# ##       (1.29)

moZraobis gantolebebis saSualebiT integralebi martivdeba:

.d m dt d m v
2
1F s v v

,

i i

i

i i i i i

i j

i j

i1

2
2

1

2

1

2

$ $= =

!

o b l/ //# ##
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aqedan gamomdinare, Sesrulebuli muSaoba kvlav sawyisi da saboloo kineti-

kuri energiebis sxvaobis saxiT SeiZleba Caiweros:

,W T T12 2 1= -

sadac T  aris sistemis sruli kinetikuri energia:

.T m v
2
1

i i

i

2
= /      (1.30)

1.27 formulaSi mocemuli masaTa  centris koordinatebSi gadasvliT T  aseTi 

saxiTac SeiZleba Caiweros:

,

T m

m v m v
dt
d m

2
1

2
1

v v v v

v r

i i

i

i

i

i

i i

i

i i

i

2 2

$

$

= + +

= + +

l l

l l

] ]

a

g g

k

/

/ / /
kuTxuri momentis gamoTvlisas moyvanili mosazrebis gamo, am formulis 

ukanaskneli wevri baTildeba da gvrCeba:

T Mv m v
2
1

2
1

i i

i

2 2
= + l/

     (1.31)

kuTxuri momentis msgavsad, kinetikuri energiac ori nawilisagan Sedgeba 

- es aris masaTa centris moZraobis kinetikuri energia plus  masebaTa centris 

mimarT moZraobis kinetikuri energia. 

ganvixiloT 1.29 formulis marjvena mxare. Tu gare Zalebi SeiZleba gamoisax-

os  potencialis gradientis saSualebiT maSin, am formulis pirveli wevri aseT 

saxes miiRebs:

,d V d VF s s( )
i

e
i

i

i i i

i

i

i1

2

1

2

1

2
$ $d=- =-/ / /# #

sadac i  indeqsi  operatorTan asaxavs imas, rom gawarmoeba ri -is komponentebiT 

xdeba. Tu Sida Zalebi konservatulia, maSin i-ur da j  -ur wertilebs Soris moq-

medi Fij  da FFji  Zalebi Vij  potencialis funqciis saSualebiT miiRebian. qmedebis da 

ukuqmedebis mkacri kanonis SesrulebisTvis Vij  mxolod nawilakebs Soris manZi-

lis funqcia SeiZleba iyos:

.V V r rij ij i j= -_ i     (1.32)

am SemTxvevaSi ori Zala sididiT Tanabari da mimarTulebiT sapirispiroa:

F ,V VF Fji i ij j ij ijd d= =+ =- -   (1.33)

garda amisa, Zalebinawilakebis SemaerTebeli wrfis gaswvriv moqmedeben:

,V fr r r rij i j i jd - = -_ ^i h     (1.34)
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sadac f  aris raime skalaruli funqcia. Tu Vij  nawilakebTan dakavSirebuli veq-

torebis raime sxva wyvilis, magaliTad siCqareebis an (Tu gadavalT Tanamedrove 

fizikis areSi) Sida ``spinuri~~ kuTxuri momentis sxvaobis funqciaa, maSin Za-

lebi kvlav sididiT Tanabari da mimarTulebiT sapirispironi iqnebian, magram 

nawilakebs Soris gavlebuli wrfis gaswvriv SesaZloa aRar imoqmedon. 

rodesac yvela Zala konservatulia, 1.29 formulis meore wevri nawilakTa 

wyvilebis jamis saxiT SeiZleba Caiweros da TiToeuli wyvilis Sesabamisi wevri-

aseTi saxis iqneba:

.V d V ds si ij i j ij j
1

2

$ $d d+- ^ h#
Tu r ri j-   sxvaobis veqtors rij  simboloTi aRvniSnavT da ijd   gradientia, ma-

Sin:

,V V Vi ij ij ij j ijd d d= =-

da

,d d d d ds s r r ri j i j ij= =- -

maSasadame, ij  wyvilisTvis gankuTvnili wevri aseTi saxisaa:

.V drij ij ij$d- #
Sida Zalebis mier Sesrulebulisruli muSaobaa:

.V d V
2
1

2
1r

, ,

ij ij ij

i j

i j

ij

i j

i j

1

2

1

2
$d- =-

! !

/ /#     (1.35)

1.35 formulaSi 2
1  koeficienti gvaqvs, vinaidan i-iT da j-iT Sekrebisas moce-

muli wyvili orjer gvxvdeba, Tavdapirvelad i-iT Sekrebisas, xolo Semdeg j-iT 

Sekrebisas. 

cxadia, rom Tu Sida da gare Zalebi potencialebidan miiReba, maSin sistemis 

V  sruli potencialuri energia aris:

,V V V
2
1

,

i

i

ij

i j

i j

= +

!

/ /     (1.36)

T V+  sruli energia mudmivia da 1.36 formula erTi nawilakisaTvis miRebuli 

1.18 formulis analogiuria. 

1.36 formulis marjvena mxares mdebare meore wevrs sistemis Sida poten-

cialuri energia ewodeba. es wevri aucilebeli ar aris nulis toli iyos da rac 

ufro mniSvnelovania, sistemis droSi cvlilebasTan erTad SeiZleba Seicvalos. 

mxolod myari sxeulebis saxeliT cnobil sistemaTa klasSi aris Sida potencia-
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li yovelTvis mudmivi. myari sxeuli nawilakTa sistemaa, romelSic rij  manZilebi 

fiqsirebulebia da droSi ar icvleba. 

am SemTxvevaSi drij  veqtorebi Sesabamisi rij -sadmi da, maSasadame,  Fij -sadmi per-

pendikularebia. aqedan gamomdinare, myar sxeulebSi Sida Zalebi muSaobas ar 

asruleben da Sida potenciali mudmivia. vinaidan Sesakreb mudmivaSi Semavali 

sruli potenciali nebismier SemTxvevaSi ganusazRvrelia mudmivi Sesakrebis 

sizustiT, ucvleli Sida potenciali sistemis moZraobis ganxilvisas SegviZlia 

ugulvebelvyoT. 

   bmebi

wina paragrafebidan SesaZloa SegeqmnaT STabeWdileba, rom meqanikasTan da-

kavSirebuli yvela amocana 1.19 diferencialuri gantolebebis amoxsnaze dai-

yvaneba:

.m r F F( )
i i i

e
ji

j

= +p /
ubralod unda CavsvaT nawilakTa sistemaze moqmedi sxvadasxva Zalebi, Cavatar-

oT maTematikuri gaTvlebi da miviRebT saZiebel pasuxs! sufTa fizikuri mosazre-

bebidan  ki es Tvalsazrisi zedmetad gamartivebulia. magaliTad, zogjer aucile-

belia gaviTvaliswinoT bmebi, romlebic SezRudvas adebs sistemis moZraobas.  

bmebis Semcvel sistemaTa saxeobas Cven ukve SevexeT, rogoricaa myari sxeuli. 

myari sxeulis SemTxvevaSi nawilakTa  moZraobis bmebi rij  manZils ucvlels 

tovebs. bmuli sistemis magaliTebis moyvana uxvad SeiZleba. magaliTad, saan-

gariSos burTulebs mavTulebi mxolod erT ganzomilebaSi moZraobissaSuale-

bas aZleven. WurWelSi moqceuli airis molekulebi kedlebis zemoqmedebis Sede-

gad mxolod WurWlis SigniT moZraoben. myari sferos zedapirze ganlagebul 

nawilaks mxolod zedapirze an sferos gare arealSi SeuZlia moZraoba.

bmebis klasifikacia sxvadasxva meTodiT xdeba. Cven mier SerCeuli meTodi 

qvemoTaa moyvanili. Tu bmebis pirobebi nawilakTa koordinatebis damakavSire-

beli gantolebebiT SeiZleba gamoisaxos, romelTac Semdegi saxe aqvT:

, , ,..., ,f t 0r r r1 2 3 =^ h     (1.37)

maSin bmas  holonomuri ewodeba. holonomuri bmebis umartivesi magaliTi myari 

sxeulia, romelSic bmebi Semdegi saxis gantolebebiT gamoisaxeba:

.c 0r ri j ij
2 2

- - =^ h

holonomuri bmebis kidev erTi naTeli magaliTia nawilaki, romelsac moZ-
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raoba SeuZlia mxolod raime mrudis gaswvriv an mocemul zedapirze. mrudis an 

zedapiris ganmsazRvreli gantoleba bmis gantolebis funqcias asrulebs. 

bmebs, romlebic zemoT aRwerili meTodiT ar gamoisaxebian, araholonomuri 

ewodebaT. airis WurWlis kedlebi araholonomuri bmis magaliTia. araholono-

muri bma sferos zedapirze ganlagebuli nivTieri wertilis SemTxvevaSic moq-

medebs, vinaidan SezRudva Semdegi utolobis saSualebiT SegviZlia gamovsaxoT:

r a 02 2 $-

sadac a  aris sferos radiusi.rac 1.37 formulis msgavsi ar aris. amitom sferos 

zedapiris zeda nawilSi   moTavsebuli wertili dedamiwis mizidulobis velSi 

qveviT Camosrialdeba da Semdeg Camovardeba. 

bmebis klasifikacia imis mixedviTac SeiZleba, bmis gantoleba dros Seicavs, 

rogorc cxad cvlads (reonomiuli bma) Tu droze damokidebuli ar aris (skler-

onomiulibma). sivrceSi fiqsirebul mavTulze moZrav burTulaze skleronomiu-

li bma moqmedebs, xolo Tu mavTuli garkveuli kanonzomierebiT moZraobs, maSin 

bma reonomiulia. 

yuradReba miaqcieT, rom Tu mavTuli burTulis moZraobis Sedegad moZrao-

bs, maSin bmis droze damokidebuleba bmis gantolebaSi mxolod mavTulis koor-

dinatebis saSualebiT Sedis (mavTulis koordinatebi amjerad sistemis koordi-

natebis nawilia). am SemTxvevaSi mTliani bma skleronomiulia. 

meqanikuri amocanebis amoxsnisas bmebi ori saxis sirTules qmnian. pirveli 

sirTule imaSi mdgomareobs, rom ri  koordinatebi erTmaneTisgan damoukide-

belni aRar arian, vinaidan maT bmis gantolebebi akavSirebT.  aqedan gamomdin-

are, moZraobis 1.19 gantolebebic aRar arian damoukidebelni.meore sirTule 

ki is aris, rom, bmis Zalebi, magaliTad mavTulidan burTulaze moqmedi Zala an 

airis nawilakze kedlidan moqmedi Zala, winaswar ar arian gansazRvrulni da isi-

ni amocanaSi Semaval ucnobebs ematebian da unda ganisazRvron im amoxsnebidan, 

romelsac veZebT. sistemisTvis bmis daweseba niSnavs, rom amocanaSi Sedian Za-

lebi, romelTa gansazRvra pirdapir SeuZlebelia da isini sistemis moZraobaze 

moxdenili zegavlenis mixedviT unda ganisazRvron. 

pirveli sirTule holonomuri SezRudvebis SemTxvevaSi ganzogadebuli 

koordinatebis SemotaniT daiZleva. adre Cven mxolod marTkuTxa koordi-

natTa sistemas ganvixilavdiT. N  nawilakisagan Semdgar, bmebisagan Tavisufal 

sistemas N3  damoukidebeli koordinati anu Tavisuflebis xarisxi aqvs. Tu 

holonomuri bmebi 1.37 formis k  gantolebiT gamoisaxeba, maSin am gantolebebis 

saSualebiT N3 koordinats k  unda gamovakloT da N k3 -  damoukidebeli koor-

dinati dagvrCeba. am SemTxvevaSi amboben, rom sistemas N k3 -  Tavisuflebis 
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xarisxi aqvs.erTmaneTze damokidebuli koordinatebis gamoricxva sxva meTodi-

Tac SeiZleba. SemovitanoT axali, N k3 -  raodenobis , ,...,q q q N k1 2 3 -  damoukidebeli 

cvladi da maTi saSualebiT , ,...,r r rN1 2 N Zveli koordinatebi Semdegi saxis for-

mulebiT gamovsaxoT:

, ,..., ,

, ,..., ,

q q q t

q q q t

r r

r r

N k

N N N k

1 1 1 2 3

1 2 3

h

=

=

-

-

^

^

h

h

    (1.38)

1.38 formulebi bmebs cxadad Seicaven da isini rl] g cvladebis simravlidan ql^ h 

simravleze gardaqmnis formulebia an sxvagvarad rom vTqvaT, 1.38 formulebi 

rl] g cvladebs parametrulad asaxaven. ql^ h simravlidan rl] g simravleze dabruneba 

yovelTvis SesaZlebelia anu 1.38 formulebis SezRudvis k  formulebTan gaer-

Tianeba SegviZlia SevabrunoT da nebismieri qi  drois da rl] g cvladis funqciis 

saxiT gamovsaxoT. 

Cveulebriv, dekartes koordinatebisagan gansxvavebiT, ganzogadebul koor-

dinatebs ar yofen sameulebad, romlebic SegviZlia veqtoris koordinatebad 

gamoviyenoT. maSasadame, rodesac nawilaki sferos zedapirze bmulad moZraobs 

da sferoze mdebareobas ori kuTxe, vTqvaT grZedi da ganedi asaxavs, maSin isini 

SegviZlia ganzogadebul koordinatebad warmovadginoT. an, magaliTad, ormagi 

qanqarisaTvis sibrtyeze  moZravi  (ormagi qanqara warmoadgens msubuq uWimvad 

Zelakze damagrebul or nawilaks, romelic Camokidebulia erT-erTi nawilakiT 

aseve Zelakze), ganzogadebuli koordinatebi 1i  da 2i kuTxeebia (nax. 1.4). 

ganzogadebuli koordinatebi bmebisagan Tavisufal sistemebSic gamosade-

gni arian. maSasadame, rodesac amocanaSinawilaki gare centraluri Zalis velSi 

V V r= ]] gg moZraobs, bma ar arsebobs, magram sferuli polaruli koordinatebis 

gamoyeneba dekartis koordinatebze ufro mosaxerxebelia. ganzogadebuli 

koordinatebi mdebareobis Cveulebriv orTogonalur koordinatebTan ar unda 

gavaigivoT. ganzogadebuli koordinati nebismieri saxis sidide SeiZleba iyos. 

aqedan gamomdinare, r j -s furies mwkrivad gaSlaSi Semavali amplitudebi ganzo-

gadebul koordinatebad SegviZlia gamoviyenoT da aseve SegviZlia davixmaroT 

energiis an kuTxuri momentis ganzomilebis mqone sidideebi. 

Tu bma araholonomuria, maSin bmis amsaxveli gantolebebis saSualebiT 

koordinatTa damokidebulebebs ver gamovricxavT. araholonomuri bmis kargi 

magaliTia uxeS zedapirze srialis gareSe mgoravi sagani. sistemis amsaxveli 

koordinatebi sxeulis orientaciis ganmsazRvrel kuTxur koordinatebs da 

zedapirTan Sexebis wertilis mdebareobis amsaxvel koordinatTa simravles Sei-
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caven. `gorvis~ bma koordinatTa am simravleebs aerTianebs da isini damoukide-

belni ar arian. Sexebis wertilis mdebareobis cvlileba aucileblad misi mimar-

Tulebis cvlilebas niSnavs. 

miuxedavad amisa, koordinatTa raodenoba ar mcirdeba, vinaidan gorvis piroba 

ver gamoisaxeba (1.37) tipis gantolebiT, romelic koordinatebs akavSirebs.  . ̀ gor-

va~ ufro siCqareebze damokidebuli mdgomareobaa (anu Sexebis wertili uZravia), 

romelic integraluri formiT amocanis amoxsnis Semdeg SegviZlia aRvweroT. 

nax. 1.4. ormagi qanqara
nax. 1.5. vertikaluri disko 

horizontalur sibrtyeze goravs

amis sailustraciod erTi martivi magaliTi moviyvanoT.ganvixiloT horizon-

talur xy  sibrtyeze mgoravi disko. bmaa imaSi mdgomareobs, rom diskos sibrtye 

yovelTvis vertikaluria. moZraobis amsaxveli SeiZleba iyos  diskos centris x  

, ykoordinatebi, diskos RerZis garSemo brunvis z kuTxe da diskos RerZsa da, 

magaliTad, x  RerZs Soris i  kuTxe (nax. 1.5.). bmis Sedegad diskos centris v  siC-

qare zo -s proporciulia:

,ay z= o sadac a  aris diskos radiusi da misi mimarTuleba diskos RerZisadmi 

perpendikularulia:

,sinx = y io

.cosy y i=-o
am pirobebis gaerTianebis Sedegad bmis or diferencialur gantolebas mi-

viRebT:

0,

0.

sin

cos

dx a d

dy a d

=

+ =

i z

i z

-     (1.39)

 1.39 formulebis integreba amocanis amoxsnamde SeuZlebelia anu integrebis  
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, , ,f x y i z^ h koeficients ver gamovTvliT, romelic orive formulas zust dife-

rencialad gardaqmnis (Sdr. savarjiSo).* amgvarad, bma miiyvaneba (1.37) formaze da 

igi holonomuri yofila. fizikurad SeiZleba danaxva, romz-sa da x , y  da i  koor-

dinatebs Soris pirdapiri funqcionaluri damokidebuleba ar arsebobs, vinaidan 

traeqtoriis nebismier wertilze diskom traeqtoriis mxeb da pirobiTi radiusis 

wreze SeiZleba igoros. procesis dasasruls x , y  da i  koordinatebi sawyis mniS-

vnelobebs iZenen, xolo z kuTxe wris radiusze damokidebulebiT icvleba.

1.39 formulebiT Cawerili araintegrebadi diferencialuri bmebi, ra Tqma 

unda, araholonomiuri bmebis erTaderT saxeobas ar miekuTvnebian. bmebis piro-

bebi maRali rigis warmoebulebs, an rogorc ukve vnaxeT, utolobebs SeiZleba 

Seicavdnen. 

vinaidan damokidebuli koordinatebi gamoiricxebian, holonomuri bmebis 

Semcveli amocanebis formaluri amoxsna yovelTvis SesaZlebelia. araholono-

muri amocanebis amoxsnis zogadi meTodi ar arsebobs. Tu bma araintegrebadia, 

bmis diferencialuri gantolebebi moZraobis diferencialur gantolebebTan 

erTad SegviZlia SemovitanoT, xolo damokidebul gantolebebs lagranJis mam-

ravlis saSualebiT gamovricxavT. 

araholonomuri amocanebis amoxsnis amgvar meTods mogvianebiT davubrunde-

biT. araholonomuri bmebis ufro rTul SemTxvevebs individualuri midgoma 

sWirdebaT. klasikuri meqanikis Semadgeneli nawilebis evoluciis Sedegad miReb-

ulia, rom nebismieri bma, Tu aseTi saerTod arsebobs, holonomuria. amgvari daS-

veba Teoriis vargisianobas didad ar amcirebs, Tumca yoveldRiur sinamdvileSi 

araholonomuri bmebi mravlad gvxvdeba. ratom xdeba ase? mizezi is aris, rom 

sistemaSi arsebuli bmebis cneba, iqneba es mavTulebis, zedapirebis Tu kedlebis 

garemo, mxolod makroskopul anu didi zomis amocanebSia adekvaturi. Taname-

drove fizikosebs ki ufro atomuri da birTvuli amocanebi ainteresebT. am dros 

sistemis SigniT Tu gareT mdebare yvela sagani molekulebisgan, atomebisgan an 

ufro patara nawilakebisagan Sedgeba. sagnis Semadgeneli nawilebi erTmaneTze 

gansazRvruli ZalebiT moqmedeben da bmebis cneba virtualuri xdeba. 

bmebi mxolod realuri fizikuri SemTxvevebis maTematikuri idealizaciisT-

vis an kvantur-meqanikur maxasiaTebelTan klasikuri miaxloebisTvis gamoiyeneba. 

amgvari bmebi yovelTvis holonomurebia da Teoriis CarCoebSi advilad jdebian. 

meore siZnelis (bmebis Zalebi ucnobebia) gadalaxvisTvis meqanizmi ise unda 

CamovayaliboT, rom bmis Zalebi saerTod gaqrnen. am SemTxvevaSi, mxolod cno-

bili modebuli Zalebi darCebian. miTiTeba imaze, ra procedura unda Catardes, 

gapirobebulia im faqtiT rom nebismier sistemaSi magaliTad, myar sxeulSi, Sida 
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Zalebis (romlebic am SemTxvevaSi bmis Zalebs warmoadgenen) muSaoba nulis toli 

xdeba. Cven qveviT gavyvebiT am gzas da ganvazogadebT am ideas. 

    d’alemberis wesi da lagranJis gantolebebi

sistemis warmosaxviTi (usasrulod mcire) gadaadgileba sistemis mdgomareo-

bis cvlilebasTan aris dakavSirebuli, romelic t  mocemul momentSi sistemaze 

moqmedi Zalebis da bmebis Sedegad koordinatebis usasrulod mcire rid  cvli-

lebis Sedegad xdeba. gadaadgilebas warmosaxviTi ewodeba, raTa is dt  drois Su-

aledSi sistemis realuri gadaadgilebisgan ganasxvavon, romlis drosac Zalebi 

da bmebi icvleba. 

davuSvaT, sistema wonasworul mdgomareobaSia anu TiToeul nawilakze moqmedi 

Fi  tolqmedi Zala nulis tolia. am SemTxvevaSi Fi  Zalis mier rid gadaadgilebisas 

Sesrulebuli warmosaxviTi muSaoba anu F ri i$ d  skalaruli namravli nulis toli 

xdeba. aseTi namravlebis jami yvela nawilakisaTvis nulis toli unda iyos:

.0F ri i

i

$ d =/     (1.40)

aqamde araferi iyo naTqvami, romelic axal fizikur Sinaars Seicavda. axla Fi  

Zala F ( )
i

a  modebul Zalad da fi  SezRudvis Zalad davSaloT:

,F F f( )
i i

a
i= +    (1.41)

1.40 formula Semdegi saxiT gardaiqmneba:

.0F r f r( )
i

a
i i

ii

i$ $d d+ =//
   (1.42)

 amjerad mxolod iseT sistemebs ganvixilavT, romlebSic bmis Zalebis 

mier Sesrulebuli jamuri warmosaxviTi muSaoba nulis tolia. es piroba 

myari sxeulebisTvis da mravali sxva bmisaTvis sruldeba. aqedan gamomdinare, 

rodesac nawilaki zedapirze SezRudulad moZraobs, bmis Zala zedapirisadmi 

perpendikularulia, xolo warmosaxviTi gadaadgileba zedapiris mxebia da war-

mosaxviTi muSaoba baTildeba. Tu srialis xaxunis Zalebi moqmedeben, maSin es 

piroba ar sruldeba. sistemebis arCevis zemoT moyvanili principi mdgomareo-

bas ar arTulebs, vinaidan xaxuni makroskopuli movlenaa. gorvis xaxunis Zalebi 

zemoT moyvanil winadadebaSi Camoyalibebul pirobas ar arRveven, vinaidan es 

Zalebi wamierad gaCerebul wertilze moqmedeben da usasrulod mcire gadaadg-

ilebaze muSaobas ver asruleben, rac gorvis bmasTan SesabamisobaSia. 

gaiTvaliswineT, rom Tu nawilaki moZrav zedapirze moZraobs, bmis Zala myisi-
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erad zedapirisadmi perpendikularulia da warmosaxviTi gadaadgilebis dros 

Sesrulebuli muSaoba kvlav nulis tolia, xolo realuri gadaadgilebisas dt  

droSi Sesrulebuli muSaoba aucilebeli ar aris gabaTildes. 

zemoTqmulidan gamomdinare, sistemis wonasworobisTvis saWiroa, rom mode-

buli Zalebis mier Sesrulebuli warmosaxviTi muSaoba ganuldes:

.0F r( )
i

a

i

i$ d =/     (1.43)

1.43 formulas xSirad warmosaxviTi muSaobis wess uwodeben. rid  koeficien-

tebi nulis tolebi aRar arian anu 0F ( )
i

a ! , vinaidan rid -ebi  bmebis gamo erTmane-

Tze damokidebulni arian. 

koeficientebis nulTan gasatoleblad 1.43 formuliT mocemul wesSi da-

moukidebeli qi   ganzogadebuli koordinatebis warmosaxviTi gadaadgilebebi 

unda SevitanoT. 

1.43 formula Cvens moTxovnebs im TvalsazrisiT akmayofilebs, rom fi -s ar 

Seicavs, Tumca es formula mxolod statikuri mdgomareobisaTvis gamodgeba. 

Cven SemTxvevaSi ki sistemis zogadi moZraoba gvWirdeba. 

gamosadegi wesis misaRebad Tavdapirvelad jeims bernulis mofiqrebul, 

xolo SemdgomSi d’alemberis mier ganvrcobil meqanizms viyenebT. F pi i= o  moZ-

raobis formula aseTi saxiT SeiZleba Caiweros:

,0F pi i- =o

maSasadame, sistemis Semadgeneli nawilakebi wonasworul mdgomareobaSi 

imgvari Zalis moqmedebis Sedegad iqnebian, romelic realur Zalas damatebuli 

- pio  `Sebrunebuli efeqturi Zalis~ tolia. 1.40 formula gardaiqmneba da aseT 

saxes iRebs:

,0F p ri i

i

i$ d- =o^ h/      (1.44)

Tu igive princips modebul Zalebsa  da SezRudvis Zalebs mivusadagebT miviRebT:

0.F p r f r( )
i

a
i

i

i i

i

i$ $+ =d d- o^ h/ /
amjeradac mxolod iseT sistemebs ganvixilavT, romlebSicbmis Zalebis mier 

Sesrulebuli warmosaxviTi muSaoba gamoiricxeba da viRebT:

0,F p r( )
i

a
i

i

i$ =d- o^ h/    (1.45)

1.45 formulas xSirad d’alemberis wess uwodeben. mizani miRweulia, bmis 

Zalebi gaqrnen da ( )a  indeqsi Tamamad SegviZlia ugulvebelvyoT. miuxedavad 

amisa, 1.45 formula kvlav ar gvaZlevs sistemis moZraobis gantolebebs da am 
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miznis misaRwevad d’alemberis wesSi ganzogadebuli koordinatebis warmosax-

viTi gadaadgilebebi unda SevitanoT. warmosaxviTi gadaadgilebebi erTmaneTze 

damokidebulni ar arian (holonomuri bmebis SemTxvevaSi) da qid  koeficientebi 

nulis toli SeiZleba iyos.

ri -dan qj -s enaze gadasvla gardaqmnis 1.38 formuliT iwyeba:

, ,...,q q tr ri i 1 2= ^ h  (1.45’)

SemdgomSi nawilobrivi diferencirebis `jaWvur wess~ viyenebT. aqedan gamom-

dinare, vi  qko -s saSualebiT Semdegi formulis daxmarebiT gamoisaxeba:

.
dt
d

q
q

t
v r r r

i
i

k

i

k

k
i

2
2

2
2/ = +o/      (1.46)

rid  pirobiT warmosaxviT gadaadgilebas qid  warmosaxviT gadaadgilebebs So-

ris Semdegi damokidebulebaa:

.
q

qr r
i

j

i

j

j2
2

=d d/     (1.47)

yuradReba miaqcieT, rom td  drois variacia formulaSi ar Sedis, vinaidan 

gansazRvrebis Tanaxmad warmosaxviTi gadaadgileba mxolod koordinatebis 

gadaadgilebebs exeba (mxolod im SemTxvevaSia warmosaxviTi gadaadgileba bmis 

Zalis perpendikularuli, rodesac Tavad SezRudva droSi icvleba).

Fi  warmosaxviTi muSaoba ganzogadebuli koordinatebis saSualebiT ase 

gamoisaxeba:

,

q
q

Q q

F r F r
,

i

i

i i
j

i

i j

j

j

j

j

$ $2
2
2

=

=

d

d

/ /
/

         (1.48)

sadac Qj -s ganzogadebuli Zalis komponentebi ewodeba:

.Q
q

F r
j i

j

i

i

$
2
2

= /        (1.49)

q  sidide sigrZis ganzomilebis SeiZleba ar iyos, amitom ar aris aucilebeli Q

Q-s Zalis ganzomileba qondes, Tumca Q qj jd -s yovelTvis muSaobis ganzomileba 

aqvs. magaliTad, Qj  SeiZleba Nj  Zalis momenti iyos, xolo dqj  - d ji  diferencial-

uri kuTxe, rac N dj ji -s muSaobis diferencialad gaxdis.

amjerad 1.45 formulis kidev erT wevrs mivubrundeT, romelic ase gamois-

axeba:
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.mp r r ri

i

i i i

i

i$ $=d do p/ /
rid  sidide 1.47 formuliT gamovsaxoT da miviRebT:

.m
q

qr r
,

i i

i j j

i
j$

2
2 dp/

amjerad Semdegi formula ganvixiloT:

.m
q dt

d m
q

m
dt
d

q
r r r r r r

i i

i j

i
i i

j

i
i i

j

i

i

$ $ $
2
2

2
2

2
2

= -p o oc cm m< F/ /     (1.50)

1.50 formulis ukanasknel wevrSi t -Ti da qj -Ti diferencireba 1.46 formulis 

analogiurad SegviZlia gadavanacvloT:

,

,

dt
d

q q q q
q

q t

q

r r r r

v
j

i

j

i

j k

i

k

k
j

i

j

i

2 2

2
2

2
2

2 2
2

2 2
2

2
2

= = +

=

o oc m /

1.46 formulidan aseve Cans, rom:

.
q q
v r

j

i

j

i

2
2

2
2

=o
    (1.51)

cvlilebebis 1.50 formulaSi Setana mogvcems:

,m
q dt

d m
q

m
q

r r v v v v
i i

i j

i
i i

j

i
i i

j

i

i

$ $ $
2
2

2
2

2
2

= -p
oc m< F/ /

1.45 formulis marcxena mxaris meore wevri Semdegi saxiT SeiZleba gaiSalos:

.
dt
d

q
m

q
m Q q

2
1

2
1

j

i i

i j
i i

i

j j

j

2 2

2
2

2
2y y d- -o c cm m< F( 2/ //

m
i

i i2
1 2y/  sistemis T  kinetikuri energiaa da d’alemberis wesi (1.45 formula) 

aseT saxes iRebs:

.
dt
d

q
T

q
T Q q 0

j j
j

j

j
2
2

2
2 d- - =oc m< F( 2/      (1.52)

dekartis koordinatTa sistemaSi T -s kerZo warmoebuli qj -Ti qreba da dife-

rencialuri geometriis TvalsazrisiT is qj  koordinatebis simrudidan miiReba. 
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polarul koordinatebSi, magaliTad, kuTxis koordinatiT T -s kerZo warmoebu-

li centriskenuli aCqarebaa.

aqamde bmebis bunebas erTaderT bmas vadebdiT, rom mas warmosaxviTi gadaadg-

ilebis dros muSaoba ar unda Seesrulebina. qj  cvladebi nebismieri koordinatTa 

simravle SeiZleba iyos, romelic sistemis moZraobis aRwerisTvis gamoiyeneba. 

Tu bmebi holonomurebia, maSin SesaZlebelia qj  damoukidebeli koordi-

natebis simravlis moZebna, romelic bmis  pirobebs 1.38 gardaqmnis formulebSi 

cxadad Seicavs. am SemTxvevaSi nebismieri qjd  warmosaxviTi gadaadgileba qkd -ze 

damokidebuli ar aris, amitom 1.52 formulis gamoyenebis erTaderTi saSualeba 

individualuri koeficientebis gamoricxvaa:

 .
dt
d

q
T

q
T Q

j j
j

2
2

2
2

- =oc m       (1.53)

sul n  raodenobis amgvari formula arsebobs.

rodesac Zalebi skalaruli V  potencialis funqciidan miiRebian:

.VFi id=-

ganzogadebuli Zalebi Semdegi saxiT Caiwereba:

,Q
q

V
q

F r r
j i

j

i

i

i

i j

i$ $
2
2 d

2
2

= =-/ /

rac  , ,..., ,V tr r rN1 2- ^ h funqciis qj -iT kerZo warmoebulis gamosaxulebas war-

moadgens:

.Q
q
V

j
j2

2/-      (1.54)

1.53 formula aseTi saxiT SeiZleba Caiweros:

.
dt
d

q
T

q
T V 0

j j2
2

2
2

- - =oc
]

m
g

    (1.55)

1.55 formulebis saxiT mocemuli moZraobis gantolebebi mxolod konser-

vatuli sistemebisTvis ar arian gankuTvnilni. sistema maSin aris konservatuli, 

rodesac V  ar aris drois cxadi funqcia. V  potenciali ganzogadebul siCqare-

ebze damokidebuli ar aris, amitom SegviZlia SevitanoT wevri, romelic v-s  ajo

-Ti kerZo warmoebul Seicavs:

0.
dt
d

q
T V

q
T V

j j2
2

2
2

=- - -
o

]
d

]g
n

g
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Tu L L lagranJis funqciaa:

,L T V= -   (1.56)

maSin 1.53 formula aseT saxes miiRebs:

0,
dt
d

q
L

q
L

j j2
2

2
2

=-oc m      (1.57) 

1.57 formulas lagranJis gantoleba ewodeba.

SevniSnoT, rom gantolebaTa raRac simravlisaTvis ar arsebobs lagranGGJia-

nis iseTi calsaxa arCevani, rom (1.57) gantolebam mogvces moZraobis gantole-

bebi mocemul ganzogadoebul koordinatebSi.  aqedan gamomdinare, me-8 da me-10 

savarjiSoebSi naCvenebia, rom Tu , ,L q q to^ h funqcia warmoadgens miaxloebiT la-

granJians da ,F q t^ h ganzogadebuli koordinatebis da drois nebismieri dife-

rencirebadi funqciaa, maSin:

, , , ,L q q t L q q t
dt
dF

= +l o o^ ^h h                    (1.57’)

1.57’ formula aseve lagranJiani da moZraobis igive gantolebebs gvaZlevs. xSirad 

SesaZlebelia lagranJis alternatiuli funqciebis ageba (ix. savarjiSo 2a). 1.56 

formula konservatiuli sistemisTvis lagranJis funqciis SedgenisTvis yovelT-

vis gamosadegia, magram is sistemis lagranJis erTaderT funqcias ar gvaZlevs. 

   siCqareze damokidebuli potencialebi da disipaciuri funqcia

lagranJis gantoleba 1.57 formulis saxiT im SemTxvevaSic SegviZlia Cavw-

eroT, rodesac V  potencialis funqcia, Cveulebrivi gagebiT,  mocemuli ar 

gvaqvs da ganzogadebuli Zalebi ,U q qj jo^ h funqciidan aseTnairad  miiRebian:

.Q
q
U

dt
d

q
U

j
j j2

2
2
2

=- + oc m     (1.58)

am SemTxvevaSi 1.57 formula kvlav 1.53 formulidan miiReba lagranJianidan, 

romelsac aseTi saxe aqvs:

.L T U= -   U  (1.59)

UU -s `ganzogadebuli potenciali~ an `siCqareze damokidebuli potenciali~ 

ewodeba. amgvari `potencialis~ gamoyeneba yovelTvis SesaZlebeli ar aris. is mx-

olod muxtebze moqmedi eleqtromagnituri Zalebis SemTxvevaSi aris gamosadegi 

da amave dros sakmaod mniSvnelovani cnebaa. 
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ganvixiloT m  masis mqone q  muxti, moZravi v  siCqariT, sxvamxriv eleqtrul 

E  velisa da magnituri B  velisagan Tavisufal garemoSi, radgan velebi SeiZleba 

drosa da mdebareobaze iyon damokidebulni. muxtze lorencis Zala moqmedebs:

.qF E v B= + #] g6 @     (1.60)

, , ,x y z tE^ h da , , ,x y z tB^ hdroisa da mdebareobis uwyveti funqciebia da , , ,x y z tz^ h

skalaruli potencialis da , , ,x y z tA^ h veqtoruli potencialis saSualebiT ase 

ganisazRvrebian:

t
E Ad

2
2

= z- -
      (1.61a)

da

.B Ad= #                (1.61b)

muxtze moqmedi Zala siCqareze damokidebuli potencialuri energiis saSu-

alebiTac SegviZlia gamovTvaloT:

,U q qA v$= z -      (1.62)

 amgvarad, lagranJiani  L T U= - U aseT saxes miiRebs:

L mv q qA v.2
1 2

= +z $-     (1.63)

lagranJis gantolebis mxolod x  komponenti ganvixiloT da gveqneba:

.mx q
x
A

x
A

x
A q

x dt
dA

x
x

y
y

z
z x

2
2

2
2

2
2

2
2

+ +y y y
z

= - +p b cl m          (1.64)

Ax -is droiT srul warmoebulsa da kerZo warmoebuls Soris Semdegi damokide-

bulebaa:

.

dt
dA

t
A A

t
A

x
A

y
A

z
A

vx x
x

x
x

x
y

x
z

x

$
2
2 d

2
2

2
2

2
2

2
2

= +

= + + +y y y

         (1.65)

1.61b formula gvaZlevs:

.
x
A

y
A

x
A

z
Av B x y

y x
z

z x

2
2

2
2

2
2

2
2

= +y y# - -] c bg m l

mocemuli gamosaxulebebi gavaerTianoT, maSin  x-is mimarTulebiT moZraobis 

gantolebas miviRebT:
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.mx q � v Bx x#= +p ] g6 @             (1.66)

komponentebis Sedareba aCvenebs, rom 1.66 da 1.60 formulebi identurebia, 

xolo lorencis Zalis formula 1.61 da 1.62 formulebidan miiReba.

Tu sistemaze moqmedi yvela Zala potencialidan ar miiReba, maSin lagranJis 

gantoleba aseTi saxiT SeiZleba Caiweros:

,
dt
d

q
L

q
L Q

j j
j

2
2

2
2

- =oc m

sadac L , rogorc zeviT, Seicavs konservatuli Zalebis potencials, xolo Qj  

is Zalebia, romelic potencialidan ar miiReba. amgvari mdgomareoba xSirad iqm-

neba, rodesac xaxunis Zalebi arseboben. xaxunis Zala nawilakis siCqaris propor-

ciulia da misi x  komponentia:

.F kfx x xy=-

aseTi saxis xaxunis Zalebi F F  funqciis saSualebiT SeiZleba gamoisaxon. mas 

reilis disipaciuri funqcia ewodeba:

k k k
2
1F x ix y iy z iz

i

2 2 2
= + +y y y^ h/ .    (1.67)

jami warmoebs sistemis yvela nawilakiT. gansazRvrebis Tanaxmad:

,F
F

f
x

xi

i2
2
y=-

maSasadame:

 .FFf d=- y    (1.68)

disipaciuri funqciis fizikuri interpretaciac SesaZlebelia. sistemis mier 

xaxunis winaaRmdeg Sesrulebuli muSaoba tolia:

.dW d dt k k k dtF r F vf f f x x y y z z
2 2 2$ $= = + +y y y- - = ^ h

aqedan gamomdinare, 2F  aris xaxunis Sedegad energiis milevis tempi. gan-

zogadebuli Zalis xaxunis Zalidan miRebuli komponenti Semdegi formuliT 

gamoiTvleba:

F

F

,

.

Q
q q

q

q

FF r r

r

j fi
j

i

i j

i

j

i

j

$ $

$

2
2 d

2
2

d
2
2

2
2

= =

=

=

-

-

-

y

y o
o

o

/ /

/           (1.69)
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kargi magaliTia stoukis kanoni, romlis Tanaxmad, h  siblantis garemoSi y 
siCqariT moZrav a  radiusis sferoze F 6 aF vf = rh-  xaxunis Zala moqmedebs. la-

granJis gantoleba milevasTan erTad aseT saxes iRebs:

,
dt
d

q
L

q
L

q
0

F
j j j2

2
2
2

2
2

+- =o oc m         (1.70)

moZraobis gantolebebis misaRebad LL  da F F skalaruli funqciebi unda gan-

isazRvron. 

    lagranJis formulirebis gamoyeneba

wina paragrafebSi gamoCnda, rom sistemebSi, sadac SesaZlebelia langran-

Jianis gansazRvra, e. i, holonomur sistemebSi, Cveulebrivi an ganzogadebuli 

potencialisa da muSaobisgan Tavisufali bmebidan miiReba, moZraobis gantole-

bebis Sedgenis Zalian mosaxerxebeli meTodi arsebobs.  Cven mivediT lagranJia-

nis formulirebamde imisTvis, rom amogvegdo bmis Zalebi moZraobis gantolebi-

dan da am gziT mivaRwieT bevr sasurvel upiratesobas.

 moZraobis gantolebebis sawyisi formis (1.19 formula) misaRebad mraval veq-

torul ZalasTan da aCqarebasTan mogviwevs Sexeba. lagranJis meTodis saSuale-

biT ki mxolod T  da V  skalarul funqciebTan gveqneba Sexeba, rac problemis 

gadaWras amartivebs.

lagranJis formulirebis Sesabamisi yvela meqanikuri amocanisaTvis pirda-

piri, rutinuli procedura arsebobs. Tavdapirvelad T -sa da V -s ganzogadebul 

koordinatebSi vwerT, Semdeg maTgan LL  gamogvyavs da 1.57 formulaSi vsvamT, 

raTa moZraobis gantoleba miviRoT.

 T  da V  funqciebis dekartis koordinatebidan ganzogadebul koordinatebSi 

gadayvanisTvis gardaqmnis 1.38 da 1.45’ formulebs viyenebT. amgvarad, T  funqci-

isaTvis gveqneba:

                                     .T m m
q

q
t2

1
2
1 r r

i i i
j

i
j

i

jii

2
2

2
2

2
2

+y= = od n///

gaSlis Semdeg T -s gamosaxuleba ganzogadebul koordinatebSi iqneba:

,T M M q M q q
2
1

,

j j

j

jk j

j k

k0= + +o o o/ /            (1.71)

sadac M0, Mj  da Mjk   r-is da t -s da maSasadame q-s da t -s gansazRvruli funqciebia. 
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marTlac, Sedareba gvicvenebs, rom:

,M m
t2

1 r
i

i

i

0

2

2
2

= b l/           

          (1.72)

,M m
t q
r r

j i
i

j

i

i

$
2
2

2
2

= /            

da

.M m
q q
r r

jk i
j

i

k

i

i

$
2
2

2
2

= /

maSasadame, sistemis kinetikuri energia ganzogadebuli siCqareebis sami ho-

mogenuri funqciis jamis saxiT SeiZleba gamoisaxos:

,T T T T0 1 2= + +      (1.73)

sadac T0  ganzogadebul siCqareebze damokidebuli ar aris, T1 siCqareebis-

wrfivia, xolo T2  -kvadratuli. Tu gardaqmnis formulebi dros cxadad ar Sei-

caven, magaliTad rodesac SezRudvebi droze damokidebuleni ar arian, maSin 1.71 

formulis mxolod ukanaskneli wevri ar qreba da T  ganzogadebuli siCqareebis 

homogenuri da kvadratuli  funqciaa.

modiT zemoT aRwerili proceduris martivi magaliTebi ganvixiloT:

1) erTi naqilakis sivrceSi moZraoba

 a) dekartis koordinatebSi

 b) sibrtyis polaruli koordinatebSi

2) atvudis manqana

3) droze damokidebuli SezRudva - mbrunav mavTulze mosriale burTula

1 (a) erTi nawilakis moZraoba dekartis koordinatebSi: 1.53 formulaSi 

saWiro ganzogadebuli Zalebia Fx , Fy  da Fz , maSin:

,

,

T m x y z

x
T

y
T

z
T 0

2
1 2 2 2

2
2

2
2

2
2

=

= =

+ +

=

o o o^ h

,
x
T mx
2
2

=o
o     ,

y
T my
2
2

=o
o     ,

z
T mz
2
2

=o
o

da moZraobis gantolebebs aseTi saxe aqvs:
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 ,
dt
d mx Fx=o] g      ,

dt
d my Fy=o^ h       .

dt
d mz Fz=] g          (1.74)

maSasadame, moZraobis niutoniseul gantolebebs vubrundebiT.

b) erTi nawilakis moZraoba sibrtyis polarul koordinatebSi: amjerad T  

ro -is da i-is saSualebiT unda gamovsaxoT. gardaqmnis 1.38 formulebia:

 

.

cos

sin

x r

y r

= i

i=

1.46 formulis analogiurad siCqareebia:

,

.

cos sin

sin cos

x r r

y r r

=

=

i i i

i i i

-

+

o o o

o o o

T m x y2
1 2 2

= +o o^ h kinetikuri energia aseT saxes iRebs:

.T m r r2
1 2 2

i= +o o^ h7 A               (1.75)

1.75 formulis alternatiuli gziT miReba SeiZleba Tu gaviazrebT, rom siCqa-

ris polaruli komponentebi sibrtyeze aris dr  ro  r -is gaswvriv da rio  r -is perpen-

dikularuli mimarTulebis gaswvriv, romelic it  erTeulovani veqtoriT aRiniS-

neba. aqedan gamomdinare, polarul koordinatebSi gamosaxuli siCqaris kvadrati 

aris r r2 2

i+o o^ h . dr  diferencialuri mdebareobis veqtoris gamosaxulebaa

d dr r d dzr r k= + +i it t t

dr diferencialuri mdebareobis veqtori 0z =  sibrtyiTaa SemozRuduli, 

sadac rt  da it  arian erTeulovani veqtorebi Sesabamisad r-is da i-is mimarTule-

biT da am gamosaxulebis saSualebiT ganzogadebuli Zalis komponentebi cilin-

drul koordinatebaSi 1.48 formulis daxmarebiT SegviZlia gamovTvaloT,

                                          Q r FF Fr

r

r
r: :

d
d

= = =
/

                                          Q r rFF Fr

r

r: :
d
d H= = =

/

H

 vinaidan r-is warmoebuli i-Ti, warmoebulis gansazRvrebis Tanaxmad, it -is 

mimarTulebis veqtoria (nax 1.6). arsebobs ori ganzogadebuli koordinati da, 

maSasadame, lagranJis ori gantoleba. r-is formulaSi Semavali warmoebulebia:
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,
r
T mr 2

2
2 i= o      ,

r
T mr
2
2

=o
o       ,

dt
d

r
T mr
2
2

=o
pb l

xolo Tavad formulaa:

,mr mr Fr2i- =p o

am formulis meore wevri centriskenuli aCqarebaa. i-s formulaSi Semdegi 

warmoebulebi gvxvdeba:

,T 0
2
2
i

=     ,T mr2

2

2
=

i
io
o    ,

dt
d mr mr mrr22 2i i i= +o p o o^ h

xolo Tavad formulaa:

2 .
dt
d mr mr mrr rF2 2

= +i i i = i
o p o o^ h

yuradReba miaqcieT, rom formulis marcxena mxare kuTxuri momentis droiT 

warmoebulia, xolo marjvena mxare -Zalis momenti. maSasadame, Cven Zalis momen-

tis 1.26 formula xelaxla miviReT, sadac L mr2i= o  da N N rF( )e
= i .

sur. 1.6. r-is warmoebuli i-iT

2. atvudis manqana (nax. 1.7.) holonomuli, skleronomuli bmis Semcveli kon-

servatuli sistemis nimuSia (bloki xaxunis da masis armqoned miiCneva). cxadia, 

arsebobs mxolod erTi damoukidebeli x  koordinati, xolo meore tvirTis mde-

bareobas bma gansazRvravs, romlis Tanaxmad, tvirTebs Soris gabmuli Tokis sig-

rZe l-ia. potenciuri energiaa:

,V M gx M g l x1 2=- - -] g

xolo kinetikuri energiaa:

.T M M x2
1

1 2
2

= + o] g

energiebis gaerTianebis Sedegad lagranJis funqcia aseT saxes miiRebs:

.L T V M M x M gx M g l x2
1

1 2
2

1 2= - = + + + -o] ]g g
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moZraobis erTaderTi gantoleba Semdeg warmoebulebs Seicavs:

,

,

x
L M M g

x
L M M x

1 2

1 2

2
2

2
2

=

=

-

+o
o

]

]

g

g

maSasadame gvaqvs:

,M M x M M g1 2 1 2+ = -p] ]g g

an

,x
M M
M M g

1 2

1 2=
+
-p

igive Sedegis miReba ufro martivad SeiZleboda. trivialuri amocana cxadyofs, 

rom bmis Zalebi (am SemTxvevaSi Tokis daWimuloba) lagranJis formulirebaSi ar 

Canan anu lagranJis meTodis saSualebiT Tokis daWimulobas ver gamovTvliT.

nax. 1.7. atvudis manqana

3. Tanabrad mbrunav mavTulze, Zalebisgan Tavisufal sivrceSi mosriale 

burTula. mavTuli sworia da raime perpendikularuli RerZis garSemo Tanabrad 

brunavs. mocemuli magaliTi droze damokidebul bmas asaxavs, rodesac brunvis 

RerZi z  RerZis gaswvrivaa mimarTuli, xolo mavTuli xy  sibrtyeSi Zevs. gardaqm-

nis formulebi dros cxadad Seicaven:

,cosx r t~=         (~ = brunvis kuTxuri siCqare)

.siny r t~=          (r = brunvis RerZidan mavTulis gaswvriv manZili)

Cven SegviZlia T  (am SemTxvevaSi is igivea, rac  LL) igive meTodiT gamovTvaloT, 

romliTac 1.71 formula miviReT, magram ufro martivia pirdapir 1.75 formu-

laze gadavideT da SezRudva  i ~=o  saxiT CavweroT:
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.T m r r2
1 2 2 2~= +o] g

T  ganzogadebuli siCqareebis homogenuri, kvadratuli funqciaa, vinaidan 

arsebobs wevri, romelic ro -s ar Seicavs. moZraobis gantoleba iqneba:

mr mr 02~- =p

an

,r r 2~=p

miRebuli formula harmoniuli oscilatoris martivi gantolebaa, oRond 

niSania Secvlili. mavTulze uZravad mdebare burTulisTvis miRebuli r e t
=

~  

amonaxsni cxadyofs, rom burTula eqsponencialurad moZraobs. igive meTodiT 

mavTulze burTulis Semakavebeli SezRudvis Zalis gamoTvla SeuZlebelia. 

L mr m r e t2
0
2~ ~= =

~  kuTxur impulsTan erTad 1.26 formula F mr e2 t
0

2~=
~  Za-

las gvaZlevs, romelic Tavis mxriv mavTulisa da brunvis RerZisadmi perpendi-

kularulad moqmed F mr e2 t
0

2~=
~  bmis Zalas warmoqmnis. 

1. daamtkiceT, rom Tanabari masis nivTieri wertilis moZraobis gantoleba 

kinetikuri energiisTvis Semdeg diferencialur gantolebas gulisxmobs:

dt
dT F v,= $

xolo Tu masa droSi icvleba, maSin Sesabamisi gantolebaa:

( )
dt

d mT F p.= $

2. daamtkiceT, rom masaTa centris mdebareobis veqtoris sidide  R  raime pi-

robiTi aTvlis saTavidan Semdegi formuliT gamoiTvleba:

.M R M m r m m r
2
1

i i

i

i j

i j

ij
2 2 2 2

= -
!

/ /

3. davuSvaT, ori nawilakebis Semdgari sistema moZraobis 1.22 da 1.26 gantole-

bebs eqvemdebareba. calkeuli nawilakebs moZraobis gantolebebis mixedviT 

aCveneT, rom nawilakebs Soris moqmedi Zalebi qmedebis da ukuqmedebis sust da 
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mkacr kanons akmayofileben. 

moyvanili argumenti nebismieri raodenobis nawilakebisagan Semdgari sistem-

isTvis SegviZlia ganvazogadoT, rac Tavis mxriv 1.22 da 1.26 formulebamde mimy-

vani argumentebis marTebulobas amtkicebs.

4. mgoravi diskos bmis 1.39 gantolebebi Semdegi saxis bmebis zogadi, wrfivi, 

diferencialuri gantolebebis gansakuTrebuli SemTxvevebia:

,..., .g x x dx 0i n

i

n

i1

1

=
=

^ h/

SezRudvis piroba holonomiuria, Tu zust diferencialSi gardamavali inte-

grebis ,...,f x xn1^ h funqcia arsebobs. rodesac i j! , es funqcia unda iyos:

x
fg

x
fg

j

i

i

j

2
2

2
2

=
^ ^h h

daamtkiceT, rom 1.39 gantolebebisTvis integrebis amgvari koeficienti ar 

arsebobs.

5. a  radiusis ori borbali b  sigrZis saerTo RerZis boloebze aris damagre-

buli da damoukideblad brunavs. mTeli es mowyobiloba sibrtyeze srialis gar-

eSe goravs. daamtkiceT, rom bmis ori araholonomuri gantoleba arsebobs:

0

,

cos sin

sin cos

dx dy

dx dy a d d2
1

+ =

=

i i

i i z z- + l^ h

(sadac i , z da zl erTi vertikaluri diskos amocanis analogiurebia, xolo 

,x y^ hor borbals Soris RerZis Sua wertilis koordinatebia). aseve arsebobs 

SezRudvis erTi holonomiuli gantoleba:

,C
b
ai z z= - - l^ h

sadac  C mudmivaa.

6. nawilaki xy sibrtyeSi moZraobs da misi siCqaris veqtori yovelTvis x Re-

rZze mdebare wertiliskenaa mimarTuli, romlis abscisa drois raime  f t] g fun-

qciaa. daamtkiceT, rom diferencirebadi, magram pirobiTi f t] g funqciisTvis 

SezRudva araholonomuria.

7. daamtkiceT, rom 1.53 formulis saxiT Cawerili lagranJis gantolebebi 

asec SeiZleba Caiweros:

2 .
q
T

q
T Q

j j
j

2
2

2
2

- =o

o
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am formulebs xSirad lagranJis gantolebebis nilsenis formas uwodeben. 

8. Tu n  Tavisuflebis xarisxis mqone sistemis lagranJis funqcia lagranJis 

gantolebebs akmayofilebs, pirdapiri Casmis xerxiT daamtkiceT, rom Semdegi 

formula aseve akmayofilebs lagranJis gantolebebs:

,..., ,
L L

dt
dF q q tn1

= +l
^ h

sadac FF  aris sakuTari argumentebis pirobiTi, magram diferencirebadi fun-

qcia.

9. eleqtromagnituri veli Semdegi formulebiT mocemuli skalaruli da veq-

toruli potencialis yaliburi gardaqmnis pirobebSi mudmivia:

,

,
c t
1

A A r,t"

"

d

2
2

+ }

z z
}

-

^ h

sadac } aris nebismieri (magram diferencirebadi). ra zemoqmedebas axdens 

yalibubi gardaqmna eleqtromagnituri velSi moZravi nivTieri wertilis la-

granJis funqciaze? xdeba Tu ara zemoqmedeba nawilakis moZraobaze?

10. davuSvaT, ,...,q qn1    n  Tavisuflebis xarisxis da , ,L q q to^ h lagranJis funqciis 

mqone sistemis ganzogadebuli damoukidebeli koordinatebis simravlea. Semdeg 

koordinatTa es simravle qvemoT mocemuli gardaqmnis formulebis saSualebiT 

damoukidebel koordinatTa axal ,...,s sn1  simravleSi gadagvyavs:

,..., , ,q q s s ti i n1= ^ h              ,..., .i n1=

(amgvar gardaqmnas wertilovani gardaqmna ewodeba). daamtkiceT, rom Tu la-

granJis funqcia gardaqmnis formulebSi ,s sj jo  da t  funqciis saxiT gamoisaxeba, 

maSin L lagranJis gantolebebs s  koordinatebiT akmayofilebs:

.
dt
d

s
L

s
L 0

j j2
2

2
2

- =oc m

sxva sityvebiT rom vTqvaT, lagranJis gantolebebis forma wertilovani 

gardaqmnis Sedegad ar icvleba. 
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11. ganvixiloT horizontalur sibrtyeze srialis gareSe mgoravi erTgva-

rovani disko. diskos centrze diskos sibrtyis paralelurad mimarTuli, hori-

zontaluri Zala moqmedebs.

a)  gamoiyvaneT lagranJis gantolebebi da ganzogadebuli Zala 

 gamoTvaleT.

b)  ganixileT diskos moZraoba Tu Zala diskos sibrtyis paralelurad ar 

moqmedebs.

12.nawilakis Tavis daRwevis siCqare dedamiwaze aris is minimaluri siCqare, 

romelic dedamiwis zedapirze unda mivaniWoT sxeuls, rom man Tavi ar daaRwios 

dedamiwis gravitaciul vels. Tu atmosferul winaRobas ugulvebelvyofT, 

sistema konservatiulia. 

potencialuri da kinetikuri energiebis mudmivobis kanonidan gamomdinare 

daamtkiceT, rom mTvaris ararsebobis SemTxvevaSi dedamiwidan Tavis daRwevis 

siCqare 11,2km/wm iqneba. 

13. raketas win misi ukana nawilidan gamosrolili gamonabolqvi airebis impul-

si ubiZgebs. vinaidan airebis warmoSoba raketis sawvavSi momxdar reaqciebs ukav-

Sirdeba, raketis masa mudmivi ar aris da sawvavis klebasTan erTad mcirdeba.

daamtkiceT, rom erTgvarovan mizidulobis velSi vertikalurad maRla asroli-

li raketis moZraobis gantoleba (atmosferuli xaxunis ugulvebelyofiT) aris:

,m
dt
d

dt
dm mgy y=- -l

sadac m  aris raketis masa, xolo yl - gamosrolili airebis siCqare raketis 

mimarT. am formulis integrebis Sedegad y-s m-ze damokidebulebis funqcia 

miiReT da masis dakargvis tempi mudmivad miiCnieT. daamtkiceT, rom Tu raketa 

Tavdapirvelad uZravia, yl=2,1km/wm da wamSi sawyisi masis 1/60 ikargeba, maSin 

Tavis darwevis siCqaris misaRwevad sawvavis wonis Sefardeba carieli raketis 

wonasTan TiTqmis 300-is toli unda iyos. 

14. m  masis ori wertili l  sigrZis xisti da uwono ZelakiTaa gadabmuli. Zela-

kis centri a  radiusis wreze brunavs. kinetikuri energia ganzogadebul koor-

dinatebSi gamosaxeT.

15.nawilaki Zalis moqmedebis Sedegad sivrceSi moZraobs. modebuli Zala Sem-

degi formis ganzogadebuli potencialidan miiReba:

( ) ,U V rr,v L$= + v^ h
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sadac r  aris radius-veqtori fiqsirebuli wertilidan, L L- kuTxuri momenti 

am wertilis mimarT da v- fiqsirebuli veqtori sivrceSi.

a)  nawilakze moqmedi Zalis komponentebi 1.58 formulaze dayrdnobiT dek-

artis da sferul polarul koordinatebSi gamoTvaleT.

b)  daamtkiceT, rom orive koordinatTa sistemaSi mocemuli komponentebi 

erTmaneTs 1.49 formulis msgavsad ukavSirdebian. 

g)  moZraobis gantolebebi sferul polarul koordinatebSi miiReT.

16. nawilaki Zalis moqmedebis Sedegad sibrtyeSi moZraobs. modebuli Zala 

Semdegi sididis Zalis centrisken moqmedebs:

,F
r c

r rr1 1 2
2 2

2

= - -o p
c m

sadac r  aris nawilaksa da Zalis centrs Soris manZili. gamoTvaleT ganzogade-

buli potenciali, romelic amgvari Zalis warmoSobas gamoiwvevs da sibrtyeSi 

moZraobisTvis lagranJis funqcia SeadgineT.

17. uZravi birTvi radioaqtiulad iSleba da 1,73 /c�eV  impulsis eleqtrons 

da eleqtronis mimarTulebisadmi marTi kuTxiT moZrav, 1 /c�eV  impulsis nei-

trinos gamoasxivebs. �eV (milioni eleqtron-volti) Tanamedrove fizikaSi 

energiis erTeulia da 1.60 10 J13
#

- -is tolia. /c�eV  impulsis erTeulia da 

5.34 10 22
#

- kg•m/wm-is tolia. ra mimarTulebiT gadaadgildeba birTvi? ra im-

pulsi aqvs aqvs /c�eV -ebSi? Tu narCeni birTvis masaa 3.90 10 25
#

- kg, ra kineti-

kuri energia aqvs mas eleqtron-voltebSi?

18. garkveuli fizikuri sistemis lagranJis funqciaa:

,L m ax xy cy K ax bxy cy
2

2
2

22 2 2 2
= + + - + +l o o o o^ ^h h

sadac a, b  da c  pirobiTi mudmivebia da b ac 02 !- . daadgineT moZraobis gan-

tolebebi. SeamowmeT ori SemTxveva, rodesac a c0= =  da b 0= , c a=- . ra 

fizikur sistemas aRwers zemoT moyvanili lagranJis funqcia? daamtkiceT, rom 

am sistemisTvis 1.56 formuliT gansazRvruli Cveulebrivi lagranJis funqcia 

Ll-s wertilovani gardaqmnis saSualebiT ukavSirdeba. ra gavlenas axdens mdgo-

mareoba b ac2
- -s mniSvnelobaze?

19. miiReT sferuli qanqaris moZraobis lagranJis gantolebebi. sferuli qa-

nqara xist, uwono Zelakze Camokidebuli nawilakia.

20. m  masis nivTieri wertili erT ganzomilebaSi moZraobs da misi lagranJis 

funqciaa:
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( ) ( ),L m x mxV x V x
12

2 4
2

= + -o

sadac V  aris x-is raime warmoebadi funqcia. miiReT moZraobis gantoleba 

x t] g-sTvis da am gantolebaze dayrdnobiT sistemis fizikuri buneba aRwereT.

21. m1 da m2   masis mqone orinawilaki magidis xvrelSi gamavali TokiTaa gadab-

muli. m1 masis wertili magidis zedapirze devs, xolo m2  masis wertili Camokide-

bulia. davuSvaT, m2  mxolod vertikalur wrfeze moZraobs. 

ra ganzogadebuli koordinatebi aqvs sistemas? am sistemisTvis lagranJis 

gantolebebi dawereT da Tu SesaZlebelia nebismieri maTganis fizikur mniSvn-

elobaze imsjeleT. amocana meore rigis erT diferencialur gantolebamde dai-

yvaneT da gantolebis pirveli integrali miiReT. ra fizikuri mniSvneloba aqvs 

mas? (moZraoba m1 wertilis xvrelamde misvlamde ganixileT).

22. 1.4 suraTze gamosaxuli ormagi qanqarisTvis lagranJis funqcia da moZ-

raobis gantolebebi dawereT. qanqaris sigrZeebia l1 da l2 , xolo Sesabamisi masebia 

m1 da m2 .

23. mizidulobis Zalis Sedegad vertikalurad vardnili nawilakis moZrao-

bis gantoleba dawereT, rodesac disipaciis k2
1 2y  funqciidan miRebadi xaxunis 

Zalebi arseboben. 

gantoleba aintegreT  da siCqaris droze damokidebulebis funqcia miiReT. 

daamtkiceT, rom vardnis dros maqsimaluri SesaZlo siCqarea /mg ky = .

24. La  sigrZis zambara erTi boloTi sayrdenzea mimagrebuli, xolo mis meore 

boloze MM  masis tvirTi kidia. zambaris masa da M M masis ganzomileba ugulve-

belyaviT. dauSviT, rom moZraoba vertikalur sibrtyeSi xdeba, zambara mxolod 

iWimeba, ar izniqeba da sibrtyeSi qanaoba SeuZlia. 

a)  masis vertikalisadmi kuTxuri gadaadgilebis da zambaris daWimvis man-

Zilis gamoyenebiT lagranJis gantolebebi dawereT.

b)  es gantolebebi mcire daWimvisa da kuTxuri gadaadgilebebisTvis amox-

seniT

g)  a) nawilSi miRebuli gantolebebi gaWimvisa da kuTxuri gadaadgilebi-

sTvis Semdeg rigSi amoxseniT. es nawili SeiZleba xeliT daiTvalos zam-

baris sixisted, masad da sigrZed raime dasaSvebi mniSvneloba miiCnieT 

da moZraoba ganixileT. mosalodnelia Tu ara rezonasi amocanaSi Se-

moRebuli daSvebebis pirobebSi?

d) (analitikuri kompiuteruli programebisTvis) davuSvaT, zambaras 

m M%  mTliani masa aqvs. zambaris gadaRunvis SesaZlebloba ugulvebe-
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lyaviT da zustad dawereT lagranJis gantolebebi m-iT pirvel rigSi. 

ipoveT agreTve kuTxuri da wrfivi gadaadgilebebi. 

e)  (ricxobrivi kompiuteruli analizisTvis). . a) nawilSi moyvanil mudmi-

vebs raime dasaSvebi mniSvnelobebi mianiWeT da ori koordinatis droze 

damokidebulebis funqciebis erTiani grafiki aageT. 
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   hamiltonis principi

pirvel TavSi lagranJis gantolebebis gamoyvana sistemis myisieri mdgomare-

obis da am mdgomareobidan mcire SesaZlo gadaadgilebebis anu `diferencial-

uri principis~ -  d’alemberis principis -  ganxilviT daviwyeT. lagranJis gan-

tolebebis miReba t1 da t2  dros Soris sistemis mTliani moZraobis da realuri 

moZraobidan mcire SesaZlo gadaxris ganxilvis saSualebiTac SeiZleba. amgvar 

meTods `integraluri principi~ ewodeba.

vidre integralur princips SevexebodeT, gamonaTqvami `t1 da t2  dros Soris 

sistemis moZraoba~ ufro zustad unda avxsnaT. sistemis myisieri konfigura-

cia n  raodenobis q1,...,qn  ganzogadebuli koordinatebis n  mniSvnelobebiT aRi-

wereba da is dekartis hipersivrcis garkveul wertils Seesabameba, sadac q-ebi n  

koordinatTa RerZebs qmnian. am n  ganzomilebis mqone sivrces konfiguraciuli 

sivrce ewodeba. drois svlasTan erTad sistemis mdgomareoba icvleba da siste-

mis wertili konfiguraciul sivrceSi mrudi traeqtoriiT moZraobs, romelsac 

`sistemis moZraobis traeqtoria~ ewodeba. ̀ sistemis moZraoba~ konfiguraciul 

sivrceSi sistemis wertilis amgvari traeqtoriiT moZraobas niSnavs. 

dro mrudis parametrad SegviZlia miviCnioT. traeqtoriis TiToeul wertils 

drois erTi an meti mniSvneloba Seesabameba. aucilebeli ar aris konfiguraciul 

sivrces fizikur, samganzomilebian sivrcesTan kavSiri hqondes, iseve rogorc 

ganzogadebuli koordinatebi mdebareobis koordinatebi yovelTvis ar arian. 

konfiguraciul sivrceSi moZraobis traeqtoria realuri nivTieri wertilis 

sivrceSi moZraobis traeqtorias ar waagavs. am traeqtoriis TiToeuli wertili 

drois raime mocemul momentSi mTliani sistemis konfiguracias asaxavs.

hamiltonis integraluri principi meqanikuri sistemis moZraobas aRwers, 

sadac yvela Zala (garda SezRudvis Zalebisa) ganzogadebuli skalaruli poten-

cialidan miiReba. ganzogadebuli skalaruli potenciali koordinatebis, siCqa-

reebis da drois funqcia SeiZleba iyos. amgvar sistemebs monogenuri ewodebaT. 

rodesac potenciali mxolod mdebareobis koordinatebis cxadi funqciaa, 

monogenuri sistema konservatiulia (ix. 1.2. paragrafi).

2
Tavi

variaciuli  principebi 
da  lagranJis  gantolebebi
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monogenuri sistemebisTvis hamiltonis principi ase JRers:

t1
 da t2

 dros Soris sistema ise moZraobs, rom Semdegi wiriTi integralis 

(qmedeba anu qmedebis integralis) mniSvneloba, sadac LL T V= - , moZraobis re-

aluri traeqtoriisTvis stacionarulia:

,I L dt
t

t

1

2

= #   (2.1)

sistemis wertili t1
 drois mdebareobidan t2

 drois mdebareobaSi iseTi traeq-

toriiT gadaadgildeba, romlisTvisac 2.1 integralis mniSvneloba stacionaru-

lia. `stacionarul mniSvnelobaSi~ vgulisxmobT, rom integralis mniSvneloba 

mocemuli traeqtoriis gaswvriv yvela mimdebare usasrulod mcire gadaadgile-

bebiT gansxvavebuli traeqtoriis gaswvriv mniSvnelobis tolia pirveli rigis 

usasrulod mcire sidideebis sizustiT (sur. 2.1). 

cneba wiriTi integralis stacionaruli mniSvnelobis Sesaxeb Seesabameba 

Cveulebriv funqciaTa TeoriaSi pirveli warmoebulis nulTan tolobas.

Cven SegviZlia vTqvaT, rom  I  wiriTi integralis variacia fiqsirebuli  t1
 da 

t2
 drois momentebisTvis nulis tolia:

 
( , . . . ., , , . . . . , , ) .I L q q q q t dt 0

. .

t

t

n n1 1
1

2

d d= =#
  (2.2)

rodesac sistemis SezRudvebi holonomiurebia, 2.2 formuliT warmodgenili 

hamiltonis principi lagranJis gantolebebis miRebis aucilebeli da sakmarisi 

pirobaa. maSasadame, hamiltonis principi pirdapir lagranJis gantolebebidan 

miiReba. SegviZlia sawinaaRmdegoc davamtkicoT anu lagranJis gantolebebi  

hamiltonis principidan miviRoT. Cven asec moviqceviT, vinaidan es ufro mniS-

vnelovani Teoremaa.  

hamiltonis principi moZraobis gantolebebis miRebis sakmaris pirobas war-

moadgens, rac saSualebas gvaZlevs monogenuri sistemis meqanika mTlianad ham-

iltonis principis safuZvelze avagoT da ara niutonis moZraobis kanonebze. 

amgvar midgomas Tavisi upiratesobebi aqvs. vinaidan I  integrali L L-is gamosax-

visTvis saWiro ganzogadebuli koordinatebis sistemisadmi invariantulia, moZ-

raobis gantolebebs yovelTvis lagranJis forma aqvT da ganzogadebuli koor-

dinatebis gardaqmnebi am formaze zegavlenas ar axdenen. ufro mniSvnelovania 

is faqti, rom variaciuli principis safuZvelze agebuli midgoma zogadad war-

moadgens im gzas, romelsac iyeneben cxadad arameqanikuri sistemebis klasikuri 

meqanikis maTematikuri meTodebiT aRwerisas, rogorc velebis TeoriaSi. 
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sur. 2.1. siste mis wertilis traeqtoria 

konfiguraciul sivrceSi

    variaciuli aRricxvis zogierTi meTodi

vidre 2.2 formulidan lagranJis gantolebebs miviRebT, variaciuli aRricx-

vis meTodebi ganvixiloT. amgvari gamoTvlis upirvelesi amocana iseTi mrudis 

povnaa, romlisTvisac mocemul wiriT integrals stacionaruli mniSvneloba 

aqvs. 

Tavdapirvelad amocana erTi ganzomilebisTvis ganvixiloT. gvaqvs x1 da x2  

mniSvnelobebs Soris ( )y y x=  traeqtoriaze gansazRvruli ( , , )f y y x
.

 funqcia, sa-

dac   y
.

  aris y-is warmoebuli x-iT. Cven gansakuTrebuli ( )y x  traeqtoria unda 

vipovoT, romlisTvisac x1-sa da x2-s Soris f  funqciis J  wiriT integrals:

 
,y

dx
dy.

/

( , , ) ,J f y y x dx
.

x

x

1

2

= #  (2.3)

am napovni ( )y x  funqciisgan usasrulod mcired gansxvavebuli traeqto-

riebisTvis stacionaruli mniSvneloba eqneba. x  cvladi t  parametris rols 

asrulebs da Cven mxolod iseT traeqtoriebs ganvixilavT, romelTaTvisac 

( ) , ( ) .y x y y x y1 1 2 2= =  (sur. 2.2). 2.2 suraTi konfiguraciul sivrces ar asaxavs. 

erTganzomilebian konfiguraciul sivrceSi namdvili da gadaxrili traeqto-

riebi y1-isa da y2-is SemaerTebeli wrfis monakveTebia. traeqtoriebi erTmane-

Tisgan mxolod y-sa da x-s Soris funqciuri damokidebulebiT gansxvavdebian. 

amocana erTganzomilebiania da y  sidide x-is funqciaa, romelic ar warmoad-

gens koordinats. 
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sur. 2.2. ( )y x  funqciis gadaxrili traeqtoriebi 

erTganzomilebiani eqstremumis amocanaSi

amocanam iseTi forma miiRo, rom funqciis stacionaruli wertilebis 

povnisTvis diferencialuri aRricxvis kargad cnobili meTodebi SegviZlia 

gamoviyenoT. namdvili traeqtoriis SemTxvevaSi J -s nebismieri mimdebare trae-

qtoriis mimarT stacionaruli mniSvneloba unda hqondes, variacia usasrulod 

mcire a  parametriT gansazRvruli mimdebare traeqtoriebis raime simravlis 

mimarT nulis toli unda iyos. amgvari traeqtoriebis simravle ( , )y x a -iT aRS-

vniSnoT, sadac ( , )y x 0  namdvili traeqtoriaa. magaliTad, Tu nebismier ( )xh  

funqcias avirCevT, romelic x x1=  da x x2=  wertilebSi nulis tolia, maSin 

gadaxrili traeqtoriebis SesaZlo simravlea:

                                            ( , ) ( , ) ( ).y x y x x0a ah= +                         (2.4)

simartivisTvis miiCneva, rom ( )y x  namdvili traeqtoria da ( )xh  damxmare fun-

qcia x1-sa da x2-s Soris uwyveti da arasingularulia, Tanac am intervalSi maTi 

pirveli da meore rigis warmoebulebi uwyvetebia. mrudebis nebismieri aseTi 

parametruli ojaxisTvis 2.3 formulaSi Semavali J  sidide a-s funqciac aris:

 
( ) ( ( , ), ( , ), ) ,J f y x y x x dx

.

x

x

1

2

a a a= #  (2.5)

da stacionaruli wertilis miRebis piroba cnobilia:

  .
d
dJ 0

0a =
a=

b l  (2.6)

inetgralis niSnis qveS diferencirebis Sedegad miviRebT:

 .
d
dJ

y
f y

y
f y

dx
x

x

1

2

2
2

2
2

2
2

2
2

= +a a ao
o

c m#  (2.7)
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ganvixiloT am formulis meore integrali:

                                       

 .
y
f y

dx
y
f

x
y

dx
x

x

x

x 2

1

2

1

2

2
2

2
2

2
2

2 2
2

=a ao
o

o# #

nawilobiTi integrebis Sedegad miviRebT:

 .
y
f

x
y

dx
y
f y

dx
d

y
f y

dx
x

x

x

x

x

x2

1

2

1

2

1

2

2
2

2 2
2

2
2

2
2

2
2

2
2

=a a a-o o oc m# #  (2.8)

yvela gadaxrilma mrudma ( , ), ( , ),x y x y1 1 2 2
 wertilebze unda gaiaros da maSasadame 

y-is kerZo warmoebuli a-iT x1
-Si da x2

-Si nulis toli iqneba. aqedan gamomdinare, 

2.8 formulis pirveli wevri nulis tolia da 2.7 formula aseT saxes iRebs:

                                          

                                          
.

d
dJ

y
f

dx
d

y
f y

dx
x

x

1

2

2
2

2
2

2
2

=a a- oc m#
stacionaruli mniSvnelobis piroba (2.6 formula) Semdegi formulis eqviva-

lenturia:

 
0.

y
f

dx
d

y
f y

dx
x

x

01

2

2
2

2
2

2
2

=a- oc bm l#  (2.9)

2.9 formulaSi Sesuli y-is kerZo warmoebuli a-iT x-is nebismieri funq-

ciaa, romelic uwyvetia da bolo wertilebSi dadebul pirobebs akmayofilebs. 

magaliTad, 2.4 formuliT mocemuli gadaxrili traeqtorieriebis parametruli 

ojaxisTvis, es funqcia ( )xh  nebismieri funqciaa. aqedan gamomdinare, 2.9 for-

mulisTvis variaciuli aRricxvis `fundamenturi lema~ SegviZlia gamoviyenoT, 

romlis Tanaxmad, Tu

( ) ( )M x x dx 0
x

x

1

2

h =#      (2.10)

          

sadac ( )xh  nebismieri, meore warmoebulis CaTvliT uwyveti funqciaa, maSin 

( )M x M funqcia ( , )x x1 2  SualedSi igivurad udris nuls. lemis maTematikuri damt-

kiceba SesaZlebelia variaciuli aRricxvis saxelmZRvaneloebSi moiZebnos, ma-

gram misi marTebuloba intuiciuradac aSkaraa. 

Cven SegviZlia SualedSi Semavali nebismieri wertilis uSualo siaxloveze 

dadebiTi h  funqcia avagoT, romelic yvelgan sxvagan nulis toli iqneba. 

2.10 formula mxolod maSin iqneba WeSmariti, Tu M ( )M x  arCeul wertilSi nu-

lis toli iqneba, rac amtkicebs, rom M sidide SualedSi nulis toli unda iyos. 

2.9 formulidan da fundamenturi lemidan gamomdinare, J -s mxolod maSin eqneba 

stacionaruli mniSvneloba, rodesac:
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0.
y
f

dx
d

y
f

2
2

2
2

=- oc m  (2.11)

2.12 formula gadaxrili traeqtoriis ( )y x  namdvili traeqtoriidan x  wer-

tilSi usasrulod mcire gadaxras asaxavs da pirvel TavSi Semotanil SesaZlo 

gadaadgilebas ( yd -s) Seesabameba:

 ,
y

d y
02

2
/a a db l  (2.12)

J -s usasrulod mcire variacia namdvili traeqtoriis mimarT aris:

.
d
dJ d J

0

/a a db l  (2.13)

mtkiceba, rom J  namdvili traeqtoriisTvis stacionarulia, ase SeiZleba Cai-

weros:                                     

                                         0,J
y
f

dx
d

y
f

ydx
x

x

1

2

2
2

2
2

= =d d- oc m#

sadac ( )y x  2.11 diferencialur gantolebas unda akmayofilebdes. 2.12 da 2.13 

formulebSi Semotanili d  aRniSvna integralebis variaciis naTlad Casawerad 

SegviZlia gamoviyenoT. aseve unda gvaxsovdes, rom d  gadaxrili traeqtoriebis 

parametrul ojaxebTan dakavSirebul gamoTvlebs ganasaxierebs. 

amjerad 2.11 formulis gamoyenebis ramdenime martivi magaliTi ganvixiloT.

1. umoklesi manZili sibrtyis or wertils Soris. sibrtyeSi sigrZis ele-

mentia:

                                                        ds dx dy2 2
= +  

1 da 2 wertilebs Soris gavlebuli nebismieri mrudis mTliani sigrZea:

                                        

                                         .I ds
dx
dy

dx1
x

x
2

1

2

1

2

= = + b l##
mrudi umoklesi traeqtoriaa, rodesac I  minimaluria. es aris 2.3 formuliT 

gamosaxuli eqstremumis amocanis magaliTi, sadac:

                                                           
.f y1

.
2

= +

2.11 formulaSi CavsvaT:             

                                                        

                                                          

0, ,
y
f

y
f

y

y

1 22
2

2
2

= =
+o o

o
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da miviRebT:                           
dx
d

y

y

1
0.

.

2
+

=f p

an                                                      ,
y

y
c

1
.

.

2
+

=

sadac c  mudmivaa. amonaxsni vargisia, Tu

                                                                
,y a

.

=

sadac a  aris mudmiva da c-sTan Semdeg damokidebulebaSia:

                                                     

                                                        
.a

c

c

1 2
=

-
es formula aSkarad wrfis gantolebaa:

                                                          ,y ax b= +
sadac b  aris integrebis kidev erTi mudmiva. maSasadame damtkicda, rom wrfe 

eqstremumis traeqtoriaa da amgvari amocanis SemTxvevaSi minimumic aris. inte-

grebis a  da b  mudmivebi ganisazRvrebian im pirobidan, rom mrudi ( , ), ( , )x y x y1 1 2 2  

bolo wertilebze unda gadiodes.

aseve SegviZlia miviRoT sferos or wertils Soris umciresi manZili, Tu 

sferos zedapirze rkalis sigrZes sferoze mdebareobis koordinatebis kuTxis 

saSualebiT CavwerT. mocemuli zedapiris or wertils Soris umciresi manZilis 

momcem mrudebs zedapiris geodeziuri wirebi ewodebaT.

sur. 2.3 a. brunvis minimaluri zedapiri. su-

raTi brunvis RerZisadmi erTi da igive niS-

nis mqone y1 da y2  wertilebisTvisaa agebuli. 

zogad amonaxsnSi amgvari daSveba ar gvaqvs.

2. brunvis minimaluri zedapiri. davuSvaT, xy  sibrtyeSi ( , )x y1 1  da ( , )x y2 2  wer-

tilebs Soris raime mrudis gavlebiT da misi brunviT y  RerZis garSemo brunvis 

zedapiri SevqmeniT (sur. 2.3.a). 
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Cven unda davadginoT mrudi, romlisTvisac zedapiris farTobi minimaluri 

iqneba. zedapiris zolis farTobia 2 2 ,xds x y dx1 2
= +r r o  xolo mTliani far-

Tobia:

                                                      
2 .x y dx1 2

1

2

+r o#

am integralis eqstremumi 2.11 formuliT gamoiTvleba, sadac:

                                                           f x y1 2
= + o

da                                 0, .
y
f

y
f

y

xy

1 22
2

2
2

= =
+o o

o
            

2.11 formula aseT saxes iRebs:

                                                 

                                                     
dx
d

y

xy

1
0.

.

2
+

=f p

an                                                      

,
y

xy
a

1
.

.

2
+

=

                     

sadac a  aris integrebis raime mudmiva da is x-is minimalur mniSvnelobaze 

naklebia. zemoT moyvanili formula da koeficientebi kvadratSi aviyvanoT da 

miviRebT:

                                                      ( ) ,y x a a
. 2

2 2 2
- =

an gantolebis amoxsnis Semdeg:

                                             

                                                      
.

dx
dy

x a

a
2 2

=
-

am diferencialuri gantolebis zogadi amonaxsni iqneba:

                                     coshy a
x a

dx b a arc
a
x b

2 2
=

-
+ = +#

an                                 
,coshx a

a
y b

=
-                         

miviReT jaWvwiris gantoleba. integrebis a  da b  mudmivebi ganisazRvrebi-

anim pirobidan, rom mrudi or mocemul bolo wertilze gadis, rogorc es 2.3b 

suraTzea naCvenebia.

zemoT moyvanili gantolebis damakmayofilebeli mrudebis masStabebia /x a   

da /y a, xolo erTaderTi damoukidebeli parametri /b a-ia. rodesac amonaxs-
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nebs detalurad vikvlevT, isini ufro rTulebi aRmoCndebian xolme, vidre erTi 

SexedviT Canan. bolo wertilebis zogierTi wyvilisTvisSesaZlebelia erTad-

erTi a  da b  mudmivebis moZebna, xolo zogierT SemTxvevaSi bolo wertilebze 

gamavali ori sxvadasxva jaWvwiri gaivleba an a-s da b-s mniSvnelobebis gamoT-

vla SeuZlebelia. garda amisa gaixseneT, rom 2.11 formula meore warmoebulis 

CaTvliT uwyveti ( )y x  mrudebis gamoTvlis pirobaa, romlebisTvisac integrali 

stacionarulia. jaWvwiris amonaxsnebi yovelTvis ar iZlevian minimalur mniS-

vnelobebs da zogjer gadaRunvis wertilebs asaxaven, sadac mrudis sigrZe sta-

cionarulia, magram ara minimaluri. 

sur. 2.3.b. jaWvwiris zogadi amonaxsni 

brunvis minimaluri zedapirisTvis

bolo wertilebis garkveuli kombinaciis dros (magaliTad, rodesac x1 da x2  

dadebiTebi da y y2 1- -ze bevrad mcireebia), brunvis zedapiris absolutur mini-

mums wrfis monakveTebisgan Semdgari mrudi warmoqmnis, romelic pirveli bolo 

wertilidan x  RerZis paralelurad y  RerZamde gadis, Semdeg y  RerZs ( , )y0 2  wer-

tilamde miuyveba dabolos kvlav wrfis saxiT meore bolo wertilamde midis. 

mrudi ( )x x1
2

2
2r +  farTobs Semowers. amgvari mrudi miiReba, rodesac a 0=  anu 

x 0=  an y  mudmivaa. misi pirveli rigis warmoebuli uwyvetia da amitom es mrudi 

2.11 formulis amonaxsni ar iqneba.

moyvanili magaliTi stacionaruli mdgomareobis gamoyvanasTan da mis mniS-

vnelobasTan dakavSirebul SezRudvebs kargad asaxavs. me-7 da me-8 amocanebSi 

simetriis pirobebSi normidan gadaaxraa aRwerili. 
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3. braqistoqronas amocana (sur. 2.4a). am kargad cnobil amocanaSi ori werti-

lis SemaerTebeli mrudi unda vipovoT, romlis gaswvrivac gravitaciis zemoq-

medebis Sedegad vardnili nivTieri wertili zeda wertilidan qveda wertilamde 

umokles droSi Camodis. 

Tu mrudis gaswvriv siCqarea v , maSin ds  sigrZis rkalis gavlisTvis saWiro 

droa /ds v  da amocanis amoxsnisTvis Semdegi integralis minimumi unda gamovT-

valoT:

                                                            
.t

v
ds

12
1

2

= #
Tu y  sawyisi wertilidan qvemoT aiTvleba, maSin nivTieri wertilis energiis 

mudmivobis Teorema ase Caiwereba:

                                                           mv mgy2
1 2

=

an                                                         .v gy2=

t12  Semdegi formuliT gamoiTvleba:

                                                

                                                   
,t

gy

y
dx

2

1
.

12

2

1

2

=
+#

xolo f :

                                                        .f
gy

y
2

1
.
2

=
+

2.11 formulis f -sTvis integreba martivia.

parametruli amonaxsni misi erTi a  parametris saSualebiT ase moicema:

sur. 2.4 a. braqistoqronas amocana
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                                 ( ), ( ),sin cosx a y a 1z z z= - = -

igive amonaxsni 2.4b suraTze pirveli ciklisa ( )x a0 2# # r  da meore ciklis 

dasawyisisTvis aris gamosaxuli. naCvenebia amoxsnis sami varianti. y a11  zR-

varSi amonaxsnis xarisxovan mwkrivad gaSla gvaZlevs:

                                                      
( / ) .y a x a

2
9 23=

braqistoqronas amocana maTematikis istoriaSi sakmaod cnobilia, vinaidan am 

amocanis jon bernulis mier Catarebulma analizma ganapiroba variaciuli aR-

ricxvis formaluri Camoyalibeba. 

    lagranJis gantolebebis gamoyvana hamiltonis principidan

variaciuli aRricxvis fundamenturi amocana mravali yi  damoukidebeli cv-

ladis da maTi   y
.

i
 warmoebulebis f  funqciaze SegviZlia ganvazogadoT (yvela es 

sidide x  parametruli cvladis funqciad miiCneva). am SemTxvevaSi J  integralis 

variacia:

                             ( ( ); ( ), . . . . ( ); ( ), . . . ., ) ,J f y x y x y x y x x dx
. .

1
1

2

2 1 2d d= #  (2.14)

 J -s, rogorc a  parametris funqciad ganxilvis Sedegad miiReba. a  parametri 

( , )y x1 a  mrudebis SesaZlo simravles aRniSnavs. maSasadame, a-s Semotana Semdegi 

saxiT SegviZlia:

                                                 

( , ) ( ,0) ( ),

( , ) ( ,0) ( ),

y x y x x

y x y x x

1 1 1

2 2 2

h h h

= +

= +

a ah

a ah
 (2.15)

sur. 2.4 b. braqtistoqronas amoca-

nis jaWvwiruli amonaxsni mrudze 

arsebul mdebareobebs sami SemTx-

vevisTvis asaxavs. es SemTxvevebia: 

,x y x y2 2 2 2 211 = r   da  x y2 222 .
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sadac ( , ), ( , ),y x y x0 01 2  da a.S. eqstremumis amocanis amonaxsnebia, xolo , ,1 2h h  

da a.S. x-is damoukidebeli funqciebia, romlebic bolo wertilebSi nuls udri-

an da meore rigis warmoebulis CaTvliT uwyvetni arian. sxva TvalsazrisiT es 

funqciebi sruliad nebismieria. 

J -s variacia Semdegi formuliT gamoiTvleba:

                                    .J d
y
f y

d
y
f y

d dx
i

i

i

i

i1

2

2
2

2
2

2
2

2
2

2
2

= +a a a a a ao
o

c m/#  (2.16)  

2.16 formulis meore jamSi Sesul integrals nawilobriv vaintegrebT:

                               .
y
f

x
y

dx
y
f y y

dx
d

y
f

dx
i

i

i

i i

i1

2 2

1

2

1

2

2
2

2 2
2

2
2

2
2

2
2

2
2

=a a a-o o oc m# #

pirveli wevri nuldeba, vinaidan yvela mrudi fiqsirebul bolo wertilebze 

gadis. 2.16 formulaSi Casmis Semdeg Jd  iqneba:

                                          
,J

y
f

dx
d

y
f

y dx
i i

i

11

2

2
2

2
2

=d d- oc m/#
 (2.17)

sadac 2.12 formulis analogiurad yid  variaciaa:

                                                           .y
y

di
i

02
2

=d a ab l

vinaidan y  cvladebi damoukideblebia, yid  cvladebic ar arian damokideb-

ulni (anu ( )xih  funqciebi erTmaneTze damokidebulni ar arian). fundamenturi 

lemis (2.10 formula) martivi ganrvcobis Sedegad Cans, rom Tu Jd =0, maSin yid -is 

koeficientebi unda ganuldnen:

                                         0, 1,2, ... ., .
y
f

dx
d

y
f

i n
i2

2
2
2

= =- o  (2.18)

2.18 formulebi 2.11 formulis ramdenime cvladze Sesabamis ganzogadebas 

warmoadgens da maT eiler-lagranJis diferencialuri gantolebebi ewode-

baT. am gantolebebis amonaxsnebi mrudebia, romelTaTvisac 2.14 formiT moce-

muli integralis variacia nuldeba. fundamenturi variaciuli amocanis kidev 

ufro ganzogadeba martivad xdeba. Cven SegviZlia f  ufro maRali rigis warmoeb-

ulebis funqciad miviCnioT, rac 2.18 formulisgan gansxvavebul formulebamde 

migviyvans. 
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aseve SegviZlia f  funqcia iseT SemTxvevebze ganvavrcoT, rodesac ramdenime 

xj  parametri arsebobs da integrali jeradia. aseT dros f  funqcia cvladebis 

saxiT yi -is warmoebulebs yvela xj  parametriT Seicavs. da bolos SesaZlebelia 

iseTi variaciebis ganxilva, rodesac bolo wertilebi fiqsirebulni ar arian.

Cveni miznebisTvis sakmarisia, rom hamiltonis principSi Semavali Semdegi in-

tegrali:

                                                             
( , , ) ,I L q q t dt

.

i i
1

2

= #      (2.19)

qvemoT moyvanili gardaqmnebis Sedegad 2.14 formuliT gansazRvrul formas 

iRebdes:

 

                                                        

( , , ) ( , , ).

x t

y q

f y y x L q q t
. .

i i

i i i i

"

"

" 

2.18 formulebis gamoyvanisas davuSviT, rom yi  cvladebi damoukidebelni 

arian. hamiltonis principTan dakavSirebuli Sesabamisi pirobis Tanaxmad qi  gan-

zogadebuli koordinatebi damoukidebelni unda iyvnen, rac Tavis mxriv Sez-

Rudvebis holonomiurobas saWiroebs. I  integralis Sesabamisi eiler-lagranJis 

gantolebebi lagranJis moZraobis gantolebebi xdebian:

                                 

                                     
0, 1,2,...., .

dt
d

q
L

q
L i n

i i2
2

2
2

= =-o

mizani miRweulia da davamtkiceT, rom holonomiuri SezRudvebis mqone monogen-

uri sistemebisTvis lagranJis gantolebebi hamiltonis principidan miiRebian.

   hamiltonis principis ganvrcoba SezRudvebis mqone sistemebze

1.3 paragrafSi, holonomiur SezRudvebTan dakavSirebuli amocanebis amox-

snisas iseT koordinatebs virCevdiT, rom SezRudvis 1.37 gantolebebi 0 0=  

trivialuri gantolebebis simravles qmnidnen. mocemul paragrafSi gamoCndeba 

Tu rogor SeiZleba hamiltonis principis gamoyeneba holonomiuri SezRudvebis 

mqone sistemebisTvis da garkveuli saxeobis araholonomiuri sistemebisTvis. 

Tavdapirvelad holonomiuri SezRudvebi ganvixiloT. rodesac lagranJis 

gantolebebi hamiltonis an d’alemberis principidan gamogvyavs, holonomiuri 

SezRudvebi mxolod ukanasknel safexurze Cndebian, rodesac qi -s variaciebi 

erTmaneTisgan damoukideblebad miiCnevian. miuxedavad amisa, qId -ebis SesaZlo 

gadaadgilebebi SezRudvebs SesaZloa ar Seesabamebodnen. 
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Tu n  raodenobis cvladi da 1.37 formis m  raodenobis fa  SezRudvis gantole-

ba gvaqvs, maSin damatebiTi SesaZlo gadaadgilebebi lagranJis ganusazRvreli 

mamravlebis meTodiT gamoiricxebian.

Tavdapirvelad 2.19 formulis integrali gardavqmnaT:

                                                      ,I L f dt
m

11

2

m= + a a

a=

d n/#  (2.20)

da CavTvaloT, rom qa  da ma  damoukideblad icvlebian, raTa n m+  raodeno-

bis gantoleba miviRoT. ma-s variaciebi m  raodenobis SezRudvis gantolebas 

gvaZleven, xolo qi -s variaciebidan gamomdinareobs:

                             0.I dt
dt
d

q
L

q
L

q
f

q
i i

m

i
i

i

m

111

2

2
2

2
2

2
2

= + =d m d-
==

a

a

a

odd n n//#  (2.21)

magram qid -ebi damoukidebelni ar arian. ma-ebi ise virCevT, rom gantole-

bebis m  raodenoba nebismieri qid -sTvis kmayofildebodes, xolo Semdeg qid -is 

variaciebi n m-  raodenobis darCenil gantolebebSi damoukideblad avirCioT. 

maSasadame, Semdegi formis m  raodenobis gantolebas miviRebT

                                             ,
dt
d

q

L
q
L

q
f

0.

k
k

m

k0d

d
d
d m

d
d

- + =a

a

a

=

/  (2.22)

rodesac , . . . , .k m1=  toloba ma-ebis arCevanidan gamomdinareobs. 2.22 for-

mulis msgavsi gamosaxulebebi , . . . , ,k m n1= +  SemTxvevaSic gvaqvs, sadac tolo-

ba qid -ebis SesaZlo variaciebidan miiReba. 

sistemis amoxsna m  raodenobis ma  funqciis Semotanis saSualebiT xdeba. 

rodesac , . .., ,k n1=  2.22 formula aseTi saxiT SeiZleba Caiweros:

                                           ,
dt
d

q
L

q
L

q
f

Q
k k

m

k
k

1
2
2

2
2

2
2

= =m- -
=

a

a

a

o /  (2.23)

sadac QQk  ganzogadebuli Zalebia. QQk  funqciebs individualuri SezRudvebis 

gamomwvevi Zalebis sidideebi aqvT, magram vinaidan 2.22 formulis mesame wevris 

+ niSani pirobiTad aris arCeuli, Cven SegviZlia am ganzogadebuli Zalebis mx-

olod sidideebi ganvsazRvroT. maTi mimarTulebis dasadgenad saWiroa konkre-

tuli situaciis ufro detaluri Seswavla. 

magaliTad, ganvixiloTY a  radiusis gluvi naxevarbirTvi, romlis brtyeli 

zedapiri qvemoTaa moqceuli da g  gravitaciuli aCqarebis mqone dedamiwazea 

mimagrebuli. Semdeg M  mcire masa naxevarbirTvis wverodan usasrulod mcire 
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manZiliT moSorebiT movaTavsoT, ise rom masa xaxunis gareSe Camosrialdes. 

avirCioT naxevarbirTvis fuZeze centrirebuli ,x y  da z  koordinatebi. z  RerZi 

vertikaluri iyos, xolo x z-  sibrtyeSi masis moZraoba xdebodes. 

davuSvaT, i  aris wverodan masamde kuTxe. lagranJis funqciaa 

( ) .L M x y z mgz
. . .

2
1 2 2 2

= + + -  sawyisi pirobebidan gamomdinare, y  koordinati 

SegviZlia ugulebelvyoT da SezRudvis gantoleba iqneba a x z 02 2
- + = . amo-

cana  r x z2 2 2
= +  da / cosx z i=   saSualebiT gamovsaxoT da lagranJis gantole-

bebi iqnebian  M cosMa Mg 0
. 2

i i m- + =   da 0sinMa Mga2
+ =i ip M. jer meore, 

xolo Semdeg pirveli gantoleba amovxsnaT da miviRebT:

                               

                         ( ).cos cos
a
g

a
g

Mg
2 2

3 2
. 2

i i m i=- + = -

maSasadame, m  aris nivTieri wertilis sferoze Semakavebeli Zalis sidide. Tu 
( )cos 1

3
2i = -

, maSin 0m =  da masa am kuTxeze sferos datovebs. 

araholonomiuli SezRudvebis variaciuli principis saSualebiT gamosaxva 

SeuZlebelia. erT-erTi gamonaklisi araholonomiuri SezRudvaa, rodesac Sez-

Rudva Semdegi saxis funqciebis simravlis saSualebiT SeiZleba Caiweros:

                                                 ( ,..., ; ,..., ; ) 0,f q q q q tn1 1 1 =a o o                            (2.24)

sadac , , ... , .m1 2a =  2.24 formula, rogorc wesi, SezRuduli saxiT gvxvdeba:

                                                    ,f a q a 0
.

ak

k

n

k

1

0= + =a

=

/  (2.25)

sadac fa  araintegrebadi diferencialuri gamosaxulebebis simravlea, xolo aak  

da a0 sidideebi ql-is da t-s funqciebia. aseT dros SezRudvebis integreba SeuZlebe-

lia da amitom cvladebis raodenoba gantolebebis raodenobaze metia. miuxedavad 

amisa, variaciebs kvlav uwindeburad SegviZlia movepyroT, Tu davwerT:

                                                  
,L f dt 0

m

t

t

11

2

d n+ =a a

a=

d n/#  (2.26)

sadac n  simbolo lagranJis holonomiuri koeficientebisgan gansxvavebisT-

vis gamoiyeneba. Tu davuSvebT, rom ( )tn n=a a , SesaZlo gadaaadgilebebis Sede-

gad miRebuli gantolebebia:

                                        ,
dt
d

q
L

q
L Q

q
f

k k
k

m

k1
2
2

2
2

2
2

= = n- -
=

a

a

a

o o/  (2.27)

xolo dna  SezRudvis 2.23 gantolebebs gvaZlevs. gantolebebis ori simravle 

(2.26 da 2.27 formulebi) n m+  raodenobis ucnobisTvis n m+  raodenobis gan-

tolebas Seadgens. aqedan gamomdinare, isini n m+  holonomiuri sistemis eqviv-
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alentebad SegviZlia warmovidginoT, sadac QQk  ganzogadebuli Zalebi moqmede-

ben. ( , . . . , ; . . . . , ; )q q q q t
. .

n n1 1n n=a a  SemTxvevisaTvis ganzogadeba martivia.

magaliTad, nivTieri wertili ganvixiloT, romlis lagranJis funqciaa:

                                           ( ) ( , , )L m x y z V x y z
2
1 . . .

2 2 2
= + + -  (2.28)

lagranJis funqcia Semdegi araholonomiuri SezRudvis gavlenis qveSaa:

                                         ( , , , , ) ,f x x y y z xy xy kz 0
. . . .

2
= + + =  (2.29)

sadac k  mudmivaa. Sedegad miRebuli moZraobis gantolebebia:

                                                   ,mx y
x
V 0

..
2n

d
d

+ - =  (2.30 a)

                 

                                                    ,my x
y
V 0

..

n
d
d

+ - =  (2.30 b)

                             da

                                                            .mx
z
V 0

..

d
d

- =  (2.30 g)

amjerad oTxi gantoleba (2.29 da 2.30) amovxsnaT da ( ), ( ), ( ),x t y t z t  da ( )tn  mam-

ravli gamovTvaloT.

gamoTvlis dros ufro met sasargeblo informacias viRebT, vidre Tavdapir-

velad movelodiT, vinaidan sasurvel qk -ebTan erTad m lm -ebsac gamovTvliT. ra 

fizikuri mniSvneloba aqvT lm -ebs? davuSvaT, sistemas SezRudvebi movuxseniT, 

magram iseT gare QQ kl  Zalebi movdeT, rom sistemis moZraoba ar Secvlila. moZrao-

bis gantolebebi ar icvlebian. cxadia, modebuli gare Zalebi SezRudvis Zalebis 

tolebi unda iyvnen, vinaidan isini sistemaze ise moqmedeben, rom SezRudvis pi-

robas akmayofileben. QQ kl  Zalebis moqmedebisas moZraobis gantolebebia:

                                                          .
dt
d

q
L

q
L Q

k k
k2

2
2
2

=- l
o  (2.31)

2.31 formula 2.24 formulis identuri unda iyos. aqedan gamomdinare, 2.25 

formula SezRudvis ganzogadebuli Q kl Q Zalebisaa. amgvari amocanis amoxsnisas 

formulebidan SezRudvis Zalebs namdvilad ar gamoricxavT. 

isini pasuxis Semadgeneli nawilebia.

naxevradholonomiuri sistemebisTvis misadagebuli hamiltonis principi 

saWiroebs, rom SezRudvebma warmosaxviTi gadaadgilebebisas muSaoba ar Seasru-

lon. es piroba naTlad gamoCndeba, Tu hamiltonis princips Semdegi saxiT CavwerT:
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                                         .L dt T dt U dt 0
t

t

t

t

t

t

1

2

1

2

1

2

d d d= - =# # #  (2.32)

Tu integralis variacia ganzogadebuli potencialiT 2.3 paragrafSi aRweri-

li meTodiT xdeba, hamiltonis principi Semdeg saxes iRebs:

                                      ;T dt
q
U

dt
d

q
U q dt

k kkt

t

t

t

k

1

2

1

2

2
2

2
2

=d d- oc m< F/##  (2.33)

an 1.58 formulis daxmarebiT hamiltonis principi asec SeiZleba Caiweros:

                                                 .T dt Q q dt
t

t

k

kt

t

k

1

2

1

2

d d=- /# #  (2.34)

hamiltonis principis Tanaxmad, kinetikuri energiis droiT integralis 

or mimdebare traeqtorias Soris sxvaoba traeqtoriebs Soris warmosaxviTi 

gadaadgilebisas Sesrulebuli muSaobis droiT integralis tolia sapirispiro 

niSniT. ganxilul muSaobas mxolod ganzogadebuli potencialidan miRebadi Za-

lebi asruleben. 

hamiltonis igive principi holonomiur da naxevradholonomiur sistemeb-

Si moqmedebs, oRond naxevradholonomiuri SezRudvis damatebiTi Zalebi qkd  

gadaadgilebebze muSaobas ar unda asrulebdnen. 

es piroba ufro adre moyvanil pirobas mogvagonebs, romlis Tanaxmad, ho-

lonomiuri SezRudvis Zalebis mier Sesrulebuli warmosaxviTi muSaoba nulis 

toli unda iyos (ix. paragrafi 1.4) da naklebad uSlis xels amocanebis amoxsnas, 

vinaidan naxevradholonomiuri SezRudvebi ZiriTadad srialis gareSe gorvisas 

gvxvdebian, rodesac SezRudvebi muSaobas ar asruleben.

2.20 formula araholonomiuri SezRudvis yvelaze zogadi saxeoba ar aris anu 

is SezRudvis gantolebebs utolobebis saxiT ar Seicavs. meores mxriv, es for-

mula holonomiur SezRudvebs Seicavs. SezRudvis Semdegi holonomiuri gan-

toleba 2.20 formulis eqvivalenturia, rodesac qko  -ze damokidebuli ar aris:

                                                ( , , , . . . . , , ) ,f q q q q t 0n1 2 3 =                                           (2.35)

aqedan gamomdinare, lagranJis mamravlebis meTodi holonomiuri SezRud-

vebisTvisac SegviZlia gamoviyenoT, rodesac yvela q-ebis damoukidebel koor-

dinatebamde dayvana ar aris advili an SezRudvis Zalebis gamoTvla gvsurs.

lagranJis koeficientebis meTodis gamoyenebis kidev erTi magaliTi daxril 

sibrtyeze srialis gareSe mgoravi fersoa. `gorvis~ SezRudva holonomiuria, 

magram es faqti Cvens ganxilvaSi monawileobas ar miiRebs. meores mxriv, fersos 
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daxril sibrtyeze yofnis SezRudva ganzogadebuli koordinatebis arCevisas 

aracxadad iqneba gaTvaliswinebuli. 

2.5 suraTze ori ganzogadebuli koordinatia x  da i , xolo gorvis SezRudvis 

gantolebaa:

                                                             
.r d dxi =

kinetikuri energia masaTa centris moZraobis kinetikur energiad da masaTa 

centris mimarT moZraobis kinetikur energiad SeiZleba daiyos:

                                                   .T Mx Mr
. .

2
1 2

2
1 2 2i= +

potenciuri energia aris:

                                                   ( ) ,sinV Mg l x z= -

sadac l  aris daxrili sibrtyis sigrZe da lagranJis funqciaa:

                                        

( ) .sin

L T V

Mx Mr Mg l x
2 2

. .
2 2 2

=

i z

-

= + - -

 (2.36)  

vinaidan SezRudvis erTi gantoleba gvaqvs, lagranJis mxolod erTi m  mam-

ravli gvWirdeba. SezRudvis gantolebaSi Sesuli koeficientebia:

                                                      , .a r a 1x= =-i

lagranJis ori gantolebaa:

                                                   ,sinMx Mg 0
..

z m- + =  (2.37)  

                                                          ,Mr r 0
..

2i m- =  (2.38)  

es gantolebebi SezRudvis 2.39 gantolebasTan erTad , xi  da m  ucnobebis sam 

gantolebas Seesabamebian:

sur. 2.5. daxril sibrtyeze 

mgoravi ferso
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                                                                    ,r x
. .

i =                                                                   (2.39)

2.39 formulis droiT diferencireba mogvcems:

                                                                    .r x
.. ..

i =

2.38 formulidan gamomdinare:

                                                                   ,Mx = mp

2.37 formula aseT saxes iRebs:

                                                                sin
x

g
2

.. z
=

garda amisa: 

                                         sinMg
2

m
z

=
     da     

.
sin

r
g

2
=i

zp
                                          

maSasadame, ferso daxril sibrtyeze xaxunisgan Tavisufal sibrtyeze Camo-

curebis SemTxvevaSi ganviTarebuli aCqarebis mxolod naxevars iZens da SezRud-

vis xaxunis Zalaa   2.sinMg=m z

 variaciul principze dafuZnebuli formulirebis upiratesobebi

hamiltonis principis sawyisi formulireba (2.2) araholonomiur SezRud-

vebzec SegviZlia ganvavrcoT, magram amgvari formulireba yvelaze metad mo-

saxerxebelia, rodesac sistemisTvis damoukidebeli koordinatebis lagranJis 

funqcia SeiZleba aigos. variaciul principze dafuZnebuli formulireba sak-

maod daxvewilia, vinaidan hamiltonis principSi holonomiuri sistemebis mTeli 

meqanika Sedis, rodesac Zalebi potencialebidan miiRebian. 

variaciul principSi mxolod is fizikuri sidideebi Sedian, romelTa gansaz-

Rvra konkretuli ganzogadebuli koordinatebis gareSec aris SesaZlebeli, 

kerZod kinetikuri da potenciuri energiebi. Sesabamisad, amgvari formulireba 

invariantulia sistemis koordinatebis arCevis mimarT. 

hamiltonis variaculi principidan aseve naTelia, Tu ratom aris lagranJis 

funqcia ganusazRvreli koordinatebis da drois nebismieri funqciis droiT 

warmoebulis sizustiT, rogorc es ganxiluli iyo 1.4 paragrafis boloSi.  1 da 

2 wertilebs Soris aseTi sruli warmoebulis integrali droiT mxolod raRac 

funqciis bolo wertilebSi mniSvnelobebzea damokidebuli. 
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radganac variacia bolo wertilebSi nulis tolia,  amitom lagranJis funq-

ciisTvis nebismieri droiT warmoebulis damateba integralis variaciul Tvise-

bebs ar cvlis. 

kidev erTi upiratesoba imaSi mdgomareobs, rom lagranJis funqciaze da-

fuZnebuli formulireba iseT sistemebze SegviZlia ganvazogadoT, romlebic 

dinamikaSi Cveulebriv ar ganixilebian. amgvar sistemebs miekuTvneba drekadi 

deformaciebis veli, eleqtromagnituri veli da elementaruli nawilakebis ve-

lis maxasiaTeblebi. 

ganzogadebis  am zogierT magaliTs momavalSi davubrundebiT, aq ki ganvixi-

loT variaciuli principis meqanikis farglebs gareT gamoyenebis sami magaliTi: 

RL  wredi, LC L wredi da bmuli wredebi.

Cvens mier ganxilul fizikur sistemaSi V  Zabvis mqone batarea LL  induqci-

urobasTan da R  winaRobasTan mimdevrobiT aris CarTuli. q  eleqtruli muxti 

dinamikuri cvladia. induqtori kinetikuri energiis saxiT moqmedebs, vinaidan 

induqciurobis efeqti muxtis droSi cvlilebis tempzea damokidebuli. rezis-

tori disipaciur wevrs uzrunvelyofs da potenciuri energiaa qV . disipaciuri 

wevris mqone lagranJis gantolebaSi 1.70 Semavali dinamikuri wevrebia:

                                                
F, ,T Lq Rq2

1 2
2
1 2= =o o

potenciuri energiaa qV . moZraobis gantolebaa:

                                                  
,V Lq Rq LI RI= + = +p o o
 (2.40)  

sadac I q
.

=  aris eleqtruli deni. t 0=  dros wredSi CarTuli batareisTvis 

gantolebis amonaxsnia:

                                                         ( ),I I e1 /Rt L
0= - -

sadac /I V R0 =  aris sabolood damyarebuli eleqtruli deni. 

amgvari sistemis meqanikuri analogia a  radiusis da ml efeqturi masis sfero, 

romelic Tanabari simkvrivis da h  siblantis siTxeSi gravitaciis Zalis moq-

medebis Sedegad vardeba. efeqturi masa realur masasa da gamodevnili siTxis ma-

sas Soris sxvaobaa, xolo moZraoba y  RerZis paralelurad xdeba. amgvari siste-

mis SemTxvevaSi:

                                            F, 3 ,T m y ay2
1 2 2

= = rhl o o

potenciuri energiaa mgyl , xolo stoqsis kanoniT mocemuli F 6F ayf = rh o xax-

unis winaRobis Zalaa, romelic  1.5 paragrafis boloSi ganvixileT.

moZraobis gantoleba lagranJis gantolebebis (1.70) saSualebiT moicema:

                                                        .mg m y ay6
.. .

rh= +l l
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 gamoviyenoT v y
.

=  da am gantolebis amonaxsni iqneba (Tu moZraoba t 0=  dros 

iwyeba):

                                                              
( )v v e1 /

o
t

= -
x-

sadac /( )m a6x rh= l  aris sferosTvis saWiro dro, raTa man /v mg a60 rh= l  

saboloo siCqaris /e1  nawili SeiZinos.

eleqtrowredis kidev erTi magaliTia C  tevadobasTan mimdevrobiT CarTu-

li L induqciuroba. kondensatori /q C2  potenciuri energiis wyaros saxiT mo-

qmedebs, sadac q  aris eleqtruli muxti. lagranJis funqcia Semdeg moZraobis 

gantolebas iZleva:

                                                                
,Lq

C
q

0
..

+ =
 (2.41)  

am gantolebis amonaxsnia:

                                                             ,cosq q t0 0~=

sadac qo  aris t 0=  drois momentSi kondensatorSi Senaxuli muxti da vuS-

vebT, rom am momentSi muxti ar miedineba. sistemis rezonansuli sixSirea:

                                                             .
LC

1
0 =~

amgvari sistemis meqanikuri analogia L mx kx
.

2
1 2

2
1 2

= -  lagranJis L funqciiT 

aRwerili martivi harmoniuli oscilatori. lagranJis funqcia moZraobis Sem-

deg gantolebas gvaZlevs:

                                                           ,mx kx 0
..

+ =
igive sasazRvro pirobebisTvis gantolebis amonaxsnia:

                                      / .cosx x t k m0 0 0~ ~= =

zemoT moyvanil magaliTebSi masis eleqtruli analogis - induqciurobis 

inerciuloba gamoCnda. winaRoba stoqsis kanoniT gansazRvruli xaxunis wi-

naaRmdegobis analogiuria, xolo /C1  tevadoba hukis kanonis zambaris six-

istea. aseT pirobebSi 2.6 suraTze gamosaxuli bmuli eleqtruli wredebis la-

granJis funqciaa:

                         ( ) ,L L q M q q
C
q

e t q
2
1

2
1

2j

j

j jk

jk

j k
j

j

j

j

j

j
2

2

j k

= + +-

=

o o o

Y

/ / / /

xolo gafantvis funqciaa:
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                                                        F .R q
2
1

j

j

j
2

= o/
sadac induqtorebis bmis gaTvaliswinebisTvis MM q q

. .

jk j k
 urTierTinduqciuro-

bis wevrebia damatebuli. lagranJis gantolebebia:

                               ( ).L
dt

d q
M

dt
d q

R
dt
dq

C
q

E tj
j

jk

k

k
j

j

j

j
j2

2

2

2

j k

+ + + =
=Y

/  (2.42)  

sadac E ( )E tj -ebi gare emZ-ebia. 

ori sxvadasxva fizikuri sistemis erTnairi formis lagranJis funqciebiT 

aRwera miuTiTebs, rom erT-erTi sistemis kvlevis dros SemuSavebuli meTode-

bi da miRebuli daskvnebi meore sistemazec SegviZlia ganvazogadoT. am kerZo 

SemTxvevaSi, eleqtruli wredebis intensiuri kvlevebis Sedegad ramdenime spe-

cialuri meTodi iqna SemuSavebuli, romlebic SesaZlebelia pirdapir iqnas gam-

oyenebuli Sesabamis meqanikur sistemebSic.  

meqanikuri an akustikuri sistemebis eqvivalenturi eleqtruli amocanebis 

Camoyalibebaze sakmaod didi Sromaa gaweuli. aqamde mxolod eleqtruli wre-

debisTvis gamoyenebuli terminebi (reaqtiuli winaRoba, reaqtiuli gamtaroba), 

dResdReobiT meqanikuri sistemebis vibraciis TeoriaSic xSirad gvxvdebian. 

meqanikis ganzogadebis kidev erTi magaliTi eqvivalentobis odnav SesamCnev 

formasTanaa dakavSirebuli. ukve vnaxeT, rom lagranJis funqcia da hamiltonis 

principi moZraobis meqanikuri gantolebebis miRebis kompaqtur invariantul 

meTods gvTavazoben. 

amgvari SesaZlebloba mxolod meqanikaze ar vrceldeba, vinaidan fizikis 

TiTqmis yvela dargSi variaciuli principebis gamoyenebis saSualebiT Sesa-

Zlebelia  `moZraobis gantolebebis~ gamosaxva, iqneba es niutonis gantolebe-

sur. 2.6 bmuli wredebis sistema, romlisT-

visac lagranJis funqciaze dafuZnebuli 

formulirebis gamoyeneba SesaZlebelia
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bi, maqsvelis gantolebebi, Tu Srodingeris gantoleba. 

amitom, rodesac formulirebas safuZvlad variaciuli principi udevs, yve-

la aseTi dargi garkveuli xarisxis struqturul analogiurobas avlens. 

Tu eqsperimentebis Sedegebi fizikis garkveuli dargis romelime Teoriis 

Secvlis saWiroebas amtkiceben, dargebis analogiuroba xSirad gviCvenebs ro-

gor unda ganxorcieldes msgavsi cvlilebebi fizikis romelime sxva dargis Teo-

riaSi. Cveni saukunis dasawyisSi Catarebulma eqsperimentebma eleqtromagnitu-

ri gamosxivebis da elementaruli nawilakebis dakvantvis aucilebloba cxadyo. 

dakvantvis meTodebi Tavdapirvelad nawilakTa meqanikisTvis SemuSavdnen da 

yvelaferi klasikuri meqanikis lagranJis formulirebidan daiwyo. 

eleqtromagnituri velis lagranJis funqciiT da hamiltonis Sesabamisi 

variaciuli principiT aRweris Sedegad SesaZlebeli xdeba nawilakTa dakvant-

vis meTodis gamoyeneba kvanturi eleqtrodinamikis Sesaqmnelad (13.5 da 13.6 

paragrafebi)

  Senaxvis Teoremebi da simetriis Tvisebebi 

aqamde Cven mxolod moZraobis gantolebebis miRebas vswavlobdiT, magram 

konkretuli amocanisTvis maTi amoxsnis Sesaxeb bevri araferi gviTqvams. zoga-

dad, am problemas maTematika agvarebs. n  Tavisuflebis xarisxis mqone sistemas 

droiT meore rigis n  raodenobis diferencialuri gantoleba eqneba. 

TiToeuli gantolebis amoxsnas ori integreba daWirdeba, rac integrebis n2  

mudmivas mogvcems. zogierTi amocanisTvis am mudmivebis mniSvneloba sawyisi pi-

robebis anu nqj -ebis da nqjo -ebis mniSvnelobis daxmarebiT gamoiTvleba. 

zogjer moZraobis gantolebebi cnobili funqciebiT gamosaxvis saSualebiT 

iqnebian integrebadni, Tumca es yovelTvis ase ar iqneba. sinamdvileSi amocanebis 

umravlesoba ar aris srulad integrebadi.

miuxedavad amisa, maSinac ki, rodesac sruli amonaxsnebis miReba SeuZlebe-

lia, sistemis moZraobis fizikuri bunebis Sesaxeb didi odenobiT informacias 

viRebT. fizikosisTvis es informacia SeiZleba ufro saintereso iyos, vidre 

drois funqciis saxiT mocemuli ganzogadebuli koordinatebis sruli amonax-

sni. amitom mniSvnelovania ra raodenobis informaciis miRebaa SesaZlebeli mo-

cemuli sistemis moZraobis Sesaxeb amocanis sruli integrebis gareSe1*.

1 ∗ am da momdevno TavebSi vuSvebT, rom sistemis moZraobas mTlianad 2.2 formis hamiltonis 
principi aRwers
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bevr amocanaSi moZraobis gantolebebis pirveli integralebis ricxvis miRe-

ba swrafad SeiZleba. amaSi Cven vgulisxmobT Semdegi saxis gamosaxulebebs:

                                       ( , ,..., , ,..., ) constant,f q q q q t1 2 1 2 =o o  (2.43)

romlebic pirveli rigis diferencialur gantolebebs warmoadgenen. in-

tegralebi interesis sagans warmoadgenen, vinaidan isini sistemis Sesaxeb in-

formacias gvawvdian. faqtiurad isini pirvel TavSi miRebul Senaxvis kanonebs 

moicaven.

modiT nivTieri wertilebisgan Semdgari sistema ganvixiloT, rodesac masze 

mxolod mdebareobaze damokidebuli potencialebidan miRebuli Zalebi moq-

medeben. maSin

                       

                            

( )

,

x
L

x
T

x
V

x
T

x
m x y z

m x p

2
1

i i i i i
i i i i

i i ix

2 2 2

2
2

2
2

2
2

2
2

2
2/ = = + +

= =

-o o o o o
o o o

o

/

rac i  nivTier wertilTan dakavSirebuli impulsis x  komponentia. miRebuli 

Sedegi impulsis cnebis ganzogadebas gvTavazobs. qj  koordinatTan dakavSire-

buli ganzogadebuli impulsia:

                                                                   .p
q
L

j
j2

2
= o  (2.44)

pj -s xSirad uwodeben kanonikur impulss da SeuRlebul impulss. Tu qj  dek-

artis koordinati ar aris, maSin sulac ar aris savaldebulo, rom pj -s impulsis 

ganzomileba hqondes. garda amisa, Tu potenciali siCqarezea damokidebuli, maSin 

qj  dekartis koordinatis SemTxvevaSic ki ganzogadebuli impulsi Cveulebrivi 

meqanikuri impulsis identuri ar iqneba. aqedan gamomdinare, eleqtromagnitur 

velSi moTavsebuli nivTieri wertilebis jgufisTvis lagranJis funqciaa:

                               

                                      
( ) ( )L m r q x q x

2
1 A r

.

i

i i i

i

i i

i

i
2

i

.

$= +z-/ / /

(aq qi  muxts aRniSnavs), xolo xi -is SeuRlebuli ganzogadebuli impulsia:

                                                        ,p
x
L m x q Aix

i
i i i x2

2
= = +o

o `  (2.45)

anu meqanikur impulss plius damatebiTi wevri. 

Tu sistemis lagranJis funqcia mocemul qj  koordinats ar Seicavs (Tumca 

is SeiZleba Sesabamis q
.

j  siCqares Seicavdes), maSin koordinats cikluri anu ig-
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norirebadi ewodeba. amgvari gansazRvreba universaluri ar aris. moZraobis la-

granJis gantoleba

                                                           0,
dt
d

q
L

q
L

j j2
2

2
2

=-o

cikluri koordinatisTvis Semdeg saxes iRebs

                                                                  0
dt
d

q
L

j2
2

=o

anu

                                                                    
,

dt
dp

0j
=

rac niSnavs, rom:

                                                              .p constantj =                                          (2.46)

maSasadame, Senaxvis zogadi Teorema ase SegviZlia CamovayaliboT: cikluri 

koordinatis SeuRlebuli ganzogadebuli impulsi mudmivia.

2.46 formulis gamoyvanisas davuSviT, rom qj  ganzogadebuli koordinati 

yvela sxva koordinatisgan wrfivad damoukidebelia. rodesac SezRudvis gan-

tolebebi arseboben, yvela koordinati wrfivad damoukidebeli ar aris. mag-

aliTad, horizontalur sibrtyeze srialis gareSe mgoravi fersos lagranJis 

funqciaSi i  kuTxuri koordinati ar Sedis, magram SezRudvis gantolebaSi 

namdvilad gvxvdeba: rd dxi = . Sedegad p mr
.

2i=i  impulsis momenti moZraobis 

mudmiva ar aris.

2.46 formula moZraobis gantolebebisTvis 2.43 formis pirvel integrals 

warmoadgens. misi gamoyeneba amocanidan cikluri koordinatis gamoricxvisTvis 

SeiZleba, xolo amocana darCenili ganzogadebuli koordinatebis saSualebiT 

amoixsneba. 

amgvari meTodi rausma gamoigona da is lagranJis funqciis modificirebas 

gulisxmobs. modificirebis Semdeg lagranJis funqcia cikluri koordinatis 

Sesabamisi ganzogadebuli siCqaris funqcia aRar aris da mxolod mis SeuRlebul 

impulss Seicavs. amis Sedegad pj  sidide integrebis erT-erT mudmivad SegviZlia 

miviCnioT, xolo Semdgomi integrebis dros mxolod araciklur koordinatebs 

gamoviyenebT. rausis meTodis detalurad ganxilvisgan hamiltonis formuli-

rebis Camoyalibebamde Tavs vikavebT.

ganzogadebuli impulsebis SenaxvisTvis saWiro pirobebi ufro zogadebia, 

vidre adre miRebuli impulsis Senaxvis ori Teoremis SemTxvevaSi. magaliTad, 

es pirobebi Senaxvis Teoremas avseben im SemTxvevaSi, rodesac qmedebis da ukuq-
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medebis kanoni irRveva, kerZod , rodesac eleqtromagnituri Zalebi arseboben. 

davuSvaT, erTaderTi nawilaki iseT velSi moZraobs, romelSic arc z da arc  

A    A x-ze damokidebuli ar aris. am SemTxvevaSi x  ar Cndeba LL-Si da maSasadame 

cikluria. aqedan gamomdinare, Sesabamisi px  kanonikuri impulsi inaxeba. 1.63 

formulidan gamomdinare, kanonikuri impulsia:

                                           constant.p mx qAx x= + =o  (2.47)  

am SemTxvevaSi mxo  meqanikuri impulsi ki ar inaxeba, aramed misi da qAx -is jami 
2*. miuxedavad amisa, pirvel TavSi moyvanili Senaxvis Teoremebi cikluri koor-

dinatebis zogad wess unda akmayofilebdnen, xolo Sesabamisma SezRudvebma (2.46) 

isini 1.2 paragrafSi moyvanil Teoremebamde unda daiyvanon.

 Tavdapirvelad qj  ganzogadebuli koordinati ganvixiloT, romlis dqj  cv-

lileba mTliani sistemis raime mocemuli mimarTulebiT gadatanas Seesabameba. 

magaliTad, sistemis masaTa centris dekartis erT-erTi koordinati aviRoT. qj  

cxadia T -Si ar Seva, vinaidan aTvlis saTavis Zvra siCqareebze zegavlenas ar ax-

dens da T -is kerZo warmoebuli qj -iT nulis tolia. 

garda amisa, konservatiuli sistemebisTvis vuSvebT, rom V  ar aris siCqaree-

bis funqcia da eleqtromagnituri Zalebis magvar garTulebebs gamovricxavT. 

lagranJis moZraobis gantoleba amgvarad gansazRvruli koordinatisTvis aris:

                                              .
dt
d

q
T p

q
V Q

j
j

j
j2

2
2
2/ /=-o

o  (2.48)

amjerad davamtkicoT, rom 2.48 sruli impulsis moZraobis gantolebaa, anu 

Qj Q sidide tolqmedi Zalis komponentia qj -s gadatanis mimarTulebiT, xolo pj  

igive mimarTulebiT sruli impulsis komponentia. QQj  ganzogadebuli Zala 1.48 

formuliT gamoiTvleba:

                                                           .F rQ
q

i
j i

i j

$= 2
2/

vinaidan dqj  raime RerZis gaswvriv sistemis gadatanas Seesabameba, ( )qri j  da 

( )q dqri j j+  veqtorebs Soris damokidebuleba 2.7 suraTzea gamosaxuli. warmoe-

bulis gansazRvrebidan gamomdinare:

2 ∗ klasikuri eleqtrodinamikidan SeiZleba damtkicdes, rom aseT pirobebSi, anu rodesac 
arc A  da arc z  x-ze damokidebulni ar arian,  qAx  aris q  muxtTan dakavSirebuli velis 
eleqtromagnituri impulsis x  komponenti. 
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( ) ( )

,r r r
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q dq
q dq q

dq
dqi i

j dq j

j j i j
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j 02
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  (2.48)

sadac n  aris gadatanis mimarTulebis erTeulovani veqtori. aqedan gamomdi-

nare:

                                                   ,Q F n n Fj i= $ $=/

Qrac tolqmedi Zalis n-is mimarTulebiT komponentia (rac ukve vTqviT). iqve 

moyvanili meore mosazrebis dasamtkiceblad kinetikuri energia Semdegi saxiT 

CavweroT:

                                                           
,T m

2
1 ri i

2
.

= /
SeuRlebuli impulsi 1.51 formulidan gamomdinare iqneba:

                                                   

.

r r

v r
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2.49 formulidan gamomdinare:

                                                          
,p mn vj i

i

i$= /
rac sruli impulsis n-is mimarTulebiT komponentia (rac aseve vTqviT).

sur. 2.7. mdebareobis veqtoris cvlileba 

sistemis gadatanisas 
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davuSvaT, paraleluri gadatanis qj  koordinati cikluria. am SemTxvevaSi qj  

ar Sedis V -Si da gveqneba:

                                                         0.
q
V Q

j
j2

2 / =-

miviReT impulsis Senaxvis Teorema. Tu tolqmedi Zalis mocemuli komponenti 

nulis tolia, impulsis Sesabamisi komponenti mudmivia.

aseve SegviZlia davamtkicoT, rom Tu qj  cikluri koordinati iseTia, rom dqj  

Seesabameba nivTier wertilTa sistemis raime RerZis garSemo mobrunebas, maSin 

misi SeuRlebuli impulsis mudmivoba impulsis momentis mudmivobas Seesabam-

eba. zemoT gamoyenebuli argumentis gamo T  ar SeiZleba qj -s Seicavdes, vinaidan 

koordinatTa sistemis mobruneba siCqareebze gavlenas ver moaxdens. 

aqedan gamomdinare, T -is kerZo warmoebuli qj -iT kvlav nulis tolia da 

radgan V  ar aris q
.

j
 -ze damokidebuli, isev 2.48 formulas miviRebT. amjerad gv-

surs davamtkicoT, rom rodesac qj  brunviTi koordinatia, ganzogadebuli Zala 

brunvis RerZis mimarT sruli mabruni momentis komponentia, xolo pj  igive Rer-

Zis gaswvriv sruli impulsis momentis komponentia.

QQj  ganzogadebuli Zala isev igive formuliT gamoiTvleba, magram warmoe-

buls aq sxva mniSvneloba gaaCnia:

                                                        ,F rQ
qi

i
j

i j

$
2
2

= /
am SemTxvevaSi qj -s cvlileba ri   veqtoris usasrulod mcire mobrunebas unda 

Seesabamebodes, romlis drosac am veqtoris moduli ar icvleba. 2.8 suraTidan 

gamomdinare, warmoebulis moduli martivad gamoiTvleba

                                     

           
,r rsin sind r dq

q
ri

i
i j

j
i2

2
= =i i

da misi mimarTuleba ri-is da n-isadmi perpendi-

kularulia.

 warmoebuli veqtoruli formiT ase SegviZlia 

CavweroT:

sur. 2.8. mdebareobis veqtoris cvlileba 

sistemis mobrunebisas
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                                                           .r n r
q i

i

j
#2

2
=  (2.50)

ganzogadebuli Zalaa:

                                                      

                                                       

Q F n r

n r F,
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i

i

i i

i i

=

=

$ #

$ #

/

/
anu

                                                   ,Q n N n Nj i

i

= $ $=/

rac  zemoT moyvanili gancxadebis pirvel nawils amtkicebs. 2.50 formulis saSu-

alebiT pj-sTan dakavSirebuli gamoTvlebi gancxadebis meore nawilsac amtkicebs:

                      

                 .v r n r v n L n Lp
q
T m

q
mi

i
ij

j
i

i j i

i i i

i

$ # $$ $
2
2

2
2

= = = = =o / / /

Tu brunvis qj  koordinati cikluria, maSin modebuli mabruni momentis Qj Q 

komponenti n-is gaswvriv nulis tolia da LL-is komponenti n-is gaswvriv ucvle-

lia. amjerad ciklur koordinatebTan dakavSirebuli zogadi mudmivobis Teo-

remidan impulsis momentis mudmivobis Teorema miviReT.

gadataniTi moZraobis an brunvis cikluri koordinatebis mniSvneloba siste-

mis maxasiaTeblebis gansazRvraSi damatebiT ganmartebas saWiroebs. Tu gadaadg-

ilebis Sesabamisi ganzogadebuli koordinati cikluria, maSin mTliani sistemis 

gadatana amocanaze zegavlenas ar axdens. anu, Tu sistema mocemuli mimarTule-

biT gadatanisas invariantulia, maSin Sesabamisi impulsi mudmivia. Tu brunviTi 

ganzogadebuli koordinati cikluria (da amitom SeuRlebuli impulsis momenti 

mudmivia), maSin sistema mocemuli RerZis garSemo mobrunebisas invariantulia. 

aqedan gamomdinare, impulsis da impulsis momentis mudmivobis Teoremebi 

sistemis simetriis TvisebebTan mWidro kavSirSi arian. Tu sistema sferulad 

simetriulia, maSin kuTxuri impulsis yvela komponenti mudmivia. Tu sistema mx-

olod z  RerZisadmi simetriulia, maSin mxolod LLz -ia mudmivi da asevea sxva Rer-

Zebis SemTxvevaSic. 

simetria xSirad gamoiyeneba rTuli amocanebis amoxsnisas, raTa dadgindes 

arseboben Tu ara moZraobis garkveuli mudmivebi (ix. noeTeris Teorema, 13.7 

paragrafi).
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davuSvaT, sistema usasrulo sibrtyeze, magaliTad z 0=  sibrtyeze Tanabrad 

ganawilebuli fiqsirebuli wyaroebiT warmoqmnil potenciur velSi moZravi 

nivTieri wertilebis simravlisgan Sedgeba (wyaroebi masis ganawileba SeiZleba 

iyvnen, Tu Zalebi mizidulobisaa, an muxtis ganawileba SeiZleba iyvnen, Tu Za-

lebi eleqtrostatikurebia). amocanis simetriidan gamomdinare, lagranJis fun-

qcia invariantulia nivTier wertilTa sistemis x  an y  mimarTulebiT (da ara z  

mimarTulebiT) paraleluri gadatanis da z  RerZis garSemo mobrunebis mimarT. 

maSasadame, sruli impulsis P x  da P y  komponentebi, sruli impulsis momentis 

Lz  komponentTan erTad moZraobis mudmivebia. Tu wyaroebi mxolod naxevarsi-

brtyeze, anu x 0$ ,  arian ganawilebulni, maSin x  RerZis gaswvriv gadatanis da x  

RerZis garSemo mobrunebis mimarT simetria darRveuli iqneba. am SemTxvevaSi PPx  

da LLz  aRar arian mudmivebi, Tumca PPy  kvlav moZraobis mudmivaa. momdevno TavebSi 

moZraobis mudmivebsa da sistemis simetriis Tvisebebs Soris kavSirs kvlav davu-

brundebiT.

    energiis funqcia da energiis mudmivoba

lagranJis funqciaze dafuZnebul formulirebaSi kidev erTi Senaxvis Teo-

rema miiReba da is sistemis sruli energiis Senaxcvas Seexeba, rodesac sistemaSi 

moqmedi Zalebi mxolod mdebareobaze damokidebuli potencialebidan miiRebian. 

ganvixiloT lagranJis zogadi funqcia, romelic qj  koordinatebis da qjo  siCqa-

reebis funqciaa da aseve droze SeiZleba iyos cxadad damokidebuli (droze cxa-

dad damokidebuleba gare potencialebis droSi cvlilebis an droze damokide-

buli SezRudvebis Sedegad Cndeba). LL-is sruli warmoebuli droiT aris:

                                    .
dt
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q
L

dt
dq

q
L
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dq

t
L
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j

jj
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2
2

2
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= + +o
o/ /  (2.51)

lagranJis gantolebebidan gamomdinare:
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q
L

j j2
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2
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2.51 formula asec SeiZleba Caiweros:
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an

                                                .
dt
dL

dt
d q

q
L

t
L

j

j
j2

2
2
2

= +o
oc m/

aqedan gamomdinare:

                                             0.
dt
d q

q
L L

t
L

j

j j2
2

2
2

+ =-o
oc m/  (2.52)

frCxilebSi Casmul sidides xSirad energiis funqcias3* uwodeben da h  simbo-

loTi aRniSnaven:

           

                    ( ,. . .., ; ,.. . ., ; ) ,h q q q q t q
q
L L

. .

n n j

j j
1 1 2

2
= -o

o/  (2.53)

2.52 formula gvaZlevs h-is srul warmoebuls droiT:

                                                                  .
dt
dh

t
L
2
2

=-  (2.54)

Tu lagranJis funqcia drois cxadi funqcia ar aris anu t  cxadad ki ar Sedis LL

-Si, aramed mxolod aracxadad  q-s da qo  -s droSi cvlilebis saxiT gvxvdeba, maSin 

2.54 formulis Tanaxmad, h  mudmivia. miRebuli integrali moZraobis erT-erTi 

pirveli integralia da xSirad mas iakobis integrals uwodeben 4* 

zogierT pirobebSi, h funqcia sistemis sruli energiaa. am pirobebis dadgenisT-

vis gavixsenoT, rom sistemis sruli kinetikuri energia asec SeiZleba Caiweros:

                                                          

   
,T T T T0 1 2= + +
                                                       (1.73)

sadac T0  aris mxolod ganzogadebuli koordinatebis funqcia, ( , )T q q
.

1  - wrfi-

vi funqcia ganzogadebul siCqareebis mimarT, xolo ( , )T q q
.

2  -q
.

 -ebis kvadratuli 

funqcia. mravali saxeobis sistemisTvis da ganzogadebuli koordinatebis sim-

ravlisTvis, lagranJis funqcia q
.

  cvladebze damokidebulebis mixedviT Segvi-

Zlia davSaloT:

3 ∗ h  energiis funqciis mniSvneloba H H hamiltonis funqciis mniSvnelobis tolia (ix. me-8 
Tavi). gansxvavebuli saxeli da simbolo mianiSnebs, rom h  ganixileba, rogorc n  raodeno-
bis qj  damoukidebeli cvladis da misi q

.

j
 droiT warmoebulebis funqcia. hamiltonis funq-

cia n2  raodenobis ,q pj j  damoukidebeli cvladebis funqciaa
4 ∗∗ amgvari aRniSvna sami sxeulisgan Semdgari amocanis pirvel integralze vrceldeba. miuxe-

davad amisa, es integrali h  energiis funqciis kerZo SemTxvevaa da arseboben istoriuli 
precendentebi, rodesac iakobis integrali ufro zogad viTarebaSi gamoiyenes.
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( , , ) ( , ) ( , , ) ( , , ).L q q t L q t L q q t L q q t0 1 2= + +o o o

 (2.55)

L2 L aris meore xarisxis homogenuri funqcia q
.

 -ebSi, xolo LL1 pirveli xarisxis 

homogenuri funqciaa q
.

 -ebSi. 

meqanikaSi ar arsebobs mizezi, ris gamoc lagranJis funqcia 2.55 formulas 

unda Seesabamebodes. lagranJis funqcias amgvari forma aqvs, rodesac Zalebi 

siCqareebisgan damoukidebeli potencialidan miiRebian.

siCqareze damokidebuli potencialebis SemTxvevaSic ki  lagranJis funqcia 

eleqtromagnitur velSi moZravi damuxtuli nawilakisTvis (1.63 formula) 2.55 

formulas akmayofilebs. amjerad gavixsenoT, rom eileris Teoremis Tanaxmad, 

Tu f  aris n  xarisxis homogenuri funqcia xi  cvladebSi, maSin:

                                                         

                                                         .x
x
f

nfi

i i2
2

=/  (2.56)

es Teorema 2.55 formuliT mocemuli lagranJis funqciebis SemTxvevaSi 2.53 

formuliT mocemuli h  funqciisTvis gvaZlevs:

                                           .h L L L L L2 2 1 2 0= + - = -                                          (2.57)

Tu ganzogadebuli koordinatebis (1.38 formulebi) ganmsazRvreli gardaqm-

nis gantolebebi dros cxadad ar Seicaven, maSin 1.73 formulebidan gamomdinare 

T T2= . Tu potenciali ganzogadebul siCqareebze damokidebuli ar aris, maSin L

L T2 =  da LL V0 =- , ase rom:

                                                       ,h T V E= + =                                                      (2.58)

da energiis funqcia marTlac sruli energiaa. Tu V  dros cxadad ar Seicavs, 

maSin LL-ic ar Seicavs dros cxadad. maSasadame, 2.54 formulidan gamomdinare, h  

(romelic am SemTxvevaSi sruli energiaa) mudmivi iqneba.

h-is mudmivobisTvis saWiro pirobebi h-is, rogorc sruli energiis ganmsaz-

Rvreli pirobebisgan sakmaod gansxvavdebian. Cven SeiZleba ganzogadebul koor-

dinatTa iseTi simravle gvqondes, rom garkveul amocanaSi h  mudmivi iyos, ma-

gram ar warmoadgendes srul energias. sxva SemTxvevebSi h  SesaZlebelia iyos 
T U+  formiT warmodgenili sruli enrgia, magram mudmivi ar iyos. 

marTalia lagranJis funqcia LL T U= -  wesiT yvela sistemisTvis fiqsirebu-

lia da ganzogadebul koordinatebze damokidebuli ar aris, magram h  funqciis 

mniSvneloba da forma ganzogadebuli koordinatebis konkretul simravlezea 

damokidebuli. 
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erTi da igive sistemisTvis gansxvavebuli fizikuri Sinaarsis sxvadasxva h  

energiis funqciebi SeiZleba miviRoT, romlebic ganzogadebuli koordinatebis 

arCevanze arian damokidebulni.

klasikur meqanikaSi yvelaze gavrcelebuli SemTxvevaa, rodesac kinetikuri 

energiis wevrebi /mq 2
.

i
2  an /p m2i

2   saxiT arian mocemulni, xolo potenciuri en-

ergia mxolod koordinatebzea damokidebuli. aseT dros energiis funqcia mud-

mivia da aseve sruli energiac aris. 

rodesac sistema konservatiuli ar aris da xaxunis Zalebi F gafantvis (disi-

paciis) funqciidan miiRebian, maSin F F -sa da h-is milevis temps Soris damokide-

buleba arsebobs. rodesac moZraobis gantolebebi (disipaciis CaTvliT) 1.70 

formuliT moicemian, 2.52 formulas Semdegi saxe aqvs:

                                    

                                                   
F

.
dt
dh

t
L

q
q

ji

j2
2

2
2

+ = o
o/

gansazRvrebidan gamomdinare (1.67 formula), F funqcia q
.

 -ebis meore xarisxis 

homogenuri funqciaa. euleris Teoremis mixedviT:

                                                         F2 .
dt
dh

t
L
2
2

=- -  (2.59)

Tu L L  ar aris drois cxadi funqcia da sistemisTvis h  energiis analogiuria, 

maSin 2.59 formulidan gamomdinare, 2F  energiis milevis tempia:

                                                              F2 ,
dt
dE

=-  (2.60)

1. daasruleT braqistoqronas amocanis 2.2 paragrafSi dawyebuli amoxsna da 

daamtkiceT, rom sasurveli grafiki cikloidia, romlis wveri nivTieri werti-

lis moZraobis dawyebis adgils emTxveva. aseve daamtkiceT, rom Tu nivTieri wer-

tili mv2
1

0
2  sawyisi kinetikuri energiis pirobebSi iwyebs moZraobs, maSin braqis-

tiqrona kvlav cikloidia, romelic or wertilze gadis da misi wveri v gz20
2
=  

formuliT mocemuli sawyisi wertilidan z  manZiliT maRlaa. 

2. daamtkiceT, rom Tu lagranJis funqciaSi Semavali potenciali droze 
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damokidebul Termebs Seicavs, mTliani sistemis brunvis i  koordinatis Ses-

abamisi kanonikuri impulsi aRar aris meqanikuri LLi  kuTxuri impulsi da Semdegi 

formuliT gamoiTvleba:

                                                   
,p L Un r

i

i vi# V= $-i i /
sadac vV   aris gradientis operatori, romelSic gawarmoeba siCqaris kom-

ponentebiT xdeba, xolo n  - brunvis mimarTulebis erTeulovani veqtoria. Tu 

Zalebi eleqtromagniturebia, maSin kanonikuri impulsi Semdegi formuliT 

gamoiTvleba:

                                                   
.p L

c
q

n r A
i

i
ii #= + $i i /

3. daamtkiceT, rom sivrceSi mdebare or wertils Soris umoklesi manZili 

wrfea.

4. daamtkiceT, rom sferuli zedapirebis geodeziuri wirebi didi wreebia anu 

iseTi wreebia, romelTa centrebi sferos centrs emTxveva.

5. nivTier wertilze ( )V x Fx=-  potenciali moqmedebs, sadac F F mudmivaa. es 

wertili t0  drois SualedSi x 0= -dan x a= -Si gadaadgildeba. davuSvaT, nivT-

ieri wertilis moZraoba ( )x t A Bt Ct2
= + +  formuliT aRiwereba. gamoTvaleT 

A A-s, BB-s da C -s mniSvnelobebi, rodesac qmedeba minimaluria.

6. gamoTvaleT erTgvarovani masis simkvrivis mqone sferul dedamiwaSi moZ-

ravi nivTieri wertilis braqistoqronas mrudis amsaxveli eiler-lagranJis gan-

toleba. Semdeg diferencialuri gantolebisTvis h  iakobis integralis analo-

giuri pirveli integrali miiReT. am integralis daxmarebiT daamtkiceT, rom 

sasurveli mrudi hipocikloidia (ufro mozrdili wris SigniT mgorav wreze 

mdebare wertiliT Semowerili). 

miiReT dedamiwis zedapiris or wertils Soris gavlebuli braqistoqronas 

gaswvriv moZraobis drois gamosaxuleba. ra dro dasWirdeba braqistoqronas 

gvirabis gaswvriv (xaxunis gareSe) niu-iorkidan los-anjelesamde gavlas (qa-

laqebs Soris zedapirze manZili 4800km-ia) da zedapiridan ra manZilze iqneba 

gvirabis uRrmesi wertili?

7. 2.1 paragrafis meore magaliTSi brunvis minimaluri zedapiris problema 
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ganvixileT. gamoikvlieT simetriuli SemTxveva, rodesac , ,x x y y 02 2 1 2= =-  

da a  parametrisTvis saWiro piroba ganzomilebis armqone /k x a2=  da /y x2 2a =  

sidideebis saSualebiT Cawerili transcendenturi gantolebiT gamosaxeT. 

daamtkiceT, rom rodesac a  garkveul 0a -ze metia, k-s ori SesaZlo mniSvn-

eloba SeiZleba hqondes. rodesac , k0a a= -s mxolod erTi SesaZlo mniSvn-

eloba eqneba, xolo Tu 01a a , maSin k-s realuri mniSvnelobis gamoTvla Seu-

Zlebelia da am areSi jaWvwirul amonaxsns ver vipoviT. 

ipoveT 0a -s mniSvneloba,  Tu saWiroa ricxviTi gamoTvlebi CaatareT.

8. ukve aRweril texilis saxis amonaxsns (gv. 42), rodesac brunvis farTobs 

mxolod y1 da y2  radiusebis mqone bolo wreebi qmnian, goldSmidtis amonaxsni 

ewodeba. me-7 savarjiSoSi aRwerili simetriuli pirobebis jaWvwiruli amonaxs-

nis mier warmoqmnili farTobis goldSmidtis amonaxsnis mier warmoqmnil far-

TobTan Sefardebis gamosaxuleba miiReT. miRebuli gamosaxuleba mxolod k  da 

a  parametrebis funqcia unda iyos. 

aCveneT, rom rodesac a-s sakmarisad didi mniSvneloba aqvs, sul mcire erTi 

jaWvwiruli amonaxsni goldSmidtis amonaxsnis mier mocemul farTobze nakleb 

farTobs gvaZlevs. aseve daamtkiceT, rom Tu 0a a= , maSin goldSmidtis amonax-

sni jaWvwiruli amonaxsnis mier mocemul farTobze nakleb farTobs gvaZlevs.

9. usasrulo sigrZis Toki dedamiwis brtyeli zedapiridan y1 da y2  simaR-

leebze mdebare Skivebze gadis. Skivebs Soris horizontaluri manZilia x x2 1- . 

aCveneT, rom Tu Tokis masis wiriTi simkvrive erTgvarovania, maSin Skivebs Soris 

warmoqmnili mrudis povnis amocana brunvis minimaluri zedapiris povnis amoca-

nis identuria.

10. davuSvaT eqsperimentidan cnobilia, rom nivTieri wertili y0  manZilze 

vardeba /t y g20 0=  droSi. y0-isgan gansxvavebul manZilebze vardnis droebi 

ucnobebia. aseve davuSvaT, rom lagranJis funqcia cnobilia, magram y-isTvis 

moZraobis gantolebis t -is funqciis saxiT amoxsnis nacvlad mixvdnen, rom misi 

funqcionaluri formaa:

                                                          .y at bt2
= +

Tu a  da b  mudmivebi yovelTvis isea SerCeuli, rom y0  manZilze vardnis dro 

udris t0  koreqtul dros, pirdapir aCveneT, rom integrali 

                                                           

                                                                
L dt

t

0

0#
koeficientebis realuri mniSvnelobebisTvis eqstremumi mxolod maSinaa, 

rodesac a 0=  da /b g 2= .

11. biliardis ori burTis Sejaxebisas, burTebs Soris moqmed myisier Zalebs 
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sakmaod didi mniSvnelobebi aqvT, magram mxolod tD  usasrulod mcire drois 

ganmavlobaSi moqmedeben da qvemoT mocemuli sidide sasrulia:

                                                                
F dt

tD
# .

amgvar Zalebs impulsuri Zalebi ewodebaT, xolo tD -ze integrals Zalis im-

pulss uwodeben. daamtkiceT, rom Tu impulsuri Zalebi moqmedeben, lagranJis 

gantolebebi ase SeiZleba gardaiqmnan:

                                              

                                                    ,
q
L

q
L S

j f j i

j2
2

2
2

=-o oc cm m

sadac i  da f  indeqsebi sistemis mdgomareobas asaxaven impulsamde da mis Sem-

deg, Sj  aris qj -is Sesabamisi ganzogadebuli impulsuri Zalis impulsi, xolo L L

- yvela araimpulsuri Zalis momcveli lagranJis funqciaa.

12. klasikuri meqanikis mraval saxeobas, romlebSic lagranJis funqcia qi -is 

maRali rigis droiT warmoebulebs Seicavs, ganzogadebul meqanikas uwodeben. 

amocanebs, sadac ( , , , )x f x x x t=q o p , `mouxerxebel~ (gakvrebis mqone) meqanikas mia-

kuTvneben. moZraobis amgvar gantolebebs qaosis TeoriaSi sakmaod saintereso 

gamoyeneba aqvT (ix. me-11 Tavi). variaciuli aRricxvis meTodebis gamoyenebiT 

daamtkiceT, rom Tu ( , , , )L q q q ti i io p L,  formis lagranJis funqcia arsebobs da hamil-

tonis principi bolo wertilebSi qi -s da q
.

i -s nulovani variaciisTvis sruldeba, 

maSin eiler-lagranJis Sesabamisi gantolebebia:

                                     

                            0, 1,2, ..., .
dt
d

q
L

dt
d

q
L

q
L i n

i i i
2

2

2
2

2
2

2
2

+ = =-p oc cm m

miRebuli Sedegi lagranJis funqciisTvis gamoviyenoT:

                                                         
.L m qq k q

2 2

..
2

=- -

cnobT Tu ara moZraobis gantolebebs?

13. mZime nivTieri wertili vertikaluri fersos wverze moaTavses. lagran-

Jis ganusazRvreli mamravlebis da lagranJis gantolebebis saSualebiT nivTier 

wertilze fersodan moqmedi Zala gamoTvaleT. gamoTvaleT nivTieri wertilis 

fersodan gadmovardnis (mowyvetis) simaRle.

14. m  masis da r  radiusis erTgvarovani ferso R  radiusis uZrav cilindrze 

srialis gareSe goravs. erTaderTi gare Zala mizidulobaa. Tu patara cilindri 

did cilindrze uZravi mdgomareobidan gorvas daiwyebs, lagranJis mamravlebis 

meTodis saSualebiT fersos cilindridan gadmovardnis wertili daadgineT.
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15. uitstonis winaRobis xidi, garda Cveulebrivi oTxi winaRobisa, erT mxarSi 

induqciurobas Seicavs, xolo sapirispiro mxarSi tevadobaa CarTuli. dauba-

lansebeli xidisTvis L L da F F funqciebi aageT, rodesac elementebis muxtebi 

koordinatebia. kirxhofis pirobebi kvanZebisTvis denze SezRudvad miiCnieT da 

lagranJis moZraobis gantolebebi miiReT. daamtkiceT, rom m-s gamoricxva am 

gantolebebs wredis Cveulebriv gantolebebamde daiyvans. 

16. zogierT SemTxvevaSi, gansakuTrebiT erTganzomilebiani sistemebis piro-

bebSi, amocanaSi xaxunis Semotana gafantvis funqciis gareSe SeiZleba. magali-

Tad, lagranJis Semdegi funqciisTvis moZraobis gantolebebi miiReT:

                                           

                                                       
.L e

mq kq
2 2

.

t
2 2

= -
c e o

rogor aRwerdiT sistemas? arseboben Tu ara moZraobis mudmivebi? davuSvaT, 

wertilovani gardaqmna Semdegi saxiT xdeba:

                                                                   .s e q/t 2
=

c

ras udris efeqturi lagranJis funqcia s-iT gamosaxuli? moZraobis gan-

toleba s-isTvis miiReT. ras gvauwyeben miRebuli Sedegebi sistemis mudmivi si-

dideebis Sesaxeb?

17. zogjer ganzogadebuli koordinatebi kinetikur da potenciur energiebSi 

cal-calke gvxvdebian da T  da V  Semdegi saxiT Caiwerebian:

                                

                                      ( ) ( ).T f q q V V q
.

i

i

i i i

i

i
2

= =/ /
daamtkiceT, rom lagranJis gantolebebi am SemTxvevaSi iyofian da amocana 

yovelTvis SeiZleba daviyvanoT gansazRvrul integralebze. 

18. wertilovani masa a  radiusis da masis armqone fersoze moZraobs, romelic 

vertikalur sibrtyeSia fiqsirebuli. sibrtye fersos vertikaluri simetriis 

RerZis mimarT Tanabari  ~ kuTxuri siCqariT brunavs. lagranJis moZraobis gan-

tolebebi miiReT, Tu gare Zalebs mxolod gravitaciuli Zalebi warmoadgenen. 

moZraobis ra mudmivebi arseboben? daamtkiceT, rom Tu ~ kritikul 0~  mniS-

vnelobaze metia, maSin arsebobs amonaxsni, romlis drosac nivTieri wertili 

fersos romelime wertilSi (garda fersos fskerisa) uZravad imyofeba, xolo 

Tu 01~ ~ , maSin nawilakis erTaderTi uZraobis wertili fersos fskerze mde-

bareobs. ra mniSvneloba aqvs 0~ -s?

19. nivTieri wertili sxvadasxva masebis ganawilebis Sedegad miRebuli Zalis 

konservatiul velSi xaxunis gareSe moZraobs. ganawilebis moculobiTi elemen-
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tis mier warmoqmnili Zala moculobiTi elementis masis proporciuli poten-

cialidan miiReba da mxolod moculobiTi elementidan skalaruli manZilis 

funqciaa. masis qvemoT mocemuli mudmivi, erTgvarovani ganawilebisas, nivTieri 

wertilis moZraobasTan dakavSirebuli mudmivi sidideebi CamoTvaleT:

a)  masa z 0=  sibrtyeze Tanabradaa ganawilebuli;

b)  masas 0, 0z y 2=  naxevarsibrtyeze Tanabradaa ganawilebuli;

g)  masa Tanabradaa ganawilebuli usasrulo sigrZis wriul cilindrSi, 

romlis RerZi z  RerZis gaswvrivaa mimarTuli;

d)  masa Tanabradaa ganawilebuli sasruli sigrZis wriul cilindrSi, rom-

lis RerZi z  RerZis gaswvrivaa mimarTuli;

e)  masa Tanabradaa ganawilebuli usasrulo sigrZis da elipsuri ganivi 

kveTis mqone marTkuTxa cilindrSia, romlis RerZi z  RerZis gaswvrivaa 

mimarTuli;

v)  masa Tanabradaa ganawilebuli hantelSi, romlis RerZi z  RerZis gaswvr-

ivaa mimarTuli. 

z)  masa usasrulo spiraluri solenoidis saxiT daxveuli erTgvarovani 

mavTulia, xolo solenoidis RerZi z  RerZis gaswvrivaa mimarTuli.

20. m  masis nivTieri wertili a  kuTxis da MM  masis solze xaxunis gareSe sri-

aldeba. soli swor, horizontalur zedapirze xaxunis gareSe gadaadgildeba (ix. 

suraTi). nivTier wertilze moqmed SezRudvas lagranJis mamravlebis meTodi 

miusadageT da nivTieri wertilisa da solisTvis moZraobis gantolebebi miiReT. 

aseve miiReT SezRudvis Zalebis gamosaxuleba. gamoTvaleT nivTier wertil-

ze da solze moqmedi SezRudvis Zalebis mier t  droSi Sesrulebuli muSaoba. moZ-

raobis ra mudmivebi arsebobs sistemisTvis? 

miRebuli Sedegebi SeadareT situacias, rodesac soli uZravia. (rCeva: nivTi-

eri wertilisTvis SegiZliaT gamoiyenoT dekartiis koordinatTa sistema, rom-

lis y  RerZi vertikaluria an solisadmi perpendikularulia.)

21. vagoneti myar Zelakze damagrebul relsebze gadaadgildeba (ix. suraTi). 

is r0  wonasworuli sigrZis da k  sixistis zambarazea damagrebuli, xolo zambaris 

meore bolo Zelakzea fiqsirebuli. vagonetze liandagebis kidev erTi wyvilia 

damagrebuli, romelic pirvelisadmi perpendikularulia. 

meore liandagze m  masis nivTieri wertili moZraobs, romelsac Zelakze dam-

agrebuli, k  sixistis da nulovani wonasworuli sigrZis zambara akavebs. 

Zelaks, liandagebs, zambarebs da vagonets masa ar gaaCniaT. mTliani sistema 
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pirveli zambaris mimagrebis wertilis mimarT sibrtyeSi moZraobs da Tanabari 

~ kuTxuri siCqare aqvs. drois nebismier momentSi meore zambaris sigrZe r0-Tan 

SedarebiT mcired miiCneva.

a)  ra energia aqvs sistemas? inaxeba Tu ara is?

b)  laboratoriuli sistemis ganzogadebul koordinatebSi ras udris 

sistemis iakobis integrali? inaxeba Tu ara is?

g) ~ kuTxuri siCqariT mbrunav sistemasTan dakavSirebul ganzogadebul 

koordinatebSi ras udris lagranJis funqcia? ras udris iakobis inte-

grali? inaxeba Tu ara is? ganixileT iakobis or integrals Soris kav-

Siri.

22. davuSvaT, nivTieri wertili sivrceSi moZraobs da masze konervatiuli 

( )V r  potenciali moqmedebs. nivTieri wertilis moZraobaze dadebuli SezRud-

vis Tanaxmad is yovelTvis moZraobs zedapirze, romlis gantolebaa ( , ) .r t 0v =  (

t -ze cxadi damokidebulidan gamomdinare, zedapiri SeiZleba moZraobdes). 

SezRudvis myisieri Zala yovelTvis zedapirisadmi perpendikularulia. 

analitikurad daamtkiceT, rom nivTieri wertilis energia mudmivi ar aris Tu 

zedapiri droSi moZraobs. fizikurad ras warmoadgens energiis cvlilebis 

mizezi aseT pirobebSi?

23. ganvixiloT m1 da m2  masis ori nivTieri wertili. dadebuli SezRudvebis 

Tanaxmad, m1 masis nivTieri wertili x y 0= =  wertilze centrirebul a  radiu-

sis wreze z 0=  sibrtyeSi moZraobs, xolo m2  masis nivTieri wertili x y 0= =  

wertilze centrirebul b  radiusis wreze z c=  sibrtyeSi moZraobs. or nivTier 

wertils Soris k  sixistis msubuqi (masis armqone) zambaraa damagrebuli.

a)  gamoTvaleT sistemis lagranJis funqcia

b)  amocana lagranJis mamravlebis saSualebiT amoxseniT da TiToeul mam-

ravls fizikuri interpretacia moiyvaneT.

24. erTganzomilebiani harmoniuli oscilatoris lagranJis funqciaa L

.L mx kx2 22 2
= -o  davuSvaT Cven ar viciT moZraobis amonaxsni, magram viciT, 

rom moZraoba periodulia da Semdegi saxis furies mwkriviT aRiwereba:

                                                           ( ) ,cosx t a j tj

j 0

~=
=

/
(Semobrunebis wertilSi t 0= ), sadac ~ aris moZraobis ucnobi kuTxuri six-

Sire. ( )x t -s amgvari warmodgena konfiguraciul sivrceSi sistemis wertilisaT-

vis  mravalparametrian traeqtorias gansazRvravs. ganixileT /T 2r ~=  peri-

odiT dacilebuli t1 da t2  drois momentebs Soris I  qmedebis integrali. 
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aCveneT, rom sistemis traeqtoriis aseTi formis dros I  aranulovani x-isT-

vis eqstremumi mxolod maSin iqneba, Tu a 0j = , rodesac j 1=Y  da / .k m2~ =
25. R  radiusis disko uZrav y ax2

=  parabolas SigniT srialis gareSe goravs. 

ipoveT SezRudvis gantolebebi. romeli piroba aZlevs diskos iseTi saxiT gor-

vis saSualebas, rom diskos nebismieri mdebareobisas is parabolas mxolod erT 

wertilSi exeba?

26. m  masis nivTieri wertili L L sigrZis da masis armqone Tokzea Camokidebu-

li. nivTieri wertili uZravia da g  daZabulobis gravitaciul velSi imyofeba. 

Semdeg nivTier wertilze horizontaluri impulsuri Zala moqmedebs da ~ kuTx-

uri siCqare Cndeba. Tu ~ sakmarisad mcirea, maSin masa martivi qanqaris (maTema-

tikuri qanqaris) msgavsad moZraobs. Tu ~ sakmarisad didia, maSin masa sayrde-

ni wertilis garSemo brunavs. lagranJis mamravlis saSualebiT iseTi pirobebi 

gansazRvreT, rodesac Toki moZraobis romelime momentSi sruliad moeSveba.

27. a) daamtkiceT, rom 2.29 formuliT mocemuli SezRudva araholonomiuria, 

    vinaidan misi integreba homonomiur formaSi SeuZlebelia.

       b) daamtkiceT, rom SezRudvis Sesabamisi Zalebi warmosaxviT muSaobas 

            ar asruleben.

 g) 2.29-2.30 formulebs erTi an meti amonaxsni mounaxeT, rodesac

              V 0=  da daamtkiceT, rom isini energias inaxaven. 
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am TavSi or sxeuls Soris moqmedi centraluri Zalis moqmedebis Sedegad sx-

eulebis moZraobas ganvixilavT. centralur ZalasTan dakavSirebuli yvela amo-

canis amoxsna kargad cnobili funqciebis integrebiT SeuZlebelia. miuxedavad 

amisa, Cven SevecdebiT amocana dawvrilebiT ganvixiloT da aqamde Seswavlili 

meTodebiT misi amoxsna vcadoT. am Tavis bolo paragrafSi mesame sxeulis arse-

bobis Sedegad gaCenil garTulebebsac SevexebiT.

   erTi sxeulis eqvivalentur amocanaze dayvana

ganvixiloT m1  da m2   masis ori wertilisgan Sedgenili monogenuri sistema 

(ix. sur. 3.1), romelSic yvela moqmedi Zala urTierTqmedebis U U  potencialiT 

aris gamowveuli. Tavdapirvelad vuSvebT, rom U U U   aris nivTier wertilebs So-

ris r r2 1- veqtoris, r r2 1-o o   fardobiTi siCqaris an  r r2 1- -is nebismieri maRali rigis 

warmoebulis nebismieri funqcia. amgvar sistemas Tavisuflebis eqvsi xarisxi anu 

eqvsi damoukidebeli ganzogadebuli koordinati aqvs. koordinatebad avirCioT 

R   masaTa centramde gavlebuli radius-veqtoris sam komponents damatebuli 

r r r2 1= -  sxvaobis veqtoris sami komponenti. lagranJis funqcias aseTi saxe aqvs:

                                                      
( ) ( , ,...).L T r U r rR,

. ..

= -  (3.1)

sur. 3.1. koordinatebi or sxeulTan 
dakavSirebuli amocanisTvis

 T  kinetikuri energia masaTa centris moZraobis kinetikur energias damate-

buli masaTa centris garSemo moZraobis T l kinetikuri energiaa:

3
Tavi

centraluri Zalis amocana
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                                                      2

1 ( )T TR21

2

m m= + + lo

sadac

                                                      .r rT 12
1

1
2

2
1

2 2
2

m m= +l l lo o

aq r 1l  da r 2l  ori nivTieri wertilis radius-veqtorebia masaTa centrisadmi da 

isini r-Tan Semdeg damokidebulebaSi arian   : 

                                                             
,r r

r r

1

2

1 2

2

1 2

1

m m
m

m m
m

=

=

- +

+

l

l  (3.2)

3.2 formulis saSualebiT T l energia r-is saSualebiT CavweroT da miviRebT:

                                  

                                                                T r2
1 2

1 2

1 2

m m
m m

= +l o

lagranJis funqcia iqneba:  ( ,...).R r r rL U ,2

2

2
1 21 2

1 2

1 2m m
m m
m m

= + -
+

+
o o o  (3.3)

ukve vxedavT, rom sami R  koordinati cikluria da masaTa centri uZravia an 

Tanabrad moZraobs. risTvis gankuTvnili moZraobis arc erT gantolebaSi R-is 

an Ro -is Semcveli wevri ar Sedis. Sesabamisad, integrebis procesi sakmaod mar-

tivia am SemTxvevaSi. momaval gamoTvlebSi Cven ubralod lagranJis funqciidan 

pirvel wevrs amovagdebT.

lagranJis funqciis darCenili nawili zustad iseTia, rogoric uZravi Zalis 

centridan r  manZiliT daSorebul nawilaks eqneboda, romlis masaa

                                                                 ,
1 2

1 2

m m
m m

=n +
 (3.4  )

sadac μ-s dayvanili masa ewodeba. 3.4 formula xSirad aseTi saxiT Caiwereba:

                                                               .1 1 1

1 2m m= +n
 (3.5  )

maSasadame, centraluri ZaliT gamowveuli ori sxeulis moZraoba maTi masaTa 

centris garSemo yovelTvis SegviZlia daviyvanoT erTi sxeulis eqvivalentur 

amocanaze. 

   moZraobis gantolebebi da pirveli integralebi

amjerad konservatiuli centraluri Zalebis ganvixilviT SemovifargloT, 

rodesac ( )V r  potenciali mxolod r -is funqciaa da Zala yovelTvis r-is gaswvr-

ivaa mimarTuli. wina paragrafidan gamomdinare, Cven mxolod m  dayvanili masis 

mqone nivTieri wertili unda ganvixiloT, romelic Zalis fiqsirebuli centris 

garSemo moZraobs, xolo Zalis centri koordinatTa sistemis aTvlis saTave 

iqneba. vinaidan potenciuri energia mxolod radialur manZils moicavs, amocana 
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sferulad simetriulia anu nebismieri mobruneba nebismieri fiqsirebuli Rer-

Zis garSemo amonaxsnze zegavlenas ar moaxdens. aqedan gamomdinare, fiqsirebu-

li RerZis garSemo brunvis amsaxveli kuTxuri koordinati cikluria. simetriis 

aseTi Tvisebebi amocanas mniSvnelovnad amartivebs.

amocana sferulad simetriulia, amitom sruli impulsis momentis veqtori         

inaxeba.                                                         L r p#=
aqedan gamomdinare, r  yovelTvis perpendikularulia L L-is fiqsirebuli  

mimarTulebisadmi sivrceSi. es mxolod im SemTxvevaSi moxdeba, Tu r  yovelT-

vis LL-is paraleluri perpendikularis mqone sibrtyeSi mdebareobs. msjeloba 

azrs kargavs, rodesac L L nulis tolia, vinaidan am SemTxvevaSi moZraoba Zalis 

centrze gamavali wrfis gaswvriv xdeba. L L=0 pirobis SesrulebisTvis saWiroa r  

iyos ro  -isadmi paraleluri, rac Tavis mxriv mxolod wrfivi moZraobis dros xde-

ba�∗. maSasadame, centraluri ZaliT gamowveuli moZraoba yovelTvis sibrtyeSi 

xdeba.

erTi nivTieri wertilis moZraobas sivrceSi sami sferuli polaruli koor-

dinati asaxavs. es koordinatebia i  azimuturi kuTxe, } zenituri kuTxe da r  

radialuri manZili. polaruli RerZi LL-is mimarTulebisa avirCioT da moZ-

raoba yovelTvis polaruli RerZisadmi perpendikularul sibrtyeSi moxdeba. 
} koordinats mxolod erTi r/2 mudmivi mniSvneloba aqvs da SemdgomSi Segvi-

Zlia ugulebelvyoT. impulsis momentis veqtoris mudmivoba moZraobis sam da-

moukidebel mudmivas gvaZlevs. ori maTgani impulsis momentis mudmiv mimar-

Tulebas asaxavs da isini amocanis samidan or Tavisuflebis xarisxamde dayvanaSi 

gamoiyenebian. mesame mudmiva L L veqtoris modulis mudmivobas Seesabameba da 

amoxsnis dasrulebisTvis SegviZlia gamoviyenoT.

sibrtyis polarul koordinatebSi lagranJis funqciaa:  

                                                      

( ) ( ).

L T V

m r r V r2
1 2 2 2

=

= + i

-

-o o

 (3.6)

 

rogorc vivaraudeT, i  cikluri koordinatia da misi Sesabamisi kanonikuri 

impulsi sistemis impulsis momentia:  

.p L mr2

2

2
=

i
i=i o
o

moZraobis ori gantolebidan erT-erTia:

                                                        
0,p

dt
d mr2

= =iio o^ h
 (3.7)

 

1 ∗ nrr nr r + i= io o o , amitom 0r r =# o   pirobis SesrulebisTvis io  nulis toli unda iyos
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xolo misi integralia:               ,mr l2
=io                                                            (3.8)

sadac l  aris impulsis momentis mudmivi moduli. 3.7 formulidan gamomdinare:

                                                          
.

dt
d r

2
1 02i =ob l

 (3.9)

 
2
1 koeficienti imitom SemovitaneT, rom r

2
1 2io   seqtoruli siCqare anu drois 

erTeulSi radius-veqtoris mier Semowerili farTobia. 3.2 suraTidan gamomdin-

are, dt  droSi Semowerili diferencialuri farTobia:

                                                            ( ),d A r rd2
1= i

aqedan gamomdinare:

                                                              
.

dt
dA r

dt
d

2
1 2 i

=

impulsis momentis mudmivoba niSnavs, rom seqtoruli siCqare mudmivia. am-

jerad planetebis moZraobasTan dakavSirebuli kepleris meore kanoni davamtki-

ceT, romlis Tanaxmad, radius-veqtori Tanabar drois SualedebSi Tanabar far-

Tobebs Semowers. seqtoruli siCqaris mudmivoba centraluri ZaliT gamowveuli 

moZraobis zogadi Tvisebaa da Zalis Sebrunebuli kvadratebis kanoniT ar Semoi-

fargleba. 

sur. 3.2. radius-veqtoris mier Semowerili 
farTobi dt  droSi

lagranJis darCenili gantoleba r  koordinatisTvis iqneba  :

                                         

                                                      ( ) 0.
dt
d mr mr

r
V2

2
2

+ =i-o o   (3.10)

r-is gaswvriv moqmedi V r2 2-  Zalis ( )f r -iT aRniSvNnis Semdeg gantoleba  ase 

SeiZleba Caiweros :L   

                                                              ( ).mr mr f r2
=i-p o  (3.11)
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pirveli integralis (3.8 formula) saSualebiT io  moZraobis gantolebidan 

gamoiricxeba da mxolod r -is Semcvel, meore rigis diferencialur gantolebas 

miviRebT  :                                               
( ).mr

mr
l f r3

2

=-p
 (3.12)

 

moZraobis kidev erTi pirveli integrali, kerZod sruli energia arsebobs, 

vinaidan Zalebi konservatiulebia. energiis Senaxvis zogadi Teoremis safuZ-

velze SegviZlia swrafad davadginoT, rom moZraobis mudmivaa:

                                                     ( ),E m r r V r
2
1 2 2 2

= +i+o o^ h  (3.13)

sadac EE  aris sistemis energia. pirveli integrali moZraobis 3.7 da 3.12 gan-

tolebebidanac SegviZlia miviRoT. 3.12 formula asec SeiZleba Caiweros:

                                                       ( ).mr
dr
d V

mr
l

2
1..

2

2

=- +  (3.14)

Tu 3.14 formulis orive mxares ro  -ze gavamravlebT, misi marcxena mxare iqneba:

                                                              
( ).mrr

dt
d mr

2
1.. . . 2

=

formulis marjvena mxarec droiT sruli warmoebulis saxiT SeiZleba Cai-

weros, vinaidan Tu  ( )g r r -is nebismieri funqciaa, maSin g-s sruli warmoebuli 

droiT iqneba:

                                                             

( ) .
dt
d g r

dr
dg

dt
dr

=

aqedan gamomdinare, 3.14 formula Semdegi formulis eqvivalenturia  : 

 

                                                   ( ) ( )
dt
d mr

dt
d V

mr
l

2
1

2
1. 2

2

2

=- +
an

                                                      
( )

dt
d mr

mr
l V

2
1

2
1 0

. 2

2

2

+ + =da amitom:

                                                  
.mr

mr
l V cons t

2
1

2
1 tan

. 2

2

2

+ + =
 (3.15)

3.15 formula sruli energiis mudmivobas asaxavs, vinaidan l-isTvis 3.8 for-

mulis misadagebis Semdeg 3.15 formulis Sua wevri asec SeiZleba Caiweros:

                                        

                                                 ,
mr
l

mr
m r mr

2
1

2
1

2

.
.

2

2

2

2 4
2 2 2

i i
= =

da 3.15 formula 3.13 formulaze daiyvaneba.
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pirveli ori integrali or gansazRvrul integrals gvaZlevs, romelic amo-

canis amoxsnisTvis aris saWiro. vinaidan r  da i  ori ucnobi gvaqvs, moZraobis gan-

tolebebis amoxsnisTvis oTxi integrebaa saWiro. pirveli ori integrebis Sede-

gad lagranJis gantolebebi pirveli rigis 3.8 da 3.15 gantolebebad gardaiqmnen. 

darCenili ori integreba sxvadasxva gziT SeiZleba ganxorcieldes. umartivesi 

procedura albaT mainc 3.15 formulas ukavSirdeba. es formularo  -isTvis amovx-

snaT da gveqneba:

                                                          ,r
m

E V
mr
l2

2

.

2

2

= - -b l  (3.16)

                             an

                                                         .dt

m
E V

mr
l

dr
2

2 2

2=
- -b l

 (3.17)

vTqvaT t=0 dros r -s sawyisi r0  mniSvneloba aqvs. am SemTxvevaSi gantolebis 

orive mxares arsebuli integrali sawyisi mdgomareobidan t   drois momentisaT-

vis arsebul mdgomareobamde aseT saxes miiRebs:

                                                            t
E V

dr

m mr

lr

r

2

2
0

2

2
=

- -_ i
#  (3.18)

3.18 formula t -s r -is da integrebis ,E  E, l  da r0  mudmivebis funqciis saxiT 

gvaZlevs. garda amisa, SesaZlebelia am formulis Sebruneba anu r -is t -s da mud-

mivebis funqciis saxiT gamoTvla. rodesac r -isTvis amonaxsns gamovTvliT, i  

amonaxsni 3.8 formulidan miiReba da aseTi saxiT Caiwereba:

                                                                      .d
mr
l dt

2i =  (3.19)

Tu i-is sawyisi mniSvneloba 0i -ia, maSin 3.19 formulis integralia:

                                                            
( )

.l
mr t

dtt

2
0

0i i= +#  (3.20)

3.18 da 3.20 formulebi or darCenil  integrebas warmoadgenen da formalu-

rad amocana integralebis gamoTvlebze iqna dayvanili oTxi integrebis mud-

miviT E , , ,E l 0 0r i . am mudmivebis nacvlad Cven SegveZlo , , , ,r
. .

0 0
0 0r ii  sidideebi 

agveRo, Tumca EE  da l  gamosaxva yovelTvis SesaZlebelia am axali simravlis saSu-

alebiT. umetes gamoyenebiT SemTxvevaSi energiis da kuTxuri impulsis Semcveli 

simravle yvelaze bunebrivia. kvantur meqanikaSi aseTi mudmivebi, anu r -is da i
-is an ro -is da io -is sawyisi mniSvnelobebi azrs kargaven, xolo sistemis energia 

an sistemis impulsis momenti kvlav rCeba. klasikur da kvantur meqanikas Soris 

erT-erTi mTavari sxvaoba E E-is da l-is Tvisebebia am or TeoriaSi. kvantur Teo-
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riaze gadasvlisTvis aucilebelia, rom sistemis klasikuri aRwera energiis da 

impulsis momentis saSualebiT xdebodes. 

    eqvivalenturi erTganzomilebiani amocana da orbitebis 

                   klasifikacia

Cven erTganzomilebiani amocana formalurad amovxseniT, magram praqtikuli 

TvalsazrisiT 3.18 da 3.20 integralebi sakmaod Znelad gamosaTvlelebia da konkre-

tul SemTxvevaSi integreba raime sxva meTodiT sjobs. vidre nebismieri konkretu-

li ZalisTvis raime amonaxsns gamovTvliT, modiT vnaxoT, Tu risi gageba SeiZleba 

moZraobaze moZraobis gantolebebis da Senaxvis Teoremebis saSualebiT. 

magaliTad, rodesac sistemas cnobili energia da impulsis momenti aqvs, niv-

Tieri wertilis siCqaris mimarTulebis da sididis gagebar  manZilis saSualebiT 

SeiZleba. energiis Senaxvidan gamomdinare, siCqaris v  sididea:

                                                                  
( )E mv V r

2
1 2

= +

anu

                                                            .v
m

E V r2
= - ^^ hh  (3.21)

radialuri siCqare anu r
.

-is komponenti radius-veqtoris gaswvriv 3.16 for-

muliT gamoiTvleba. v  sididesTan erTad radialuri siCqaris codna siCqaris 

mimarTulebis dasadgenad sakmarisi informaciaa2. igive Sedegebi da ufro metic 

eqvivalenturi erTganzomilebiani amocanis ganxilvis Sedegad miiRebian.

r -Si mocemuli moZraobis 3.12 gantoleba, rodesac io  sidide l-iTaa gamosax-

uli, mxolod r -s da mis warmoebulebs Secavs. igive gantolebas fiqtiuri erT-

ganzomilebiani amocanis ganxilvisas miviRebT, romelSic m  masis nivTier wer-

tilze Semdegi Zala moqmedebs:

                                                                    .f f
mr
l

3

2

= +l  (3.22)

damatebiTi wevris mniSvneloba cxadi gaxdeba, Tu mas ,mr mv r2 2
=i i

o  formiT 

CavwerT, rac Tavis mxriv centridanuli Zalaa. igive mtkiceba energiis Senaxvis 

Teoremidanac Segvilia miviRoT. 3.15 formulis Tanaxmad, nivTieri wertilis 

moZraoba warmoadgens erTganzomilebian amocanas Semdegi saxis fiqtiuri po-

tenciuri energiiT:

                                                                .V V
mr
l

2
1

2

2

= +l  (3.22’) 

2 impulsis momentis mudmivobis Teorema io -s, anu kuTxur siCqares, gvatyobinebs, rac r -Tan 
erTad ro -is modulisa da mimarTulebis dadgenisTvis sakmarisia
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Sesamowmeblad SevniSnoT, rom        ( ) ,f
r
V f r

mr
l

3

2

2
2

= = +-l l

rac 3.22 formulasTan SesabamisobaSia. energiis Senaxvis Teorema (3.15 for-

mula) asec SeiZleba Caiweros:                
.E V mr

2
1 2

= +l o
 (3.15’)

moZraobis Seswavlis meTodis saCveneblad V l-is r -ze damokidebulebis grafi-

ki ganvixiloT, rodesac mizidulobis Zala Sebrunebuli kvadratebis kanoniT 

moqmedebs:        .f
r
k

2=-  

(dadebiTi k-s SemTxvevaSi minus niSani asaxavs, rom Zala Zalis centriskenaa 

mimarTuli). amgvari Zalis pirobebSi potenciuri energiaa:

                                                                  
,V

r
k

=-

Sesabamisi fiqtiuri potencialia:         

                                            

                                                         
.V

r
k

mr
l

2 2

2

= +-l

grafiki 3.3 suraTzea gamosaxuli. wyvetili xazebi calkeul komponentebs 

asaxaven:
r
k

-
 da 

mr
l

2 2

2 , uwyveti xazi V l jamia. 

sur. 3.3. eqvivalenturi erTganzomilebiani po-

tenciali mimzidveli Zalis Sebrunebuli kvad-

ratebis kanonisTvis
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modiT 3.3 da 3.4 suraTze gamosaxuli, EE1 energiis mqone nivTieri wertilis moZ-

raobas davakvirdeT. cxadia, es nivTieri wertili r1-ze ufro axlos ver miva (ix. sur. 

3.4). sxva SemTxvevaSi, rodesac  ,r r V< 1 l aWarbebs E1-s da 3.15’ formulis Tanaxmad, 

kinetikuri energia uaryofiTi iqneba, rac warmosaxviT siCqares niSnavs.

meores mxriv, r -is SesaZlo mniSvnelobas zeda zRvari ar gaaCnia da amitom 

orbita SemosazRvruli ar aris. nivTieri wertili moZraobas usasrulobidan 

daiwyebs, `amsxlet centridanul zRudes~ Seejaxeba, aisxliteba da kvlav usas-

rulobaSi dabrundeba (ix. sur. 3.5). E E-s da V l-s Soris manZili mr
2
1 2o -ia, anu ra-

dialuri siCqaris kvadratis proporciulia da r1 Semobrunebis wertilSi nu-

lis toli xdeba. amave dros, grafikze E E-sa da V -s Soris r  manZilis  mocemuli 

mniSvnelobis pirobebSi mv2
1 2  kinetikuri energiaa. aqedan gamomdinare, V  da V l

grafikebs Soris manZilia mr2
1 2 2io . maSasadame, es grafikebi nivTieri wertilis 

siCqaris sidides da mocemuli energiisa da kuTxuri impulsis pirobebSi nebis-

mieri r  manZilisTvis am siCqaris komponentebs gvawvdian. orbitis formis miax-

loebiTi suraTis misaRebad es informacia sruliad sakmarisia.

rodesac E 02 = E (ix. sur. 3.3), orbitas daaxloebiT msgavsi forma aqvs. nebism-

ieri ufro mcire energiis pirobebSi (rogoricaa E3  3.6 suraTze), sruliad gansx-

vavebuli mdgomareobaa. r1 qveda sazRvarTan erTad r2  maqsimaluri mniSvnelobac 

arsebobs, romelsac r  -i dadebiTi kinetikuri energiis pirobebSi ver gadaaWarbebs. 

am SemTxvevaSi moZraoba `SemosazRvrulia~ da r1 da r2  ori Semobrunebis wertili 

gvaqvs, romelTac apsidaluri manZilebi ewodebaT. es ar niSnavs, rom orbitebi 

aucileblad Caketilebia. erTaderTi rac da-

namdvilebiT SeiZleba iTqvas, orbitebi Semo-

sazRvrulebia da 
1r  da

2r  radiusebis or wres 

Soris arian moqceulni, xolo Semobrunebis 

wertilebi yovelTvis wreebze mdebareoben (ix. 

sur. 3.7).                                                                   

                             . ( ) .f r
mr
l mr

.

3

2 2

i=- =-

sur. 3.4. SemousazRvreli moZraoba dadebiTi 
energiebis pirobebSi Zalis Sebrunebuli kvad-
ratebis kanonisTvis.
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Tu fiqtiuri potencialis minimumze 

energia 4E E-ia (sur. 3.8), maSin ori zRvari 

erTmaneTs emTxveva. am SemTxvevaSi moZrao-

ba mxolod erT radiusze xdeba, r =0 da or-

bita wrea. gaixseneT, rom realuri ̀ Zala~ V’ 

grafikis mrudis Sebrunebulia da wriuli 

orbitisTvis saWiro pirobis mixedviT '

f  

nulis toli unda iyos:

sur. 3.6. eqvivalenturi erTganzomilebiani po-
tenciali Zalis Sebrunebuli kvadratebis kan-
onisTvis. naCvenebia SemosazRvruli moZraoba 
uaryofiTi energiebis pirobebSi.

sur. 3.5. SemousazRvreli moZraobis Sesabamisi 

orbita E
1E -is pirobebSi.

sur. 3.7. orbitebis buneba SemosazRvruli 

moZraobisTvis (3.6 paragrafidan b=3)

miviReT wriuli orbitis arsebobisTvis saWiro elementaruli piroba, rom-

lis Tanaxmad, modebuli Zala centriskenuli aCqarebis `Sebrunebuli realuri 

Zalis~ toli da mimarTulebiT sapirispiro unda iyos.3 wriuli orbitebis maxasi-

3 <E4 SemTxveva fizikurad SesaZlo moZraobas ar Seesabameba, vinaidan 2r  uaryofiTi anu r  
warmosaxviTi unda iyos
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aTeblebs da maTi arsebobisTvis saWiro pirobebs 3 - 6 paragrafebSi detalurad  

SeviswavliT.

yuradReba miaqcieT, rom sxvadasxva energiebisTvis orbitebis Seswavla im-

pulsis momentis erTi mniSvnelobis pirobebSi mimdinareobda. l-is cvlileba V l 

grafikis raodenobriv detalebs cvlis, magram orbitebis saxeobebis klasifi-

kaciaze zegavlenas ar axdens. mimzidveli Zalis Sebrunebuli kvadratebis kan-

onis pirobebSi, orbita E1-sTvis hiperbolaa, E2-sTvis parabolaa, xolo E3-sT-

vis elifsia. sxva Zalebis arsebobis SemTxvevaSi orbitebs aseTi martivi formebi 

SeiZleba ar hqondeT. miuxedavad amisa, orbitebis Ria, SemosazRvrul da wriul 

saxeobebad dayofa nebismieri mimzidveli potencialisTvis, romelic 1) r1 2-ze 

nela mcirdeba, rodesac r " 3 an 2) r1 2-ze nela xdeba usasrulo, rodesac r 0"

, marTebulia. pirveli pirobis Tanaxmad, rodesac r  sakmarisad didia, potencia-

li centridanul wevrs aRemateba, xolo meore pirobis Tanaxmad, rodesac r  sak-

marisad mcirea, centridanuli wevri aRemateba potencials. 

moZraobis xarisxobrivi buneba icvleba, Tu potenciali zemoT moyvanil pi-

robebs ar akmayofilebs, magram orbitebis Tvisebebis SeswavlisTvis eqvivalen-

turi potencialis meTodis gamoyeneba kvlav SeiZleba. magaliTisTvis mimzidve-

li potenciali ganvixiloT:  

    ( ) ,V r
r
a f

r
a3

3 4= =- =-

energiis grafiki 3.9 suraTzea naCvenebi. E  energiisTvis moZraobis ori Sesa-

Zlo saxeoba gvxvdeba, rac r -is sawyis mniSvnelobazea damokidebuli. Tur r<0 1, ma-

Sin moZraoba SemosazRvrulia, r  yovelTvis r1-ze naklebia da nivTieri wertili 

Zalis centrze gadis. 

sur. 3.8. Zalis Sebrunebuli kvadratebis kanonis 
eqvivalenturi erTganzomilebiani potenciali. 
naCvenebia wriuli orbitebis mdgomareoba.
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Tu r >r0 2, maSin moZraoba SemousazRvrelia da nivTieri wertili ̀ potencialis~ 

xvrelSi arasdros moxvdeba. r r r< <1 0 2  sawyisi piroba fizikurad ararealuria.                                                           

sur. 3.9. eqvivalenturi erTganzomilebiani 
potenciali mimzidveli Zalis Sebrunebuli 
meoTxe xarisxis kanonisTvis.

 kidev erTi saintereso SemTxvevaa rodesac wrfivi aRmdgeni Zala moqmedebs 

(izotropuli harmoniuli oscilatoris SemTxvevaSi):                 

                                                            
, .f kr V kr2

1 2
=- =

rodesac impulsis momenti nulis tolia moZraoba wrfis gaswvriv xdeba , V’=V 

da es mdgomareoba 3.10 suraTzea gamosaxuli. moZraoba nebismieri dadebiiTi 

energiis pirobebSi SemosazRvruli da martivi harmoniulia. rodesac l 0=Y  md-

gomareoba 3.11 suraTzea gamosaxuli. nebismieri fizikurad SesaZlo ergiisTvis 

moZraoba SemosazRvrulia da Zalis centris gavliT ar xdeba. am SemTxvevaSi or-

bita elifsuria, vinaidan, Tu kf r=- , maSin Zalis x  da y  komponentebia:

                                                     
, .kx ky

x y
f f=- =-

 mTliani moZraoba ori martivi, harmoniuli, Tanabari sixSiris da marTi 

kuTxiT rxevis Sedegad miiReba da orbita elifsuria. 
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sur. 3.10. efeqturi potenciali nulovani im-
pulsis momentis dros.

sur. 3.11. eqvivalenturi erTganzomilebiani 

potenciali wrfivi aRmdgeni ZalisTvis.

kargad cnobili magaliTia mcire amplitudebis mqone sferuli qanqara. 

lisaJus figurebi marTi kuTxiT ori sinusoiduri rxevis gaerTianebis Sedegad 

miiRebian, rodesac maTi sixSireebis Sefardeba racionaluri ricxvia. erTi da 

igive sixSiriT ori rxevisTvis  figura wrfea, rodesac rxevebs erTnairi fazebi 

aqvT, wrea, rodesac rxevebis fazaTa sxvaoba 90c, xolo sxva SemTxvevaSi figuras 

elifsis forma aqvs. maSasadame, centraluri ZaliT gamowveuli moZraoba wrfivi 

aRmdgeni Zalis pirobebSi lisaJus umartives figurebs warmoSobs. 

   virialis Teorema

centraluri ZaliT gamowveuli moZraobis kidev erTi Tviseba sistemebis didi 

simravlisTvis gamosadegi zogadi Teoremis saxiT SegviZlia miviRoT, romelsac 

virialis Teorema ewodeba. virialis Teorema adre moyvanili Teoremebisgan 

gansxvavdeba, vinaidan is bunebiT statistikuria anu sxvadasxva meqanikuri si-

dideebis droSi saSualoebs exeba. 

 ganvixiloT nivTieri wertilebisgan Semdgari zogadi sistema, rodesac mde-

bareobis veqtorebia ri -ebi, xolo modebuli Zalebia FFi -ebi (nebismieri SezRud-

vis Zalebis CaTvliT). moZraobis fundamenturi gantolebebia:

                                                                 
p Fi i=o

                                         (1.3)

Cven Semdegi sidide gvainteresebs:

                                                            ,G p ri

i

i$= /
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sadac Sekreba sistemis yvela nivTieri wertilisTvis xdeba. am sididis droiT 

warmoebulia  :                         

                                                   .r p
dt
dG r pi i

i

i i

i

$ $= +o o/ /  (3.23)

3.23 formulis pirveli wevri ase SeiZleba gardaiqmnas:

                                       
. . 2 ,m m v Tr p r r

.

i

i i

i

i

i

i
2

. .

i i i= = =/ / /
xolo meore wevri 1.3 formulis daxmarebiT aseT saxes miiRebs:

                                                          

                                                          . .p F r
.

.i

i
i i

i

ir =/ /

maSasadame, 3.23 formula martivdeba:

                                                  2 .
dt
d Tp r F ri i

i

i i

i

$ $= +/ /  (3.24 )

 

3.24 formulis droiT saSualo mocemul x  drois SualedSi formulis orive 

mxaris 0-dan  x  -mde t -iT integrebis da Semdeg x-ze gayofiT miiReba:

                                           

                                              
dt
dG dt

dt
dG T1 2 F ri i

i0

$/ = +x
x /#

anu

                                             ( ) ( ) .T G G2 1 0F ri i

i

$++ x x= -6 @/  (3.25)

 

Tu moZraoba periodulia anu yvela koordinati garkveuli drois Semdeg 

meordeba da x  periodia, maSin 3.25 formulis marjvena mxare baTildeba. igive 

daskvnamde mivalT moZraobis araperiodulobis SemTxvevaSic, oRond yvela niv-

Tieri wertilis koordinatebi da siCqareebi sasrulebi unda iyvnen raTa G -is 

zeda zRvari hqondes. Tu x   periodi sakmarisad didia, maSin 3.25 formulis mar-

jvena mxare survilisamebr mcire SegviZlia gavxadoT. moZraobis periodulobis 

Tu araperiodulobis pirobebSi:

                                                           .T
2
1 F ri i

i

$=- /  (3.26)

 

3.26 formulas virialis Teorema ewodeba, xolo mis mas marjvena mxares 

klauziusis virials uwodeben. amgvari formiT mocemuli Teorema airebis ki-

netikuri energiis TeoriaSi sakmaod mniSvnelovania, vinaidan misi daxmarebiT da 

qvemoT moyvanili argumentidan gamomdinare, idealuri airis kanoni miiReba. 
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ganvixiloT N N raodenobis atomebisgan Semdgari da V  moculobis WurWelSi 

moqceuli airi. davuSvaT, airis temperatura T  kelvinia. kinetikuri Teoriis 

Tanabrad ganawilebis Teoremidan gamomdinare, TiToeuli atomis saSualo ki-

netikuri energiaa k TB2
3 , sadac kB B bolcmanis mudmivaa, xolo Tavad es formula 

temperaturis gansazRvrebaa. 3.26 formulis marcxena mxare iqneba:

                                 

 
.Nk TB2

3

3.26 formulis marjvena mxares mocemuli Fi F Zalebi atomebs Soris moqmed Za-

lebs da sistemaze moqmed SezRudvis Zalebs moicaven. idealur airSi urTierTq-

medebis Zalebis virialSi monawileoba umniSvneloa. airi idealuria, rodesac is 

sakmarisad gauxSoebulia da atomebs Soris Sejaxeba WurWlis kedlebTan Sejaxe-

basTan SedarebiT iSviaTad xdeba. WurWlis kedlebi sistemaze moqmed SezRud-

vas qmnian, xolo SezRudvis FFc  Zalebi kedlebze arian lokalizebulni da airis 

atomebis kedlebTan Sejaxebis dros aqtiurdebian. 3.26 formulis marjvena mx-

ares mocemuli jami WurWlis zedapirisTvis Cawerili integraliT SegviZlia 

SevcvaloT. SezRudvis Zala atomebidan kedelze moqmedi Sejaxebis Zalebze anu P

P  wnevaze reaqciaa. Tu n  erTeulovani veqtori Cveulebisamebr zedapiris gare 

perpendikularia, maSin SegviZlia davweroT:

                                            ,d P d AF ni =-
anu

                                            . . .P d A
2
1

2
F r n ri

i

i =-/ #

gausis Teoremidan gamomdinare:       . . 3 .d A d V Vn r r= =d# #

virialis Teorema (3.26 formula) idealuri airisTvis ase SeiZleba Caiwero 

:                                                  ,Nk T PVB2
3

2
3=

formulis orive mxares 2
3  koeficienti gabaTildeba da idealuri airis kanoni 

dagvrCeba. im SemTxvevaSi, rodesac nivTier wertilTa urTierTqmedebis Zalebi 

virialSi monawileobas iReben, idealuri airis kanoni aRar moqmedebs. aseT Sem-

TxvevaSi virialis Teorema klasikur kinetikur TeoriaSi mTavari iaraRia, rom-

liTac araidealuri airebis mdgomareobis gantoleba miiReba. 

Cven SegviZlia davamtkicoT, rom Tu Fi  Zalebi siCqaris proporciuli fi  xax-

unis Zalebis da sxva (xaxunis Zalebisgan gansxvavebuli) FF il  Zalebis jamia, maSin 

viriali mxolod F il -zea damokidebuli. bunebrivia, sistemis moZraoba xaxunis Za-

lebis Sedegad ar unda Sewydes da sistemas energia mudmivad unda miewodos, sxva 
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SemTxvevaSi x-is usasrulobamde gazrdasTan erTad yvela saSualo nulis toli 

gaxdeba (damtkiceba 1).

Tu Zalebi potencialidan miiRebian, maSin virialis Teorema aseT saxes 

iRebs:

                                                            ,T V
2
1 ri

i

$d= /  (3.27)

 da centraluri Zalis zemoqmedebiT moZravi erTi nivTieri wertilisTvis 

Semdeg saxemde daiyvaneba:

                                                               .T
r
V r

2
1
2
2

=  (3.28)

Tu V  aris r -is xarisxobrivi funqcia:  

                                                                 ,V arn 1
= +

sadac xarisxis maCvenebeli isea arCeuli, rom Zalis kanonia rn , maSin:

                                                        

                                                           
( 1) ,

r
V r n V
2
2

= +

da 3.28 formula aseT saxes iRebs:

                                                               
.T n V

2
1

= +
 (3.29)

homogenuri funqciebisTvis (ix. gv. 62) eileris Teoremis gamoyenebiT cxadia, 

rom 3.29 formula vargisia, rodesac V  aris n 1+    xarisxis r -is homogenuri fun-

qcia. Zalebis Sebrunebuli kvadratebis kanonis SemTxvevaSi n 2=-  da virialis 

Teorema kargad cnobil formas iRebs:

                                                                  
.T V2

1=-
 (3.30)

   diferencialuri gantoleba orbitisTvis da integrebadi

                  xarisxovani potencialebi

centralur ZalebTan dakavSirebuli amocanebis amoxsnisas kargi iqneba, Tu 

Cveni msjelobis mimarTulebas SevcvliT. aqamde amocanis amoxsna r -is da i-is 

droze damokidebulebis funqciis povnas niSnavda, rodesac   ,E l  E da a.S. inte-

grebis mudmivebi iyvnen. sinamdvileSi yvelaze xSirad orbitis gantoleba anu r -

is i-ze damokidebuleba (t  drois gamoricxviT) gvWirdeba. centralur ZalebTan 

dakavSirebuli amocanebis amoxsnisas drois gamoricxva sakmaod advilia, vinaid-

an  t  sidide moZraobis gantolebebSi mxolod diferencirebis cvladis saxiT Se-

dis. marTlac, 3.8 moZraobis gantoleba dt  diferencialur cvlilebasa da Ses-

abamis di  cvlilebas Soris gansazRvrul damokidebulebas gvaZlevs:
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                                                        .l dt mr d2 i=                                    (3.31)

t -iT da i-iT warmoebulebs Soris Semdegi damokidebulebaa:

                                                         
.

dt
d

mr
l

d
d

2 i
=

 (3.32) 

  

es formulebi moZraobis 3.12 da 3.16 gantolebebis orbitis diferencialur 

gantolebaSi gardaqmnisTvis gamoiyenebian. 3.12 formulaSi Casma meore rigis 

diferencialur gantolebas gvaZlevs, xolo 3.17 formulaSi CasmiT pirveli ri-

gis diferencialur gantolebas miviRebT.

3.12 formulaSi Casma gvaZlevs:

                                             ( ),
r
l

d
d

mr
l

d
dr

mr
l f r2 2 3

2

=
i i

-c m  (3.33)

Tu /u r1=  aRniSnvnas SemoviRebT da Sedegebs potencialis saSualebiT 

gamovsaxavT:

                                                  .
d
d u u

l
m

du
d V

u
1

2

2

2+ =
i

- a k  (3.34)

3.34 formulidan miRebuli orbita ori mimdebare Semobrunebis wertilisad-

mi simetriulia. amis dasamtkiceblad yuradReba mivaqcioT, rom Tu orbita si-

metriulia, maSin is mobrunebis kuTxis mimarTulebis mimarT cvlilebis gareSe 

unda aireklos. Tu koordinatebis arCevis Sedegad Semobrunebis wertilia 0i =
, maSin arekvla maTematikurad i-s nacvlad i- -iT CasmiT gamoisaxeba. orbitis 

diferencialuri gantoleba (3.34 formula) amgvari Casmisas ucvlelia. qvemoT 

mocemuli sawyisi pirobebic ar icvlebian:

                                               
( ), ( ) , ,u u

d
du0 0 00i

i= = =

aqedan gamomdinare, orbitis gantoleba i-ebSi da i- -ebSi erTi da igivea, rac 

CvenTvis sasurveli daskvnaa. orbita apsidaluri veqtorebis mimarT arekvli-

sas ucvlelia. es niSnavs, rom sruli orbitis gavleba SeiZleba, Tu nebismier or 

Semobrunebis wertils Soris orbitis monakveTi viciT. mocemuli monakveTis erT-

erTi apsidaluri veqtoris garSemo arekvla orbitis mimdebare nawilis gaCenas 

iwvevs da es procesi orbitis dasrulebamde mravaljer meordeba (ix. sur. 3.12).

 orbitis gantolebis miReba nebismieri Zalis kanonisTvis 3.17 amonaxsnidan 

3.31 formulis daxmarebiT t -s gamoricxviT SeiZleba:

                                                 ( ( ) )
.d

mr E V r

l dr

m mr

l2 2

2 2

2
i =

- -  (3.35)   
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mcireodeni gardaqmnebis Semdeg 3.35 formulis integrali aseT saxes miiRebs:

                                                ,
r

dr

l

mE

l

mV

r
r

r

2 2 2 1
0

2 2 2
0

= +i i
- -

#  (3.36)   

Tu integrebis cvladia u r1= , maSin:

                                                 .
u

du

l

mE

l

mVu

u

0
2 2 2

2 2
0

=i i -
- -

#  (3.37)   

sur. 3.12. orbitis ageba misi monakveTis arekvlis Sedegad 

apsidaluri veqtorebis mimarT.

moZraobis gantolebis msgavsad, 3.37 formulac yovelTvis ar aris praqtiku-

lad sasargeblo amonaxsni, vinaidan integrali kargad cnobili funqciebis saSu-

alebiT yovelTvis ar gamoisaxeba. realurad, ZalTa kanonebis mxolod garkveu-

li saxeobebia gamokvleuli. yvelaze ufro mniSvnelovani  r -is xarisxovani 

funqciebia:

                                                                    V arn 1
= +  (3.38)   

rodesac Zala r -is n    xarisxzea damokidebuli4∗. amgvari potencialis piro-

bebSi 3.37 formula aseT saxes iRebs :  

                                  

                                              .
u u

du

l

mE

l

ma n
u

u

2 2 1 2
2 2

0

i i= -
- -- -

#  (3.39)   

 

4 n 1=-  SemTxveva ar ganixileba. amgvari mdgomareoba .3.38 formuliT mocemul potencial-
Si potencialis mudmivobas anu Zalis ararsebobas niSnavs. aseve anomaluri mdgomareobaa, 
rodesac xarisxis maCvenebeli Zalis kanonSi pirdapir gamoiyeneba, vinaidan r 1-  saxiT cva-
lebadi Zala logariTmul potencials Seesabameba, rac xarisxovani kanoni saerTod ar aris. 
logariTmuli potenciali wertilis garSemo moZraobisas Cveulebrivi ar aris da is ufro 

wiriT wyaros miesadageba. 
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3.39 formula martivi funqciebis saSualebiT integrebadi mxolod garkveul 

SemTxvevebSia. xarisxis maCveneblebi, rodesac Sedegebi trigonometriuli fun-

qciebis saSualebiT SeiZleba gamoisaxon, Semdegebia:

                                                           
, .n 1 2 3=- - -

Semdeg mniSvnelobebisTvis miRebuli integralebis Sedegebi elifsuri fun-

qciebis saSualebiT SeiZleba gamoisaxon:

                                                   , , , , ,n 5 3 0 4 5 7= - - -

zemoT moyvanili mniSvnelobebi xarisxis mTeli maCveneblisTvis warmoad-

genen yvela im SesaZleblobas, rodesac integrali martivi da kargad cnobili 

funqciebis saSualebiT SeiZleba gamoisaxos. wilad maCveneblebs elifsur fun-

qciebamde mivyavarT, xolo bevri sxva maCvenebeli hipergeometriuli funqciebis 

saSualebiT gamoisaxeba. trigonometriuli da elifsuri funqciebi zogadi hi-

pergeometriuli funqciebis integralebis kerZo SemTxvevebia. 3.39 formulis 

ricxobrivi integreba nebismieri arapaTologiuri potencialisTvis SeiZleba, 

Tumca es Cveni ganxilvis sagani ar aris.

    pirobebi Caketili orbitebisTvis (bertranis Teorema)

Cven jer kidev ar migviRia sakmarisi informacia eqvivalenturi erTganzo-

milebiani amocanidan an orbitis gantolebidan moZraobis cxadad amoxsnis ga-

reSe. mimzidveli centraluri Zalebis garkveuli saxeobebisTvis, romlebic 

Caketili orbitebis gaCenas iwveven,  SesaZlebelia Zlieri da saintereso Teo-

remis miiReba.

Caketili orbitis erTi saxeobis, kerZod centraluri Zalis centris  garSemo 

gavlebuli wris, arsebobis pirobebi ukve moviyvaneT. nebismieri mocemuli l-

isTvis orbita Caketili iqneba, Tu ( )V r'  potencials raime r0  manZilze minimumi 

an maqsimumi gaaCnia da E V r0= l^ h E.    V l-is eqstremumis arsebobisTvis r0-Si f' unda 

nulis toli iyos, rac adre miRebuli pirobis identuria (ix. 3.3 paragrafi):

                                                         ( ) ,f r
mr
l

0

0
3

2

=-  (3.40)

 am pirobis Tanaxmad, wriuli orbitebis arsebobisTvis Zala mimzidveli unda iyos. 

garda amisa, nivTieri wertilis energia Semdegi formuliT unda gamoiTvlebodes:

                                                     
( ) ,E V r

mr
l

2
0

0
2

2

= +
 (3.41)
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 3.41 formulidan gamomdinare, wriuli orbitis arsebobisTvis r  nulis toli 

unda iyos. 3.40 da 3.41 formulebi sakmaod martivebi da kargad cnobilebia. isini 

gvauwyeben, rom nebismieri mimzidveli centraluri Zalis pirobebSi raime r0   ra-

diusze wriuli orbita iarsebebs, Tu l  sidide 3.40 formuliT, xolo nivTieri 

wertilis energia 3.41 formuliT gamoiTvleba. 

wriuli orbitis Tviseba damokidebulia imaze, V l-s eqstremumi minimumia (ro-

gorc 3.8 suraTze), Tu maqsimumi (rogorc 3.9 suraTze). Tu energia l-is mocemuli 

mniSvnelobis pirobebSi wriuli orbitisTvis saWiro raodenobas aRemateba, ma-

Sin V l-is minimumisTvis moZraoba wriuli aRar, magram mainc SemosazRvruli iqne-

ba. Tu V l maqsimums avlens, maSin El-s wriuli mniSvnelobaze odnav gadaWarbebis 

SemTvevaSic ki moZraoba SemousazRvreli iqneba, xolo nivTieri wertili Zalis 

centris gavliT da Semdeg usasrulobisken imoZravebs. statikuri wonasworo-

bis terminologiis Tanaxmad, 3.8 suraTze gamosaxuli wriuli orbita mdgradia, 

xolo 3.9 suraTze gamosaxuli orbita aramdgradia. wriuli orbitis mdgrado-

bas, wris radiusze V l-s meore rigis warmoebulis niSani gansazRvravs. dadebi-

Ti meore rigis warmoebulis SemTxvevaSi (maRla azneqili V l ) orbita mdgradia, 

xolo uaryofiTi niSnis SemTxvevaSi (dabla Cazneqili V l) orbita aramdgradia. 

mdgradi orbita maSin arsebobs, rodesac:

                                                0.
r
V

r
f

mr
l3

r r r r
2

2

0
4

2

0 02
2

2
2

2= +-
= =

l
 (3.42)

3.40 formulis saSualebiT es piroba asec SeiZleba Caiweros:

                                                           
( )

,
r
f

r
f r3

r r 0

0

02
2

1-
=

 (3.43)

                                 an

                                                           
ln
ln

d r
d f

3r r0 2; -=      (3.43’)

sadac ( )/f r r0 0  miCneulia uaryofiTad da 3.40 formulis r0-ze ganayofia. Tu 

Zala r0  wriuli radiusis maxloblad r -is xarisxis saxiT iqceva   

                                                                    ,f krn
=-

maSin stabilurobis piroba ase Caiwereba:

                                                            knr kr3n n1 11- - -

                                 anu                            
,n 32-

sadac k  miCneulia dadebiTad. xarisxovan mimzidvel potencials, romelic 

/r1 2-ze nelad icvleba, r0-is yvela SesaZlo mniSvnelobisTvis mdgradi wriuli 

orbitis Seqmna SeuZlia.
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Tu wriuli orbita mdgradia, maSin nivTieri wertilis energiis wriuli or-

bitisTvis saWiro mniSvnelobaze metad gazrda r -is mcireoden cvlilebas gamoi-

wvevs r0-is mimarT. 3.34 formulidan iolad mtkicdeba, rom wriulobis pirobebi-

dan amgvari mcire gadaxrebis dros nivTieri wertili u0-is mimarT ( / )u r1/ -Si 

martiv harmoniul moZraobas asrulebs:  

                                                             .cosu u a0 bi= +                         ( 3.45)

a  aris wriuli orbitebisTvis saWiro energiis mniSvnelobidan gadaxraze 

damokidebuli amplituda, xolo b  - r0  radiusis wriuli orbitis midamoSi ( )f r  

Zalis kanonis teiloris mwkrivad gaSlidan miRebuli sidide. Zalis kanonSi 

pirdapiri Casma mogvcems:

                                                             .
f
r

dr
df

3 r r
2

0;b = + =  (3.46)

rodesac nivTieri wertilis radius-veqtori mTlian sibrtyes Semowers, u 

rxevis b  ciklebs gadis (ix. sur. 3.13). Tu b  racionaluri ricxvia da /p q    mTeli 

ricxvebis Sefardebaa, maSin radius-veqtoris q-jer Semobrunebis Semdeg orbi-

ta sakuTari Tavis Semoweras iwyebs da maSasadame Caketilia.

 r0-is yvela im mniSvnelobisTvis, rodesac 3.43 utoloba sruldeba, nivTieri 

wertilisTvis 3.40 da 3.41 formulebiT gamosaxuli sawyisi energiis da kuTxuri 

impulsis miniWebis Sedegad mdgradi wriuli orbitis Seqmna SeiZleba. 

Cndeba SekiTxva: ra forma unda miiRos Zalis kanonma, raTa nebismieri amgvari 

wriuli orbitis garSemo mcireoden SeSfoTebuli orbita Caketili iyos? 

cxadia, aseT pirobebSi b  ara mxolod racionaluri ricxvi, aramed yvela Sesa-

Zlo manZilze, romelzec wriuli orbitis arseboba SesaZlebelia, erTi da igive 

racionaluri ricxvi unda iyos. sxva SemTxvevaSi b-s mxolod wyvetili mniSvnelo-

bebi SeiZleba hqondes da rxevis periodebis ricxvi r0-Tan erTad diskretulad 

Seicvleba, xolo diskretulobis pirobebSi Caketili orbita ver iarsebebs. 

rodesac 2b  yvelgan mudmivia, misi ganmsazRvreli 3.46 formula f  Zalis kan-

onis r0  damoukidebel cvladSi mocemuli diferencialuri gantoleba xdeba.

3.46 formula marTlac SeiZleba r -is saSualebiT gamoisaxos, Tu gaviTval-

iswinebT, rom es formula r -is mniSvnelobaTa mxolod im areSia gamosadegi, sa-

dac mdgradi wriuli orbitebis arseboba SesaZlebelia. 3.46 formulis mcire-

odeni gardaqmnis Sedegad miviRebT:

                                                              ,
ln
ln

d r
d f

32b= -  (3.47)

es formula vaintegroT da Zalis kanons miviRebT:

                                                              
( ) .f r

r
k

3 2b
=-

-  (3.48)
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sur. 3.13. centralur ZalaSi arsebuli moZraobis orbita, 

romelic 5b =  SemTxvevaSi arsebuli wriuli orbitidan 

mcireoden gadaxrilia

aseTi formis Zalis yvela kanoni, rodesac b  racionaluri ricxvia, wriuli 

orbitisTvis saWiro pirobebisgan odnav gansxvavebuli sawyisi pirobebis SemTx-

vevaSi stabilur Caketil orbitebs gvaZlevs. 3.48 formuliT nebadarTulia Za-

lis Sebrunebuli kvadratebis kanoni  ( 1/b ) da mravali sxva SemTxveva, magali-

Tad ( ),f kr /2 9

3
5b=- =-

davuSvaT, sawyisi pirobebi wriuli orbitebisTvis aucilebeli pirobebisgan 

sakmarisad gansxvavdebian. mogvcemen Tu ara Zalis igive kanonebi wriul orbit-

ebs? SekiTxvas pasuxi gaecema, Tu Zalis kanonis teiloris mwkrivad gaSlaSi dam-

atebiT wevrs SevitanT da miRebul orbitis gantolebas amovxsniT.

j. bertranma es amocana 1873 wels amoxsna da aRmoaCina, rom wriulobidan 

pirveli rigze ufro maRali gadaxris SemTxvevaSi orbitebi mxolod maSin arian 

Caketilebi, rodesac 12b =  da 42b = . pirveli mniSvneloba Sebrunebuli kvad-

ratebis kanons gvaZlevs, xolo meore mniSvneloba radialuri manZilisadmi pro-

porciuli mimzidveli Zala anu hukis kanonia. 

Zalis mxolod am kanonebs SeuZliaT l-is da E E-s (EE<0) nebismieri kombinaci-

is pirobebSi Caketili orbitebis warmoqmna da orbitis gantolebis pirdapiri 

amonaxsnidanac igive daskvnas viRebT. aqedan gamomdinare, bertranis Teorema 

ase JRers: yvela bmuli nivTieri wertilisTvis mxolod Caketili orbitebis 

momcem centralur Zalebs mxolod Sebrunebuli kvadratebis kanoni da hu-

kis kanoni warmoadgenen.

bertranis Teorema sakmaod mniSvelovania da misi miRebisTvis saWiro, mosawy-

eni algebruli gardaqmnebi namdvilad Rirs Zalisxmevad. Cveulebrivi astrono-

miuli dakvirvebebis mixedviT, ciuri sxeulebi orbitebze moZraoben da es or-
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bitebi pirvelis rigis miaxloebis Tanaxmad Caketilebia. umetes SemTxvevaSi, 

Caketili orbitidan mcire gadaxra sxva sxeulebis arsebobas miewereba. 

Caketili orbitebi sayovelTaod gavrcelebulebia mzis sistemasa da or-

mag varskvlavebSi. hukis kanoni yvela manZilisTvis gamosadegi Zalis kanonis 

yvelaze ufro ararealuri formaa, vinaidan masSi Semavali Zala usasrulobamde 

izrdeba. sawyisi pirobebis did areSi arsebuli Caketili orbitebi gvaZleven 

daskvnis saSualebas, rom mizidulobis Zala manZilis Sebrunebuli kvadratebis 

mixedviT icvleba.

igive daskvna sxva sityvebiTac SegviZlia CamovayaliboT. sibrtyeze orbitu-

li moZraoba ori rxeviTi moZraobisgan Sedgeba. erTi maTgani r -iT xdeba, xolo 

meore i-iT da maTi periodebi erTmaneTis tolebia. gravitaciul velSi arse-

buli orbitebis maxasiaTebeli Tvisebebi Zalis kanonis formas afiqsireben. 

    kepleris amocana: Zalebis Sebrunebuli kvadratebis kanoni

 Sebrunebuli kvadratebis kanoni centraluri Zalebis kanonebidan yvelaze 

ufro mniSvnlovania da detalur Seswavlas saWiroebs. am kanonis pirobebSi Zala 

da potenciali aseT saxiT Caiwerebian:

                                                       .f
r
k V

r
k

2=- =-  (3.49)

orbitis gantolebis integreba ramdenime gziT SeiZleba da maTgan umartive-

si 3.49 formulis orbitis diferencialur gantolebaSi (3.33) formulais Casmaa. 

aseve SegviZlia 3.39 formulidan daviwyoT da mizidulobis ZalisTvis n  sidide 

-2-s gavutoloT:

                                           ,

l
mE

l
mku

du
2 2 u2

2 2

=
+

i i -
-

l #  (3.50)

sadac integrali ganusazRvrelia. 3.50 formulaSi Semavali il sidide sawyisi 

pirobebiT gansazRvruli integrebis mudmivaa da t 0=  drois momentis 0i  sawy-

isi kuTxis toli SeiZleba ar iyos. es ganusazRvreli integrali standartuli 

formisaa:

                               
,arccos

x x

dx

q

x1 2
2

+ +
=

+

a b c c

b c

-
-#

 (3.51)

sadac:

                                                            .q 42b ac= -

vidre 3.50 formulas mivusadagebT, Semdegi ram gaviTvaliswinoT:
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, ,

l
mE

l
mk2 2 12 2a b c= = =-

 (3.52)

xolo q  diskriminantia:

                                                         1 .q
l
mk

mk
El2 2

2

2

2

2

= +b bl l  (3.53)

Casmebis Semdeg 3.50 formula aseT saxes miiRebs:

                                                     .arccos
1

1

mk
El

mk
l u

2 2

2

=
+

i i -
-l  (3.54)

sabolood ( )u r1/ -sTvis amovxsnaT da orbitis gantoleba iqneba:

                                        1 ( ) .cos
r l

mk
mk
El1 1 2

2 2

2

= + + i i- lc m  (3.55)

 

3.55 formulis Tanaxmad, integrebis 'i  mudmiva orbitis Semobrunebis erT-

erTi kuTxea. yuradReba miaqcieT, rom orbitis gantolebaSi integrebis oTxi 

mudmivadan mxolod sami Sedis da orbitas es yovelTvis axasiaTebs. meoTxe mud-

miva orbitaze nivTieri wertilis sawyis mdebareobas gansazRvravs. Tu mxolod 

orbitis gantoleba gvainteresebs, maSin es informacia usargebloa da pasuxSic 

ar Cans. rodesac sruli amonaxsnis povna anu r -is da i-is drois funqciebis saxiT 

gamoTvla gvsurs, gamotovebuli mudmiva saWiroa. aqedan gamomdinare, Tu impul-

sis momentis Senaxvis Teoremas,

                                                              ,mr d l dt2 i =

 3.55 formulis saSualebiT vaintegrebT, 0i  sawyisi kuTxe damatebiT unda gan-

vsazRvroT.

konusis zogadi gantoleba, rodesac erTi fokusi aTvlis saTaves emTxveva, 

iqneba:

                                                    
( ) ,cos

r
C e1 1= + i i- l6 @

 (3.56)

sadac e  aris konusuri kveTis eqscentrisiteti. 3.55 formulasTan Sedarebi-

dan gamomdinare, orbita yovelTvis konusuri kveTaa da misi eqscentrisitetia:

                                                            .e
mk
El1 2

2

2

= +  (3.57)

 

orbitis buneba e  sidideze Semdegi sqemis mixedviT aris damokidebuli: 

                                                           :e E1 02 2                     hiperbola,

                                                           1 0:e E= =                      parabola,
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E                                                         , :e E1 01 1                    elifsi,

                                               

                                                     , :e E
l

mk0
2 2

2

= =-            wrewiri.

 orbitebis aseTi klasifikacia eqvivalenturi erTganzomilebiani V' poten-

cialis energiis grafikze mocemuli orbitebis xarisxobriv ganxilvasTan Ses-

abamisobaSia. wriuli moZraobisTvis saWiro piroba amjerad odnav gansxvavebuli 

formiTaa warmodgenili, magram misi miReba wriulobis adre moyvanili pirobebi-

dan iolad SeiZleba. wriuli orbitis SemTxvevaSi T  da V  droSi mudmivebia da 

virialis Teoremidan gamomdinare:            

                                              
.E T V V V V

2 2
/ + =- + = maSasadame:L

                                                              
.E

r
k

2 0
=-

                                       

  (3.58)  

3.41 formulidan anu centralur Zalasa da `efeqtur Zalas~ Soris wonas-

worobis mtkicebidan gamomdinare:

                                                                  

                                                                 
,

r
k

mr
l

0
2

0
3

2

=

                                             anu

                                                                   
.r

mk
l

0

2

=  (3.59)  

 orbitis radiusisTvis amgvari formulis miRebis Semdeg 3.58 formula gva-

Zlevs:                                      

                                                                 ,E
l

mk
2 2

2

=-

swored es aris wriuli moZraobisTvis saWiro piroba.

elifsuri orbitis SemTxvevaSi SegviZlia davamtkicoT, rom didi RerZi mx-

olod energiazea damokidebuli da am Teoremas boris atomis TeoriaSi didi 

mniSvneloba aqvs. didi naxevarRerZi r1 da r2  apsidaluri manZilebis naxevarjamia 

(ix. sur. 3.6). gansazRvrebis Tanaxmad, radialuri siCqare am wertilebSi nulis 

tolia da energiis Senaxvidan gamomdinare, apsidaluri manZilebi Semdegi gan-

tolebis fesvebia (3.15 formula):  

                                                        
,E

mr
l

r
k

2
02

2

- + =

                        anu                         
.r

E
k r

mE
l

2
02

2

+ - =
 (3.60)  

kvadratuli gantolebis wrfivi wevris koeficienti sawinaaRmdego niSniT 

fesvebis jamis tolia. aqedan gamomdinare, didi naxevarRerZia:
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.a r r

E
k

2 2
1 2= =-+  (3.61)  

yuradReba miaqcieT, rom wriul zRvarSi 3.61 formula 3.58 formulasTan 

SesabamisobaSia. elifsis eqscentrisiteti didi  naxevarRerZis saSualebiT ase 

SeiZleba Caiweros:

                                                           ,e
mka

l1
2

= -  (3.62)  

3.62 formulis saSualebiT Semdeg gamosaxulebas viRebT:

                                                            
( ),

mk
l a e1

2
2

= -
 (3.63)  

3.63 formulis daxmarebiT elifsuri orbitis gantoleba (3.55 formula) ase 

Caiwereba:

                                                      .
cos

r
e

a e

1

1 2

i i
=

+ -

-
l^

^

h

h  (3.64)  

3.64 formulidan gamomdinare, apsidaluri manZilebi (romlebic maSin gvxvde-

ba, rodesac i i- l    0-is da r-is tolia) ( )a e1 - -is da ( )a e1 + -is tolebia, rac 

elifsis Tvisebebidan gamomdinare, mosalodnelic iyo.

 

sur. 3.14. erTi da igive didi naxevarRerZebis 

da 0-dan 0,9-mde eqscentrisitetebis mqone elifsebi

3.14 suraTze gamosaxulia erTi da igive a didi naxevarRerZis da erTi da igive 

energiis mqone oTxi elifsuri orbita. orbitebis eqscentrisitetebia f=0; 0,5; 

0,75 da 0,9. 3.15 suraTze gamosaxulia, Tu rogor arian r1 da r2  damokidebulni f  

eqscentrisitetze.
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nivTieri wertilis VzsiCqaris veqtori elifsuri traeqtoriis gaswvriv 

/p mr rr = =o o  radialur komponentad da /r l mr= =o ii
o  kuTxur komponentad 

SegviZlia davSaloT:

                                                          .V rr= +o o iz it t

sur. 3.15. normalizebuli r1 (qveda wrfe) da r2  (zeda wrfe) 

apsidaluri manZilebis damokidebuleba f   eqscentrisitetze

/(1 )sin0
2

r =o fo i f-  modulis radialuri komponenti or apsidalur man-

Zilze nulis toli xdeba, xolo oi  maqsimalur mniSvnelobas perihelionze  da 

minimalur mniSvnelobas afelionze iZens. 3.1 cxrilSi apsidalur manZilebze 

arsebuli kuTxuri siCqareebi ramdenime eqscentrisitetisTvisaa CamoTvlili. 

3.16 suraTze siCqaris ro  radialuri komponentis r  radius-veqtorze damokideb-

ulebis grafiki naxevarciklisTvisaa gamosaxuli, rodesac ro  gareT aris mimar-

Tuli anu dadebiTia. darCenili naxevarciklis ganmavlobaSi ro  uaryofiTia da 

3.16 suraTis grafiki 0-ze mcire mniSvnelobaTa areSi meordeba (ar aris naCvenebi). 

3.17 suraTze gamosaxulia kuTxuri siCqaris Vi  komponentis i  kuTxeze damokide-

bulebis analogiuri grafiki. es grafikebi da cxrilSi mocemuli siCqareebi a  

didi naxevarRerZis da a  radiusis wris mqone elifsur orbitebisTvis impulsis  

momentis mudmivobis l mr mrv ma mav2 2
0 0= = = =i ii

o o
 tolobebidan miRebuli v0   

da 0i  sidideebisadmi normalizebulebia. 
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cxrili 3.1  io  da v r= ii
o  normalizebuli kuTxuri siCqareebi perihelionSi  r1 da 

afelionSi r2  sxvadasxva eqscentrisitetebis f  mqone kepleris orbitebisTvis. 

perihelionSi da afelionSi normalizebuli radialuri manZilebi meore da mesa-

me svetebSia CamoTvlili. normalizeba a  radiusis wreze da .l mav ma0
2

0= = io  

impulsis momentis pirobebSi moZraobisadmi xdeba.

eqscentri-

siteti

perihe-

lioni
afelioni

kuTxuri 

siCqare

wrfivi kuTxuri 

siCqare

/r a1 /r a2

1θ / 0θ 2θ / 0θ
υθ1/υ0 υθ2/υ0

ε 1-ε 1+ε 1/(1-ε)2 1/(1+ε)2 1/(1-ε) 1/(1+ε)

0 1 1 1 1 1 1

0,1 0,9 1,1 1,234 0,826 1,111 0,090

0,3 0,7 1,3 2,041 0,592 1,429 0,769

0,5 0,5 1,5 4 0,444 2 0,667

0,7 0,3 1,7 11,111 0,346 3,333 0,588

0,9 0,1 1,9 100 0,277 10 0,526

sur. 3.16. normalizebuli radial-

uri vr  siCqaris r -ze damokidebulebis 

grafikebi f   eqscentrisitetis sami 

mniSvnelobisTvis
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sur. 3.17. normalizebuli orbituli vi  siCqaris i-ze damokidebulebis 

grafikebi f   eqscentrisitetis sami mniSvnelobisTvis

   droSi moZraoba kepleris amocanaSi

centraluri Zalis Sebrunebuli kvadratebis kanoniT mocemuli moZraobis 

orbituli gantoleba sakmaod martivad SeiZleba amoixsnas da miRebuli Sede-

gebi aseve martivad gamoisaxon. droSi moZravi nivTieri wertilis moZraobis 

aRwera, rodesac is orbitas Semowers, ufro rTulia. nivTieri wertilis r  ra-

dialur manZilsa da dros (raime sawyis wertilis mimarT) Soris damokidebuleba 

3.18 formuliT moicema, romelic Semdeg saxes iRebs:

 

                                                 .t m

E

dr
2

r
k

mr

lr

r

2 2

2

0

=
+-

#  (3.65)

 

i   polaruli kuTxe da dro erTmaneTs impulsis momentis Senaxvis saSuale-

biT ukavSirdebian:

                                                              ,dt
l

mr d
2

i=

am formulis orbitis 3.55 gantolebasTan gaerTianeba gvaZlevs:

                                             
(

.
cos

t
mk
l

e
d

12

3

2
0

=
+ i i

i
-i

i

l6 @
#  (3.66)
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orive integralis gamoTvla elementaruli funqciebis saSualebiT SeiZleba. 

miuxedavad amisa, formulebi sakmaod rTulebia da maTi saSualebiT r -is an i-

is t  droze damokidebulebis funqciad gamoTvla sakmaod did siZneleebTan aris 

dakavSirebuli, gansakuTrebiT maSin, rodesac magaliTad astronomiuli dak-

virvebisaTvis gamoTvlebis maRali sizustea saWiro. 

sirTuleebis ukeT dasanaxad paraboluri moZraoba ( )e 1=  ganvixiloT, 

rodesac integreba yvelaze ufro iolia. brtyeli polaruli kuTxe maqsimaluri 

miaxloebis wertilis radius-veqtoridan avTvaloT. am wertils perihelions 

uwodeben5. aseTi aRniSvnis SemTxvevaSi orbitis 3.56 gantolebaSi Semavali il nu-

lis tolia. Sesabamisad, dro perihelionze gavlis T  momentidan izomeba. gamov-

iyenoT Semdegi trigonometriuli igiveoba:

                                                          ,cos cos1 2
2

2i i
+ =

paraboluri moZraobisTvis 3.66 formula aseT saxes miiRebs:

                                                          
.sect

mk
l d

4 22

3
4

0

i i=
i# 

integrebis procesi gamartivdeba, Tu cvladad ( / ),tanx 2i=  aviRebT:

                                                  
( ) ,t

mk
l x dx

2
1

( / )tan

2

3
2

0

2

= +
i#

                              anu

                                                  
( .tan tant

mk
l

2 2 3
1

22

3
3i i

= +
 (3.67)

 

am formulaSi ,1 1r i r-  sadac nivTieri wertili usasrulod moSorebu-

li i r=-  mdebareobidan t " 3-  drois momentSi gamodis. t 0=  dro 0i =  md-

gomareobas Seesabameba da am dros nivTieri wertili perihelionzea. da bolos 

t " 3+  Seesabameba "i r  mdgomareobas, rodesac nivTieri wertili usasrulod 

Sors gadaadgildeba. es aris t -is i-ze damokidebulebis pirdapiri funqcia. mo-

cemuli drois momentisaTvis i-s gamosaTvlelad kuburi gantoleba ( / ),tan 2i
5 es termini mxolod mzis garSemo arsebul orbitebze unda vrceldebodes, xolo ufro 

zogadi terminia periapsisi. miuxedavad amisa, Zalis centris mdebareobis miuxedavad 
dResdReobiT swored termin perihelions xmaroben. mTvaris garSemo kosmosuri xomaldis 
moZraobis SemTxvevaSic ki orbituli parametrebis aRwerisas perihelions iyeneben, Tumca 
ufro zusti termini pericintionia.
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-sTvis unda amovxsnaT da Semdeg Sesabamisi arqtangensi movZebnoT. mocemuli 

drois momentisaTvis arsebul radialur manZils orbituli gantoleba iZleva. 

elifsuri moZraobisas 3.65 formulis integreba } pirobiTi cvladiTaa mosax-

erxebeli, romelsac eqscentriuli anomalia 6  ewodeba da ase ganisazRvreba:

                                                          ( ).cosr a e1 }= -

3.68 formulis orbitis 3.64 gantolebasTan Sedareba cxadyofs, rom } aseve 

0-dan 2r-mde Sualeds faravs, rodesac i  srul bruns Semowers. perihelioni 

0} =  wertilSia (sadac 0i = ), xolo afelioni .} r i= =  wertilSi. 

E E da l-i gamovsaxoT a-s, e-s da k-s saSualebiT da 3.65 formula elifsuri 

moZraobisTvis ase Caiwereba:

                                           ,t
k

m

r

rdr
2 ( )

a
r a er

r

2 2

12 2

0

=
- - -

#  (3.69)

sadac r0  perihelionis manZilia. 3.68 formulidan r }-s saSualebiT gamovsax-

oT da gardaqmnebis Semdeg integrali gamartivdeba:

                                          ( ) .cost
k

ma e d1
3

0

= } }-
}#  (3.70)

 

3.70 formula elifsuri moZraobis x  periodis gamosaxulebas gvaZlevs, Tu 

integreba }-is cvlilebis 2r  srul areSi:

                                                        
.a

k
m2 /3 2x r=

 (3.71)

 

aseve mniSvnelovani Sedegebs viRebT elifsis Tvisebebidan. impulsis momen-

tis Senaxvidan gamomdinare, seqtoruli siCqare mudmivia da Semdegi formuliT 

gamoiTvleba:

                                                      .
dt
dA r

m
l

2
1

2
2

= =io  (3.72)

 

orbitis A farTobi A  3.72 formulis mTliani x  periodisTvis integrebis 

Sedegad gamoiTvleba:

                                                   
.

dt
dA dt A

m
l
20

x
= =

x#
6 Sua saukuneebSi moRvawe astronomebi kuTxur moZraobas Tanabrad miiCnevdnen. perihelio-

nis ukanasknelad gavlis Semdeg aTvlili kuTxe saSualo kuTxuri siCqaris (2p/periodi) 
droze gamravlebis Sedegad gamoiTvleboda da mas saSualo anomalia ewodeboda. saSualo 
anomaliis saSualebiT eqscentriul anomalias Tvlidnen da Semdeg mas namdvili anomaliis 
gasagebad iyenebdnen. ∗ kuTxes dResdReobiTac namdvili anomalia ewodeba.
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 elifsis farTobia:

                                                              
,A abr=

 sadac, eqscentrisitetis gansazRvrebis Tanaxmad, b  mcire naxevarRerZsa a-s 

Soris Semdegi damokidebulebaa:

                                                              .b a e1 2
= -

3.62 formulis saSualebiT mcire naxevarRerZi asec SeiZleba gamoisaxos:

                                                               
,b a

mk
l/1 2

2

=

da amitom periodia:

                                         2 .
l
m a

mk
l a

k
m2 / /3 2

2
3 2

= =x r r

3.71 formulis Tanaxmad, periodis kvadrati didi naxevarRerZis kubis pro-

porciulia, Tu yvela sxva sidide erTnairia. am daskvnas xSirad kepleris mesame 

kanons uwodeben7. kepleri mzis mizidulobis velSi moZrav planetebs akvirdebo-

da. kepleris mesame kanoni ufro zustad ase JRers: sxvadasxva planetebis peri-

odebis kvadrati maTi didi RerZebis kubis proporciulia. kanonis amgvari 

forma mxolod miaxloebiT aris WeSmariti. gaixseneT, rom mzis garSemo planetis 

moZraoba or sxeulTan dakavSirebuli amocanaa da 3.71 formulaSi m  masa day-

vanili masiT unda Seicvalos:

                                                                 ,
m m
m m

1 2

1 2n =
+

sadac m1 planetis masad miviCnieT, xolo m2  mzis masad. amasTan erTad mizid-

ulobis gravitaciuli kanonia:

                                                               ,f G
r

m m
2

1 2=-

ase rom k  mudmivaa:

                                                                  .k Gm m1 2=

amgvar pirobebSi 3.71 formula aseT saxes miiRebs:

7 planetebis moZraobasTan dakavSirebuli kepleris sami kanoni daaxloebiT 1610 wels gamo-
qveynda da maT safuZvlad planetebze Catarebuli dakvirvevebi edoT. igive kanonebma 
safuZveli niutonis didebul aRmoCenebs Cauyares. seqtoruli siCqaris mudmivobis Ses-
axeb kepleris meore kanoni centraluri ZaliT gamowveuli moZraobis zogadi Teoremaa. ke-
pleris pirveli kanoni mzis garSemo planetebis elifsur moZraobis Sesaxebaa, romlis erT 
fokusSi mze mdebareobs, xolo kepleris mesame kanoni mxolod Sebrunebuli kvadratebis 
kanonis Zalebze vrceldeba. 
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( )

,
G m m

a

Gm

a2 2/ /

1 2

3 2

2

3 2

c=
+

x r r  (3.74)

 

Tu planetis masas mzis masasTan SedarebiT umniSvnelod miviCnevT. kepleris 

mesame kanoni 3.74 formulis miaxloebiTi versiaa, vinaidan am formulis Tanax-

mad, x  proporciulia a /3 2-isadmi da proporciulobis mudmiva yvela planetisT-

vis erTnairia. miuxedavad zemoTqmulisa, planetis m1 masa mzis masasTan Sedare-

biT yovelTvis umniSvnelo ar aris. magaliTad, iupiteris masa mzis masis mxolod 

0,1%-ia. kepleris mesame kanoni sruliad WeSmaritia boris atomis eleqtronebis 

orbitebisTvis, vinaidan n  da k  mocemuli atomis yvela orbitisTvis Tanabaria.

 elifsuri orbitisTvis droSi mdebareobis amocanaze dabrunebisTvis 3.70 

formula xelaxla gadavweroT da  ~  brunvis sixSire ase gamovsaxoT:

                                                        .
ma

k2
3~ x

r
= =  (3.75)

3.70 formulaSi integreba Zalian advilia da Semdeg formulas gvaZlevs:

                                                         
,sint e~ } }= - 

romelsac kepleris gantoleba ewodeba. t~  sidide }-sTan da i-sTan erTad 

0-dan 2r-mde SualedSi icvleba sruli orbituli brunis Sedegad da amitom isic 

anomaliaa, kerZod saSualo anomaliaa.

 t  mocemul droSi orbitaze mdebareobis dasadgenad kepleris 3.76 gantoleba 

unda SevabrunoT, raTa Sesabamisi } eqscentruli anomalia miviRoT. amis Semdeg 

3.68 formula radialur manZils mogvcems, xolo 3.68 formulis da 3.64 formu-

lis Sedarebis Sedegad i  polaruli kuTxe }-s saSualebiT gamoisaxeba:

                                                  
.cos

cos
e

e
e1

1
1 2

i
}+ =

-
-

 

algebruli gardaqmnebis Sedegad miviRebT:

                                                        .cos
cos

cos
e

e
1

i
}

}
=

-
-

 (3.77)

 Tu 3.77 formulis orive mxares TanmimdevrobiT davumatebT da gamovaklebT 

erTs da Sedegad miRebuli or formulis Sefardebas aviRebT, aseTi saxis for-

mulas miviRebT:

                                                     .tan tan
e
e

2 1
1

2
i }

=
-
+  (3.78)

 

Tu } cnobilia, i  kuTxes rogorc 3.77, aseve 3.78 formula gvaZlevs. kepler-

is transcendenturi gantolebis (3.76 formula) amoxsna, mocemuli drois Ses-
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abamisi }-is mniSvnelobis dasadgenad, bevrma cnobilma maTematikosma scada. 

magaliTad, niutonma dResdReobiT analogur amoxsnad wodebuli gamosavali 

SemogvTavaza. marTlac, kepleris gantolebis mTlian areSi kuTxuri sekundis 

sizustiT amoxsnis praqtikulma saWiroebam me-18 da me-19 saukuneebis maTemati-

kaSi bevri siaxle Semoitana. kompiuteramdel epoqaSi gantolebis amoxsnis 100-

ze meti meTodi SeimuSaves da ramdenime maTgani mocemuli Tavis savarjiSoebSic 

ganxilulia.

    laplas-runge-lencis veqtori

kepleris amocanas impulsis momentis garda sxva damatebiTi mudmivi veq-

torebis arsebobac axasiaTebs. zogadi centraluri Zalis SemTxvevaSi, niutonis 

moZraobis meore kanoni veqtoruli formiT ase SegviZlia CavweroT:

                                                                 ( ) .p rf r
r=o  (3.79) 

 
po -s da  L   mudmivi impulsis momentis L veqtoris veqtoruli namravlia:

(3.80)                                      
( )

p L r (r r)
r

mf r
# # #=o o6 @ (3.80)

 

                                                 
( )

.r(r r) r
r

mf r
r2$= -o o6 @

3.80 formula gamartivdeba, Tu gaviTvaliswinebT, rom:

                                                           .r r (r r)
dt
d rr

2
1

$ $= =o o

vinaidan L  L mudmivia, 3.80 formula asec SeiZleba Caiweros:

                                              ( ) ( ),(p L) r rr
dt
d mf r r

r r
2

2# =- -
o o

                                     

                                 an         ( ) ( ).
dt
d mf r r

dt
d

r
(p L) r2

=# -  (3.81)

 

( )f r -is formis gansazRvris gareSe Sors ver wavalT, magram 3.81 formulis in-

tegreba SesaZlebelia, Tu ( )f r  ukuproporciulia r2-isadmi (kepleris amocana). 

( )f r  3.49 formulis saxiT CavweroT da 3.81 formula mogvcems:

                                               ,(p L) r
dt
d

dt
d

r
mk

# = a k
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rac miuTiTebs, rom kepleris amocanaSi A mudmivi veqtori arsebobs:

                                                .mk
r

A p L r
#= -  (3.82)

 3.82 formulaSi Semaval sam veqtors Soris damokidebuleba da A A-s mudmivoba 

3.18 suraTzea asaxuli, romelzec samive veqtori orbitaze sxvadasxva mdebareo-

bazea. bolo dros fizikosebi A am veqtors runge-lencis veqtors uwodeben, ma-

gram prioriteti laplass ekuTvnis.

A A-s gansazvrebidan gamomdinare: 0,A L =$  (3.83)

vinaidan LL  perpendikularulia p L# L-isadmi, xolo r  perpendikularulia L

L r p.#= -isadmi. AA-s LL-isadmi orTogonalobidan gamomdinare, A A  orbitis si-

brtyeSi mdebare raime fiqsirebuli veqtori unda iyos. Tu i  kuTxea r-sa da A A-s 

fiqsirebul mimarTulebas Soris, maSin r-is da AA-s skalaruli namravlia:

                                             .cosAr mkrA r r (p L)= =i$ $ # -  (3.84)

Sereul namravlSi wevrebis gadanacvlebis Sedegad miviRebT:

                                             ,lr (p L) L (r p) 2
=$ # $ #=

ase rom 3.84 formula gvaZlevs:

A                                             ,cosAr l mkr2i = -
anu

                                              1 .cos
r l

mk
mk
A1

2= + ia k  (3.85)

sur. 3.18. p, L L da A A veqtorebi kepleris orbitaze sam mdebareobaze. 

perihelionze (marcxena kideze)  (1 )mk ep L; ;= +# , xolo afelionze 

(marjvena kideze) (1 )mk ep L; ;=# - . AA  veqtoris mimarTuleba yov-

elTvis igivea da misi modulia   mke .
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laplas-runge-lencis veqtori kepleris amocanaSi orbitis gantolebis 

miRebis kidev erTi saSualebaa. 3.85 formulis 3.55 formuliT mocemul orbi-

tis gantolebasTan Sedareba cxadyofs, rom AA-s mimarTuleba orbitaze mdebare 

perihelionis wertilisken mimarTuli radius-veqtoris mimarTulebas emTxveva 

da misi modulia:

A                                                                
.A mke=                                                              (3.86)

kepleris amocanaSi moZraobis L  da A  veqtoruli mudmivebi da E  skalaruli 

mudmiva ganvsazRvreT. vinaidan veqtors samive damoukidebeli komponenti unda 

hqondes, mTlianad Svidi mudmivi sidide arsebobs. Tavisuflebis sami xarisxis 

mqone sistemas moZraobis eqvsi damoukidebeli mudmiva aqvs, rac nivTieri wer-

tilis sawyisi mdebareobis da sawyisi siCqaris sam-sam komponents Seesabameba. 

moZraobis mudmivebi mTliani orbitis (orientacia sivrceSi, eqscentrisiteti 

da a.S.) amsaxveli p-is da r-is algebruli funqciebia da arc erTi am Svidi mud-

mivi sidididan sawyis dros nivTieri wertilis orbitaze mdebareobas ar asax-

avs. moZraobis erT-erTi mudmivas amgvar informaciasTan kavSiri unda hqondes, 

magaliTad perihelionis gavlis T  drois saxiT, amitom orbitis zomis, formis 

da orientaciis amsaxveli moZraobis mxolod xuTi damoukidebeli mudmiva Sei-

Zleba arsebobdes. aqedan gamomdinare, SegviZlia davaskvnaT, rom L L-is, A E-s da E  

Semadgeneli sidideebidan yvela damoukidebeli ar aris da sinamdvileSi maT So-

ris mxolod ori damokidebuleba unda arsebobdes. erTi aseTi damokidebuleba 

ukve miviReT A A-s da LL-is orTogonalobis saxiT, xolo meore maTgani 3.86 for-

mulidan gamomdinareobs, rodesac eqscentrisiteti 3.57 formulidan EE-s da l

-is saSualebiT gamoisaxeba:

A                                                          ,A m k mEl22 2 2 2
= +                                                 (3.87)

rac adasturebs, rom Svididan damoukidebeli mxolod xuTi mudmivaa.

impulsis momentis veqtori da energia moZraobis mxolod oTx damoukideb-

el mudmivas Seicaven, xolo laplas-runge-lencis veqtori kidev erTia. Cndeba 

SekiTxva: ratom ar unda arsebobdes nebismieri centraluri Zalis zogadi kanon-

isTvis raime mudmivi sidide, romelic LL-Tan da E E-sTan erTad orbitas kepleris 

amocanis gansakuTrebuli SemTxvevis laplas-runge-lencis veqtoris msgavsad 

gansazRvravs? pasuxi is aris, rom amgvari mudmivi sidideebis miReba SesaZlebe-

lia, magram isini moZraobis sakmaod ucnauri funqciebi arian. orbitasTan dakav-

Sirebuli moZraobis mudmivebi orbitas gansazRvraven anu maT orbitis gantole-

bamde mivyavarT, sadac r  mocemulia i-is funqciis saxiT. zogadad, centraluri 

ZaliT gamowveuli moZraobis orbitebi ar arian Caketilni da 3.6 paragrafidan 
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gamomdinare, Caketili orbitebi Zalis kanonis saxiT Camoyalibebul, sakmaod 

mkacr pirobebs saWiroeben. Ria orbitebis Tvisebaa, rom grafiki r -is Semo-

brunebis wertilebs Soris mdebare nebismier SemTxveviT ( , )r i  wertilze gaivlis. 

rodesac i  srul cikls gadis, nivTieri wertili nebismier wina orbitiT gavlil 

traeqtorias aRar imeorebs. maSasadame, orbitis gantoleba iseTia, rom r  aris i
-is mravali mniSvnelobis mqone funqcia, faqtiurad i-is usasrulod mravali 

mniSvnelobis mqone funqcia. orbitis ganmsazRvreli L L-is da E E-s Sesabamisi 

damatebiTi mudmivi sidide nivTieri wertilis moZraobis usasrulod mravali 

mniSvnelobis mqone funqciasac unda moicavdes. davuSvaT,  r  cvladi periodulia 

da misi kuTxuri sixSirea  r~ , xolo  i  kuTxuri koordinati aseve periodulia da 

misi kuTxuri sixSirea ~i . Tu sixSireebis Sefardeba mTeli ricxvi an wiladia, 

maSin periodebs TanaSezomilebi ewodebaT. TanaSezomili orbitebi Caketile-

bia da orbitaze moZravi masa traeqtorias mudmivad imeorebs. rodesac r2~ ~i , 

orbita aTvlis saTavis garSemo spiralurad vrceldeba rodesac manZili apsida-

lur mniSvnelobebs Soris icvleba. orbita mxolod maSin aris Caketili, rodesac 

sixSireebi TanaSezomilebia. Tu kepleris amocanis msgavsad r~ ~= i , maSin peri-

odebs gadagvarebulebi ewodebaT. Tu orbitebi gadagvarebulebia, maSin damate-

biTi mudmivi sidide arsebobs, romelic runge-lencis veqtoris msgavsad  r-is an 

p-is algebruli funqciaa.

moyvanili argumentebidan gamomdinare, hukis kanonis Zalis SemTxvevaSic 

unda arsebobdes analogiuri veqtori, rodesac orbitebi agreTve gadagvare-

bulebia. maSasadame, E E-sTan da L L-Tan erTad moZraobis damatebiTi mudmivas an 

integralis arseboba, romelic moZraobis martivi algebruli funqciaa, niSnavs, 

rom moZraoba gadagvarebulia da SemosazRvruli orbitebi Caketilebia.

   gabneva centraluri Zalis velSi

centraluri Zalebisadmi daintereseba planetebis moZraobasTan dakavSire-

bulma astronomiulma problemebma gamoiwvies. ar arsebobs mizezi, ris gamoc 

centraluri ZaliT gamowveuli moZraoba mxolod astromoniis TvalTaxedvidan 

unda ganvixiloT. magaliTad, boris atomebSi orbitaze moZraobac central-

uri ZaliT aris gamowveuli. klasikuri meqanika centraluri Zalis velis mier 

nawilakebis gabnevas Seiswavlis. Tu nawilakebi atomuri zomebisaa, maSin klasi-

kur meqanikaSi Catarebuli gamoTvlebi zustni ar iqnebian, vinaidan am SemTxvevaSi 

kvanturi efeqtebi metismetad Zlierebia. miuxedavad zemoTqmulisa, klasikuri 
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meqanikiT nawinaswarmetyvelebi Teoriebi mainc axlos arian sinamdvilesTan. 

garda amisa, gabnevis movlenis aRweris meTodebi, rogorc klasikur meqanikaSi, 

aseve kvanturSi erTi da igiveni arian. 

erT sxeulze dayvanis SemTxvevaSi, gabnevis amocana centraluri Zalis mier 

nawilakebis gabnevas ukavSirdeba. Cven erTnairi masis nawilakebis (eleqtronebis, 

alfa-nawilakebis Tu planetebis) erTgvarovan konas ganvixilavT, rodesac en-

ergia Zalis centrze ecema. vuSvebT, rom did manZilebze Zala nulis toli xdeba. 

dacemuli kona I  intensivobiT (mas agreTve nakadis simkvrive ewodeba) xasiaTde-

ba. intensivoba drois erTeulSi konis perpendikularuli farTobis erTeulis 

mkveTi nawilakebis ricxvia. rodesac nawilaki Zalis centrs uaxlovdeba, is mi-

izideba an ganizideba, xolo misi orbita sawyisi wrfivi traeqtoriidan gadaixre-

ba. Zalis centris gavlis Semdeg, nawilakze moqmedi Zala mcirdeba da nawilakis 

orbita kvlav wrfe xdeba. moZraobis saboloo mimarTuleba sawyis mimarTulebas 

ar emTxveva da nawilaks gabneuli ewodeba. mocemuli mimarTulebis gabnevis  

)(v X , ganivi kveTia:

( )dX =v X drois erTeulSi dX  sivrciTi kuTxiT gabneuli nawilakebis ra-

odenoba/sawyisi (dacemuli) intensivoba (3.88) sadac dX  aris sivrciTi kuTxis 

elementi X-is mimarTulebiT. xSirad  ( )v X -s gabnevis diferencialur ganiv 

kveTsac uwodeben. centraluri Zalebis moqmedebis SemTxvevaSi, dacemuli konis 

RerZis garSemo sruli simetria unda arsebobdes anu sivrciTi kuTxis elementi 

ase SeiZleba Caiweros:

                                                          ,sind d2rX H H=                                   (3.89)

sadac H aris kuTxe dacemis da gabnevis mimarTulebas Soris da mas gabnevis 

kuTxe ewodeba (ix. sur. 3.19, romelzec ganzmidi gabnevaa gamosaxuli). saxeli `ga-

nivi kveTi~ iqidan momdinareobs, rom ( )v X -s farTobis ganzomileba aqvs. 
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sur. 3.19. ZalTa centri nawilakebis dacemul konas ganabnevs

orbitis mudmivebs da maSasadame gabnevis odenobas nebismieri mocemuli 

nawilakisTvis energia da impulsis momenti gansazRvravs. Zalian mosaxerxebelia 

impulsis momentis gamosaxva energiis da s  Sejaxebis parametris saxeliT cno-

bili sididis saSualebiT. Sejaxebis parametri Zalis centrsa da dacemis siCqa-

res Soris perpendikularuli manZilia. Tu nawilakis dacemis siCqarea v0 :

                                                           
.l mv s s mE20= =
  (3.90)

Tu E  E da s  fiqsirebulia, maSin H gabnevis kuTxe calsaxad ganisazRvreba.*  

amave dros vuSvebT, rom s-is sxvadasxva mniSvnelobebi erTi da igive gabnevis 

kuTxes ar iZlevian. aqedan gamomdinare, H-sa da   dH H+ -s Soris mdebare dX 

sivrciTi kuTxiT gabneuli nawilakebis raodenoba Sesabamis s-sa da s ds+ -s So-

ris mdebare Sejaxebis parametris mqone dacemuli nawilakebis raodenobis toli 

unda iyos:

                                                2 2 ( ) .I I sins ds I d; ; ; ;=r rv H H H   (3.91)

3.91 formulaSi absoluturi mniSvnelobis niSnebi imitom SemovitaneT, rom 

nawilakebis raodenoba yovelTvis dadebiTi unda iyos, marTalia s  da H xSirad 

sapirispiro mimarTulebebiT icvlebian. Tu s  energiis funqciaa da Sesabamisi 

gabnevis kuTxea:

                                                                   ( , ),s s EH=                                                 (3.92)

maSin diferencialur ganiv kveTsa da H-s Soris aseTi damokidebulebaa:

                                                           
( ) .

sin
s

d
ds; ;v H

H H=
  (3.93)

H gabnevis kuTxis s-is funqciis saxiT miReba orbitis 3.36 gantolebidan Sei-

Zleba. simartivisTvis kvlav srulad ganmzid gabnevas ganvixilavT (ix. sur. 3.20). 

orbita periafsis mimarTulebis garSemo simetriuli unda iyos da amitom gabn-

evis kuTxea:

                                                                 ,2r }H = -                                                         (3.94)

sadac W  aris kuTxe Semomaval asimptotasa da periafsiss Soris. W-is miReba 

3.36 formulidanac SeiZleba, Tu CavsvamT r0 3= , rodesac 0i r=  da =i r W- , 

rodesac r rm=  (miaxloebis minimaluri manZili). trivialuri gardaqmnebis Sede-

gad miviRebT:

                                                      .
r

dr

l

mE

l

mV

r
r

2 2 2 1
m

2 2 2

=W
- -

3#  (3.95) 
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 l  gamovsaxoT s  Sejaxebis parametris saSualebiT (3.90 formula) da ( )sH -s ga-

mosaxuleba iqneba:

                                             
( )

( )
,s

r r s

s dr2
1 ( )

E

V r
r

2 2
m

rH = -
- -

3#  (3.96)

Tu r -s /u1 -iT SevcvliT:

                                                
( ) .s

s u

s du2
1 ( )

E

V u

u

2 2
0

m

rH = -
- -

#   (3.97)

sur. 3.20. orbitis parametrebis da gabnevis kuTxes Soris 

damokidebuleba ganzmidi gabnevis dros

3.96 da 3.97 formulebi iSviaTad gamoiyenebian garda im SemTxvevisa, rodesac 

gabnevis kuTxis ricxviTi gamoTvla xdeba. Tu orbitebis analizuri gamosaxule-

ba arsebobs, H-sa da s-s Soris damokidebulebis gamoTvla ubralo dakvirvebis 

Sedegadac SeiZleba. amgvari meTodis istoriulad mniSvnelovani magaliTia 

damuxtuli nawilakebis ganmzidi gabneva kulonis velis mier. gambnevi Zalis 

vels  Ze- l muxtis dacemul nawilakebze moqmedi Ze-  fiqsirebuli muxti warmo-

qmnis da Zala ase SeiZleba Caiweros:

                                                                    ,f
r

ZZe
2

2

=
l

anu ganzmidi Sebrunebuli kvadratebis kanoni miviReT. aq SegviZlia 3.7 para-

grafSi miRebuli Sedegis gamoyeneba, Tu Zalis mudmivas ase CavwerT:
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                                                                     .k ZZe 2
=- l                                              (3.98)

energia nulze metia da orbita hiperbolaa, romlis eqscentrisitetia8*:

          

                                         ( )
,

m ZZe
El

ZZe
Es1 2 1 2

2 2

2

2

2

= + = +e
l l

b l  (3.99)

Tu 3.55 formulaSi il aris r , periafsisi Sesabameba 0i = -s da orbitis gan-

toleba iqneba:                      

                                                     ( ).cosr l
mZZe1 12

2

e i= -
l

            (3.100)                     

hiperboluri orbitis miRebul gantolebas elifsuri orbitis gantolebis 

forma aqvs, oRond niSania Secvlili. Semomavali asimptotis W  mimarTulebas 

r " 3 piroba gansazRvravs:      

                                                                            cos 1
= eW

an 3.94 formulidan gamomdinare: .sin
2

1
= e

H

maSasadame:                                               ,cot
2

12 2
= eH

-

da 3.99 formulis gamoyenebiT gveqneba:

                                                                      
.cot

ZZe
Es

2
2

2

H
=

l

Sejaxebis parametrsa da gabnevis kuTxes Soris funqcionaluri damokideb-

ulebaa:                                                             
.cots

E
ZZe
2 2

2 H
=

l  (3.101)

3.93 formuliT moTxovnili gardaqmnebis Semdeg ( )v H  iqneba:

                                                            
( ) .csc

E
ZZe

4
1

2 2

2 2
4v H H

=
l

b l
 (3.102)   

3.102 formula rezerfordis gabnevis ganiv kveTs gvaZlevs, romelic rezer-

fordma atomis birTvis mier alfa-nawilakebis gabnevisTvis miiRo. kvanturi meqa-

nika ararelativistur zRvarSi identur ganiv kveTs gvaZlevs. atomur fizikaSi 

Tv  gabnevis sruli ganivi kveTi ase ganisazRvreba:

                                   
8 ∗ e  eleqtronis muxtisgan gasarCevad eqscentrisitets droebiT e  simboloTi aRvniSnavT
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                                           ( ) ( ) .sind d2T
04

= =v v r vX X H H H
r

r
##

Tu jamuri ganivi kveTis gamoTvlas kulonis ZalisTvis SevecdebiT anu 3.102 

formulas am gansazRvrebaSi CavsvamT, Sedegi usasruloba iqneba. amis mizezi Zne-

li gamosacnobi ar aris. gansazRvrebidan gamomdinare, jamuri ganivi kveTi drois 

erTeulSi yvela mimarTulebiT gabneuli nawilakebis raodenobaa dacemuli in-

tensivobis erTeulisTvis. kulonis vels `Soreuli moqmedebis~ Zala warmoqmnis 

da misi moqmedeba usasrulobaSi grZeldeba. mcireodeni gadaxrebi mxolod Zalian 

didi Sejaxebis parametris mqone nawilakebisTvis xdeba. maSasadame, dacemuli ko-

nis yvela nawilaki garkveulwilad ganibneva da isini gabnevis srul ganiv kveTSi 

Sedian. aqedan gamomdinare cxadia, rom Tv -s usasrulo mniSvneloba kulonis ve-

lisTvis mosalodnelia. klasikur meqanikaSi igive maSin xdeba, rodesac gambnevi 

veli yvela manZilze nulisgan gansxvavdeba, Tanac am gansxvavebis sidides mniSvn-

eloba ar aqvs.9* Tu Zalis veli `wydeba~ anu garkveuli manZilis Semdeg nulis to-

lia, maSin gabnevis ganivi kveTi sasruli iqneba. amgvari wyveta birTvis kulonis 

velisTvis atomuri eleqtronebis arsebobis SemTxvevaSi xdeba, romlebic birT-

vis daekranebs axdenen da mis muxts atomis gareT faqtiurad abaTileben. 

rezerfordis gabnevis dros, H gabnevis kuTxe s  Sejaxebis parametris gluvi 

monotonuri funqciaa. 3.101 formulidan gamomdinare, rodesac s  usasrulobi-

dan mcirdeba, H nulidan monotonurad izrdeba da s-is ganulebisas r  mniSvn-

elobas iZens.  klasikur sistemebSi zogjer yvelaferi ase ar xdeba da klasikuri 

ganivi kveTisTvis miRebuli 3.93 formula cvlilebas saWiroebs. magaliTad, Tu 

potenciali ganmzidia da nawilakis energia 3.21a suraTze gamosaxuli bunebisaa, 

H-s s-ze damokidebulebis funqciis grafiki 3.21b suraTze naCvenebis msgavsia. 

maSasadame, Sejaxebis parametris didi mniSvnelobebis dros, nawilaki Zalis cen-

tridan did radialur manZilze rCeba  da mxolod mcirediT gadaixreba. rodesac 

s 0= , nawilaki Zalis centrisken wrfis gaswvriv moZraobs, xolo Tu energia po-

tencialis maqsimumze metia, maSin nawilaki Zalis centrze gaivlis da saerTod 

ar ganibneva. maSasadame, s-is orive zRvrisTvis gabnevis kuTxe nulis tolia. s-is 

garkveuli Sualeduri mniSvnelobis SemTxvevaSi gabnevis kuTxe mH  maqsimalur 

mniSvnelobas aRwevs. rodesac m1H H , s-is ori mniSvneloba arsebobs, romle-

9 ∗ ∗ Tv  kulonis velisTvis kvantur meqanikaSi usasruloa, vinaidan rogorc ukve vTqviT, 
3.102 formula kvantur meqanikaSic vargisia. miuxedavad amisa, kvantur meqanikaSi `Soreu-
li moqmedebis~ yvela Zala ar gvaZlevs usasrulo jamur ganiv kveTebs. yvela potenciali, 
romelic did manZilebze /r1 2-ze swrafad mcirdeba, sasrulo jamur ganiv kveTebs warmoqm-
nis. 
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bic erTi da igive gabnevis kuTxes gvaZleven. TiToeuli maTgani am kuTxiT gabn-

evis ganiv kveTSi Tavis wvlils Seitans da 3.93 formula aseT saxes miiRebs:

                                                  ( ) ,
sin

s
d
dsi

i i

=v H
H H/  (3.103)

sadac i  indeqsi 1 an 2 mniSvnelobas iZens, rodesac mH H=Y . aq i  indeqsi sx-

vadasxva s  ganasxvavebs, romlebic erTnair H iZlevian.

gansakuTrebul interess maqsimaluri mH  gabnevis kuTxis pirobebSi arse-

buli ganivi kveTi iwvevs. am kuTxeze H-is warmoebuli s-iT baTildeba da 3.93 an 

3.102 formulidan gamomdinare, m"H H  pirobebSi ganivi kveTi usasrulo xdeba. 

didi kuTxeebisTvis ganivi kveTi nulis tolia, vinaidan gabnevis kuTxem mH -s ar 

SeiZleba gadaaWarbos. ganivi kveTis usasrulod zrda da Semdeg swrafad gaqroba 

geometriul optikaSi wvimis wveTebis mier mzis sxivebis gabnevas Zalian waagavs. 

msgavsebis safuZvelze am movlenas cisartyelisebri gabneva ewodeba. 

sur. 3.21. ganmzidi, arasingularuli gambnevi potenciali da H gabnevis kuTxis 
s0  Sejaxebis parametreze damokidebulebis funqciis orsaxa grafiki sakmarisad 

maRali energiis pirobebSi

 aqamde ganxiluli magaliTebi mxolod srulad ganmzid gabnevas Seexeboda. 

Tu gabnevaSi mimzidveli Zalebic monawileoben, maSin garTulebebs aqvs adgili. 

mizidvis Sedegad nawilaki 3.20 suraTze gamosaxuli ganmzidi gadaxris nacvlad 

centrisken waibiZgeba. Semomaval mimarTulebasa da periafsisis mimarTulebas 

Soris W  kuTxe /2r -ze meti SeiZleba aRmoCndes da 3.94 formuliT mocemuli 

gabnevis kuTxe uaryofiTi iqneba. aseTi Sedegi TavisTavad problema ar aris, vi-

naidan ganivi kveTis gamoTvlisas H-is moduli gamoiyeneba, magram 3.96 formu-

liT gamoTvlili H SesaZloa 2r-ze metic aRmoCndes. es niSnavs, rom gabneuli 
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nawilaki Zalis centris garSemo wreze SeiZleba erTxel an metjer datrialdes, 

vidre gabnevis mimarTulebiT daiwyebs moZraobs.

ganvixiloT gambnevi potenciali, romelic 3.22 suraTze s 0=  grafikis 

saxiTaa gamosaxuli. Sidamolekulur potencialebTan dakavSirebul amocaneb-

Si xSirad vuSvebT, rom mimzidveli potenciali didi manZilebze /r1 2-ze ufro 

swrafad mcirdeba, xolo mcire manZilebze ganmzidi potenciali aseve Zalian 

swrafad izrdeba. 3.22 suraTis danarCeni grafikebi  ( )V rl  efeqtur erTganzo-

milebian potencials s  Sejaxebis parametrebis sxvadasxva mniSvnelobebisTvis 

asaxaven. vinaidan ganzmidi centridanuli dabrkoleba s 02  yvela mniSvnelo-

bebisTvis didi r -is dros dominirebs, mcire s-is Sesabamis eqvivalentur poten-

cials amozneqiloba (kuzi) eqneba.  

sur. 3.22. kombinirebuli mimzidveli da gan-
mzidveli gambnevi potenciali da Sesabamisi 
eqvivalenturi erTganzomilebiani poten-
ciali s  Sejaxebis parametris sxvadasxva 
mniSvnelobebis dros

axla modiT s1 Sejaxebis parametris da amozneqilobis maqsimumis Sesabamisi E

E1 energiis mqone Semomavali nawilaki ganvixiloT. 3.3 paragrafidan gavixsenoT, 

rom EE1 -s da ( )V rl -s Soris sxvaoba am manZilze radialuri siCqaris kvadratis 

proporciulia. rodesac Semomavali nawilaki V l-is maqsimumis adgils anu r1-s mi-

aRwevs, radialuri siCqare nulis tolia. 3.6 paragrafidan gavixsenoT, rom Cven 

am r1 manZilze arastabiluri wriuli orbitis pirobebi gvaqvs. Tu araviTari SeS-

foTeba ar arsebobs, maSin EE1 da s1 parametrebis mqone Semomavali nawilaki r  man-

Zilis miRwevis Sermdeg Zalis centris garSemo usasrulo wriul moZraobas dai-
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wyebs da arasdros Sewyvets! rodesac Sejaxebis parametri igivea, xolo EE  odnav 

metia E1 E-ze, wriuli orbita ar Seiqmneba. miuxedavad amisa, rodesac nawilaki r1 

siaxlovezea, radialuri siCqare Zalian mcire iqneba da nawilaki amozneqilobis 

siaxloves disproporciulad did dros gaatarebs. io  kuTxuri siCqare r  manZil-

ze qvemoT moyvanili formuliT gamoiTvleba da maqsimumis arseboba masze zegav-

lenas ar axdens:                                               

                                                      .
mr

l
r
s

m
E2

1
2

1
2
1= =io

 

maSasadame, amozneqilobis areSi gavlisTvis saWiro drois ganmavlobaSi, 

kuTxurma siCqarem nawilaki 2r-ze did kuTxeebze SeiZleba amoZravos. am SemTx-

vevaSi klasikur gabnevas orbituli an spiraluri ewodeba. 

rodesac Sejaxebis parametri izrdeba, CaRrmaveba da amozneqiloba eqvival-

entur V l potencialSi brtyeldebian, vidre raime s2  parametris da EE2  energiis 

pirobebSi V l-s gadaRunvis mxolod erTi wertili darCeba (sur. 3.22). Tu nawila-

kis energia EE2-ze metia, orbitaze moZraoba wydeba. efeqturi potencialis mim-

zidveli da ganmzidi komponentebis gaerTianebul moqmedebas am SemTxvevaSic 

SeuZlia nulovani gadaxris gamowveva Sejaxebis parametris raime sasruli mniS-

vnelobis SemTxvevaSi. didi energiebis da Sejaxebis mcire parametrebis dros, 

gabnevas ZiriTadad mcire manZilebze arsebuli Zlieri ganmzidi potencialebi 

iwveven da gabneva rezerfordis gabnevis msgavsad xdeba. 

gabneuli nawilaki r-ze metad SeiZleba gadaixaros, rodesac orbitaze moZ-

raobas aqvs adgili. meores mxriv, laboratoriaSi gabnevis kuTxe 0-sa da r-s So-

ris meryeobs. aseT SemTxvevebSi ganasxvaveben U  gadaxris kuTxes, romelic 3.96 

an 3.97 formulis marjvena mxaresaa mocemuli, da H dakvirvebad gabnevis kuTxes. 

mocemuli U-isTvis H kuTxe ase gamoiTvleba:

                                                            2 ,m!= rH U -

m-is niSani da mniSvneloba ise unda avirCioT, rom H kuTxe 0-sa da r-s So-

ris aRmoCndes. 3.103 formulaSi Semavali jami U-s yvela mniSvnelobas moicavs, 

romelic erTnair H kuTxes gvaZlevs. 3.23 suraTze gamosaxulia 3.22 suraTze 

naCvenebi potencialis da ori sxvadasxva energiis pirobebSi H kuTxis s-ze 

damokidebulebis funqciis grafikebi. orbitaze moZraoba, romelic E E1= E Sem-

TxvevaSi xdeba, s s1=  wertilSi grafikis singularobiT gamoixateba. rodesac 

E E2= E, orbitaze moZraoba aRar xdeba, magram, rodesac H U=- l,  cisartyelas 
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efeqts aqvs adgili. yuradReba miaqcieT, rom rodesac s s3= , H kuTxe nulis 

toli xdeba. 3.93 formulidan gamomdinare, H-s ganulebasTan erTad ganivi kveTi 

wina mimarTulebiT usasrulo xdeba. ganivi kveTi ukana mimarTulebiTac SeiZle-

ba gaxdes usasrulo, Tu qvemoT mocemuli sidide rH =  dros sasrulia:

                                                                  .s
d
ds
H

gabnevis kuTxis wina an ukana mimarTulebiT miRebuli usasrulobebis SemTx-

vevaSi adgili aqvs manaTobel gabnevas da kvlav meteorologiur optikaSi arse-

buli analogiuri movlena gvaxsendeba10.

sur. 3.23. U  gadaxris kuTxis s-ze damokideb-

ulebis funqciis grafikebi 3.22 suraTze gamo-

saxuli potencialisTvis ori sxvadasxva ener-

giis SemTxvevaSi

ufro zogadi Sedegebis miRebisTvis kvanturi Sesworebebia saWiro, Tumca 

zogierT SemTxvevaSi kvanturi efeqti Zalian mcirea. ase xdeba magaliTad daba-

li energiis mqone ionebis kristalis meserze gabnevis dros da amgvar pirobebSi 

klasikuri gamoTvlebi sruliad sakmarisia. rodesac kvanturi Sesworeba mainc 

aucilebelia, maSinac ki xSirad sakmarisia miaxloebiTi meTodis (`naxevradkla-

sikuri~ midgomis) gamoyeneba. am meTodis realizebisTvis klasikuri traeqtori-

is codnaa saWiro. TiTqis yvela praqtikulad saWiro potencialisTvis orbitis 

analizuri formis dadgena SeuZlebelia da 3.96 formula s-is garkveuli areebi-

sTvis miaxloebiTi gamosaxulebiT icvleba an ricxobrivad integrirdeba. 

    gabnevis amocanis gadayvana laboratoriul koordinatebSi

wina paragrafSi Cven mxolod erTi sxeulis amocana ganvixileT, rodesac 

10 ukana naTeba kargad cnobilia TviTmfrinavis mgzavrebisTvis, romlebic TviTmfrinavidan 
Rrublebze dacemuli Crdilis garSemo manaTobel rgols xedaven
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nawilaki fiqsirebuli Zalis centris mier ganibneoda. gabnevis dros praqtiku-

lad yovelTvis ori sxeuli gvaqvs, magaliTad rezerfordis gabnevis SemTxvevaSi 

alfa-nawilaki da atomis birTvi gvxvdebian. m2  masis mqone meore nawilaki uZravi 

ki ar aris, aramed gabnevis Sedegad sawyisi mdebareobidan aisxliteba. vinaidan 

nebismieri ori sxeulis centraluri Zalis amocanis dayvana erTi sxeulis eqviv-

alentur amocanaze SeiZleba, SesaZloa vifiqroT, rom mxolod m-is Secvlaa 

saWiro dayvanili n  masiT. sinamdvileSi, yvelaferi ase martivad ar aris. labo-

ratoriaSi gazomil gabnevis kuTxes j  simboloTi aRvniSnavT da es aris gabneuli 

nawilakis sawyis da saboloo mimarTulebebs Soris kuTxe laboratoriul koor-

dinatebSi11. meores mxriv, eqvivalentur, erTi sxeulis amocanaSi gamoTvlili H 

kuTxe or nawilaks Soris fardobiTi veqtoris sawyis da saboloo mimarTule-

bebs Soris kuTxea masaTa centris koordinatebSi. i  da H kuTxeebi mxolod maSin 

arian erTmaneTis tolebi, rodesac gabnevis procesSi meore nawilaki uZravia. 

meore nawilaki Tavdapirvelad marTlac uZravia, magram Semdeg or nawilaks So-

ris moqmedi Zalis Sedegad moZraobas iwyebs da rogorc 3.24 suraTzea naCvenebi, 

es kuTxeebi erTmaneTisgan gansxvavdebian. maSasadame, eqvivalenturi, erTi sxe-

ulis amocana laboratoriis koordinatTa sistemaSi gazomil gabnevis kuTxes 

pirdapir ar gvaZlevs.

sur. 3.24. ori nawilakis gabneva laboratoriul 

sistemaSi.

 

H  da j   gabnevis kuTxeebs Soris damokidebuleba orive nawilakis masaTa 

centrTan erTad moZrav koordinatTa sistemaSi gabnevaze dakvirvebis Sede-

gad SegviZlia miviRoT. amgvar sistemaSi sruli impulsi nulis tolia da orive 

nawilaks yovelTvis Tanabari da sawinaaRmdego mimarTulebis impulsi aqvs. 3.25 

11 j  gabnevis kuTxe or nawilaks Soris r   fardobiTi veqtoris i  kuTxis koordinatSi ar unda 
agverios
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suraTze naCvenebia, Tu rogor moCans gabnevis procesi masaTa centris sistemaSi 

myofi damkvirveblis TvalTaxedviT. nawilakebi gabnevamde erTmaneTisken moZ-

raoben, xolo gabnevis Semdeg erTmaneTs scildebian. fardobiTi veqtoris sawy-

is da saboloo mimarTulebebs Soris H kuTxe masaTa centris sistemaSi TiToeu-

li nawilakis gabnevis kuTxis toli unda iyos. H da j   gabnevis kuTxeebs Soris 

damokidebuleba masaTa centris sistemidan laboratoriul sistemaSi gadasvlis 

Sedegad unda miviRoT. 

sur. 3.25. ori nawilakis gabneva masaTa centris sistemaSi.

modiT 3.1 paragrafSi SemoRebuli terminologia odnavi cvlilebebiT gamovi-

yenoT:

r1 da mV 11-   masis dacemuli nawilakis mdebareoba da siCqare gabnevis Sem-

deg laboratoriul sistemaSi,

r 1l  da mV 11-l   masis nawilakis mdebareoba da siCqare gabnevis Semdeg masaTa  

centris sistemaSi,

R  da V   masaTa centris mdebareoba da Tanabari siCqare laboratori-

ul sistemaSi.

ganmartebis Tanaxmad nebismier momentSi:

                                                               ,r R r1 1= + l
da Sesabamisad:

                                 V VV1 1= + l                                                   (3.104)

3.26 suraTze gabnevis Semdgom miRebuli da zemoT moyvanili veqtoruli 

damokidebuleba grafikuladaa gamosaxuli, rodesac V1 da V1l  sawyisi mimar-

TulebiT gavlebuli V veqtorisadmi Sesabamisad   j   da H kuTxeebs adgenen. 
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sur. 3.26. siCqareebs Soris damokidebuleba masaTa centris da laboratoriul 

koordinatebSi

m
VV

2
0=

n

samizne laboratoriul sistemaSi Tavdapirvelad uZravia, amitom pirveli 

nawilakis sawyisi v0  siCqare am sistemaSi nawilakebis sawyisi fardobiTi siCqa-

ris tolia. sruli impulsis mudmivobidan gamomdinare, masaTa centris Tanabari 

siCqarea:

                                                     ( ) ,m m m VV1 2 1 0+ =
anu

                                                             
m

VV ,
2

0=
n  (3.105)

sadac /( ).m m m m1 2 1 2n = +  3.26 suraTze Cans, rom:

sin sinv v1 1j H= l
da

.cos cosv v V1 1j H= +l  (3.106)

 am ori formulis Sefardeba j-sa da H-s Soris damokidebulebas mogvcems:

,tan
cos

sin
=

+
j

tH
H  (3.107)

sadac t  aris:

.
m v

v

2 1

0
/t

n
l  (3.108)

alternatiul damokidebulebas miviRebT, Tu v1-s 3.26 suraTze gamosaxul sam-

kuTxeds kosinusis kanons mivusadagebT da sxva siCqareebis saSualebiT gamovsax-

avT:

.cosv v V v V22
1 1

2 2
1 H= + +l l  (3.109)

 3.109 formula 3.106 formulidan v1-is gamoricxvisTvis gamoviyenoT da 3.105 

formulis saSualebiT V  gamovsaxoT v0-iT:

.cos
cos

cos

1 2 2
j

t t

t

H

H
=

+ +

+  (3.110)

 

orive miRebul formulaSi Sedis t, romelic siCqareebis Sefardebas moicavs. 

masaTa centris gansazRvrebidan gamomdinare, masaTa centris sistemaSi pirveli 

nawilakis v 1l  siCqaresa da Sejaxebis Semdgom fardobiT v   siCqares Soris aseTi 

damokidebulebaa
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                                                                  v
m

v1
1

=
n

l ,  sadac    .v r= o

maSasadame, t  asec SeiZleba gamoisaxos:

 ,
m v
m v

2

1 0t =   (3.108’)

sadac v  aris fardobiTi siCqare Sejaxebis Semdeg. rodesac Sejaxeba dreka-

dia, ori nawilakis sruli kinetikuri energia ar icvleba da amitom v v0= , Ses-

abamisad t  iqneba:
,

m
m

2

1=t                (drekadi Sejaxeba)   (3.111)

rac siCqareebze an energiebze damokidebuli ar aris. rodesac Sejaxeba ar-

adrekadia, ori nawilakis sruli kinetikuri energia icvleba (kinetikuri ener-

giis nawili samiznis Sida agznebis energiaSi gadadis). vinaidan sruli energia da 

impulsi mudmivebia, Sejaxebis Sedegad energiis cvlileba ase SeiZleba gamois-

axos:

(3.112)                                              
.

v v
Q

2 2

2
0
2n n

= +
 (3.112)

 aradrekadi Sejaxebis e.w. Q Q sidide mniSvnelobiT uaryofiTia, xolo niSnis 

arCevani atomur da birTvul reaqciebSi miRebulTan SesabamisobaSia. 3.112 for-

mulidan gamomdinare, Sejaxebamde da Sejaxebis Semdgomi fardobiTi siCqareebis 

Sefardebaa:

 1 ,
v
v

m
m m

E
Q

0 2

1 2= + +  (3.113)

sadac EE m v2
1

1 0
2

=  Semomavali nawilakis energiaa (laboratoriul sistemaSi). 

maSasadame, aradrekadi gabnevis dros t  aris:

                                               

                                                     .
m

m

1 m
m m

E

Q
2

1

2

1 2

t =
+ +

   (aradrekadi gabneva) (3.114)

j  da H gabnevis kuTxeebi ar mxolod erTmaneTisgan gansxvavdebian, aramed 

gabnevis diferencialuri ganivi kveTis mniSvneloba damokidebulia imaze, Tu 

romeli kuTxe gamoiyeneba v-s argumentad. or funqcionalur formas Soris 

damokidebulebis misaRebad viTvaliswinebT, rom sivrciTi kuTxis mocemul el-

ementSi gabneuli nawilakebis raodenoba j  -s Tu H-is saSualebiT gazomvis Sem-

TxvevaSi Tanabari unda iyos. formulis saxiT es mtkiceba ase SeiZleba gamois-

axos:                      

                                 ( ) ( ) ,sin sinI d I d2 2; ; ; ;r v r v j j jH H H = l
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                an

                                 ( ) ( ) ( )
( )
( )

,
sin
sin

cos
cos

d
d

d
d

= =v j v
j j

v
j

H H H H Hl  (3.115)

sadac ( )v jl  aris laboratoriul sistemaSi gabnevis kuTxis saSualebiT ga-

mosaxuli gabnevis diferencialuri ganivi kveTi. 3.110 formulidan warmoebuli 

gamoiTvleba da miviRebT:

( ) ( )
( )

.
cos

cos
1

1 2 2 /3 2

=
+

+ +v j v
t

t t
H

H
H

l  (3.116)

 

( )v H  masaTa centris sistemaSi gazomili ganivi kveTi ar aris. ( )v H  da ( )v jl  

laboratoriul sistemaSi gazomili ganivi kveTebia da isini ubralod sxvadasxva 

koordinatebis saSualebiT gamoisaxebian. masaTa centris sistemaSi fiqsirebuli 

damkvirvebeli laboratoriul sistemaSi gazomilisgan gansxvavebul dacemuli 

nawilakebis nakadis simkvrives dainaxavs da nakadis simkvrivis amgvari gardaqmna 

or sxvadasxva sistemaSi gazomili ganivi kveTebis erTmaneTTan dasakavSireblad 

unda gaviTvaliswinoT.

 drekadi gabnevis SemTxvevaSi gabnevis or kuTxes Soris damokidebuleba sak-

maod martivia, rodesac nawilakTa masebi Tanabaria. am SemTxvevaSi 1t =  da 3.110 

formulidan gveqneba:  
,cos cos cos

2
1

2
j H H

= + =

                           anu
, ( ).

2
1j tH

= =

maSasadame, Tanabari masebis pirobebSi900-ze meti gabnevis kuTxeebi labora-

toriul sistemaSi ar gvxvdebian da mTliani gabneva wina naxevarsferoSi xdeba. 

Sesabamisad gabnevis ganivi kveTi H-s saSualebiT ase gamoisaxeba:

( ) ( ), , ( ).cos4
2

1$ #v j j v j r tH= =l

rodesac H cvladiT gamosaxuli gabneva izotropiulia anu ( )v H  mudmivia, 

j-is saSualebiT gamosaxuli ganivi kveTi kosinusis msgavsad icvleba. rodesac 

gabnevis m2  masa dacemuli nawilakis m1 masaze bevrad metia da gabneva dreka-

dia, 3.111 formulidan gamomdinare, 0t =  da 3.116 formulidan gamomdinare, 

( ) ( ).v j v H=l . drekadi Sejaxebebisas, rodesac sruli kinetikuri ener-

gia mudmivia, Tavdapirvelad uZrav samiznesTan Sejaxeba kinetikuri energiis 

samiznisTvis gadacemas iwvevs, rac dacemuli nawilakis kinetikur energias amci-

rebs. sxva sityvebiT rom vTqvaT, Sejaxeba dacemul nawilaks anelebs. Senelebis 

xarisxi 3.109 formuliT gamoiTvleba, Tu 3.108 da 3.105 formulebis saSualebiT 

v 1l  da V  gamoisaxebian v0-iT:
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( ).cos

v
v

m
1 2

0
2

1
2

2

2

2

t
n

t tH= + +d n
 (3.117)

drekadi Sejaxebebis pirobebSi /m m1 2t =  da 3.117 formula martivdeba:

                                               

                                                 ( )
,

cos
E
E

1

1 2
0

1
2

2

t
t tH

=
+

+ +
  (drekadi Sejaxeba) (3.117’)

sadac EE0  aris dacemuli nawilakis sawyisi kinetikuri energia laboratori-

ul sistemaSi, xolo EE1-is  Sesabamisi energia gabnevis Semdeg. rodesac nawilakebs 

Tanabari masebi aqvT:

                                                  .cos cos
E
E

2
1

0

1 2jH
= + =

maSasadame, dacemuli nawilaki gabnevis maqsimalur kuTxeze ( , / ),2r j rH = =  

mTels energias kargavs da laboratoriul sistemaSi Cerdeba.

gabnevis Sedegad kinetikuri energiis gadacemis princips siTburi neitronebis 

reaqtoris `Semanelebeli~ efuZneba. birTvis gaxleCis Sedegad warmoqmnili 

swrafi neitronebi drekadad mravaljer ganibnevian, vidre maTi kinetikuri en-

ergiebi siTbur energiebamde Semcirdebian. am dros neitronebi gaxleCas ufro 

iwveven, vidre CaiWerebian. saukeTeso Semaneleblebi msubuqi elementebia da am 

miznis misaRwevad idealuri wyalbadia ( )1t = . birTvuli reaqtoris SemTxveva-

Si, wyalbadi mxolod maSin aris gamosadegi, rodesac is nazavis an naerTis, magal-

iTad wylis nawilia. sxva msubuqi da amave dros Semanelebeli elementebia 2 masis 

deiteriumi, 12 masis naxSirbadi da a.S. parafinSi, wyalSi an plastmasSi Semavali 

wyalbadi neitronebis SenelebisTvis laboratoriebSi xSirad gamoiyeneba.

miuxedavad maTi sargeblianobisa, laboratoriulidan masaTa centris ko-

ordinatebze gadasvla da kinetikuri energiis gadacemasTan dakavSirebuli 

gamoTvlebi ar arian `Tanamedroveni~ an `kvanturni~. arc gamoyenebuli klasi-

kuri meqanikaa gansakuTrebiT gafarToeubuli da rTuli. Cven mxolod impul-

sis an energiis mudmivobas viyenebT. igive tipis gamoTvlebi SeiZleba SegxvdeT 

pirvelkurseli studentis bloknotSi, sadac biliardis burTebs Soris drekadi 

Sejaxebebia ganxiluli. swored es simartivea zemoT moyvanili gamoTvlebis far-

Tod gamoyenebis mizezi. rodesac impulsi mudmivia (kvanturi meqanikis pirobeb-

Sic) da Q mniSvneloba cnobilia, gabnevis procesis detalebis codna aucilebeli 

ar aris. gabneuli nawilakis siaxlove `Savi yuTia~ da Cven mxolod is gvaintere-

sebs, ra Sedis da ra gamodis iqidan, xolo yuTSi momxdari movlena `klasikuria~ 

Tu `kvanturi~ saerTod ar gvainteresebs. mocemul paragrafSi moyvanili for-

mulebi kvanturi movlenis, magaliTad neitron-protonis gabnevis eqsperimen-

tuli analizisTvis gamodgebian, rodesac energiebi sakmarisad mcireebia da 

relativisturi efeqtebi SegviZlia ugulvebelvyoT. 
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    sami sxeulis amocana

Cven aqamde mxolod integrebad amocanebs ganvixilavdiT, romlebSic moZ-

raobis gantolebebis integreba amonaxsnis srul formas iZleoda. Sebrunebu-

li kvadratebis kanons daqvemdebarebuli ori sxeulis SemTxvevaSi, amonaxsnebi 

elifsur, parabolur da hiperbolur orbitebze moZraobas aRwerdnen. amonax-

snebis povna ( ) .V r arn
=  formis xarisxovani kanonebisTvisac SeiZleba. miuxeda-

vad amisa, TiTqmis yvela sxva SesaZlo centraluri Zalis potencialis pirobebSi 

moZraobis gantolebebis integreba SeuZlebelia. rodesac amocanas kidev erTi 

masa emateba, mdgomareoba Zalan rTuldeba. Sebrunebuli kvadratebis kanonis 

Zalis SemTxvevaSic ki kepleris tipis sami sxeulis amocanas zogadi amonaxsni ar 

gaaCnia. am paragrafSi vnaxavT Tu ra xdeba, rodesac amocanas mesame masa emateba.

sami sxeulisgan Semdgari niutoniseuli amocana r , r1 2,  da r3  mdebareobebis 

, ,m m1 2  da m3  masebs Seicavs, romlebic erTmaneTze gravitaciuli ZalebiT mo-

qmedeben. Cven vuSvebT, rom r , r ,1 2  da r3  mdebareobis veqtorebi masaTa centris 

sistemaSi gamoisaxebian. pirveli masisTvis moZraobis gantolebis dawera advil-

ia, vinaidan niutonis meore kanonis Tanaxmad, rm1 1p  ori danarCeni masidan m1-ze 

moqmedi gravitaciuli Zalebi tolia:

r
r r
r r

r r
r rGm Gm

1 2
3

1 2

1 3
3

1 3
2 3
; ; ; ;

=
-
-

-
-- -p  (3.118)

analogiuri xdeba danarCeni ori masis SemTxvevaSic. Tu fardobiTi mdebareo-

bis veqtorebs gamoviyenebT:

s r ri j k= -  (3.119)

3.27 suraTze Cans, rom:

0.s s s1 2 3+ + =  (3.120)
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sur. 3.26. s x xi j k= -  mdebareobis veqtorebi sami sxeulis amocanisTvis. 

 mcireodeni gardaqmnebis Semdeg moZraobis gantolebebi simetriul formas 

iReben:

mG
s

ms s Gi

i

i
i3

. .

= +-  (3.121)

sadac , , ,i 1 2 3=  da m  sidide sami masis jamia:

 m m m m1 2 3= + +                                                 (3.122)

G veqtori G  Semdegi formuliT gamoiTvleba:

 .G
s s s

G s s s
1
3

2
3

3
3

1 2 3= + +c m  (3.124)

simetriuli formis sami erTmaneTTan bmuli gantoleba zogadad ar amoixsne-

ba, magram isini sami sxeulis amocanis amoxsnebs martiv SemTxvevebSi gvaZleven.

eileris Zalisxmevis Sedegad amoxsna arsebobs, rodesac m2  masa danarCen or 

masas Soris gavlebul wrfeze Zevs da ,r , r , r , s , s , s1 2 3 1 2 3  da GG  kolinearulebia. 3.28 

suraTze gamosaxulia eileris uaryofiTi energiis (bmuli mdgomareoba) amonax-

sni, rodesac m m m1 2 31 1  da masebi Tanafokusian elifsebze erTi da igive x  

periodiT moZraoben. masebi TiToeuli periodis ganmavlobaSi perihelionis md-

gomareobas iZenen, rodesac isini elifsebis RerZis gaswvriv erTmaneTTan axlos 

arian ganlagebulni da afelionis mdgomareobasac, rodesac isini igive RerZze, 

magram erTmaneTisgan moSorebiT arian ganlagebulni. 3.28 suraTze naCvenebia 

afelionis mdebareobebi orbitebze.

 Tu 0G = G, moZraobis gantolebebi gancalkevdebian da 3.121 formula ori 

sxeulis kepleris amocanis msgavsze daiyvaneba:

 

,mG
s

s s
i

i

i
3

. .

=-

 

rodesac TiToeuli masa igive fokusuri wertilis mqone igive sibrtyeSi 

mdebare elifsuri orbitis gaswvriv igive periodiT moZraobs. gancalkeveba 

maSin xdeba, rodesac masebi tolgverda samkuTxedis wverebSi mdebareoben. moZ-

raobasTan erTad gantolebebi gancalkevebulni rCebian, amitom tolgverda 

samkuTxedis piroba sruldeba, magram samkuTxedis zoma da orientacia icvle-

ba. 3.29 suraTze naCvenebia lagranJis elifsuri amonaxsni, rodesac masebis Se-

fardebaa m m m1 2 31 1 . suraTze masebi erTmaneTTan axlos arian ganlagebulni 
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da TiToeuli masa perihelionis wertilzea. suraTze aseve naCvenebia afelionis 

analogiuri ganlageba. 

sur. 3.28. eileris kolinearuli amonaxsni sami sxeulis amocanisTvis, rodesac 

m m m1 2 31 1 . sami wertili afelionis mdebareobebs asaxaven. 

sur. 3.29. lagranJis tolgverda samkuTxedis amonaxsni sami sxeulis 

amocanisTvis, rodesac m m m1 2 31 1 .

sami sxeulis amocanisTvis sxvadasxva asimptoturi amonaxsebia miRebuli. mag-

aliTad, Tu sruli energia dadebiTia, maSin samive masas erTmaneTisgan moSore-

biT SeeZlebaT moZraoba an erT masas SeuZlia energiis umetesi nawilis waReba 

da danarCeni elifsur orbitaze moZravi ori nawilakis datoveba. Tu energia 

uaryofiTia, maSin erTma masam danarCeni ori bmul mdgomareobaSi SeiZleba da-

tovos an samive masam SemosazRvrul orbitebze imoZraos.

sami sxeulis amocanis kerZo SemTxvevaa, rodesac ori masa didia da erTma-

neTTan bmulia, xolo mesame masa mcirea da danarCeni ori sxeulis  moZraobas mx-
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olod aSfoTebs. am movlenis magaliTebia dedamiwasa da mTvares Soris orbitaze 

moZravi kosmosuri xomaldi an mzis zegavleniT mTvaris orbitis SeSfoTeba. 

kosmosuri xomaldis orbitaze moZraobisas vuSvebT, rom dedamiwa da mTvare sa-

kuTar orbitebze moZraoben da Tanamgzavrsa da maT Soris Sebrunebuli kvadra-

tis mizidulobis Zalebi moqmedeben. dedamiwis garSemo 90 milis anu 150 kilome-

tris simaRleze moZravi Tanamgzavrebis orbitebze dedamiwis masis arasferuli 

ganawileba axdens zegavlenas. 

 sami sxeulis amocanis kerZo SemTxvevaSi, gamarTulebeli faqtori dedamiwa-

mTvaris sistemis siaxloves mizidulobis potenciuri energiis ganawilebaa. Cven 

dedamiwasTan axlos dedamiwisken mimarTuli gravitaciuli Zalis zemoqmedebas 

ganvicdiT, xolo mTvaresTan axlos Zala mTvariskenaa mimarTuli. es niSnavs, 

rom ekvipotencialebi anu mudmivi gravitaciuli energiis mrudebi Caketilebia 

da dedamiwas ( )m1  da mTvares ( )m2  gars ertymian, rogorc es  3.30 suraTzea gamo-

saxuli. dedamiwisgan da mTvarisgan didi manZilis moSorebiT, ekvipotencialebi 

dedamiwa-mTvaris wyvils gars ertymian. am suraTze dedamiwasa da mTvares Soris 

gavlebuli horizontaluri wrfis garkveul wertilSi, romelsac LL2  lagranJis 

wertili ewodeba, am or sxeulTan miziduloba sididiT toli da mimarTulebiT 

sapirispiroa, amitom am wertilSi mdebare mcire sxeulze moqmedi Zala nulis 

tolia. sxva sityvebiT rom vTqvaT, L2 L am wrfis gaswvriv lokaluri potencial-

uri minimumia. ufro zustad, es aris unagira wertili, vinaidan potenciuri en-

ergia minimaluri mxolod dedamiwa-mTvaris RerZis gaswvrivaa da am RerZisadmi 

perpendikularuli mimarTulebebiT mcirdeba. lagranJis ori danarCeni LL1 da L3

L wertilebi dedamiwasa da mTvares Soris gavlebul igive RerZze mdebareoben, 

Tanac dedamiwisa da mTvaris individualur orbitebsa da dedamiwa-mTvaris wyvi-

lis orbitebs Soris gadasvlis wertilebs emTxvevian. isinic unagira wertile-

bia. lagranJis meoTxe da mexuTe wertilebi danarCeni samisadmi kolinearulebi 

ar arian da gravitaciuli potenciuri energiis adgilobriv minimumebs Seesabam-

ebian. am ori wertilis siaxloves mdebare masebze am wertilebisken  mimarTuli 

gravitaciuli Zala moqmedebs da masebs maT garSemo elifsis formis stabilur 

orbitebze SeuZliaT moZraoba. 
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sur. 3.30. m m1 22  ori masis ekvipotencialuri mrudebis konturuli ruka. 

mrudebi gavlebulia aTvlis sistemaSi, romelic am erTmaneTis garSemo 

mbrunav or masasTan erTad brunavs. 

aq moyvanili mtkicebebis Semowmeba 3.7 da 3.8 paragrafebSi miRebul amonaxs-

nebze dakvirvebiT SeiZleba. gavixsenoT, rom Cven amonaxsnebi masaTa  centris aT-

vlis sistemaSi ori masiuri sxeulisTvis vipovneT. davadginoT arseboben Tu ara 

iseTi mdebareobebi, romlebSic mcire sacdeli sxeuli am ori sxeulisadmi uZ-

ravi iqneba. sacdel sxeulSi mcire masis mqone sxeuls vgulisxmobT, romelic da-

narCeni ori sxeulis moZraobaze zegavlenas ar axdens. simartivisTvis vuSvebT, 

rom sxeulebi masaTa centris garSemo wriulad moZraoben. m  masis sacdeli sxe-

ulis moZraobisTvis lagranJis funqcia ase SeiZleba Caiweros:

( ) ( , , ),L m r r V r t
2
1 2 2 2

= + i i-o o
 (3.125)

sadac ( , , )V r ti  ori masiuri sxeuliT gamowveuli, droze damokidebuli po-

tencialia.

wriuli moZraobis Sedegad, or sxeuls Soris gavlebuli r  radius-veqtori 

mudmivi sigrZisaa da am aTvlis inerciul sistemaSi Tanabari ~ sixSiriT brunavs. 

Tu am sixSiriT mbrunav koordinatTa sistemaSi gadavalT, ori masiuri sxeuli 

uZravi iqneba da lagranJis funqcia ti i ~= +l  gardaqmnis saSualebiT mbrunav 

aTvlis sistemaSi SegviZlia CavweroT. lagranJis funqcia mbrunav koordinateb-
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Si , ,tt i i ~= -l  da z  cilindruli koordinatebis saSualebiT gamoisaxeba, sa-

dac t  aris masaTa centridan manZili, xolo i  - masebis SemaerTebeli wrfidan 

saaTis isris sawinaaRmdego mimarTulebiT aTvlili kuTxe. maSasadame:

 ( ( ) ) ( , , ),L m z V z
2
1 2 2 2 2

= + +t t i ~ t i- -l lo o o  (3.126)

anu

( ) ( ( , , )).L m z m m V z
2
1

2
12 2 2 2 2 2 2

= + + +t t i ~t i t ~ t i- -l l lo o o o
 (3.127)

 

formulis mexuTe da meeqvse wevrebi Sesabamisad koriolisis da centridanu-

li efeqtebis potencialebia.

amis Semdeg lagranJis gantolebebs CavwerT da amonaxsnebs 0z= = =t io o o     pi-

robebSi vipovniT. amonaxsni 3.30 suraTze gamosaxuli lagranJis xuTi wertilia. 

stabilurobis gansazRvrisTvis am mdebareobebidan mcire gadaadgilebebs da-

vakvirdeT da me-6 da me-12 TavebSi moyvanili meTodebi gamoviyenoT. stabiluri 

mxolod LL4  da L5 L wertilebia.

L2 L wertili masebs Soris gavlebuli wrfis gaswvriv gadaadgilebebisadmi 

stabiluri ar aris, magram is mzis SeswavlisTvis Zalian gamosadegia. 1990-ian 

wlebSi, mzesa da dedamiwis Soris arsebuli LL2  wertili mzis da heliosferuli 

observatoriis SOHO  miaxloebiTi mdebareobis adgili iyo. observatoria LL2

wertilis garSemo dedamiwa-mzis wrfisadmi perpendikularul sibrtyeSi mde-

bare orbitaze moZraobda. Tanamgzavri zustad LL2  wertilSi ver iqneboda, vi-

naidan am SemTxvevaSi mzis sikaSkaSis gamo signalebs ver miviRebdiT. 

1. ganvixiloT sistema, romelSic nawilakebze moqmedi jamuri Zalebi FF il  kon-

servatiuli Zalebisa da siCqaris proporciuli f il  xaxunis Zalebisgan Sedgebian. 

daamtkiceT, rom amgvari sistemisTvis, rodesac moZraoba stacionarul mdgo-
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mareobaSia da xaxunis Zalebis moqmedebis Sedegad ar miileva, virialis Teorema 

Semdegi formisaa:

 
,F rT

2
1

ii

i

$=- l/
 

2. sine } furies mwkrivad t~ -Ti gaSaleT da daamtkiceT, rom kepleris gan-

tolebis formaluri amonaxsnia:

 
( ) ,sint

n
J ne n t2

n

n 1

} ~ ~= +
3

=

/
  

sadac Jn  aris n  rigis beselis funqcia. mcire argumentis SemTxvevaSi bese-

lis funqcia argumentis xarisxovan mwkrivad SeiZleba gaiSalos. miiReT }-s e-s 

xarisxebad gaSlis pirveli ramdenime wevri.

3. Tu sxvaoba t} ~-  warmodgenilia t-iT, maSin kepleris gantoleba ase Sei-

Zleba Caiweros:

 ( ).sine tt ~ t= +

t-sTan TandaTanobiT miaxloebebs sin t-is teiloris mwkrivad t-iT gaSlis 

da Semdeg t-is kepleris gantolebis gamosaxulebiT Canacvlebis Sedegad mivi-

RebT. daamtkiceT, rom t-iT pirveli miaxloebaa 1t :

,tan
cos

sin
e t

e t
11t ~

~
=

-

xolo Semdegi miaxloeba am formulis saSualebiT gamoiTvleba:

 
( ) ( )( ),sin sin cose t e t

6
1 13

2 1
3

1t t ~ t ~- =- + +

romelic e4  rigis wevrebis CaTvliTaa zusti.

4. daamtkiceT, rom ganmzidi gabnevis dros, gabnevis kuTxis s  Sejaxebis 

parametrze damokidebulebis funqcia (3.96 formula) ase SeiZleba Caiweros:

( ) ( )
,s

r s

d
4

1 1m E
V2 2 2 2

0

1

r
t

t t
H = -

- - -
#

xolo Tu integrebis cvlads raime ( )rt  funqciiT SevcvliT, maSin:

4
( ( ) ( )) ( )

.s
V r V r s

d

2
E

r
m

2 2
0

1

m

2

2=
+

r
t

t
H -

- -t

#

daamtkiceT, rom ganmzidi potencialis pirobebSi integralqveSa funqcia 

r rm"  zRvarSi arasdros singularuli ar aris. vinaidan integrebas gansazRvru-
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li zRrebi gaaCnia, amgvari formulireba ( )sH -is ricxobrivi gamoTvlisas sak-

maod mosaxerxebelia da gaus-leJandris integrebis sqemebis gamoyenebis saSu-

alebas iZleva.

5. wina savarjiSoSi moyvanili formulebiT ( )sH  da diferencialuri ( )v H  

ganivi kveTi ricxobrivad gamoTvaleT, rodesac sruli energiaa .E V1 2 0= E da 

ganmzidi potencialia:

                                                              
V

r
V

1
0=

+

gaus-leJandris 16 wertiliani kvadratura adekvatur sizustes gvTavazobs. 

iwvevs Tu ara gabneva cisartyelas?

6. Tu ganmzidi potenciali r -Tan erTad monotonurad mcirdeba, maSin ( )V rm

-Tan SedarebiT maRali energiebis pirobebSi gabnevis kuTxe mcire iqneba. amgvar 

pirobebSi daamtkiceT, rom 3.97 formulis gardaqmna SesaZlebelia iseTi saxiT, 

rom gadaxris kuTxe miaxloebiT Semdegi formuliT ganisazRvrebodes:

                                       

( )
( ( ) ( ))

,
E y

V u V u dy1
1 /

m

2 3 2
0

1

H =
-
-#

sadac /y u um= . aseve daamtkiceT, rom Tu ( )V u -s Cun  forma aqvs, sadac n  

dadebiTi mTeli ricxvia, maSin maRali energiebis zRvarSi ganivi kveTi ( / )n2 1 1H = - +

-is proporciulia.

7.  a)  daamtkiceT, rom samizne nawilakis asxletis kuTxe gabneuli nawilakis

      sawyisi mimarTulebis mimarT aris

           ( ).
2
1 rU H= -

b) dakvirvebebis Tanaxmad, drekadi gabnevisas H-iT gamosaxuli gabnevis 

ganivi kveTi izotropiulia. rogori saxisaa albaTobaTa Sesabamisi ga-

nawilebebi dacemuli nawilakis gabnevis EE1
 energiisTvis da samizne 

nawilakis asxletis EE2  energiisTvis?

8. daamtkiceT, rom laboratoriul sistemaSi  j   gabnevis kuTxe gabnevamde EE0
 

energias da gabnevis Semdgom E1 E energias Semdegi formuliT ukavSirdeba:

.cos
m

m m
E
E

m
m m

E
E

m E E

m Q
2 2 21

2 1

0

1

1

2 1

1

0

1 0 1

2j = + - - -

9. daamtkiceT, rom centraluri Zalis amocana elifsuri funqciebiT amoxs-

nadia, rodesac Zala manZilis xarisxovani funqciaa Semdegi maCveneblebiT:
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, , , , .n

2
3

2
5

3
1

3
5

3
7

=- - - - -

10. MM  masis planeta 1e = a-  eqscentrisitetis orbitaze, sadac 1%a , mzis 

garSemo moZraobs. davuSvaT, mzis moZraobis ugulebelyofa SesaZlebelia da mx-

olod gravitaciuli Zalebi moqmedeben. rodesac planeta mzidan maqsimalur man-

Zilzea, mas m  masis kometa ejaxeba, sadac m M% M da kometa mxebi mimarTulebiT 

moZraobs. davuSvaT, Sejaxeba sruliad aradrekadia. gamoTvaleT kometis minim-

aluri kinetikuri energia, rodesac axali orbita parabolis formas miiRebs.

11. ori nawilaki erTmaneTis garSemo wriul orbitaze, gravitaciuli Zalebis 

zemoqmedebis Sedegad x  periodiT moZraobs. drois garkveul momentSi moZrao-

bas aCereben da nawilakebi erTmaneTze dacemas iwyeben. daamtkiceT, rom Sejaxeba 

/4 2x   drois Semdeg moxdeba.

12. davuSvaT, airis atomebs Soris Sorsqmedi urTierTqmedeba arsebobs, rom-

lis Sesabamisi centraluri Zalebi Semdegi potencialidan miiRebian:

                                                               
( ) ,U r

r
k

m=

sadac r  aris manZili nebismier or atoms Soris da m  - dadebiTi mTeli ricx-

vi. aseve davuSvaT, rom nebismieri atomis mimarT danarCeni atomebi sivrceSi ise 

arian ganawilebulni, rom maTi moculobiTi simkvrive bolcmanis koeficientiT 

moicema:

                                                           
( ) ,r

V
N e ( )/U r kTt = -

sadac N N  aris atomebis mTliani raodenoba V  moculobaSi. gamoTvaleT atom-

ebs Soris moqmedi Zalebis Sedegad miRebuli klauziusis virialis damateba da 

boilis kanonSi Sesatani koreqcia. N N  didi ricxvi aiReT, raTa yvela jami inte-

graliT Seicvalos. Caketili saxiT Sedegebis miReba nebismieri dadebiTi m-isT-

vis SeiZleba, magram algebra bevrad martivdeba Tu m 1=+  avirCevT. 

13. a) daamtkiceT, rom Tu nawilaki wreze mdebare wertilisken mimarTuli 

mimzidveli centraluri Zalis zemoqmedebis Sedegad wriul orbitaze 

moZraobs, maSin Zala manZilis Sebrunebuli mexuTe xarisxis mixedviT 

icvleba

 b)  daamtkiceT, rom zemoT aRwerili orbitis SemTxvevaSi nawilakis sruli 
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energia nulis tolia

g)  gamoTvaleT moZraobis periodi

d) ,x yo o  da v  wris garSemo kuTxis funqciis saxiT gamoTvaleT da daamtki-

ceT, rom rodesac nawilaki Zalis centrze gadis, samive sidide usasru-

loa.

14. a)  wriuli da parabolis formis orbitebi /r1  mimzidvel potencialSi 

  mdebareoben da Tanabari impulsis momentebi aqvT. daamtkiceT, rom

   parabolis perihelionis manZili wris radiusis naxevaria.

  b)  daamtkiceT, rom savarjiSos a) nawilSi mocemuli centraluri Zalis 

SemTxvevaSi, paraboluri orbitis nebismier wertilSi nawilakis siCqare 

igive wertilze gamaval wriul orbitaze nawilakis siCqaris 2  -ia.

15. meteori dedamiwas v  siCqariT ejaxeba da zenitTan z kuTxes adgens. davuS-

vaT, orbitis siCqare dedamiwidan didi moSorebiT vl iyo da zentisadmi zl kuTx-

es adgenda. dedamiwis mizidulobis Sedegad meteori dedamiwis zedapiris mkveT 

hiperbolur orbitaze amoZravda. aCveneT rogor SeiZleba vl-s da zl-s gansaz-

Rvra v-dan da  z -dan cnobili mudmivebis saSualebiT. 

16. daamtkiceT, rom mcire e  eqscentrisitetis mqone kepleris elifsur or-

bitaze nawilakis  kuTxuri moZraoba, romelsac elifsis carieli fokusidan 

(fokusidan, romelic mizidulobis centri ar aris) akvirdebian, e-iT pirveli 

rigis miaxloebiT Tanabaria. swored am Teoremis wyalobiT xdeba planetebis 

moZraobis ptolemeiseuli suraTi realobasTan sakmaod miaxloebuli. am sura-

Tze mze Tanabrad moZraobs wreze, romlis centri dedamiwidan ekvantad wodeb-

uli manZiliTaa daSorebuli. Tu ekvanti namdvili elifsuri orbitis or fokuss 

Soris manZilia, maSin kuTxur moZraobas ptolemeiseuli suraTi e-iT pirveli 

rigis miaxloebis sizustiT asaxavs.

17. mecnierul fantastikaSi Zalian gavrcelebulia dedamiwis tyupi planetis 

(`planeta X”) cneba, romlis masa, energia da impulsi dedamiwis identuria, magram 

es planeta orbitaze dedamiwis mimarT 1800-iT aris wanacvlebuli da mziT aris 

damaluli. orbitis elifsurobis gamo es planeta mziT yovelTvis damaluli ar 

iqneba. davuSvaT, tyupiscali planeta dedamiwis kepleris orbitaze moZraobs 

da afelionze maSinaa, rodesac dedamiwa perihelionzea. e  eqscentrisitetiT 

pirveli rigis miaxloebis sizustiT gamoTvaleT  tyupiscal planetasa da mzes 

Soris maqsimaluri kuTxuri daSoreba dedamiwis TvalTaxedvidan. SesaZlebeli 

iqneba Tu ara amgvari planetis dedamiwidan danaxva? davuSvaT, tyupiscali pla-

neta dedamiwis orbitis identuri zomis da formis elifsur orbitaze moZraobs, 

romelic dedamiwis orbitidan 1800-iT aris motrialebuli, Tanac dedamiwa da 
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tyupiscali planeta perihelionze erTdroulad xvdebian. gaimeoreT gamoTv-

lebi da SeadarebiT xiluloba orive SemTxvevaSi. 

18. elifsuri orbitis perigeaze myofi nawilaki radialuri mimarTulebis S  

Zalis impulsis moqmedebas ganicdis da sxva elifsur orbitaze inacvlebs. axali 

didi naxevarRerZi, eqscentrisiteti da mimarTuleba Zveli mniSvnelobebis sa-

SualebiT gansazRvreT.

19. nawilaki iukavas potencialiT aRweril Zalis velSi moZraobs:

                                                     ( ) ,expV r
r
k

a
r

=- -b l

sadac k  da a  dadebiTebia.

a)  dawereT moZraobis gantolebebi da isini eqvivalentur erTganzomile-

bian amocanamde daiyvaneT. efeqturi potencialis gamoyenebiT energiis 

da  impulsis momentis sxvadasxva mniSvnelobebisas orbitebis xarisxo-

briv bunebaze imsjeleT. 

b)  daamtkiceT, rom Tu orbita miaxloebiT wriulia, apsidebi TiToeuli 

Semobrunebisas daaxloebiT /art -iT win gadaadgilebian, sadac t  wriu-

li orbitis radiusia.

20. mzis sistemaSi mtvris Tanabari ganawileba planetaze moqmed mzis mizidu-

lobas Semdeg Zalas umatebs:

F                                                               ,mCF r=-
sadac m  aris planetis masa, C  - mizidulobis mudmivis da mtvris simkvrivis  

proporciuli mudmiva, xolo r  - mzidan planetisken gavlebuli radius-veqto-

ri. damatebiTi Zala mzesa da planetas Soris moqmed mizidulobis Zalaze bevrad 

mcirea. 

a)  gamoTvaleT r0  radiusis wriul orbitaze moZravi planetis periodi.

b)  gamoTvaleT radialuri rxevebis periodi wriuli orbitidan mcire SeS-

foTebisas.

g)  daamtkiceT, rom TiTqmis wriuli orbita precesiuli elifsiT miaxloe-

biT SeiZleba Seicvalos da gamoTvaleT precesiis sixSire. precesia or-

bituli kuTxuris siCqaris mimarTulebisaa Tu piriqiT?

21. daamtkiceT, rom qvemoT moyvanil potenciur velSi moZravi nawilakis moZ-

raoba kepleris potencialis zemoqmedebis qveS moZraobis identuria, rodesac 

koordinatTa sistema brunavs an precesirebs Zalis centris garSemo:

                                                       
( )V r

r
k

r
h

2=- +

uaryofiTi sruli energiis pirobebSi daamtkiceT, rom Tu damatebiTi poten-
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ciali kepleris potencialTan SedarebiT mcirea, maSin elifsuri orbitis pre-

cesiis kuTxuri siCqarea:

                                                         
.

l
mh2

2=
x

rXo

merkuris perihelioni saukuneSi 40m-iT (kuTxuri sekundi) precesirebs. 

daamtkiceT, rom amgvari precesia klasikuri meTodebiT gamoiTvleba, Tu ganzo-

milebis armqone sidide

                                                             ka
hh =

7 10 8
# - -is toli mcire sididea. merkuris orbitis eqscentrisitetia 0,206 da 

periodia 0,24 weli.

22. 21-e savarjiSoSi moyvanili potenciali r 2- -is msgavsad moqmedebs da masSi 

Semavali damatebiTi wevri eqvivalentur erTganzomilebian potencialSi Sema-

val centridanul bariers waagavs. maSin ratom xdeba, rom es damatebiTi Zala 

orbitis precesias iwvevs, xolo l-is cvlilebiT gamowveuli jebiris damateba 

ki ara?

23. weliwadis, mTvaris Tvis (27,3 dRe) da  dedamiwis ( .1 49 108
# km) da mTvaris ( 

.3 8 105
#  km) orbitebis saSualo radiusebis saSualebiT mzis masis dedamiwis ma-

sasTan Sefardeba gamoTvaleT.

24. daamtkiceT, rom gravitaciul velSi elifsuri moZraobisas radialuri 

siCqare ase gamoiTvleba:

                                                  ( ) .r
r
a a e r a2 2 2

=
~

- -o

r -is magivrad eqscentriuli anomaliis } cvladi SemoitaneT da daamtkiceT, 

rom miRebuli diferencialuri gantolebis integrebis Sedegad kepleris gan-

toleba miiReba.

25. Tu e  eqscentrisiteti mcirea, } eqscentriuli anomaliis t~ -s funqciis 

saxiT mocemuli kepleris gantoleba iteraciuli meTodiT da kompiuteris saSu-

alebiT iolad amoixsneba. am meTodis Tanaxmad sine } wevri }-ze dabali rigisa 

miiCneva. Tu n  rigis iteraciul amonaxsns n}  simboloTi aRvniSnavT, maSin iter-

aciuli kavSiria:

                                                      .sint en n 1= +} ~ } -

am iteraciuli proceduris gamoyenebiT }-s e-s xarisxebad gaSlis analiti-

kuri forma daadgineT, romelic sul mcire e3-iT aris gamosaxuli. 

26. perihelionze gasvlebs Soris (`anomaluri weli~) dedamiwis periodia 

265,2596 saSualo mzis dRe, xolo dedamiwis orbitis eqscentrisitetia 0,0167504. 

davuSvaT, dedamiwa kepleris elifsur orbitaze moZraobs. perihelionidan ra 

kuTxes Semowers dedamiwa orbitaze anomaluri wlis erTi meoTxedis ganmav-

lobaSi? pasuxi kuTxuri sekundis sizustiT an ufro zustad miiReT. 
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27. /r1  potencialSi hiperboluri moZraobisas  F   eqscentriuli anomaliis 

analogia F:

                                                       ( 1),coshr a e F= -

sadac ( )a e 1-  maqsimaluri miaxloebis manZilia. gamoTvaleT kepleris gan-

tolebis analogi, romelic uaxloesi miaxloebidan aTvlil t  dros FF -is funq-

ciis saxiT gvaZlevs.

28. magnituri monopols (Tu is saerTod arsebobs) /b rB r 3
= B singularuli 

magnituri veli qmnis, sadac b  mudmivaa (magnituri muxtis mniSvneloba misi ar-

sebobis SemTxvevaSi). davuSvaT, m  masis nawilaki magnituri monopolis velSi da  

( ) /V r k r=-  potencialidan miiRebuli centraluri Zalis velSi moZraobs.

a)  lorencis Zalis saSualebiT (1.60 formula) niutonis moZraobis gan-

toleba CawereT. r p# o   namravlis saSualebiT daamtkiceT, rom vidre 

meqanikuri impulsis momenti mudmivi ar aris (Zalis veli centraluri 

ar aris), arsebobs mudmivi veqtori:

                                                          .
c

qb
r

D L r
= -

b)  3.79 formulidan 3.82 formulamde misvlis meTodis gamoyenebiT daamt-

kiceT, rom zogierTi ( )f r -isTvis laplasi-runge-lencis veqtoris 

analogiuri mudmivi veqtori arsebobs, romelSic D Digive rols asru-

lebs, rasac L  L kepleris Zalis amocanaSi. 

29. Tu nawilakis traeqtoriis gaswvrivi impulsis yvela veqtori gadatanil-

ia ise, rom saTaves Zalis centridan iReben, maSin veqtoris boloebi nawilakis 

hodografs Semoweren. hodografi orbitis grafikia da meqanikis istoriis sak-

maod adreul periods miekuTvneba. L L  veqtori laplasi-runge-lencis A veqtorze 

gaamravleT da daamtkiceT, rom kepleris elifsuri moZraobis hodografi /mk l  

radiusis wrea, romlis saTave y  RerZze Zalis centridan /A l A manZiliTaa gada-

tanili.

30. ra cvlilebebi moxdeba rezerfordis gabnevaSi Tu kulonis Zala ganmzi-

dis nacvlad mimzidveli gaxdeba?

31. gamoikvlieT f kr 3
= -  ganmzidi centraluri ZaliT gamowveuli gabneva. 

daamtkiceT, rom diferencialuri ganivi kveTia:

                                             
( )

( )
( )

,
sin

d
E
k

x x x
x dx

2 2
1

2 2v
r

H H =
-
-

sadac x  aris /rH  Sefardeba, xolo E E- energia. 

32. centraluri Zalis potenciali birTvul fizikaSi xSirad gvxvdeba da is 

marTkuTxa ormoa:
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0

.

V r a

V r a0

2

G

=

=-                                                  

daamtkiceT, rom klasikur meqanikaSi amgvari potencialiT gamowveuli gab-

neva a  radiusis da fardobiTi gardatexis qvemoT moyvanili maCveneblis mqone 

sferos mier sinaTlis sxivebis gardatexis identuria:

                                                       
.n

E
E V0= +

(es toloba cxadyofs, Tu ratom gaxda SesaZlebeli gardatexis movlenis 

erTdroulad axsna hiugensis talRebis da niutonis meqanikuri korpuskulebis 

saSualebiT). agreTve daamtkiceT, rom diferencialuri ganivi kveTia:

                                ( )
( )

( ) ( )
.

cos cos
cos cosn a

n n
n n

4 1 2
1

2

2 2

2

2

2
2 2v H =

+ -
- -

H H

H H

risi tolia sruli ganivi kveTi?

33. m  masis nawilaki mizidulobis moqmedebis Sedegad brunvis paraboloidis 

SigniT xaxunis gareSe moZraobs. paraboloidis RerZi vertikaluria. Camoaya-

libeT amgvari moZraobis eqvivalenturi erTganzomilebiani amocana. nawilakis 

sawyisi siCqaris ra piroba iwvevs wriul moZraobas? gamoTvaleT wriuli moZrao-

bis mimarT mcire rxevebis periodi.

34. ganvixiloT kulonis ganmzidi da wakveTili potenciali:

                                      

                                                             

.

V
r
k r a

a
k r a

2

#

=

=

/E k a2  sruli energiis mqone nawilakisTvis H gabnevis kuTxis /s s0-ze 

damokidebulebis funqciis gamosaxuleba miiReT, sadac s0  Sejaxebis parame-

tria, romlis drosas periafsisi r a=  wertilSi Cndeba. aageT H kuTxis /s s0-ze 

damokidebulebis funqciis ricxviTi grafiki, rodesac /E k a2= E. ra daskvnas 

gamoitanT kuTxuri gabnevis ganivi kveTis Sesaxeb H-is /s s0-ze damokidebulebi-

dan am SemTxvevaSi?

35. kulonis ganmzidi da wakveTili potencialis kidev erTi formaa:

                                                           
0 .

V
r
k

a
k r a

r a

1

2

=

=

-

gabnevis kuTxisa da gabnevis diferencialuri ganivi kveTisTvis Caketili 

formis gamosaxulebebi miiReT. es gamosaxulebebi yvelaze ufro advilad maqsi-



148

maluri miaxloebis manZilis a-s erTeulebSi gamosaxuli parametris saSualebiT 

miiRebian. risi tolia sruli ganivi kveTi?

36. sam sxeulTan dakavSirebuli kerZo amocana wriul orbitaze erTmaneTis 

garSemo moZravi ori masisa da bevrad mcire masis mqone mesame sxeulisgan Sedge-

ba, romelic danarCeni sxeulebis moZraobaze zegavlenas ar axdens.

a)  gansazRvreT ( , )V x y  efeqturi potenciali, rodesac x  RerZi ori ufro 

didi masis wrfea. aageT ( , )V x 0  funqciis grafiki da daamtkiceT, rom or 

masas ori `Rrmuli~ (stabiluri wonasworobis wertilebi) Seesabameba. 

aseve daamtkiceT, rom sami `borcvi~ (arastabiluri wonasworobis sami 

wertili) arsebobs.

b)  kompiuteruli programis saSualebiT sami sxeulis amocanisTvis ram-

denime orbita gamoTvaleT. mravali orbitis SemTxvevaSi mcire masa 

ganidevneba. dauSviT, rom mcire masis mdebareoba da siCqaris veqtori 

mocemulia. 
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myari sxeuli holonomiur SezRudvebs daqvemdebarebul nivTier wertilTa 

sistemaa, romelSic wertilebs Soris manZilebi moZraobis ganmavlobaSi ar icv

lebian. myari sxeulis cneba idealizirebuli, magram mosaxerxebelia da myari sxe

ulis moZraobis meqanika srulyofil Seswavlas saWiroebs. am TavSi ZiriTadad 

myar sxeulTa kinematikas anu maTi moZraobis bunebasa da Tvisebebs SeviswavliT. 

aseve yuradRebas davuTmobT maTematikur meTodebs, romlebic TavisTavadac 

sainteresoni arian da fizikis mraval sxva dargSic gamoiyenebian.

gansakuTrebuli mniSvneloba myari sxeulis brunviT moZraobas aqvs. brunvis 

Seswavlis Sedegad, inerciul da mbrunav aTvlis sistemebSi erTi da igive veqto

ris cvlilebis tempebs Soris damokidebulebas davadgenT. mogvianebiT kinemati

kas mcire xniT Tavs davanebebT da mbrunav aTvlis sistemaSi moZraobis dinamikas 

aRvwerT. momdevno TavSi, lagranJis formulebis daxmarebiT, modebuli Zalebi

sa da mabruni momentebis mier ganvrcobili sagnebis amoZravebas ganvixilavT.

    myari sxeulis damoukidebeli koordinatebi

vidre myari sxeulis moZraobas ganvixilavT, manamde unda davadginoT, Tu 

ramdeni damoukidebeli koordinatia saWiro moZraobis konfiguraciis gansaz

RvrisTvis. gamocdilebidan viciT, rom amisTvis eqvsi damoukidebeli koordina

ti arsebobs. sami gare koordinati sxeulSi raime aTvlis wertilis mdebareobis 

dasadgenad gamoiyeneba, xolo danarCeni sami gare koordinatebisadmi sxeulis 

orientacias asaxavs. 

N  raodenobis nivTieri wertilisgan Semdgar myar sxeuls maqsimum N3  Tavi

suflebis xarisxi SeiZleba hqondes, magram Tavisuflebis xarisxs SezRudvebi 

amcireben, romlebic Semdegi saxis gantolebebiT gamoisaxebian:

                                                                  .r cij ij=                                                                  (4.1)

rij  aris manZili i  da j  nivTier wertilebs Soris, xolo cebi mudmivebia. Tavi

suflebis xarisxis namdvili raodenobis miReba N3 dan SezRudvis gantolebebis 

gamoklebiT SeuZlebelia, vinaidan 4.1 formis gantoleba N N 12
1 -] g raodenobis 

SeiZleba iyos, rac didi N is SemTxvevaSi N3 ze bevrad metia. marTlac, 4.1 for

mulebidan yvela damoukidebeli ar aris. 

4
Tavi

myari sxeulebis moZraobis kinematika
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sur. 4.1. myar sxeulSi wertilis mdebareobis gan

sazRvra sami aTvlis wertilidan misi daSorebis 

daxmarebiT

myar sxeulSi nivTieri wertilis fiqsirebisTvis sxeulis yvela wertilidan 

misi daSorebis gansazRvra aucilebeli ar aris, sakmarisia mxolod nebismieri 

sami arakolinearuli wertilidan manZili gamoiTvalos (ix. sur. 4.1). mas Semdeg, 

rac myar sxeulSi sami nivTieri wertilis mdebareoba ganisazRvreba, SezRudvebi 

yvela danarCeni nivTieri wertilis mdebareobas afiqsireben. aqedan gamomdinare, 

Tavisuflebis xarisxi 9ze meti ar SeiZleba iyos. aTvlis sami wertili TavisTavad 

damoukidebeli ar aris da simyaris SezRudvis sam gantolebas eqvemdebareba:

                                             ,r c12 12=       ,r c23 23=       .r c13 13=

es gantolebebi Tavisuflebis xarisxs 6mde amcireben. mxolod eqvsi koor

dinatis saWiroeba sxva meTodiTac SegviZlia davadginoT. aTvlis erTerTi 

wertilis mdebareobis gansazRvrisTvis sami koordinatia saWiro, magram vi

naidan pirveli wertili fiqsirebulia, meore wertilis gansazRvra mxolod ori 

koordinatiT SeiZleba, radgan meore wertili pirvel wertilze centrirebuli 

sferos zedapirze moZraobs. ori wertilis gansazRvris Semdeg mesame wertils 

Tavisuflebis erTi xarisxi aqvs, vinaidan mas mxolod danarCeni ori wertilis 

SemaerTebeli RerZis mimarT SeuZlia brunva. yovelive zemoTqmulidan gamomdi

nare, eqvsi koordinati sruliad sakmarisia.

sivrceSi myari sxeulis konfiguraciis gansazRvrisTvis eqvsi damoukide

beli ganzogadebuli koordinatia saWiro da sxeulSi arsebuli nivTieri wer

tilebis raodenobas uwyveti sxeulis zRvarSic ki mniSvneloba ar aqvs. sxeuls 

simyaris garda sxva SezRudvebic SeiZleba gaaCndes. magaliTad, sxeuli SesaZle

belia zedapirze moZraobdes an erTi wertili fiqsirebuli hqondes. am SemTx

vevaSi damatebiTi SezRudvebi Tavisuflebis xarisxs da maSasadame damoukide

beli koordinatebis raodenobas amcireben.
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 rogor unda mivaniWoT sxeuls koordinatebi? gaiTvaliswineT, rom myari 

sxeulis konfiguracia gare sivrcis koordinatTa RerZebisadmi am myar sxeulze 

fiqsirebuli dekartis koordinatTa RerZebis mdebareobiT ganisazRvreba. cxa

dia, rom    myar sxeulze fiqsirebuli RerZebis aTvlis saTavis koordinatebis 

gansazRvrisTvis sami koordinatia saWiro. danarCeni sami koordinati am RerZe

bis mimarTulebas gansazRvravs gare RerZebis paraleluri da sxeulze fiqsire

buli RerZebis aTvlis saTavis mqone koordinatTa sistemis mimarT.

dekartis RerZTa simravlis mimarTuleba igive aTvlis saTavis mqone raime 

sxva simravlisadmi ramdenime meTodiT ganisazRvreba. yvelaze mosaxerxebeli 

gza Strixiani RerZebis araStrixiani RerZebisadmi mimmarTveli kosinusebis 

dadgenaa. maSasadame, xl RerZi x , y  da z  RerZebisadmi 1a , 2a , 3a  mimmarTveli kosi

nusebiT ganisazRvreba. Tu i , j da k  arian erTeulovani veqtorebi  x , y  da z  Rer

Zebis gaswvriv, xolo il, jl da kl igive funqcias Strixiani sistemisTvis asruleben 

(ix. sur. 4.3), maSin mimmarTveli kosinusebia:

cos cos i i i i i i11 $ $ $= = =i l l l] g        (4.2)

cos cos i j i j j i12 $ $ $= = =i l l l^ h  

cos cos j i j i i j21 $ $ $= = =i l l l^ h  

cos cos j j j j j j22 $ $ $= = =i l l l^ h       

sur. 4.2. ,x y  da z  RerZebi RerZebis gare aTvlis 

simravles warmoadgenen. ,x yl lda zl RerZebi myar 

sxeulze arian fiqsirebulni

sur. 4.3. sxeulis RerZTa simravlis mimmarTveli 

kosinusebi RerZebis gare simravlisadmi
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da aseTive formulebi gveqneba cos 13i sTvis, cos 31i sTvis da a.S. yuradReba mi

aqcieT, rom iji  kuTxis gansazRvrisas pirveli indeqsi Strixian sistemaze, xolo 

meore indeqsi araStrixian sistemaze miuTiTebs. mimmarTveli kosinusebi Strix

ian sistemaSi mdebare erTeulovani veqtoris araStrixiani sistemis erTeulo

vani veqtorebis saSualebiT gamosaxvisTvisac SegviZlia gamoviyenoT:

cos cos cosi i j k11 12 13= + +i i il

cos cos cosj i j k21 22 23= + +i i il      

cos cos cosk i j k.31 32 33= + +i i il    (4.3)

cxra mimmarTveli kosinusisgan Semdgari simravle xl, yl, zl RerZebis mimar

Tulebas x , y , zRerZebisadmi amomwuravad gansazRvravs. procesi SegviZlia Seva

brunoT anu mimmarTveli kosinusebi  i , j da k  erTeulovani veqtorebis Strixi

ani RerZebis gaswvriv maTi komponentebis saSualebiT gamosaxvisTvis SegviZlia 

gamoviyenoT:

x y z x y zr i j k i j k= + + = + +l l l     (4.4)

cos cos cosx x y zr i 11 12 13$= = + +i i il l] g

cos cos cosy x y zr j 21 22 23$= = + +i i il l^ h  

cos cos cosz x y zr k 31 32 33$= = + +i i il l] g  (4.5)

analogiuri gantolebebi gveqneba  i , j da k  erTeulovani veqtorebisTvis.

mimmarTveli kosinusebi erT sistemaSi mdebare wertilis koordinatebsa da 

meore sistemis koordinatebs Soris damokidebulebasac gvatyobineben. maSasa

dame, mocemul aTvlis sistemaSi wertilis koordinatebi sistemis Strixiani da 

AaraStrixiani RerZebis gaswvriv r  mdebareobis veqtoris komponentebia. Strixi

ani koordinatebi x , y  da z  is saSualebiT moicemian, rogorc es 4.5 formula

Si Cans. is rac r  veqtoris komponentebisTvis gavakeTeT, cxadia SesaZlebelia 

gakeTdes nebismieri pirobiTi veqtorisTvis. Tu G  raime veqtoria, maSin Gis 

komponenti xl RerZis gaswvriv mis x, y da z  komponentebs Semdegi formuliT 

ukavSirdeba:

,cos cos cosG G G GG ix x y z11 12 13$= = + +i i ill    (4.6)

da a.S. cxra mimmarTveli kosinusis simravle am or koordinatTa sistemas Soris 

gadasvlas amomwuravad ganmartavs. 

Tu Strixiani RerZebi sxeulze arian fiqsirebulni, maSin cxra mimmarTveli 

kosinusi drois funqcia iqneba, rodesac sxeuli moZraobisas orientacias   icv

lis. mimmarTveli kosinusebi sxeulis myisi orientaciis amsaxvel koordinatebad 
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SegviZlia ganvixiloT. sxeulis orientacia am SemTxvevaSi sivrceSi fiqsirebuli 

da sxeulis sistemis aTvlis saTavis mqone koordinatTa sistemis mimarT ganisaz

Rvreba. mimmarTveli kosinusebi, cxadia, damoukidebeli koordinatebi ar ari

an, vinaidan ukve davamtkiceT, rom orientaciis gansazRvrisTvis mxolod sami 

koordinatia saWiro.

mimmarTvel kosinusebs Soris damokidebulebis dasadgenad gavixsenoT faq

ti, rom sabaziso veqtorebi orive koordinatTa sistemaSi erTmaneTisadmi or

Togonalurebia da maT erTis toli modulebi aqvT:

,0i j j k k i$ $ $= = =    

1,i i j j k k$ $ $= = =    (4.7)

igive damokidebulebebi arsebobs il, jl da kl veqtorebisTvis. piroba, romelsac 

cxrave koeficienti akmayofilebs, SegviZlia miviRoT, Tu 4.7 formulis gamoy

enebiT i , j da k  veqtorebis ils, jls da kls saSualebiT gamomsaxveli sami formu

lis  yvela skalarul namravls gamovTvliT:

cos cos 0lm

i

lm

1

3

i i =
=

l/           
m m! l

.cos 1
l i

lm
2

3

i =
=

/
 (4.8)

sami gantolebisgan Semdgari es ori simravle sakmarisia, raTa damoukidebeli 

sidideebis raodenoba 9dan 3mde Semcirdes. eqvsi formula SesaZlebelia Caiwe

ros erTi formulis saxiT, Tu kronekeris  lmd  simbolos gamoviyenebT:

1

0 .

l m

l m

lm

!

= =

=

d

4.8 formula aseT saxes miiRebs:

.cos coslm lm

l i

mm

3

=i i d
=

l l/       (4.9)

 lagranJis funqciis da moZraobis gantolebebis Cawera ganzogadebuli koor

dinatebis saxiT cxra mimmarTveli kosinusis arsebobisas SeuZlebelia. am miznis 

misaRwevad mimmarTveli kosinusebis sami damoukidebeli funqciisgan Semdgari 

raime simravle undagamoviyenoT. damoukidebeli cvladebis amgvar simravlee

bs momdevno paragrafebSi SeviswavliT, xolo maTgan yvelaze mniSvnelovani ei

leris kuTxeebia. miuxedavad amisa, dekartis koordinatTa or sistemas Soris 

damokidebulebis dadgenaSi mimmarTveli kosinusebis gamoyenebas mniSvnelovani 
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upiratesobebi aqvs. mimmarTveli kosinusebis daxmarebiT myari sxeulis moZrao

basTan dakavSirebuli Teoremebi ufro martivad da ganzogadebulad SeiZleba 

gamoisaxon, rac specialuri fardobiTobis TeoriaSi da kvantur meqanikaSi far

Tod gamoiyeneba. 

   orTogonaluri gardaqmnebi

cxra mimmarTveli kosinusis Tvisebebis ukeT gasagebad aRniSvnebi SevcvaloT 

da yvela koordinati xiT aRvniSnoT, xolo RerZebi Semdegi indeqsebiT ga

varCioT:
x x1"

y x2"         (4.10)
z x3"

amgvari aRniSvnebi 4.3 suraTze arian gamosaxulni. aseve SevcvaloT mimmarTve

li kosinusebis aRniSvna:

 cosaij iji=    (4.11)

 4.5 da 4.6 formulebi x1, x2 , x3  koordinatTa simravlidan x1l, x2l, x3l simravleze 

gardaqmnis formulebia. isini wrfivi anu veqtoruli gardaqmnis magaliTebia da 

Semdegi saxis gardaqmnis formulebiT ganisazRvrebian:

x a x a x a x1 11 1 12 2 13 3= + +l  

x a x a x a x2 21 1 22 2 23 3= + +l
  

,x a x a x a x3 31 1 32 2 33 3= + +l
 (4.12)

sadac , , ,a a11 12 f  da a.S. mudmivi koeficientebis nebismieri simravlea (xsa 

da xlisgan damoukidebeli).* gamosaxulebebis gamartivebisTvis Sekrebis wesi 

gamoviyenoT, romelic pirvelad ainStainma SemogvTavaza: rodesac indeqsi wevr

Si orjer an metjer Sedis, wevrebi yovelgvari Semdgomi simboloebis gareSe in

deqsis yvela SesaZlo mniSvnelobisTvis unda Sejamdes. maSasadame, 4.12 formula 

ase SeiZleba Caiweros:

,x a xi ij j=l            , , .i 1 2 3=    (4.12’)

j  indeqsis ganmeorebiTi gamoCena cxadyofs, rom 4.12’ formulis marcxena mx

are j  munji indeqsis yvela SesaZlo mniSvnelobisTvis Sesrulebuli Sejamebaa 

(am SemTxvevaSi , ,j 1 2 3= ). garkveuli gaugebroba SeiZleba moxdes, rodesac ind

eqsirebuli sidide xarisxSia da qvemoT moyvanili gamosaxuleba:       xi

i

2/
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Sekrebis wesidan gamomdinare aseT saxes iRebs:   .x xi i

 saxelmZRvanelos darCenil nawilSi Sekrebis wess avtomaturad viyenebT, 

Tu sxva ram specialurad miTiTebuli ar aris. gaugebrobis Tavidan asacile

blad Sekrebis niSani cxadad SeiZleba iyos gamosaxuli, kerZod maSin, rodesac 

indeqsis garkveuli mniSvnelobebi Sekrebidan unda gamoiricxon. 

 4.11 formulebiT warmodgenili gardaqmna 

zogadi wrfivi gardaqmnis (4.12 formulebi) kerZo SemTxvevaa, vinaidan yvela mim

marTveli kosinusi damoukidebeli ar aris. koeficientebs Soris damokidebule

bebi (4.8 formulebi) axali aRniSvnebis Semotanis Sedegad miviReT. radgan orive 

koordinatTa sistema dekartisaa, veqtoris moduli komponentebis kvadratebis 

jamia. garda amisa, realuri veqtori ucvlelia da koordinatTa sistemis arCev

ans mniSvneloba ar aqvs. veqtoris moduli orive koordinatTa sistemaSi erTi da 

igivea. veqtoris modulis mudmivoba simboloebis saSualebiT ase SeiZleba Cai

weros:

.x x x xi i i i=l l   (4.13)

4.13 formulis marcxena mxarea:

,a a x xij ik j k

da 4.13 formulis marjvena mxares mxolod maSin uTanabrdeba, rodesac:

1

0 ,

a a j k

j k

ij ik

!

= =

=

   (4.14)

an
,a aij ik jkd=                  , , , .j k 1 2 3=     (4.15)

 rodesac aij  koeficientebi mimmarTveli kosinusebis saSualebiT gamoisaxe

bian, 4.15 formulaSi Sesuli eqvsi gantoleba 4.9 formulebis identuri xdeba.

 nebismier wrfiv gardaqmnas, romelsac 4.15 formulisTvis saWiro Tvisebebi 

aqvs, orTogonaluri gardaqmna ewodeba, xolo 4.15 formula orTogonaluro-

bis pirobaa. maSasadame, sivrceSi fiqsirebuli koordinatebidan myar sxeulze 

fiqsirebul koordinatebze gadasvla orTogonaluri gardaqmnis saSualebiT 

xdeba. gardaqmnis sidideebis (mimmarTveli kosinusebis) matricaa:

a a a

a a a

a a a

11 12 13

21 22 23

31 32 33

R

T

S
S
SS

V

X

W
W
WW

,            (4.16)

4.16 matricas gardaqmnis matrica ewodeba da A  simboloTi aRiniSneba. aij  si

dideebi gardaqmnis matricis elementebia. 
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konkretuli magaliTis saxiT sibrtyeSi moZraoba ganvixiloT, rodesac brun

va or ganzomilebaSi xdeba da gardaqmnis matricaa:

.

a a

a a

0

0

0 0 1

11 12

21 22

R

T

S
S
SS

V

X

W
W
WW

matricis oTxi aij  elementi erTmaneTs orTogonalurobis sami pirobiT ukav

Sirdeba:   ,a aij ik jkd=     , , ,j k 1 2=
aqedan gamomdinare, gardaqmnis gansazRvrisTvis mxolod erTi damoukidebeli 

parametria saWiro. dekartis koordinatTa sistemidan sxva sistemaze organzo

milebiani gardaqmna sibrtyeSi RerZebis brunvas Seesabameba (ix. sur. 4.4), xolo 

aseT brunvas mxolod erTi sidide, kerZod z brunvis kuTxe gansazRvravs. gardaqm

nis formulebi mxolod am parametris saSualebiT gamovsaxoT da miviRebT:

cos sinx x x1 1 2= +z zl

sin cosx x x2 1 2= +z z-l

.x x3 3=l

matricis elementebia:

cos

sin

a

a

a 0

11

21

31

=

=

z

z-

=

         
sin

cos

a

a

a 0

12

22

32

=

=

=

z

z
         

0

0

,

a

a

a 1

13

23

33

=

=

=

    (4.17)

maSasadame, A  matricaa:

cos sin

sin cos

0

0

0 0 1

A =

z z

z z-

R

T

S
S
SS

V

X

W
W
WW

         (4.17’)

orTogonalurobis sami pirobaa:

a a a a 111 11 21 21+ =

1a a a a12 12 22 22+ =

.a a a a 011 12 21 22+ =

 am pirobebs (4.17’) matrica namdvilad akmayofilebs da 4.17 matricis element

ebis saSualebiT Semdeg igiveobebamde daiyvanebian:

                     cos sin 12 2z z+ =
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1sin cos2 2
+ =z z

.cos sin sin cos 0=z z z z-

A  gardaqmnis matrica operatorad SegviZlia warmovidginoT, romelic 

araStrixian sistemaze moqmedebs da mas Strixian sistemad gardaqmnis. es pro

cesi simboluradac SegviZlia gamovsaxoT:   ,r Ar=l] g      (4.18)

4.18 formula ase ikiTxeba: araStrixian sistemaSi mdebare veqtoris komponen

tebze moqmedi A  matrica veqtoris komponentebs Strixian sistemaSi gardaqmnis. 

A  mxolod koordinatTa sistemaze moqmedebs, veqtori ucvlelia da ubralod 

misi komponentebi or sxvadasxva koordinatTa sistemaSia gamosaxuli. 4.18 for

mulaSi Semavali frCxilebi cxadyofen, rom formulis orive mxares erTi da igive 

veqtoria mocemuli da mxolod komponentebi icvlebian. koordinatebis gardaqm

na sam ganzomilebaSi brunvaa da A  matrica sibrtyeSi brunvis operatoria. 

 

sur. 4.4. koordinatTa RerZebis brunva, ro

gorc organzomilebiani orTogonaluri gar

daqmnis identuri

 A  aseve SegviZlia ganvixiloT, rogorc r  

veqtorze moqmedi operatori, romelic mas rl 
veqtorad gardaqmnis:  ,r Ar=l   (4.19)

orive veqtori erTi da igive koordinatTa sistemaSia gamosaxuli. maSasa

dame, koordinatTa sistemis or ganzomilebaSi saaTis isris sawinaaRmdego mimar

TulebiT mobrunebis nacvlad SegviZlia r  veqtori saaTis isris mimarTulebiT 

z kuTxiT movabrunoT da axali rl veqtori miviRoT, rogorc es 4.5 suraTzea 

naCvenebi. axali veqtoris komponentebi Zveli veqtoris komponentebs 4.12 for

mulebiT ukavSirdebian, romlebic koordinatTa gardaqmnas asaxaven. formaluri 

TvalsazrisiT 4.18 formulaSi frCxilebis gamoyeneba aucilebeli ar aris. 4.18 

formula SegviZlia 4.19 formulis saxiT CavweroT da koordinatTa sistemaze an 

veqtorze moqmed operatorad miviCnioT. orive SemTxvevaSi algebra ucvlelia.

koordinatebze moqmedi operatoriseuli interpretacia ufro logikuria, 

rodesac myari sxeulis orientaciis gansazRvrisTvis orTogonalur gardaqmnas 

viyenebT. meores mxriv, operatoris, rogorc erTi veqtoris meoriT Semcvlelis 
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warmodgena ufro farTodaa gavrcelebuli. maTematikuri msjelobisas orive 

intepretacia sworia. A  matrica koordinatTa sistemis z kuTxiT da saaTis 

isris sawinaaRmdego mimarTulebiT brunvas an veqtoris saaTis isris mimar-

TulebiT brunvas Seesabameba.

 

sur. 4.5. orTogonaluri gardaqmna, rogorc 

veqtoris brunva,  rodesac koordinatTa siste

ma ucvlelia.

rolebis gaoreba orTogonalur gardaqmnaze 

ufro zogadi koordinatTa gardaqmnis saxe

obebis pirobebSic xdeba. zogjer gardaqmna mx

olod koordinatTa sistemaze axdens zegavlenas 

da raime mocemuli sidide an funqcia axali koordinatTa sistemisTvis gamoisaxe

ba. zogjer gardaqmna Tavad sidideze an funqciaze igive koordinatTa sistemaSi 

moqmedebs. rodesac gardaqmna mxolod koordinatTa sistemas exeba, is pasiur 

rols asrulebs. Tu gardaqmna veqtors an raime sxva fizikur sidides cvlis, maSin 

is aqtiuria. gardaqmnis amgvari intepretaciebi klasikuri meqanikis sxvadasxva 

formulebSi Segvxvdebian da isini fizikis mraval dargSi gamoiyenebian.

fiqsirebuli aTvlis saTavis garSemo myari sxeulis moZraobis kinemati

kis Semdgomi ganxilvisas gardaqmnis matricaze algebrul manipulaciebs Cava

tarebT. momdevno paragrafSi matriculi algebris ZiriTad aspeqtebs Seviswav

liT da kerZod orTogonalur matricebs SevexebiT. Tu matriculi algebra 

kargad iciT, maSin momdevno paragrafi SegiZliaT gamotovoT da pirdapir 4.4 

paragrafze gadaxvideT.

   gardaqmnis matricis formaluri Tvisebebi

modiT ganvixiloT SemTxveva, rodesac myari sxeulis ori TanmimdevrobiTi 

gadaadgilebisas ori TanmimdevrobiTi gardaqmna xdeba. rdan rlze pirveli 

gardaqmna B B simboloTi aRvniSnoT:     ,x b xk kj j=l      (4.20)

rldan rll koordinatTa mesame simravleze gardaqmna A  AsimboloTi aRvniS

noT:
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.x a xi ik k=m l     (4.21)

 xillsa da xj s Soris damokidebuleba 4.20 da 4.21 formulebis gaerTianebis 

Sedegad miiReba:
.x a b xi ik kj j=m

es asec SeiZleba Caiweros:   ,x c xi ij j=m      (4.22)

sadac                                              .c a bij ik kj=       (4.23)

A  da B orTogonaluri gardaqmnebis TanmimdevrobiTi gamoyeneba mesame 

wrfivi C gardaqmnis eqvivalenturia. SegviZlia davamtkicoT, rom C orTogo

naluri gardaqmnaa As da Bs orTogonalobis Sedegad. C  operatori A  da B 

operatoris namravlia:  ,C AB=
cij  matriculi elementebi kvadratuli matricis elementebia, romlebic A  da 

Bkvadratuli matricebis gamravlebis Sedegad miiRebian.

 gaiTvaliswineT, rom es `matrica~ anu gamravlebis operacia komutatiuri ar 

aris: ,BA AB!    D BA=      gardaqmnis elementebia:    ,d b aij ik kj=     (4.24)

 es elementebi, rogorc wesi, C matricis elementebs ar emTxvevian. maSasadame, 

saboloo koordinatTa sistema A  da B operatorebis gamoyenebis Tanmimdevro

bazea damokidebuli. garda amisa, matricebis gamravleba asociatiuria anu sami 

an meti matricis namravlSi gamravlebis Tanmimdevrobas mniSvneloba ar aqvs:

.AB C A BC=] ]g g

4.19 formulaSi As da ris SeuRleba As koordinatTa sistemaze (an veq

torze) moqmedebas asaxavs da is ubralod simbolur xasiaTs atarebs. Tu ma

tricebis cnebas ganvavrcobT, maSin aseTi SeuRleba matricebis realur gamrav

lebasac asaxavs. aqamde Cvens mier gamoyenebuli matricebi kvadratulebi iyvnen 

anu maTi svetebis da striqonebis raodenoba Tanabari iyo, Tumca SesaZlebelia 

erTsvetiani matricebic Segvxvdes:

,

x

x

x

x
1

2

3

=

R

T

S
S
SS

V

X

W
W
WW

        
.

x

x

x

x
1

2

3

=l
l

l

l

R

T

S
S
SS

V

X

W
W
WW

  (4.26)

Ax  namravli erTsvetiani matricaa da misi elementebia:  .a x xAx i ij j i= = l] g

 maSasadame, 4.19 formula matriculi gantolebis saxiT SeiZleba Caiweros:

x Ax.=l

matricebis Sekreba gamravlebis msgavsad mniSvnelovani ar aris, magram xSir
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ad gamoiyeneba. A B+  jami C matricaa, romlis elementebi A  da B matricebis 

Sesabamisi elementebis jamia:  .c a bij ij ij= +
didad mniSvnelovania i As Sebrunebul gardaqmna anu rldan r ze dabrune

ba. amgvar gardaqmnas A 1-  ewodeba da misi matriculi elementebi aijl simboloTi 

aRiniSnebian. am SemTxvevaSi gantolebaTa Semdegi simravle gvaqvs:

,x a xi ij j= l l      (4.27)

rac SesabamisobaSi unda iyos Semdeg pirobasTan:

.x a xk ki i=l     (4.28)

xi  4.27 formulidan aviRoT da 4.28 formula aseT saxes miiRebs:

.x a a xk ki ij j=l l l  (4.29)

vinaidan rlis komponentebi damoukideblebia, 4.29 formula mxolod maSin 

aris swori, rodesac Sekreba calsaxad daiyvaneba xklze. amitom xjls koeficienti 

erTis toli unda iyos, rodesac j k=  da 0is toli unda iyos, rodesac j k! :

.a aki ij kjd=l     (4.30)

 4.30 formulis marcxena mxare AA 1-  namravlis matriculi elementia, xolo 

marjvena mxare 1 erTeulovani matricis elementia:

1

0 0

0 0

.

0 0

1

1

1 =

R

T

S
S
SS

V

X

W
W
WW

    (4.31)

4.30 formula asec SeiZleba Caiweros:

,AA 11
=-     (4.32)

 swored amitom aRvniSneT Sebrunebuli matrica A 1-  simboloTi. 1is Sesabamis 

gardaqmnas igivuri gardaqmna ewodeba da am dros koordinatTa sistemaSi cvli

leba ar xdeba: x 1x.=
 Tu A  matricas 1ze nebismieri TanmimdevrobiT gavamravlebT, A  ar Seicv

leba: 1A A1 A.= =
 Tu 4.28 formulis damtkicebis Tanmimdevrobas odnav SevcvliT, gamoCndeba, 

rom A  da A 1-  komutireben. 4.29 formulaSi xi is xlT gamosaxvis  nacvlad ori 

formulidan xl gamovricxoT da miviRebT: .a aij jk ikd=l

matriculi aRniSvniT:

 ,A A 11
=-     (4.33)

amjerad ormagi jami ganvixiloT:
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,a a akl ki ijl

es asec SeiZleba Caiweros:   c ali ijl  rodesac c a ali kl ki=    da asec: a dki kj    rodesac  

.d a akj ki ij= l

 orTogonalurobis pirobebis (4.15 formula) gamoyenebiT pirveli formiT 

Cawerili jami aseT saxes miiRebs:   .a ali ij ljd =l l
 meore formiTaseT Cawerili jami 4.30 formulis daxmarebiT Semdeg saxes mi

iRebs:   a a .kl kj jld =
 maSasadame, AA  pirdapiri matricis A 1-  Sebrunebuli matricis elementebs So

ris Semdegi damokidebulebaa:  .a alj jl=l    (4.34)

svetebis da mwkrivebis gadanacvlebis Sedegad A 1- dan miRebul matricas 

transponirebuli ewodeba da Au  simboloTi aRiniSneba. 4.34 formulis Tanaxmad, 

orTogonaluri matricebis SemTxvevaSi Sebrunebuli matrica transponirebu

lia: .A A1
=- u    (4.35)

Tu am Sedegs 4.33 formulaSi CavsvamT, miviRebT:

,AA 1=u    (4.36)

4.36 formula orTogonalurobis pirobebis identuria da amis Semowmeba 4.15 

formulis gaSlis Sedegad SeiZleba. orTogonalurobis pirobebis alternatiu

li forma 4.30 formulidan SegviZlia miviRoT, Tu masSi 4.34 formulas CavsvamT:

.a aki ji kjd=     (4.37)

4.37 formula simboloebiT ase Caiwereba:   AA 1=u

 4.37 formula pirdapir 4.36 formulidan miiReba, Tu 4.36 formulas marcxni

dan Aze gavamravlebT, xolo marjvnidan A 1- ze gavamravlebT.

 marTkuTxa matrica m n#  ganzomilebisaa, Tu is m  raodenobis striqonisa da 

n  raodenobis svetisgan Sedgeba. Tu matricis elementia aij , maSin i  1dan mmde 

icvleba, xolo j   1dan nmde. amgvari matricis transponirebuli matrica n m#  

ganzomilebis iqneba. Tu veqtoruli erTsvetiani matrica m 1#  ganzomilebis 

marTkuTxa matricaa, maSin am veqtoris Sesabamisi transponirebuli veqtori 

m1 #  ganzomilebis anu erTstriqoniani matricaa. ori marTkuTxa matricis A B 

namravli mxolod maSin arsebobs, rodesac A  matricis svetebis raodenoba B ma

tricis striqonebis raodenobis tolia. swored aseTi Sedegi mosdevs matricis 

elementis momcemi gamravlebis operaciis gansazRvrebas:   .c a bij ik kj=
erTsvetiani matricis kvadratul matricaze namravli ar arsebobs. samagi

erod SesaZlebelia kvadratuli matricis erTsvetian matricaze gamravleba, 

magram gaiTvaliswineT, rom erTstriqoniani matrica kvadratul matricaze Ses

aZlebelia gamravldes. veqtoris SemTxvevaSi erTsvetian matricasa da mis tran
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sponirebuls Soris xSirad gansxvaveba ar aris. aqedan gamomdinare, x  simbolo 

erTsvetiani an erTstriqoniani matricis aRniSnisTvis gamoiyeneba*. maSasadame, 

Ax  gamosaxulebaSi A  kvadratuli matricaa, xolo x  simbolo erTsvetian mat

ricas aRniSnavs. xA A gamosaxuleba erT striqonSi ganlagebul igive elementebs 

asaxavs. yuradReba miaqcieT, rom Axis i  rigis komponenti ase SeiZleba Caiwe

ros: A .A x x Aij j j ji= u^ h

maSasadame, veqtoris da kvadratuli matricis namravlis komutatiuri Tvise

ba miviReT:

Ax xA.= u

 rodesac kvadratuli matrica misi transponirebuli matricis eqvivalentu

ria, mas simetriuli ewodeba: ,A Aij ji=   (4.38)

 rodesac transponirebuli matrica sawyisi matricis uaryofiTia, maSin mat

ricas antisimetriuli anu niSancvladi ewodeba:  ,A Aij ji=-   (4.39)

antisimetriul matricaSi diagonaluri elementebi yovelTvis nulebia.

operatoris orive interpretacia, rogorc veqtoris da koordinatTa siste

mis gardaqmna, maSin gamoiyeneba, rodesac operatoris gardaqmnas koordinatebis 

cvlilebis pirobebSi vpoulobT. davuSvaT, A  iyos F  veqtorze (erTsvetiani 

matricav) moqmedi operatori, romelic  Gveqtors warmoqmnis:  G AF.=
 Tu B matrica koordinatTa sistemas gardaqmnis, GG  veqtoris komponentebi 

axal sistemaSi iqnebian: 

,BG BAF=     an    .BG BAB BF1
= -   (4.40)

4.40 formula ase ikiTxeba: axal sistemaSi gamosaxul F  veqtorze moqmedi  

BAB 1-  operatori imave sistemaSi G  veqtors warmoqmnis, romelic axali koor

dinatebiT aris gamosaxuli. maSasadame, BAB 1-  aris A  operatoris mier miRebu

li forma, rodesac RerZebis axal simravleze moxda gadasvla:

A BAB .1= -l  (4.41)

 4.41 formis mqone nebismieri matricis gardaqmnas msgavsebis gardaqmna ewodeba.

modiT kvadratuli matricis elementebidan miRebuli determinantis Tvise

bebi ganvixiloT. amgvar determinants vertikaluri xazebiT aRniSnaven: A . ma

tricebis gamravlebis gansazRvreba determinantebis gamravlebis gansazRvrebis 

identuria:

.AB A B$=   (4.41’)

 erTeulovani matricis determinantia 1 da orTogonalurobis pirobebi de

terminantuli formiT ase SeiZleba Caiweros:    1.A A$ =u

 determinantis mniSvnelobaze svetebis da striqonebis Secvla gavlenas ar 
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axdens da SegviZlia davweroT:    ,1A 2
=   (4.42)

 4.42 formula niSnavs, rom orTogonaluri matricis determinanti mxolod +1 

an 1 SeiZleba iyos (am ricxvebis geometriul mniSvnelobebs Semdeg paragrafSi 

ganvixilavT)

rodesac matrica orTogonaluri ar aris, determinants aseTi martivi mniS

vnelobebi aRar aqvs. miuxedavad amisa, SegviZlia davamtkicoT, rom determinan

tis mniSvneloba msgavsebis gardaqmnis dros ucvlelia. gardaqmnili matricis 

4.41 formulis marjvena mxare Bze gavamravloT da miviRebT: AB BA,=l

determinantebSi: .A B B A$ $=l

 vinaidan Bs determinanti ricxvia da nulis toli ar aris*, formulis orive 

mxare B ze gavyoT da sasurvel Sedegs miviRebT: .A A=l

myari sxeulis moZraobis Semdgomi Seswavlisas matriculi gardaqmnebis, gansa

kuTrebiT ki orTogonaluri matricebis gardaqmnebis Tvisebebs gamoviyenebT. 

   eileris kuTxeebi

cxra aij  elementi ganzogadebul koordinatebad ar gamodgeba, vinaidan isini 

damoukidebeli sidideebi ar arian. orTogonalurobis pirobebis amsaxveli eqvsi 

formula (4.9 an 4.15) damoukidebeli elementebis raodenobas samamde amcirebs. 

myari sxeulis moZraobis aRwerisTvis matricis elementebi damatebiT pirobeb

sac unda akmayofilebdnen. wina paragrafSi aRvniSneT, rom realuri orTogo

naluri matricis determinants +1 an 1 mniSvneloba SeiZleba hqondes. qvemoT 

moyvanili argumentidan ki cxadia, rom 1 determinanti myari sxeulis fizikur 

gadaadgilebas ver asaxavs.

 ganvixiloT umartivesi, 3 3#  ganzomilebis matrica, romlis determinantia 1:

.

1

0

0

0
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0

0

0
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 S gardaqmna koordinatTa RerZebis an TiToeuli komponentis niSans cvlis 

(ix. sur. 4.6). amgvari operaciis Sedegad marjvena koordinatTa sistema marcx

enaSi gadadis da operacias koordinatTa RerZebis inversia ewodeba.

 inversiis ganxorcielebis erTerTi meTodi koordinatTa RerZis garSemo 

180°iT Semobruneba da Semdeg koordinatTa RerZis mimarTulebiT arekvlaa. z  

RerZisTvis gveqneba:
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(zis garSemo 180°iT Semobruneba) ( x y  sibrtyeSi arekvla)=inversia

sur. 4.6. koordinatTa RerZebis inversia

 

matriculi aRniSvnis SemTxvevaSi gveqneba:
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180°iT Semobruneba 4.17 formulaSi 180z = c CasmiT miiReba.

operaciis bunebidan gamomdinare, marjvena sistemis marcxena sistemaze inver

sia koordinatTa RerZebis orientaciis myari cvlilebis Sedegad SeuZlebelia. 

aqedan gamomdinare, inversia myari sxeulis fizikur gadaadgilebas arasdros ar 

Seesabameba. S inversiisTvis swori debuleba 1 determinantis mqone matricisT

visac sworia, vinaidan amgvari matrica Sis da +1 determinantis mqone matricis 

namravlia da inversiis operacias Seicavs. inversia orientaciis myar cvlilebas 

ver asaxavs da aqedan gamomdinare, myari sxeulis moZraobis amsaxveli gardaqmne

bi +1 determinantis mqone matricebiT Semoifarglebian. igive daskvnas miviRebT, 

Tu gaviTvaliswinebT, rom gardaqmnis matrica +1 determinantis mqone erTeulo

vani matricidan uwyveti cvlilebiT miiReba. moZraobis uwyvetobidan gamomdin

are, SeuZlebelia matricis determinanti raime droSi +1dan 1mde Seicvalos. 

+1 determinantis mqone orTogonalur gardaqmnebs sakuTrivi ewodebaT, xolo 

1 determinantis mqone gardaqmnebs arasakuTrivebs uwodeben.

myari sxeulebis moZraobis meqanikis lagranJiseuli formulirebiT aRwer

isTvis myari sxeulis orientaciis ganmsazRvreli sami damoukidebeli parame

tris moZebnaa saWiro, rodesac gardaqmnis Sesabamisi orTogonaluri matri

cis determinantia +1. amgvari ganzogadebuli koordinatebis dadgenis Semdeg 
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sistemisTvis lagranJis funqcia daiwereba da moZraobis lagranJiseul gan

tolebebs miviRebT. aseTi parametrebis simravle literaturaSi sakmarisad aris 

aRwerili, magram yvelaze gavrcelebuli da mosaxerxebeli eileris kuTxeebia. 

mogvianebiT am kuTxeebs ganvsazRvravT da imasac vnaxavT, Tu rogor SeiZleba 

gardaqmnis orTogonaluri matricis elementebis maTi saSualebiT gamosaxva.

dekartis koordinatTa sistemidan sxva sistemaze gardaqmna garkveuli Tan

mimdevrobiT Sesrulebuli sami brunvis Sedegad aris SesaZlebeli. eileris 

kuTxeebi brunvebis kuTxeebia. brunvis kuTxeebis arCeva garkveul sazRvrebSi 

pirobiTia. qvemoT moyvanili daSveba ciuri sxeulebis meqanikaSi, gamoyenebiT 

meqanikaSi da molekulur fizikaSi xSirad gamoiyeneba. sxva daSvebebs mogvi

anebiT da A damatebaSi aRvwerT.

 Tavdapirvelad RerZebis sawyisi xyz  siste

ma z  RerZis garSemo saaTis isris sawinaaRmdego mimarTulebiT z kuTxiT Seva

brunoT da miRebuli koordinatTa sistema phg  simboloTi aRvniSnoT. Semdeg 

Sualeduri phg  RerZebis sistema p  RerZis garSemo saaTis isris sawinaaRmdego 

mimarTulebiT i  kuTxiT SevabrunoTY da miRebuli Sualeduri sistema p h gl l l sim

boloTi aRvniSnoT. pl RerZi xy  da  p hl l sibrtyeebis kveTis adgilze mdebareobs 

da mas kvanZebis xazi ewodeba. sabolood, p h gl l l RerZebi gl RerZis garSemo saa

Tis isris sawinaaRmdego mimarTulebiT } kuTxiT SevabrunoT da RerZebis x y zl l l 

sistemas miviRebT. 4.7 suraTze naCvenebia am operaciis sxvadasxva etapebi. eile

ris i , z da } kuTxeebi x y zl l l sistemis mimarTulebas xyzisadmi gansazRvraven 

da maSasadame sam ganzogadebul koordinatad SegviZlia gamoviyenoT.*

sur. 4.7. eileris kuTxeebis 

ganmsazRvreli brunvebi

sruli A  gardaqmnis element

ebis misaRebad sami calkeuli 

brunva martivi matricis saxiT 

warmovadginoT da Semdeg maTi gam

ravlebis Sedegad miRebuli mat

rica CavweroT. z  RerZis garSemo 

sawyis brunvas D matrica asaxavs: 

,Dx=p
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sadac p  da x  erTsvetiani matricebia. phgdan p h gl l lze gardaqmnas C mat

rica asaxavs:    ,C=p pl

xolo ukanasknel brunvas B matrica asaxavs:   .x B= pl l

sruli gardaqmnis matricaa:   x Ax,=l   anu    .A BCD=

D gardaqmna z  RerZis garSemo brunvaa da amitom misi matriculi formaa:
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          (4.43)

 C gardaqmna p  RerZis garSemo brunvas Seesabameba da misi matriculi for

maa:
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              (4.44)

B gardaqmna gl RerZis garSemo brunvaa da amitom Ds msgavsi forma aqvs:

0
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sin cos
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                 (4.45)

A BCD=  matricaa:

cos cos cos sin sin cos sin cos cos sin sin sin

sin cos cos sin cos sin sin cos cos cos cos sin

sin sin sin cos cos

.A
} z i z } } z i z } } i
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             (4.46)

sxeulis koordinatebidan sivrciT RerZebze Sebrunebuli gardaqmnaa:

x A x1= - l
es gardaqmna Au  transponirebuli matriciT gamoisaxeba:

  cos cos cos sin sin sin sin cos sin cos sin sin

cos sin cos cos cos sin sin cos cos cos sin cos

sin sin sin cos cos

.A A1

} z i z } } z i z } i z

} z i z } } z i z } i z
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                         (4.47)
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gamravlebis, As sakuTrivobis da orTogonalurobis Semowmeba savarjiSoe

bs mivandoT.

koordinatTa sistemis saboloo mimarTulebis gansazRvrisTvis gamoyeneb

uli brunvebi garkveulwilad pirobiTebia. sawyisi brunva dekartis nebismieri 

RerZis garSemo SeiZleba moxdes. Semdgom or brunvas mxolod is SezRudva axa

siaTebs, rom orive maTgani erTi da igive RerZis garSemo ar unda moxdes. aqedan 

gamomdinare, eileris kuTxeebis gansazRvrisTvis 12 wesis miRebaa SesaZlebelia 

(marjvena koordinatTa sistemaSi). or yvelaze xSirad gamoyenebul wess mxolod 

meore brunvisTvis RerZis arCevani ganasxvavebs. eileris kuTxeebis gansazRvre

baSi meore brunva x  Sualeduri RerZis garSemo xdeba. amgvar arCevans xwess 

vuwodebT. kvantur meqanikaSi, birTvul da nawilakebis fizikaSi meore brunva 

xSirad y  Sualeduri RerZis garSemo xdeba da aseT dros ywess viyenebT.

mesame wesi TviTmfrinavebis da Tanamgzavrebis moZraobis mimarTulebasTan 

aris kavSirSi da sainJinro miznebisTvis gamoiyeneba. x da ywesebis gamoyenebisas 

Strixiani da araStrixiani sistemebi mxolod odnav gansxvavdebian erTmaneTis

gan, z da } kuTxeebis erTmaneTisgan garCeva SeuZlebelia, vinaidan maTi z  da zl 

brunvis RerZebi TiTqmis erTmaneTs emTxvevian. am problemis gadaWrisTvis samive 

brunvas sxvadasxva RerZebis garSemo atareben. pirveli brunva vertikaluri Rer

Zis garSemo xdeba da ganivi mimarTulebiT daxrilobis kuTxes gvaZlevs. meore 

brunva moZrav saganze fiqsirebuli, perpendikularuli da simetriis RerZisadmi 

normali RerZis garSemo xdeba da mdebareobis kuTxiT izomeba. mesame kuTxe sa

gnis simetriis RerZis garSemo brunvis Sedegad miiReba da mas dagverdebis kuTxe 

ewodeba. vinaidan brunva samive RerZis garSemo xdeba, aRweril wess xyzwesi ewo

deba, xolo kuTxeebs teit-braianis kuTxeebs uwodeben.

 

    keli-klainis parametrebi da maTTan dakavSirebuli sidideebi

myari sxeulis mimarTulebis gansazRvrisTvis mxolod sami damoukidebeli 

sididea saWiro. miuxedavad amisa, arsebobs SemTxvevebi, rodesac brunvis aR

werisTvis sidideebis minimalur raodenobaze metis Semcveli cvladebis simrav

lis gamoyenebaa sasurveli, romelTa gamoyeneba ganzogadebul koordinatebad 

SeuZlebelia. feliqs klainma oTxi parametrisgan Semdgari simravle Semoitana, 

raTa rTuli giroskopiuli amocanebis integreba gaeadvilebina. ricxviTi gamoT

vlebisas eileris kuTxeebis gamoyeneba sakmaod mouxerxebelia, vinaidan trigo

nometriuli funqciebis didi raodenoba gvWirdeba. oTxi parametriT manipuli
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reba ki kompiuterisTvisac advilia. garda amisa, oTxi parametrisgan Semdgari 

simravleebi fizikis sxva dargebSic Teoriul dainteresebas iwveven, rodesac 

brunvasTan an brunviT simetriasTan gvaqvs Sexeba. am parametrebs mokled aRv

werT, xolo detalebs A damatebaSi gavecnobiT.

keli-klainis parametrebi a , b , c  da d  simboloebiT aRniSnuli kompleq

suri ricxvebia, romlebic *b c=-  da *d a=  SezRudvebs eqvemdebarebian. am 

ricxvebis saSualebiT mbrunavi sxeulis gardaqmnis matrica ase Caiwereba:
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A  matrica namdvilia, vinaidan Tu CavwerT:     
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sadac e0, e1, e2  da e3  namdvili sidideebi keiliklainis parametrebia, magram 

maT ufro zustad eileris parametrebi ewodebaT. parametrebi Semdeg pirobas 

akmayofileben:    .e e e e 10
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 algebruli gardaqmnebis Sedegad gamoCndeba, rom A  matrica oTxi namdvili 

parametris saSualebiT SeiZleba Caiweros:
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    (4.47’)

matricis elementebis namdviloba utyuari faqtia. am parametrebiT gamo

saxuli A  matrica S inversis gardaqmnis formas ver miiRebs. aradiagonaluri 

elementebi da maTi transponirebulebi nuldebian, Tu sul mcire sami parametri 

nulis tolia. darCenil aranulovan parametrs ise ver SevarCevT, rom samive di

agonaluri elementi (an mxolod erTi maTgani) 1is toli iyos.

    eileris Teorema myari sxeulis moZraobis Sesaxeb

wina paragrafebSi moyvanili informacia myari sxeulebis moZraobis aRwer

isTvis sakmaris maTematikur meTodebs gvawvdis. myari sxeulis orientacia 

nebismier momentSi orTogonaluri gardaqmnis mixedviT ganisazRvreba, romlis 
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elementebi parametrebis raime Sesabamisi simravliT SeiZleba gamoisaxon. ori

entacia droSi icvleba, gardaqmnis matrica drois funqciaa da tA] g formiT 

SeiZleba Caiweros. Tu sxeulis RerZebi t 0=  dros sivrciT RerZebs emTxvevian, 

maSin sawyisi gardaqmna igivuria:   .0A 1=] g

 mogvianebiT tA] g igivuri gardaqmnisgan gansxvavebulia, magram radgan fizi

kuri moZraoba uwyvetia, tA] g drois uwyveti funqciaa. amgvarad SeiZleba iTq

vas, rom es gardaqmna miiReba igivuri gardaqmnidan uwyveti evoluciis gziT. 

moZraobis aRweris aseTi meTodis da ukve ganxiluli maTematikuri procedurebis 

gamoyenebis Sedegad myari sxeulis moZraobis mniSvnelovan Tvisebas viRebT.

eileris Teorema: erTi fiqsirebuli wertilis mqone myari sxeulis zoga-

di gadaadgileba raime RerZis garSemo brunvaa.

eileris Teoremis Tanaxmad, yoveli aseTi brunvisTvis SesaZlebelia am fiq

sirebul wertilze gamavali da garkveuli i  da z polaruli kuTxeebiT mimarTu

li iseTi RerZis povna, rom sxeulis zogadi brunva am RerZis garSemo garkveuli 

} kuTxiT brunvas emTxveva.  aseve yovelTvis SesaZlebelia igive brunvis amsax

veli eileris sami kuTxis povna.

Tu fiqsirebuli wertili (aucilebeli ar aris sagnis masaTa centri iyos) 

sxeulis RerZTa simravlis aTvlis saTavea, maSin myari sxeulis gadaadgileba 

sxeulis RerZebis gadataniT moZraobas ki ar moicavs, aramed orientaciis cvli

lebas. eileris Teoremis Tanaxmad, sxeulis RerZTa simravle drois nebismieri t  

momentisTvis RerZebis sawyisi simravlis erTxel mobrunebis Sedegad SegviZlia 

miviRoT. sxva sityvebiT rom vTqvaT, myari sxeulis moZraobis amsaxvel A  mat

ricaSi Cadebuli moqmedeba brunvaa. brunvis Tvisebidan gamomdinare, operaciis 

Sedegad erTi mimarTuleba, kerZod brunvis RerZi ar icvleba. maSasadame, brun

vis RerZis gaswvriv gavlebul nebismier veqtors sawyis da saboloo RerZebSic 

erTi da igive komponentebi eqneba.

brunvis kidev erTi aucilebeli Tviseba, romlis Tanaxmadac veqtorebis mod

ulebi ar unda Seicvalos, avtomaturad aris uzrunvelyofili orTogonaluro

bis pirobebiT. eileris Teorema damtkicdeba Tu vaCvenebT, rom arsebobs iseTi 

R  veqtori, romelsac orive sistemaSi erTi da igive komponentebi aqvs. veqtoris 

matriculi Canaweris gamoyenebiT miviRebT:

 R AR R.= =l     (4.48)

4.48 formula ufro zogadi gantolebis kerZo SemTxvevaa:

 R AR R,= = ml     (4.49)
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sadac m  raime mudmivaa, romelic SesaZlebelia kompleqsuri iyos. ms mniSvn

elobebs, rodesac es gantoleba ixsneba, matricis maxasiaTebeli anu sakuTrivi 

mniSvnelobebi ewodebaT. vinaidan 4.49 formis gantolebebi ufro zogadebia da 

maT me6 paragrafSic gamoviyenebT, jer swored am gantolebebs ganvixilavT da 

Semdeg gadavalT 4.48 gantolebebze.

4.49 gantolebis damakmayofilebeli veqtorebis povnis amocanas mocemu

li matricis sakuTrivi mniSvnelobebis amocana ewodeba, xolo 4.49 gantole

bas sakuTrivi mniSvnelobebis gantolebas uwodeben. Sesabamisad, veqtoruli 

amonaxsnebi As sakuTrivi veqtorebia. eileris Teorema ase SegviZlia Camovay

aliboT:

namdvil orTogonalur matricas, romelic erTi fiqsirebuli wertilis 

mqone myari sxeulis fizikur moZraobas asaxavs, yovelTvis gaaCnia +1 sa-

kuTrivi mniSvneloba.

sakuTrivi mniSvnelobebis 4.49 formula ase SeiZleba Caiweros:

0,A 1 R =m-] g  (4.50)

Tu am formulas gavSliT, miviRebT:

a X a Y a Z 011 12 13m- + + =^ h

a X a Y a Z 021 22 23m+ - + =^ h  (4.51)

.a X a Y a Z 031 32 33 m+ + - =^ h

4.51 formula sami erTgvarovani gantolebisgan Semdgari simravlea, romelic 

R  sakuTrivi veqtoris X , Y  da Z  komponentebisTvis aris gankuTvnili. es gan

tolebebi sami komponentis gansazRvrul mniSvnelobas ki ar gvaZleven, aramed 

komponentebis fardobebs. fizikurad es niSnavs, rom mxolod sakuTrivi veqtoris 

mimarTulebis fiqsirebaa SesaZlebeli, xolo moduli ganusazRvrelia. sakuTri

vi veqtoris mudmivaze gamravlebis Sedegad kvlav sakuTrivi veqtori miiReba. 

radganac 4.51 erTgvarovani gantolebebia, maSin maT aratrivialuri amonaxsni 

mxolod maSin aqvT, rodesac koeficientebis determinanti nulis tolia:

.

a a a

a a a

a a a

0A 1
11 12 13

21 22 23

31 32 33

m
m

m

m

- =

-

-

-

=

R

T

S
S
SS

V

X

W
W
WW

          (4.52)

 4.52 formulas matricis maxasiaTebeli anu sekularuli gantoleba ewo

deba, xolo ms mniSvnelobebi, romlebic akmayofileben gantolebas,  sasurvel 
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sakuTriv mniSvnelobebs warmoadgenen. amis Semdeg eileris Teorema martivdeba 

da ase JRers: namdvili orTogonaluri matricebis SemTxvevaSi sekularul gan

tolebas unda gaaCndes fesvi     1m =+ .

zogadad, sekularul gantolebas sami sakuTrivi veqtoris Sesabamisi sami 

fesvi aqvs. simartivisTvis X , Y , Z   aRniSvnis nacvlad xSirad X1, X2 , X3  aRniS

vna gamoiyeneba. amgvari aRniSvnisas sakuTrivi veqtorebis komponentebi Xik saxiT 

SeiZleba aRiniSnos, sadac pirveli indeqsi garkveul komponents asaxavs, xolo 

meore indeqsi sami sakuTrivi veqtoridan erTerTze miuTiTebs. 4.51 formulebis 

jgufis tipiuri wevria (cxadi Sekrebis pirobebSi):

a X Xij jk k ik

j

m=/
an

.a X Xij jk

j

ij jk k

j

= d m/ /      (4.53)

4.53 formulis orive mxares matriculi elementebis namravlia. marcxena mx

ares As Xik  elementebis mqone X  matricaze namravlia, xolo marjvena mxares  X  

matricis im matricaze namravlia, romlis jk  rigis elementia jk kd m . bolo mat

rica diagonaluria da misi diagonaluri elementebi As sakuTrivi mniSvnelo

bebia. aqedan gamomdinare, am matricas m  simboloTi aRvniSnavT:

.

0 0

0 0

0 0

1

2

3

=

m

m

m

m

R

T

S
S
SS

V

X

W
W
WW

         (4.54)

4.54 formula matricul gantolebas gvaZlevs:   AX X= m ,  Tu am formulis 

marcxena mxridan X 1- ze gavamravlebT, gveqneba:

.X AX1
= m-   (4.55)

 4.55 formulis marcxena mxare As msgavsebis gardaqmnaa (ubralod X 1-  Y Y  sim

boloTi unda aRvniSnoT, raTa 4.41 formula miviRoT). maSasadame, 4.55 formula 

sakuTrivi mniSvnelobis amocanis gadaWris alternatiul meTods gvTavazobs: A
s diagonalizireba msgavsebis gardaqmnis saSualebiT unda SevZloT. msgavsebis 

gardaqmnisTvis saWiro matricis TiToeuli sveti sakuTrivi veqtoris kompo

nentebisgan Sedgeba. As diagonalizirebuli formis elementebi Sesabamisi sa

kuTrivi mniSvnelobebia.

 eileris Teoremis dasamtkiceblad Au s orTogonaluroba gamoviyenoT. gan

vixiloT gamosaxuleba: 
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A 1 A 1 A.=- -u u] g

Tu formulis orive mxares gamoyenebuli matricebis determinantebs avi

RebT, miviRebT tolobas:

.A 1 A 1 A=- -u u    (4.56)

myari sxeulis moZraobis aRwerisTvis tA] g matrica sakuTriv brunvas unda 

Seesabamebodes. aqedan gamomdinare, As da misi transponirebuli matricis de

terminanti +1is toli unda iyos. vinaidan matricis determinanti misi trans

ponirebuli matricis determinantis tolia, 4.56 formulidan transponirebis 

niSnebi SegviZlia amoviRoT:

.A 1 1 A=- -
   (4.57)

 4.57 formulis Tanaxmad, garkveuli matricis determinanti sapirispiro niS

niT aRebuli igive matricis determinantis tolia. davuSvaT, B aris raime n n#  

ganzomilebis matrica. determinantebis Tvisebidan gamomdinare:

.1B Bn
=- -] g

Cven samganzomilebian sivrceSi n 3=] g vmuSaobT, amitom 4.57 formula nebis

mieri sakuTrivi brunvisTvis mxolod maSin aris gamosadegi, rodesac:

0.A 1 =-  (4.58)

4.58 formula 4.52 sekularul gantolebas SevadaroT da davinaxavT, rom 4.52 

gantolebis damakmayofilebeli erTerTi sakuTrivi mniSvneloba yovelTvis 

aris 1m =+ , rac eileris Teoremis sasurveli Sedegia.

yuradReba miaqcieT, Tu rogor vlindeba eileris Teoremis damtkicebis Sede

gad sivrcis ganzomilebebis raodenobis mniSvneloba. rodesac sivrceSi luwi 

raodenobis ganzomilebaa, 4.57 formula yvela matricisTvis igiveobas warmoad

gens da eileris Teorema ar moqmedebs. aqedan gamomdinare, ori ganzomilebis 

SemTxvevaSi Sesabamis sivrceSi ar arsebobs veqtori, romelic brunvis Sedegad 

ar icvleba. brunvis RerZi sibrtyisadmi perpendikularulia da Sesabamisi sivr

cis gareT mdebareobs. 

amjerad sami ganzomilebis pirobebSi arsebuli sxva sakuTrivi mniSvnelobebis 

Tvisebebi ganvsazRvroT. +1 sakuTrivi mniSvneloba 3m  simboloTi aRvniSnoT. ms

gavsebis gardaqmnis Sedegad matricis determinanti ar icvleba, amitom 4.54 da 

4.55 formulebidan da sakuTrivi brunvisas As Tvisebebidan gamomdinare:

.1A 1 2 3 1 2= =m m m m m =  (4.59)
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 A  namdvili matricaa, amitom Tu m  aris 4.52 sekularuli gantolebis amonax

sni, maSin m* kompleqsurad SeuRlebulic amonaxsnia.

Tu mocemuli im  sakuTrivi mniSvneloba kompleqsuria, maSin Sesabamisi Ri  

sakuTrivi veqtori, romelic 4.59 gantolebas akmayofilebs, zogadad aseve 

kompleqsuri iqneba. aqamde orTogonaluri (namdvili) gardaqmnebis pirobebSi 

kompleqsuri veqtorebis Tvisebebi ar Segviswavlia da amitom adre moyvanil 

gansazRvrebebSi garkveuli cvlilebebi unda SevitanoT. R  kompleqsuri veqto

ris modulis anu sigrZis kvadratia  R R*$ , xolo matriculi aRniSvniT RR*u . mar

cxena veqtorze arsebuli transponirebis niSani asaxavs, rom is erTstriqoniani 

matriciTaa warmodgenili. namdvili orTogonaluri gardaqmnisas modulis kva

drati ucvlelia:

.R R AR AR RAAR RR* * * *
= = =l lu u u u u] g

 davuSvaT, R  kompleqsuri m  sakuTrivi mniSvnelobis Sesabamisi kompleqsuri 

sakuTrivi veqtoria. 4.49 formula gvaZlevs:

,R R RR* * *
= mml lu u

maSasadame, yvela sakuTrivi mniSvneloba erTis tolia:  .1*mm =    (4.60)

 SegviZlia davaskvnaT, rom sakuTrivi mniSvnelobebis sami SesaZlo ganawileba 

arsebobs. Tu yvela sakuTrivi mniSvneloba namdvilia, maSin mxolod ori varian

tia SesaZlebeli:

1. yvela sakuTrivi mniSvneloba +1ia. gardaqmnis matricaa 1 da amgvar SemTx

vevas trivialurs vuwodebT.

2. erTi sakuTrivi mniSvnelobaa +1, xolo danarCeni ori sakuTrivi mniSvnelo

bebi 1ia. amgvari gardaqmna SegviZlia davaxasiaToT, rogorc koordinatTa ori 

RerZis inversia, xolo mesame RerZi ucvlelia. igive gardaqmnaa ucvleli RerZis 

garSemo r  kuTxiT Semobruneba.

 Tu yvela sakuTrivi mniSvneloba namdvili ar aris, maSin kidev erTaderTi 

damatebiTi variantia SesaZlebeli:

3. erTi sakuTrivi mniSvnelobaa +1, xolo danarCeni ori eiU  da e iU-  formis  

erTmaneTis kompleqsuri SeuRlebulia.

eileris Teorema ufro srulad ase JRers: nebismier aratrivialur namdvil 

orTogonalur matricas erTi da mxolod erTaderTi +1is toli sakuTrivi 

mniSvneloba aqvs. 

 brunvis RerZis mimmarTvel kosinusebs miviRebT, Tu sakuTrivi mniSvnelo

bebis 4.51 gantolebebSi 1m =  CavsvamT da Semdeg X , Y  da Z isTvis amovxsniT.* 

brunvis kuTxis miRebac sakmaod advilia. msgavsebis gardaqmnis saSualebiT yov



174

elTvis SesaZlebelia A  matricis iseT koordinatTa sistemaSi gardaqmna, sadac 

z  RerZi brunvis RerZis gaswvrivaa mimarTuli. amgvar koordinatTa sistemaSi Al 
z  RerZis garSemo U  kuTxiT brunvas asaxavs da Semdegi saxe aqvs:

0

0 0

.

cos sin

sin cos

0

1

A U=

U

U

U

-l

R

T

S
S
SS

V

X

W
W
WW

 am matricis kvalia:   .cos1 2 U+

msgavsebis gardaqmnisas kvali ucvlelia da A  matricis kvali nebismier sawy

is koordinatTa sistemis mimarT igive formisaa:

,cosa 1 2TrA ii= U= +     (4.61)

4.61 formula Uis mniSvnelobas matriculi elementebis saSualebiT gva

Zlevs. U  brunvis kuTxe kompleqsuri m  sakuTrivi mniSvnelobebis fazuri kuTx

ea, vinaidan sakuTrivi mniSvnelobebis jami As diagonaluri formis (4.54 for

mula) kvalia. eileris Teoremidan da sakuTrivi mniSvnelobebis Tvisebebidan 

gamomdinare:

.cose e1 1 2TrA i

i

i i
= +m U= + = +

U U-/     ????????????????

SemTxvevebi, rodesac yvela sakuTrivi mniSvneloba namdvilia, faqtiurad 

kompleqsuri sakuTrivi mniSvnelobebis mqone A  matricis kerZo SemTxvevebia. 

yvela 1im =+  Seesabameba brunvis 0U =  kuTxes (igivuri gardaqmna), xolo or

magi 1 sakuTrivi mniSvneloba = rU  kuTxis Sesabamisia.

brunvis RerZis da brunvis kuTxis mimarTulebis gansazRvra calsaxad ar xde

ba. Tu R  sakuTrivi veqtoria, asevea R- , amitom brunvis RerZis mimarTuleba 

gansazRvruli ar aris. U-  4.61 gantolebas akmayofilebs, Tu Uc aseve iqceva. 

moZebnili sakuTrivi mniSvnelobebi orTogonalur A  gardaqmnis matricas cal

saxad ar afiqsireben. determinantuli sekularuli gantolebidan (4.52 for

mula) gamomdinare, A A1
=- u  Sebrunebuli matricis sakuTrivi mniSvnelobebi da 

sakuTrivi veqtorebi A  matricis identurebia. orazrovneba moixsneba, Tu Us 

As mivakuTvnebT, xolo U- s A 1- s da brunvis RerZebis mimarTulebas amperis 

wesiT (marjvena burRis wesiT) ganvsazRvravT. 

 eileris Teoremidan Semdegi daskvna miiReba da mas zogjer Saslis Teoremas 

uwodeben:

Saslis Teorema: myari sxeulis yvelaze ufro zogadi gadaadgileba ga-

dataniTi da brunviTi moZraobebis gaerTianebaa. 
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am Teoremis detaluri damtkiceba aucilebelia. magram martivad rom vTqvaT, 

sxeulis erTi fiqsirebuli wertilis moZraobis SezRudva rom movxsnaT, Sedegad 

sxeulis RerZTa sistemis aTvlis saTaves Tavisuflebis sami gadataniTi xarisxi 

eqneba*. 

    sasruli brunvebi

saerTo aTvlis saTavis mqone dekartis ori koordinatTa sistemis fardo

biTi orientacia sxvadasxva meTodiT dgindeba. maT Sorisaa eileris sami kuTxe, 

romelic erTi koordinatTa sistemas meoreze gardaqmnis. wina paragrafSi da

vamtkiceT, rom koordinatTa gardaqmna erTi brunvis Sedegadac SeiZleba, Tu 

mimarTulebas sworad avirCevT. maSasadame, swori iqneba koordinatTa gardaqmna 

brunvis parametrebiT, kerZod brunvis kuTxiT da brunvis RerZebis mimmarTveli 

kosinusebiT warmovadginoT. 

 amgvari warmodgenis miReba martivi veqtoruli algebriT aris SesaZlebeli. 

Tavdapirvelad, gardaqmna fiqsirebul koordinatTa sistemaSi veqtoris ma

bruneblad miviCnioT (ix. paragrafi 4.2). Semdeg gavixsenoT, rom kooordinatTa 

sistemis saaTis isris sawinaaRmdego mimarTulebiT mobrunebisas, veqtori saa-

Tis isris mimarTulebiT brunavs. 4.8a suraTze veqtoris r  sawyisi mdebareoba 

OP  simboloTia aRniSnuli, rl saboloo mdebareoba OQ  simboloTi aRiniSneba, 

xolo brunvis RerZis gaswvriv gavlebul erTeulovan veqtors niT aRvniSnavT. 

Osa da N s Soris manZilia n r$  da ON  veqtori n n r$] g saxiT SeiZleba Caiweros. 

4.8b suraTze naCvenebia brunvis RerZisadmi perpendikularul sibrtyeSi gavle

buli veqtorebi. NP  veqtoria r n n r$- ] g, xolo misi moduli NQ  da r n#  veq

torebis modulis tolia. rlsa da rs Soris sasurveli damokidebulebis dasad

genad rl Semdegi sami veqtoris jamis saxiT CavweroT:

NV VQONr = + +l       an     .cos sinr n n r r n n r r n$ $= + +U U#-l ] ] ]g g g6 @

gardaqmnebis Sedegad miviRebT:

1 .cos cos sinr r n n r r n#$= U U U+ - +l ] ] ]g g g    (4.62)

4.62 formulas Cven brunvis formulas vuwodebT. 2.6 paragrafSi  usasrulod 

mcire brunvisas veqtoris cvlilebas aRvwereT, xolo 4.62 formula sasruli 

brunvisTvis aris gamosadegi. 
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sur. 4.8. brunvis formulis gamoyvanis veqtoruli diagrama

amjerad brunvis U  kuTxe eileris kuTxeebis saSualebiT gamovsaxoT. 4.61 

formula brunvis matricis kvals brunvis RerZisadmi perpendikularul si

brtyeSi gvaZlevs. vinaidan matricis kvali invariantulia, igive formula 4.46 

formuliT mocemul A  matricis kvals unda gvaZlevdes. gamoviyenoT es tolo

ba, formulis orive mxares erTi mivumatoT da trigonometriuli igiveobebis 

gamoyenebis Sedegad gantolebas miviRebT, romlis kvadratuli fesvia:

,cos cos cos
2 2 2

} iU U
=

+     (4.63)

kvadratuli fesvis niSans gansazRvravs fizikuri piroba, romlis Tanaxmad 

0"U , rodesac,   z,   }   da  .0"i

    usasrulod mcire brunvebi 

wina paragrafebSi sxvadaxva matricebi myari sxeulis orientacias asaxavdnen. 

amave dros matriculi elementebis raodenoba damoukidebeli cvladebis raode

nobaze meti iyo da damxmare pirobebis gaTvaliswineba gviwevda. Semdeg davadgi

neT, rom nebismieri orientacia raime RerZis garSemo erTi mobrunebis Sedegad 

SegviZlia miviRoT. SesaZlebelia vifiqroT, rom sami damoukidebeli sididiT 

gansazRvruli veqtoris dakavSireba fiqsirebuli wertilis garSemo myari sxe

ulis sasrul gadaadgilebasTan Zalian mosaxerxebelia. marTlac, mimarTuleba 

sakuTar Tavs gvkarnaxobs da is brunvis RerZis mimarTulebas emTxveva, xolo 
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brunvis kuTxis sidided nebismieri funqcia gamodgeba. miuxedavad zemoTqmuli

sa, aseTi Sesabamisobis miReba SeuZlebelia. davuSvaT, A  da B  aseT “veqtorebs” 

warmoadgenen, romlebic A  da B gardaqmnebs ukavSirdebian. veqtorebis Tvisebi

dan gamomdinare:

A B B A.+ = +
magram ori brunvis Sekreba ori matricis AB namravls Seesabameba, xolo ma

tricebis gamravlebas komutatiuri Tviseba ar aqvs, AB BA! A, amitom A  da B 

Sekrebisas komutatiurebi ar arian da maSasadame veqtorebad ver miviCnevT. sas

ruli brunvebis jami brunvebis Tanmimdevrobazea damokidebuli da es qvemoT 

aRwerili martivi eqsperimentidanac mtkicdeba. 4.9 suraTze naCvenebia movlena

Ta Tanmimdevroba. Tavdapirvelad bloki masze fiqsirebuli zl RerZis garSemo 

90°iT brundeba, xolo Semdeg yl RerZis garSemo aseve 90°iT brunavs. 4.10 sura

Tze naCvenebia sawinaaRmdego TanmimdevrobiT momxdari igive brunvebi. blokis 

saboloo mdebareoba aSkarad gansxvavebulia.

sasruli brunvis calkeuli veqtoriT warmodgena SeuZlebelia, magram 

rodesac mxolod usasrulo mcire brunvebi ganixileba mdgomareoba gansx

vavebulia. usasrulod mcire brunva koordinatTa RerZebis orTogonaluri 

gardaqmnaa, rodesac veqtoris komponentebi RerZebis orive simravlisTvis 

TiTqmis identurebia da cvlileba usasrulod mcirea. aqedan gamomdinare, 

raime r  veqtoris x1l komponenti TiTqmis x1is tolia da sxvaoba Zalian mcirea:     
.x x x x x1 1 11 1 12 2 13 3= + + +e e el                                                                 (4.64)            

 e11, e12  da a.S. matriculi elementebi usasrulod mcireebia da gamoTvlebisas 

mxolod eij s pirveli aranulovani rigis SenarCunebaa saWiro. nebismieri zogadi 

xil komponentisTvis usasrulod mcire gardaqmnis gantolebebi ase SeiZleba Cai

weron:
x x xi i ij j= + el      an    .x xi ij ij jd e= +l ^ h                                                   (4.65)

ijd  sidide erTeulovani matricis elementia da 4.65 formula matricul Canaw

erSi aseT saxes iRebs:     .x 1 x+= el ^ h                                                  (4.66)

sur. 4.9. mocemuli TanmimdevrobiT Sesrulebuli ori brunva
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a) vertikaluri mdebareoba

b) zl  RerZis garSemo 90°iT mobruneba

g) yl Sualeduri RerZis garSemo 90°iT mobruneba

sur. 4.10. sawinaaRmdego TanmimdevrobiT Sesrulebuli igive ori brunva

a) vertikaluri mdebareoba

b) yl RerZis garSemo 90°iT mobruneba

g) zl Sualeduri RerZis garSemo 90°iT mobruneba

4.66 formulis Tanaxmad, usasrulod mcire gardaqmnisas matricis tipiuri 

formaa 1 e+  anu gardaqmna TiTqmis igivuria da misgan mxolod usasrulod mci

re operatoriT gansxvavdeba.

 usasrulod mcire gardaqmnebisas moqmedebebis Tanmimdevrobas mniSvneloba 

ar aqvs. Tu 1 e1+  da 1 e2+  usasrulod mcire gardaqmnebia, maSin erTerTi Sesa

Zlo namravlia:

,

1 1 1 1 1

1

1 2

2

1 2 1 2

1 2

+ + = + + +

= + +

e e e e e e

e e

_ _i i
                                                                                                              (4.67)

maRali rigis usasrulod mcire mniSvnelobebi ugulebelvyaviT.  Sebrunebu

li TanmimdevrobiT gamravleba ubralod e1s da e2s gadaanacvlebs, xolo Sede

gi ucvlelia, matricebis Sekreba yovelTvis komutatiuria. usasrulod mcire 

gardaqmnebis komutatiuri Tvisebis Sedegad, gardaqmnebi veqtorebis saSuale

biT SegviZlia warmovadginoT. magaliTad, brunvis matrica (4.46) usasrulod 

mcire brunvis eileris kuTxeebisTvis aris:

1 d d

d d d

d

0

1

0 1

A =
+z }

z } i

i

- +

-

^

^

h

h

R

T

S
S
SS

V

X

W
W
WW

da
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,d d d di k= +i z }X +^ h

sadac i  da k  erTeulovani veqtorebia x  da z  mimarTulebiT.

 amjerad usasrulod mcire gardaqmnisTvis Sebrunebuli matrica miviRoT. 

Tu eA 1= +  gardaqmnis matricaa, maSin Sebrunebuli matrica iqneba:

eA 11
= --

                                                 (4.68)

 damtkicebisTvis gavixsenoT, rom AA 1-  namravli erTeulovan matricas gva

Zlevs:
1 1 1,AA 1 e e= + =--
^ ^h h

rac Sebrunebuli matricis gansazRvrebasTan SesabamisobaSia. As orTogo

nalurobidan gamomdinare, eA 1 +/u u   tolia A 1- is. swored amitom, usasrulod 

mcire matrica antisimetriulia (ix. 4.39 formula)*:      e e=-u

vinaidan antisimetriuli matricis diagonaluri elementebi nulis tolebi 

unda iyvnen, nebismier 3 3#  ganzomilebis antisimetriul matricaSi mxolod sami 

gansxvavebuli elementia. maSasadame, es Semdegi formiT Cawerisas zogadoba ar 

ikargeba:

.

d d

d d

d d

0

0

0

3 2

3 1

2 1

=e

X X

X X

X X

-

-

-

R

T

S
S
SS

V

X

W
W
WW

 

                                                                                  (4.69)

d 1X , d 2X  da d 3X  sidideebi brunvis ganmsazRvreli sami damoukidebeli para

metria. aqve davamtkicebT, rom es sami sidide garkveuli saxis veqtoris kom

ponentebia. 4.66 formulis Tanaxmad, koordinatTa sistemis usasrulod mcire 

gardaqmnis pirobebSi veqtoris komponentebis cvlileba Semdegi matriculi 

gantolebiT SeiZleba gamoisaxos:

,dr r r r/ = e-l l     (4.70)

rodesac e  4.69 formuliT gamoiTvleba, 4.70 formulis gaSlili formaa:

.

dx x d x d

dx x d x d

dx x d x d

2

3

1 2 3 3

2 3 1 1

3 1 2 2 1

=

=

=

X X

X X

X X

-

-

-

     

 (4.71)

 

4.71 formulebis marjvena mxareebi ori veqtoris, kerZod ris  d 1X , d 2X  da 
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d 3X   komponentebis mqone veqtorze veqtoruli namravlis komponentebia*. 4.71 

formula asec SeiZleba Caiweros:

.d dr r= X#   (4.72)

r  veqtori B orTogonaluri matriciT Semdegi saxiT gardaiqmneba:

.x b xi ij j=l   (4.73)

Tu dX  ris tipis veqtoria, maSin is BTi igivenairad unda gardaiqmnas. ro

gorc xedavT, dX  testis umetes nawils abarebs, garda erTi momentisa. dXs 

gardaqmnis Tvisebebze dakvirvebisas unda davadginoT, Tu rogor gardaiqmneba 

e  matrica koordinatTa gardaqmnis pirobebSi. 4.3 paragrafSi ukve vnaxeT, rom el 

gardaqmnili matrica msgavsebis gardaqmnis Sedegad miiReba:   .B B 1
=e e -l

orTogonaluri msgavsebis gardaqmnisas matricis antisimetriulobis Tvise

ba narCundeba da amitom el 4.69 formulis saxiTac SegviZlia CavweroT, sadac 

d iX l warmoadgenen aranulovan elementebs. am elementebis detaluri Seswavlis 

Sedegad irkveva, rom es msgavsebis gardaqmnis Sedegad:  .d b dBi ij jX X=l    (4.74)

 dXs gardaqmna TiTqmis ris identuria da mxolod gardaqmnis matricis de

terminantiT anu B  koeficientiT gansxvavdeba.

dXs veqtoruli Tvisebebis gamovlenisa da 4.74 formuliT mocemuli 

gardaqmnis Tvisebebis SemowmebisTvis ufro martivi meTodic arsebobs. wina 

paragrafSi ris komponentebis cvlilebisTvis veqtoruli formula miviReT, 

rodesac koordinatTa sistema U  kuTxiT sasrulad brunavda. Tu U  kuTxe usas

rulod mcire dU  kuTxis zRvarSia, maSin usasrulod mcire brunvis Sesabamisi 

formula SegviZlia miviRoT. am zRvarSi 4.62 formulaSi Semavali sidideebisT

vis gveqneba 1cos "U  da sin "U U. ris usasrulod mcire cvlilebisTvis Sem

degi gamosaxuleba miiReba:

 .d dr r r r n/ = U#-l     (4.75)

 4.75 formulis 4.72 formulasTan Sedareba cxadyofs, rom dX  marTlac veq

toria da ase ganisazRvreba:   .d dn= UX     (4.76)

4.75 formulis miReba sasruli brunvis formulis dauxmarebladac SeiZleba. 

koordinatebis usasrulod mcire gardaqmna r  veqtoris saaTis isris mimarTule

biT dU  kuTxiT brunvas Seesabameba brunvis RerZis garSemo. es SemTxveva 4.11 su

raTzea gamosaxuli*. dris sidide dUs pirveli rigis miaxloebiT aris:

,sindr r di U=

dr  veqtori am zRvarSi  risa da d dn= UX isadmi perpendikularulia. dr  

veqtoris mimarTuleba marjvena burRis moZraobis mimarTulebas emTxveva, 

rodesac mas rdan dXsken vabrunebT. 4.11 suraTze Cans, rom dris moduli da 
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mimarTuleba 4.75 formuliT nawinaswarmetyvelebis identuria. 

dXs gardaqmnis Tvisebebi 4.76 formuliT moicemian da maT Sesaxeb msjelo

ba aucilebelia. elementaruli veqtoruli algebridan viciT, rom inversiis 

gardaqmnis mimarT Tvisebebis TvalsazrisiT ori saxis veqtori arsebobs. 4.72 

formulis mixedviT gardaqmnil veqtorebs polarulebi ewodebaT. samganzo

milebiani inversiisas:  1

0 1

0 0

0

0 0 1

S =

-

-

-

R

T

S
S
SS

V

X

W
W
WW

romlis komponentebia:   ,Sij ij= d-

polaruli veqtoris yvela komponenti niSans icvlis.

aqsialuri veqtorebis anu fsevdoveqtorebis komponentebi inversiisas 

niSans ar icvlian. aqsialuri veqtoris umartivesi magaliTi ori polaruli veq

toris veqtoruli namravlia:

,V D F*
#=

sadac veqtoruli namravlis komponentebi ase ganisazRvrebian:

,D F F DV *
i j k j k= -       i , j , k     ciklur rigSi  (4.77)

Ds da Fs komponentebi inversiisas niSans icvlian, xolo V*s komponentebis 

niSnebi ucvlelebia. mravali cnobili fizikuri sidide, magaliTad L r p= #  im

pulsis momenti da magnituri velis intensivoba, aqsialuri veqtoria. gardaqmnis 

kanons aqsialuri veqtorisTvis 4.74 formulis saxe aqvs. sakuTrivi orTogonal

uri gardaqmnebisas aqsialuri da polaruli veqtorebi erTmaneTisgan ar gansx

vavdebian, magram arasakuTrivi anu inversiis Semcveli gardaqmnisas V*  deter

minanti 1is tolia da veqtorebi gansxvavebulad iqcevian. 

 am Tvisebis ukeTesad ganmartebisTvis P  inversiis operatori ganvsazRvroT. 

P  operatori asrulebs gardaqmnas x x"- , y y"- , z z"- . Tu S  skalaria,  V  

polaruli veqtoria, xolo V*  aqsialuri veqtoria, maSin:

,

S SP
PV V
PV V* *

=

=

=

-

cxadia:   P ( ) ( ).P V V V V* *$ $=-

maSasadame, V V*$  aris S*  fsevdoskalari da misi Tvisebaa S SP * *
=- , xolo 

SS SSP * *
=-] g , P S SP V V=-] g , P S SP V V* *

=] g .
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sur. 4.11. veqtoris cvlileba saaTis isris mimarTulebis 

usasrulod mcire brunvisas

gardaqmnis pasiuri interpretaciisas kargad Cans, Tu ratom moqmedeben po

laruli veqtorebi inversiisas amgvarad. veqtori gardaqmnis Sedegad ucvlelia, 

magram koordinatTa RerZebi da maSasadame komponentebi niSans icvlian. ra xde

ba aqsialuri veqtoris SemTxvevaSi? inversiisas marjvena koordinatTa sistema 

marcxenad gardaiqmneba da vinaidan 4.77 formula ciklur rigs iTxovs, xraxnuli 

moZraoba marjvenis nacvlad marcxena mimarTulebiT xdeba. aqedan gamomdinare, 

pasiuri interpretaciis pirobebSic ki veqtoruli namravlis mimarTuleba in

versiisas icvleba.

 amjerad cxadia, Tu ratom gardaiqmneba dX  aqsialuri veqtoris msgavsad da 

4.74 formulis mixedviT. 4.75 formulaSi r  da dr  polaruli veqtorebia, amitom 

n  da dX  aqsialuri veqtorebi unda iyvnen. geometriuli TvalsazrisiT, koor

dinatebis inversia Seesabameba marjvena burRis wesis Secvlas marcxena burRis 

wesiT, rodesac  nis mimarTuleba ganisazRvreba.

veqtoruli namravlebis ganxilvis Sedegad axali aRniSvnebi SegviZlia Semov

iRoT, rac momavalSi Zalian gamogvadgeba. eijk  gadanacvlebis simbolo anu levi-

Civitas simkvrive nulis tolia, Tu ijk  indeqsebidan nebismieri ori erTmaneTis 

tolia. rodesac ijk  indeqsebi 1,2,3is luwi an kenti gadanacvlebaa, gadanacvlebis 

simbolo Sesabamisad +1is an 1is tolia. maSasadame, veqtoruli namravlis kom

ponentebisTvis gankuTvnili 4.77 formula gadanacvlebis simbolos saSualebiT 

ase SeiZleba Caiweros:       ,V D F*
i ijk j ke=    (4.77’)
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am formulaSi Sekrebis Cveulebrivi wesi gamoviyeneT.

brunvis aRweris aqamde moyvanili meTodebiT myari sxeulis orientaciis war

modgena SegviZlia. gaiTvaliswineT, rom gardaqmna pirvel rigSi koordinatTa 

sistemis (ix. sur. 4.12a) brunvas moicavs. fiqsirebul koordinatTa sistemaSi 

veqtoris brunvis Sesabamisi `aqtiuri~ interpretacia sawinaaRmdego anu saaTis 

isris mimarTulebiT brunvas moiTxovs. fizikaSi da kerZod meqanikaSi arsebobs 

mravali SemTxveva, rodesac fizikuri sistemis da masTan dakavSirebuli veq

torebis (ix. sur. 4.12b) brunvas vexebiT. brunvisas sistemis invariantulobasa 

da impulsis momentis mudmivobas Soris damokidebuleba ukve ganvixileT (ix. 

paragrafi 2.6). aseT SemTxvevebSi veqtoris brunva saaTis isris sawinaaRmdego 

mimarTulebiT unda ganvixiloT. brunvis zemoT moyvanili formulebis nawils 

kvlav CamovTvliT, Tumca veqtorebis saaTis isris sawinaaRmdego mimarTule

biT brunvis pirobebSi. mocemuli paragrafis dasasrulamde moyvanili yvela 

gantoleba da mtkiceba mxolod saaTis isris sawinaaRmdego mimarTulebiT 

brunvebs Seesabameba.

brunvis 4.62 formula aseT saxes miiRebs:

,cos cos sin1r r n n r n r#$= + +U U U-l ] ] ]g g g     (4.62’)

Sesabamisi usasrulod mcire brunvis 4.75 formula ase Caiwereba:

( .d d d dr r n r r n)# # #= = =U UX -l ] g    (4.75’)

usasrulod mcire brunvis antisimetriuli matricis 4.69 formula iqneba:

.

d d

d d

d d

n n

n n

n n

d

0

0

0

0

0

0

3 2

3 1

2 1

3 2

3 1

2 1

= =e

X X

X X

X X

U

-

-

-

-

-

-

R

T

S
S
SS

R

T

S
S
SS

V

X

W
W
WW

V

X

W
W
WW                                                                                                                                    (4.69’)

sadac ni  arian brunvis RerZis gaswvriv gavlebuli nt  erTeulovani veqtoris 

komponentebi. Tu dr  asaxavs usasrulod mcire r r-l  cvlilebas, maSin 4.66 for

mula matriculi diferencialuri gantolebis formas miiRebs brunvis kuTxis 

mimarT:    ,
d
dr Nr=U -    (4.78)

sadac N  aris 4.69’ formulis marjvena mxares mocemuli matricis transponi

rebuli da misi elementebia N N neij ijk k= . 



184

(a) (b)

sur. 4.12. a) , ,x y z^ h koordinatTa sistemidan , ,x y zl l l^ h koordinatTa 

sistemaze gardaqmna. SeTanxmebis mixedviT, gardaqmna saaTis isris 

mimarTulebiT dadebiTad miiCneva. amgvar gardaqmnas pasiurs vuwo

debT. b) sxeulis brunva Ul kuTxiT. SeTanxmebis mixedviT, brunva saa

Tis isris sawinaaRmdego mimarTulebiT dadebiTad miiCneva. sxeulis 

wertilebis koordinatebi brunvamde arian , ,x y z^ h, xolo brunvis Sem

deg  , ,x y zl l l^ h. fizikuri sxeuli moZraobs, amitom amgvar gardaqmnas 

aqtiuri ewodeba. 

Zalian mosaxerxebelia, Tu 4.69’ formulaSi es aseTi saxiT SevitanT:

                                                            n dMi i= Ue

sadac Mi  sami matricaa:

0

0 ,

0 0

0 1

0 1 0

M1 = -

R

T

S
S
SS

V

X

W
W
WW

   

1 0

,

0 0 1

0 0 0

0

M2 =

-

R

T

S
S
SS

V

X

W
W
WW

   
.

0 1 0

0 0 0

1 0 0

M3 =

-
R

T

S
S
SS

V

X

W
W
WW

       (4.79)

 Mi  matricebs usasrulod mcire brunvis warmomqmnelebi (generatorebi) 

ewodebaT da maT namravls Semdegi Tviseba aqvs:

,M M M M M Mi j j i i j/- =6 @ .x Mijk k]   (4.80)

 matricebis namravlebs Soris sxvaobas anu komutators lis frCxilebi an 

Mi  ewodeba da 4.80 formula brunvis kuTxis parametrebSi gamosaxuli brunvis 
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jgufis lis algebras gansazRvravs. brunvis jgufuri Teoriis ufro Rrmad Ses

wavla Sors wagviyvans, magram brunvis aseT Tvisebebs momavalSi mainc SevexebiT 

(ix. paragrafi 9.5 da B damateba).

    veqtoris cvlilebis siCqare

usasrulod mcire brunvis cneba myari sxeulis droSi moZraobis asaxvis Zl

ieri iaraRia. modiT meqanikur amocanaSi Sesuli raime G  veqtori an  fsevdoveq

tori ganvixiloT, rogoricaa sxeulis wertilis mdebareobis veqtori an sruli 

impulsis momenti. Cveulebriv, sxeulis droSi moZraobasTan erTad amgvari veq

tori icvleba, xolo cvlileba xSirad koordinatTa sistemazea damokidebuli, 

saidanac dakvirveba mimdinareobs. magaliTad, Tu veqtori sxeulis RerZTa sim

ravlis aTvlis saTavidan myari sxeulis wertilisken gavlebuli radiusveqto

ria, maSin sxeulis RerZTa simravlis mimarT es veqtori ar icvleba. miuxedavad 

amisa, sivrceSi mdebare RerZTa simravlis mimarT fiqsirebuli damkvirveblis 

TvalTaxedviT, veqtoris koordinatebi sxeulis moZraobasTan erTad droSi 

icvlebian.

sxeulis RerZTa sistemaSi myofi damkvirveblis mier danaxuli G  zogadi veq

toris komponentebis cvlileba dt  droSi sivrceSi mdebare RerZTa sistemidan 

danaxuli cvlilebisgan gansxvavdeba. G s or gansxvavebul cvlilebas Soris 

damokidebuleba fizikuri argumentebidan SegviZlia miviRoT. veqtoris am ori 

cvlilebis Soris sxvaoba sxeulis RerZebis brunviTaa gamowveuli:

dG sivrce] g = dG sxeuli] g + dG brunva] g

amjerad myar sxeulze mimagrebuli veqtori ganvixiloT. sxeulis brunvisas, 

sxeulze mimagrebuli damkvirveblis TvalTaxedviT anu sxeulis RerZebis mimarT 

veqtoris komponentebi ucvlelebia. maSasadame, dG sivrce] g ze zegavlenas mxolod 

sxeulis brunva axdens. vinaidan veqtori sxeulzea fiqsirebuli, is sxeulTan er

Tad saaTis isris sawinaaRmdego mimarTulebiT brunavs da sivrcidan danaxuli 

veqtoris cvlileba 4.75’ formuliT gamoiTvleba, xolo dG brunva] g  aris:

dG brunva] g =d G.X #

nebismieri G  veqtoris SemTxvevaSi sivrciTi RerZebis mimarT cvlilebaa:

dG sivrce] g = dG sxeuli] g + d G.X #    (4.81)
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  veqtoris orive damkvirveblis mier danaxuli droSi cvlilebis siCqare 4.81 

formulis yvela wevris diferencialur dt  drois elementze gayofiT miiReba:

dt
d

dt
dG G G.

sivrce sxeuli
= + ~ #b bl l  (4.82)

sadac ~  aris sxeulis myisi kuTxuri siCqare,  dromelic Semdegi kavSiriT 

ganisazRvreba*:   .dt d~ = X   (4.83)

 ~  veqtori t sa da t dt+ s Soris drois SualedSi momxdari, usasrulod 

mcire brunvis RerZis gaswvrivaa gavlebuli da am mimarTulebas brunvis myisi 

RerZi ewodeba. ~s moduli sxeulis brunvis myisi siCqarea.

4.82 formula sivrcisa da sxeulis koordinatebs Soris gardaqmnis orTogo

naluri matriciT SeiZleba moices. G  veqtoris i  sivrciTi RerZis gaswvrivi kompo

nenti sxeulis RerZebis gaswvriv komponentebs Semdegi formuliT ukavSirdeba:

.G a G a Gi ij j ji j= =l lu

rodesac sxeuli droSi moZraobs, Gjl komponentebi gardaqmnis matricis aij  

elementebis msgavsad icvlebian. aqedan gamomdinare, diferencialur dt  drois 

elementSi Gi s cvlilebaa:    .dG a dG da Gi ji i ji j= +l l   (4.84)

zogadoba ar daikargeba, Tu Cven CavTvliT, rom sivrcis da sxeulis RerZebi 

t  dros erTmaneTs myisierad emTxvevian. maSin am or sistemaSi arsebuli kompo

nentebi myisierad erTmaneTis tolebi arian, magram vinaidan sistemebi erTmane

Tis mimarT moZraoben, diferencialebi erTmaneTis tolebi ar iqnebian. maSasa

dame, G Gj j=l , magram a dG dGji j i=l l  da diferenciali sxeulis RerZTa sistemaSi 

izomeba. dt  droSi Au  matricis cvlileba erTeulovani matricidan cvlilebaa da 

usasrulod mcire brunvis e  matricas Seesabameba. es antisimetriulobidan ga

momdinare:  .daji ij ij= =e e-u^ h

 es elementebi eijk  gadanacvlebis simbolos saSualebiT ase SeiZleba Caiweron 

(ix. 4.69 formula):   .d dij ijk k ikj k= =e e eX X- -

4.84 formula aseT saxes iRebs:

.dG dG d Gi i ikj k je X= +l

am formulis marjvena mxares Cawerili wevri veqtoruli namravlis i  kompo

nentia da amitom or sistemaSi arsebul diferencialebs Soris Semdegi damokide

bulebaa:   ,dG dG d Gi i i#= + Xl ] g     (4.85)

miviReT 4.81 formulis i   komponenti.
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4.81 formula imdenad G  veqtoris gantoleba ar aris, ramdenadac or koor

dinatTa sistemas Soris droiT warmoebulis gardaqmnis Sesaxeb mtkiceba. gawar

moebaSi gamoyenebuli G  veqtoris pirobiTi buneba kargad Cans, Tu 4.82 formu

las raime veqtorze moqmedi operatoruli gantolebis saxiT CavwerT:

.
dt
d

dt
d

s r
= + #~b bl l                        (4.86)

sadac s  da r  indeqsebi Sesabamisad sivrcis da sxeulis RerZTa sistemaSi dak

virvebuli droiT warmoebulebulia. es veqtoruli gantoleba, ra Tqma unda, Re

rZebis nebismieri sasurveli simravlis mimarT SeiZleba daiSalos, Tumca unda 

gvaxsovdes, rom droSi cvlilebis siCqare mxolod garkveuli koordinatTa 

sistemis mimarT izomeba. rodesac veqtoris droiT warmoebuli erTi koordi

natTa sistemis mimarT gamoiTvleba, komponentebi koordinatTa RerZebis sxva 

simravleze mxolod maSin SegviZlia gadavitanoT, rodesac diferencireba das

rulebulia. 

xSirad mosaxerxebelia kuTxuri siCqaris veqtoris eileris kuTxeebisa da 

maTi droiT warmoebulebis saSualebiT gamosaxva. ~sTan asocirebuli usas

rulod mcire brunva sami mimdevrobiTi usasrulod mcire brunvisgan Sedgeba, 

romelTa kuTxuri siCqareebia ~ z=z
o , =~ ii

o  da =~ }} o . usasrulod mcire 

brunvebis veqtoruli Tvisebidan gamomdinare, ~  veqtori kuTxuri siCqaris am 

sami veqtoris jamia. samwuxarod, ~z , ~i  da ~}  veqtorebis mimarTulebebi sime

triulad ar arian ganlagebulni: ~z  mimarTulia sivrcis z  RerZis gaswvriv, ~i   

kvanZebis xazis gaswvriv, xolo ~}   sxeulis zl RerZis gaswvriv. miuxedavad amisa, 

4.4 paragrafSi moyvanili, orTogonaluri B, C, D gardaqmnebi SegviZlia gamov

iyenoT, raTa RerZebis nebismieri sasurveli simravlis gaswvriv am veqtorebis 

komponentebi miviRoT. 

 sxeulis RerZTa simravle moZraobis gantolebebis SeswavlisTvis yvelaze 

ufro mosaxerxebelia da amitom ~s komponentebs swored aseTi koordinatTa 

sistemisTvis gamovTvliT. vinaidan ~z  sivrcis z  RerZis paraleluria, sxeulis 

RerZebis gaswvriv misi komponentebi sruli orTogonaluri A BCD=  gardaqm

nis Sedegad miiRebian:

,sin sin
x

z i }~ =z l
o

^ h
        ,sin cos

y
z i }~ =z l
o

^ h          .cos
z

z i~ =z l
o

^ h

 yuradReba miaqcieT, rom zo s sinz io  gegmili aqvs xl, yl sibrtyeSi da kvanZebis 

xazisadmi perpendikularulia.

 kvanZebis xazi ~iis mimarTulebisaa da pl RerZs emTxveva, amitom ~is kom
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ponentebi sxeulis RerZebis mimarT saboloo orTogonaluri B gardaqmnis (4.45 

formula) Sedegad miiRebian:  

,cosx i }~ =i l
o] g

   ,siny~ = i }-i l
o] g     .0z~ =i l] g

zl RerZis gaswvriv mdebare  ~}s komponentebis gardaqmna saWiro ar aris 
~ }=} o^ h. Tu kuTxuri siCqareebis am komponentebs SevkrebT, ~s komponentebi 

sxeulis RerZebis mimarT iqnebian:

      ,sin sin cosx~ z i } i }= +l
o o        

     ,sin cos siny =~ z i } i }-l
o o           (4.87)

     .cosz =~ z i }+l
o o

 igive meTodis gamoyenebiT SegviZlia gamovsaxoT ~s komponentebi , sivrcis 

RerZebis simravlis mimarT eileris kuTxeebis saSualebiT.

   koriolisis efeqti

4.86 formula ZiriTadi kinematikuri kanonia da mas myari sxeulis moZraobis 

dinamikuri gantolebebi efuZnebian. am formulis gamoyenebis sfero mxolod 

myari sxeulebis moZraobiT ar amoiwureba. is mbrunav koordinatTa sistemis 

mimarT nivTieri wertilis an nivTier wertilTa sistemis moZraobis SemTxveva

Sic gamoiyeneba. 

am SemTxvevaSi dedamiwasTan erTad mrbunavi koordinatTa RerZebis mimarT 

nivTieri wertilis moZraobis aRwera gansakuTrebiT mniSvnelovan sakiTxs war

moadgens. gaixseneT, rom 1.1 paragrafSi inerciuli sistema ganvsazRvreT, ro

gorc sistema, romelSic niutonis moZraobis kanonebi moqmedeben. mraval SemTx

vevaSi mbrunav dedamiwasTan dakavSirebuli koordinatTa sistema warmoadgens 

inerciuli sistemis karg miaxloebas. magram koordinatTa sistema, romelSic ad

gilobrivi varskvlavebi fiqsirebulia, kidev ufro axlosaa idealur inerciul 

sistemasTan. dedamiwis brunvis Sedegad am ufro idealuri inerciuli sistemis 

mimarT SesamCnevi movlenebi warmoiqmnebian. 4.86 formula dedamiwasTan dakav

Sirebuli arainerciuli sistemis mimarT moZraobis gantolebebSi Sesatan cv

lilebebs gvaZlevs.  

 Tavdapirvelad, 4.86 formula dedamiwis sistemis saTavidan mocemul nivTier 

wertilamde gavlebul r  radiusveqtors mivusadagoT:  ,v v rs r= + #~     (4.88)

sadac vs  da vr
 nivTieri wertilis siCqareebia Sesabamisad sivrcis da mrbu

nav RerZTa simravleebis mimarT, xolo ~  dedamiwis (mudmivi) kuTxuri siCqarea 
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inerciuli sistemis mimarT. Semdeg 4.86 formulis daxmarebiT vsis droSi cvli

lebis siCqare gamovTvaloT:

dt
d

dt
dv a v vs

s
s

s

r
s= = + #~b bl l  

 2 ,a v rr r # #~ ~= + +#~] ]g g               (4.89)

sadac vs  4.88 formulidan CavsviT, xolo as  da ar  nivTieri wertilis aCqarebe

bia am or sistemaSi. saboloo jamSi, moZraobis gantoleba, romelic aTvlis iner

ciul sistemaSi ubralod aris:  ,mF as=

mbrunav koordinatebSi gamosaxvis Sedegad aseT saxes iRebs:

2 .m m mF v r ar r# #~ ~ =#~- -] ]g g      (4.90)

mbrunav sistemaSi myofi damkvirveblis TvalTaxedviT, nivTieri wertili Feff

efeqturi Zalis moqmedebis Sedegad moZraobs:

2 .m mF F v rreff # # #~ ~ ~= - -] ]g g   (4.91)

modiT 4.91 formulis wevrebi gamovikvlioT. formulis ukanaskneli wevri ~
isadmi perpendikularuli veqtoria da mimarTulia moSorebiT. misi modulia 

sinm r2~ i . maSasadame, es wevri kargad nacnobi centridanuli Zalaa. rodesac niv

Tieri wertili moZrav sistemaSi uZravia, efeqtur Zalas mxolod centridanuli 

Zala emateba. rodesac nivTieri wertili moZraobs, moqmedebas Sua wevri iwyebs, 

romelsac koriolisis efeqti* ewodeba. orive am sididis rigi dedamiwis zeda

pirze mdebare nivTieri wertilisTvis iolad gamoiTvleba. dedamiwa CrdiloeT 

polusis garSemo saaTis isris sawinaaRmdego mimarTulebiT brunavs da uZravi 

varskvlavebisadmi misi kuTxuri siCqarea:

24 3600 .
. 7.292 10 .2

365 25
366 25 s5 1

#= =~ r
#

- -b bl l

pirvel frCxilebSi mzisken gavlebuli radiusveqtorisadmi kuTxuri siC

qarea mocemuli. meore frCxilebSi Casmuli sidide weliwadSi arsebuli varskv

lavuri dReebis raodenobis Sefardebaa mzis dReebis Sesabamis raodenobasTan 

da is uZravi varskvlavebisadmi kuTxuri siCqaris Semasworebeli koeficientia. 

rodesac ~  amgvari mniSvneloba aqvs da r  dedamiwis ekvatoruli radiusia, maqsi

maluri centriskenuli aCqarebaa:     3.38 ,r cm/s2 2
=~

miRebuli Sedegi mizidulobis aCqarebis daaxloebiT 0,3%ia. aCqareba mci

rea, magram es ar niSnavs, rom misi ugulebelyofa SeiZleba. mizidulobis efeqti 

dedamiwis masis ganawilebis gravitaciuli velis da centriskenuli aCqarebis 

moqmedebis gaerTianebaa. am ori sididis jams dedamiwis mizidulobis veli ewo

deba da misi gravitaciuli velisgan gansxvavdeba. 
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mdgomareoba kidev ufro rTuldeba centriskenuli aCqarebis zegavleniT 

mbrunavi dedamiwis gabrtyelebaze. dedamiwa rom mTlianad siTxe yofiliyo, 

brunvis Sedegad elifsoidis formas miiRebda, xolo misi zedapiri gaerTianebu

li mizidulobis velis ekvipotenciuri zedapiri iqneboda. dedamiwaze arsebuli 

zRvebis saSualo done wonasworul elifsoidTan Zalian miaxloebulia da ge-

oidsac gansazRvravs. 

adgilobrivi SeSfoTebebis gaTvaliswinebis gareSe, mizidulobis Zala ge

oidis ekvipotenciuri zedapirisadmi perpendikularulia. Sesabamisad, adgilo

brivi vertikali zedapiris mocemul wertilze geoidisadmi perpendikularuli 

mimarTulebisaa. dedamiwis garkveul adgilze momxdari movlenebisTvis 4.91 for

mulaSi Semaval centriskenuli aCqarebas g  mizidulobis aCqareba STanTqavs da is 

adgilobrivi vertikalis gaswvrivaa mimarTuli. dedamiwaze gs moduli ganedis 

mixedviT icvleba. centriskenuli aCqarebis da dedamiwis gabrtyelebis zegavle

nis Sedegad, ekvatorze gs moduli polusebTan SedarebiT 0,53%iT naklebia.

sxvaTa Soris,  mzis garSemo dedamiwis brunvis Sedegad nivTieri wertilze 

moqmedi centridanuli Zala mizidulobasTan SedarebiT sagrZnobia, magram mas 

mzisken mimarTuli gravitaciuli Zala TiTqmis abalansebs. Tu dedamiwamzis 

sistemis moZraobas dedamiwasTan dakavSirebuli mrbunavi aTvlis sistemidan 

gavaanalizebT, swored centridanul Zalasa da gravitaciul mizidulobis So

ris balansi inarCunebs dedamiwasa da mzes Soris arsebul manZils. niutoniseul 

inerciuli sistemidan Sesrulebuli analizi gansxvavebul suraTs gvaZlevs. ro

gorc 3.3 paragrafSi aRvwereT, impulsis momenti efeqtur potenciur energiaSi 

Sedis da dedamiwas orbitaze aCerebs.

moZrav nivTier wertilze arsebuli koriolisis efeqti ~sa da vsadmi1 

perpendikularulia. CrdiloeT naxevarsferoze ~  mimarTulia dedamiwidan 

moSorebiT da 2m v #~] g koriolisis efeqti dedamiwis zedapiris gaswvriv gas

rolili sxeulis moZraobis mimarTulebas marjvniv gadaxris (sur. 4.13). kori

olisis gadaxras samxreT naxevarsferoze sapirispiro mimarTuleba aqvs, xolo 

ekvatorze, sadac ~  horizontaluria, nulis tolia. koriolisis aCqarebis mod

uli qvemoT mocemul sidideze yovelTvis naklebia:   2 1.5 10 ,v 4b~ y#
-

105

 sm/wm (daaxloebiT 2000mili/sT) siCqaris SemTxvevaSi aCqareba daaxloebiT 

sm/wm15
2, anu 0,015gia. amgvari aCqareba, Cveulebriv, Zalian mcirea, magram zogi

erT SemTxvevaSi is mniSvnelovani xdeba. davuSvaT, sasroli CrdiloeT polusze 

horizontalurad isroles. koriolisis aCqareba 2~y  sididis iqneba, xolo t  

1 aqedan moyolebuli r indeqsebs aRar gamoviyenebT, vinaidan yvela siCqare mbrunavi koor
dinatTa RerZebisadmi aiTvleba
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drois Semdeg wrfivi gadaxra t2~y  gaxdeba. kuTxuri gadaxra wrfivi gadaxris 

ganvlil manZilTan Sefardebaa:     ,
t
t t

2

i y
~y ~= =    (4.92)

miviReT kuTxe, romliTac t  droSi dedamiwa brundeba. amgvari Sedegi niSnavs, 

rom CrdiloeT polusze gasrolili sxeuli Tavdapirvelad ar brunavs, misi trae

qtoria inerciul sivrceSi wrfea da xilul gadaxras mis qvemoT mbrunavi dedami

wa iwvevs. koriolisis efeqtis sididis Sesaxeb garkveuli warmodgena Segveqmneba, 

Tu 4.92 formulaSi frenis drod 100 wams miviCnevT, rac didi sasrolebis SemTx

vevaSi sakmaod logikuria. am SemTxvevaSi kuTxuri gadaxra 7 10 3
#

-
 radiani anu 

daaxloebiT ,0 40ia. cxadia, koriolisis efeqts kidev ufro didi mniSvneloba 

aqvs, rodesac Sexeba raketebTan da xangrZlivi droiT frenebTan gvaqvs.

sur. 4.13. koriolisis gadaxris mimarTuleba CrdiloeT naxevarsferoze

koriolisis efeqti mniSvnelovan rols asrulebs okeanografiul da meteo

rologiur movlenebSi, rodesac nivTierebebis masebi did manZilebze gadaadg

ildebian. magaliTad gamodgeba pasatebis cirkulaciis saxeoba an galfis nakadis 

mimarTuleba. amgvari movlenebis srulyofili aRwerisTvis rTuli hidrodin

amikuri amocanebis amoxsnaa saWiro, romlebSic koriolisis aCqareba mravalTa

gan er TerTi wevria. koriolisis efeqtis zegavlenis ukeT danaxvisTvis qaris 

horizontaluri cirkulaciis anu meteorologiuri amocanis Zalian gamartive

buli SemTxveva ganvixiloT. erTnairi fizikuri parametrebis mqone haeris mase

bi maRalis wnevis regionebidan dabali wnevis regionebisken moZraoben. haeris 

masebis moZraobas wnevis gradientis dineba ewodeba. wnevis gradients vertika

luri mimarTulebiT mizidulobis Zalebi awonasworeben, haeris masebi mxolod 

horizontalur sibrtyeSi gadaadgildebian da swored es aris qari. wnevis gradi

entis Zalebi sakmaod zomierebia da maTi Sedareba Cveulebrivi siCqareebiT moZ
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rav haeris masebze moqmed koriolisis efeqtTan dasaSvebia. koriolisis efeqtis 

ararsebobis pirobebSi, qaris mimarTuleba izobarebis perpendikularuli iqne

ba, rogorc es 4.14 suraTzea gamosaxuli. sinamdvileSi, koriolisis efeqti qars 

marjvniv gadaxris da es manamde grZeldeba, vidre qaris veqtori izobarebisadmi 

paraleluri gaxdeba, xolo koriolisis efeqti wnevis gradientis Zalis sawi

naaRmdego mimarTulebis xdeba da awonasworebs mas. amis Semdeg qari izobarebi

sadmi paralelurad qris da CrdiloeT naxevarsferoze dabali wnevis centris 

garSemo saaTis isris sawinaaRmdego mimarTulebiT cirkulirebs. koriolisis 

efeqti samxreT naxevarsferoze sapirispiro mimarTulebiT moqmedebs da dabali 

wnevis centris garSemo qaris dineba saaTis isris mimarTulebiT xdeba (amgvar 

qars geostrofiuli ewodeba). Cvens mier aRweril suraTze xaxunis Zala ugule

belvyaviT. sinamdvileSi, dedamiwis zedapiridan ramdenime kilometris simaR

lis qvemoT turbulenturi siblantis xaxuni moqmedebs da qaris mimarTuleba 

izobarebis paraleluri ar aris, rogorc es 4.15 suraTzea gamosaxuli.

sur. 4.14. koriolisis efeqtis Sedegad qaris gadaxra wnevis gradientis mimar

Tulebidan (CrdiloeT naxevarsferoze)

sur. 4.15. ciklonuri suraTi CrdiloeT naxevarsferoze
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koriolisis efeqtis zegavlenis kidev erTi klasikuri magaliTia Tavisu

flad vardnili nivTieri wertilis vertikaluri mimarTulebidan gadaxra. nivTi

eri wertilis siCqare TiTqmis vertikaluria, xolo ~  CrdiloeTsamxreT ver

tikalur sibrtyeSia, amitom gadamxreli m2 v ~#] g Zala aRmosavleTdasavleT 

mimarTulebisaa. maSasadame, CrdiloeT naxevarsferoze Tavisuflad vardnili 

sxeuli aRmosavleTisken gadaixreba. gadaxris gamoTvla Zalian gamartivdeba, Tu 

dedamiwis koordinatTa sistemis z  RerZs maRla mimarTuli vertikalis gaswvriv 

gavavlebT. Tu y  RerZi CrdiloeTiskenaa mimarTuli, xolo atmosferos xaxuni 

ugulebelyofilia, maSin moZraobis gantoleba x  (aRmosavleT) mimarTulebisT

vis iqneba:   
2

,sin

m
dt
d x m

m2

v x

z

2

2

=

~y i

#~-

=-

] g
 (4.93)

sadac i  aris geografiuli ganedis danamatia. zy ze moqmedi koriolisis efeq

ti TavisTavad gadaxris Zalian mcire Sesworebas iwvevs. aqedan gamomdinare, 4.93 

formulaSi Semavali vertikaluri siCqare ise SeiZleba gamoiTvalos, TiTqos 

koriolisis efeqti saerTod ar arsebobs:

,gtzy =-
am formulis integralia:    .t

g
z2

=

4.93 formula vaintegroT da gadaxras Semdegi saxiT miviRebT2:

sinx
g

t
3

3~
i=         anu       .sinx

g
z

3
2 3~ i=
] g

gadaxris sididis rigis misaRebad davuSvaT, rom /2i r=  (ekvatori) da 
100z m.= . am SemTxvevaSi gadaxra iqneba:    2.2 .x smb

 realuri eqsperimentis Catareba sakmaod rTulia, vinaidan mcire gadaxras 

qari, siblante an raime sxva faqtori xSirad faravs.3

ufro kargad aRsaqmeli eqsperimentis Catareba fukos qanqaraze SeiZleba. 

Tu qanqara CrdiloeT polusze sivrcis mocemul sibrtyeSi irxeva, sibrtyisadmi 

perpendikularuli misi wrfivi impulsi nulis tolia, qanqara ucvlel sibrtye

Si rxevas ganagrZobs, xolo mis qvemoT dedamiwa brunavs. dedamiwaze myofi damk

virveblis TvalTaxedviT, rxevis sibrtye dReSi erTxel brundeba. gansxvavebul 

simaRleebze Sedegi sxvagvaria, magram movlena xarisxobrivad igivea da detal

uri gamoTvlebi savarjiSoebisTvis movitovoT. 

 

2 atmosferos xaxunis Zalas kvlav ugulebelvyofT
3 4.93 formuliT iolad SegviZlia davamtkicoT, rom maRla asrolili sagani miwaze gasro

lis adgilidan dasavleTisken daecema. 
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koriolisis efeqti atomur fizikaSic arsebobs. mravalatomian molekulaSi 

ori tipis moZraoba xdeba: molekula mTliani myari sxeulis saxiT brunavs da 

atomebi wonasworuli mdebareobebis garSemo vibrireben. atomebi vibraciis 

Sedegad molekulis mbrunavi koordinatTa sistemisadmi moZraoben. koriolisis 

wevri nulisgan gansxvavdeba da atomebs sawyisi rxevebisadmi perpendikularuli 

mimarTulebiT moZraobas aiZulebs. koriolisis efeqtebiT gamowveuli moleku

lis speqtris  SeSfoTebebi brunviTi da vibraciuli moZraobebis urTierTq

medebis Sedegia. 

1. daamtkiceT, rom matricebis gamravleba asociatiuria da ori orTogonal

uri matricis namravli aseve orTogonaluria.

2. daamtkiceT, rom transponirebul da SeuRlebul matricebs Semdegi Tvise

bebi aqvT:

AB BA,= u uI        .AB B A=
@ @ @] g

3. daamtkiceT, rom msgavsebis gardaqmnisas matricis kvali ucvlelia, xolo 

orTogonaluri msgavsebis gardaqmnisas matrica antisimetriulobas inarCu

nebs. 

4. 3 3#  ganzomilebis namdvili A  matricis sakuTrivi mniSvnelobebi gamoikv

lieT da daamtkiceT, rom 1 A!  aragansakuTrebulia.

b) daamtkiceT, rom igive pirobebSi Semdegi matrica orTogonaluria:

B 1 A 1 A 1
= + -

-] ]g g

5. komponentebis brunvis matricebis TanmimdevrobiT gamravlebis Sedegad 

zogadi brunvis matricis elementebi eileris kuTxeebis saSualebiT gamosaxeT. 

SeamowmeT akmayofileben Tu ara matriculi elementebi orTogonalurobis pi

robebs.

6. sxeulis RerZTa simravle sivrcis RerZTa simravles eileris kuTxeebis sa

SualebiT ukavSirdeba, rodesac Semdegi brunvebi xdeba:

a) x  RerZis garSemo i  kuTxiT Semobruneba

b) zl RerZis garSemo } kuTxiT Semobruneba

g) Zveli z  RerZis garSemo z Semobruneba
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daamtkiceT, rom brunvebis amgvari Tanmimdevrobis pirobebSi gardaqmnis mat

ricas igive elementebi eqneba, rac saxelmZRvaneloSi moyvanili Tanmimdevrobis 

dros hqonda (miniSneba: brunvis matricebis gamravleba aucilebeli ar aris).

7. A  matrica nebismieri RerZis garSemo 180°iT brunvisaa. daamtkiceT, rom 

Tu ,P 1 A2
1 !=! ] g  maSin P P2

=! ! . P!is elementebi nebismier sistemaSi miiReT 

da F  veqtorze moqmedi P+ daP_  operaciebis geometriuli interpretacia war

moadgineT. 

8. a)  daamtkiceT, rom 4.47’ formuliT mocemul brunvis matricas S inversi

uli gardaqmnis matricis saxiT ver warmovadgenT.

b)  pirdapiri gamravlebis saSualebiT SeamowmeT aris Tu ara 4.47’ formu

liT mocemuli matrica orTogonaluri.

9. daamtkiceT, rom nebismieri brunvis warmodgena or sibrtyeSi momxdari 

arekvlebiT SeiZleba, rodesac orive sibrtye brunvis RerZze gadis da maT Soris 

kuTxea /2U .

10. Tu B kvadratuli matricaa da A  misi eqsponencialuri funqciaa, romelic 

gaSlis usasrulo rigiT ganisazRvreba:

!
,e

n2
1A 1 B B Bn

2B g g/ = + + + + +

maSin daamtkiceT:

a) rodesac B da C komutireben, e e eB C B C
= + ,     b) eA 1 B

=- -

g) e CAC 1CBC 1

= --

,    d) A  orTogonaluria, Tu B antisimetriulia

11. qvemoT moyvanili formula n n#  ganzomilebis B matricis determinan

tisTvis SeamowmeT:

1B Bn
- = -] g

12. RerZTa simravleSi, rodesac z  RerZi sasruli brunvis RerZia, brunvis 

matrica 4.43 formuliT moicema da z kuTxe sasruli brunvis U  kuTxiT icvleba. 

brunvis 4.62 formula nebismier koordinatTa sistemaze gardaqmnis Sedegad mi

iReT, rodesac gardaqmnis orTogonaluri matrica gamosaxulia sasruli brun

vis RerZis mimmarTveli kosinusebis saSualebiT.

13. a)  davuSvaT, koordinatTa brunva 
1U  da 

2U  kuTxeebiT xdeba da es brunva U
kuTxiT brunvis eqvivalenturia. daamtkiceT, rom 1U , 2U  da U  sferuli 

samkuTxedis gverdebia, xolo Us mopirdapire kuTxe brunvis RerZebs 

Soris kuTxea.

      b)  daamtkiceT, rom nebismieri RerZis garSemo brunva ori 180°iani Semo

brunebis Sedegad SegviZlia miviRoT. 
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14. a) SeamowmeT akmayofilebs Tu ara gadanacvlebis simbolo 

           kronekeris deltasimboloebiT mocemul tolobas:   

            .x xijp rmp ir jm im jr= d d d d-] ]

  b) daamtkiceT, rom:   2 .x xijp ijk pk= d]]

15. daamtkiceT, rom kuTxuri siCqaris komponentebi sivrcis RerZebis simrav

lis gaswvriv eileris kuTxeebis saSualebiT ase gamoisaxebian:

,cos sin sinx~ i z } i z= +o o

,sin sin cosy =~ i z } i z-o o

.cosz =~ } i z+o o

16. daamtkiceT, rom eileris e0  parametris moZraobis gantolebaa:

,e e e e2 x y z0 1 2 3~ ~ ~- = + +l l lo

sadac Strixebi sxeulis RerZTa simravles aRniSnaven. eileris darCenili 

sami parametris da keliklainis a  da b  kompleqsuri parametrebis gantolebe

bic miiReT. 

17. daamtkiceT, rom usasrulod mcire brunvis Mi matricebi Semdeg komu

taciur formulas akmayofileben:

, .xM M Mi j ijk k=6 @ ]

18.  a)  veqtoruli gantoleba sibrtyeSi ris arekvlisTvis miiReT, 

   rodesac sibrtyisadmi perpendikularuli erTeulovani 

   veqtoria n. 

 b)  daamtkiceT, rom Tu li , , ,i 1 2 3=  nis mimmarTveli kosinusebia, 

   maSin gardaqmnis matricis elementebia: ,A l l2ij ij i jd= -
aseve SeamowmeT aris Tu ara A  arasakuTrivi orTogonaluri matrica.

19. 4.9 da 4.10 suraTze Cans, rom sasruli brunvebis gansxvavebuli Tanmimdev

robebi sxvadasxva Sedegebs iwveven. gamoiyeneT ,1A na^ h aRniSvna, sadac A  aris 1n

is mimarTulebiT a   kuTxiT brunva. n1 da n2  orTogonaluri mimarTulebebia.

a)  x  aris myari sxeulis wertilis mdebareobis veqtori da sxeuli aTvlis 

saTavis garSemo i  kuTxiT brundeba. daamtkiceT, rom xis axali mniSvn

elobaa: 1 1 1 1 1 .cos sinx x x x xn n n n n$ $= + i i#- -l ] ]g g6 @

am formulidan / ,2 1A nr^ hsTvis gankuTvnili formula da suraTze gamosax

uli ori brunva miiReT.

b)  aRwereT es ori brunva (miniSneba: pasuxi /1 3^ h (1,1,1) mimarTulebiT 

3
2r

  kuTxiT Semobrunebas moicavs).
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20. sibrtyis zedapirze mdebare sferos ̀ gorvis~ SezRudva eileris kuTxeebis 

saSualebiT gamosaxeT. daamtkiceT, rom pirobebi araintegrebadebia da maSasa

dame SezRudva araholonomiuria.

21. nivTieri wertili vertikalurad maRla 0y  sawyisi siCqariT aisroles. 

nivTierma wertilma maqsimalur simaRles miaRwia da miwaze ecema. daamtkiceT, 

rom miwaze dacemisas koriolisis gadaxra maqsimaluri simaRlidan Tavisufali 

vardnis SemTxvevasTan SedarebiT sapirispiro mimarTulebis da oTxjer meti si

didisaa.

22. sagani dedamiwis zedapiris gaswvriv horizontalurad isroles. daamtki

ceT, rom koriolisis efeqtiT gamowveuli gadaxra pirvel miaxloebaSi droSi 

wrfivad icvleba Semdegi siCqariT:    ,cos~ i
sadac ~ aris dedamiwis brunvis kuTxuri sixSire, xolo i   geografiuli 

ganedis danamatia. CrdiloeT naxevarsferoze gadaxra marjvnisken xdeba.

23. fukos qanqara mbrunavi dedamiwis zedapiris romelime wertilSi moZraobs 

da misi impulsi qanqaris balansiris da dakidebis wertilis momcvel vertikalur 

sibrtyeSi mdebareobs. daamtkiceT, rom qanqaris moZraobis aRwera SesaZlebelia 

Semdegi fraziT: rxevis sibrtye dReSi cos2r i  radianiT Tanabrad brunavs, sa

dac i  geografiuli ganedis danamatia (geografiuli ganedisa da 90 gradusis sx

vaoba). ra mimarTulebiT xdeba brunva?

24. vagonetis manebiani borbali vertikalur RerZzea damagrebuli da hori

zontalur sibrtyeSi Tavisuflad brunavs. borblis kuTxuri siCqarea .3 0~ =
radiani/wm. Semdeg patara mweri borblis erTerT manaze jdeba da 0,5sm/wm siC

qariT moZraobs. manis xaxunis koeficientia .0 30n = . ra manZils gaivlis manaze 

mweri srialis dawyebamde?

25. karuseli moZraobas iwyebs da 0,02br/wm2 Tanabari kuTxuri aCqareba aqvs. 

centridan 7miT daSorebul skamze mjdom gogonas 3kg masis burTi uWiravs. ga

moTvaleT gogonas Zalis sidide da mimarTuleba, raTa man karuselis moZraobis 

dawyebidan 6 wamis ganmavlobaSi burTis daWera SeZlos. Zalis mimarTuleba brun

vis centridan gogonamde gavlebulis wrfis mimarT gansazRvreT.




